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We consider quantum systems in entangled states post-selected in non-entangled states. Such sys-
tems exhibit unusual behavior, in particular when weak measurements are performed at intermediate

times.

PACS numbers: 03.65.Ta

Measurements performed on pre- and post-selected
quantum systems often exhibit peculiar results. One par-
ticular example is that of a single particle which is found
with certainty in any one of a large number of boxes if
only this box is opened ﬂj E ite of experimental
implementations of these ideas Bﬁp there is still some
controversy about this example E—lﬁ . Even more sur-
prising is the fact that outcomes of weak measurements
ﬂﬂ], namely, standard von Neumann measurements with
weakened interaction yield weak values which might be
far away from the range of possible eigenvalues. This
feature led to practical applications for high precision
measurements ﬂﬂ, @] Here we consider the peculiar
features of quantum systems when the pre-selected state
is entangled.

First, let us consider the case when the pre-selected
state is the following Greeberger-Horne-Zeilinger (GHZ)-
like entangled state of N spin—% particles:

N
w TT Han)- (1)
n=1

Just like the original three-particle GHZ state, it can
be used to show that no local hidden variable theory is
consistent with the predictions of quantum theory.

To this end consider the following sets of measure-
ments. The first set consists of o, measurements per-
formed over all particles. The second set consists of o,
measurements for all particles except for two particles for
which o, are measured. Since
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the outcomes of the two sets of measurements should
fulfill:
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and
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respectively.

Next consider three particular cases of equation (5)
where the pairs of particles for which o, was measured
were chosen from a triplet of particles s, ¢, and 7.

We then have
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Had there been local hidden variables, then all variables
should have values, i.e., prior to the measurement every
particle should “know” the value of all spin components
and, in particular, the z and the y components. These
values should fulfill all four equations (@). Just like in the
original GHZ case, this is impossible since the product of
the left hand sides is the product of squares (or fourth
powers) of the spin variables and the product of the right
hand sides is —1.

In order to see surprising results we will consider the
particular post-selected state |¥)s in which all spins were
found with o, =1, i.e.,

N
=] It2)n- (7)
n=1

A unique feature of this particular pre- and post-selection
is that at intermediate times no pair of particles can be
found with the same o,, otherwise, the requirement (G
cannot be fulfilled.
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To see this in a more dramatic way we map states of N
spin—% particles into the states of N distinguishable par-
ticles which can reside in two spatially separated boxes
A and B:

Ity) = 14), ) =1B), (8)

where |A) (|B)) is the state of the particle in box A (B).
Thus, we have N (which might be as large as we want)
particles in two boxes, but if we try to find any specific
pair of particles in one box we are bound to fail! This is a
very paradoxical situation for N > 3. The probability of
the post-selection which leads to this situation is 2%\,, but
for N which is not too large it is feasible to implement
experimentally.

The “paradox” in this example follows from i) the ob-
vious classical observation that when three or more par-
ticles are located in two boxes, then at least one pair has
to be in one box and ii) the quantum property which fol-
lows from the joint pre-and post-selection (but not from
pre- or post-selection separately) that no pair of particles
can be found in a single box.

Hardy has already proposed [24] a related experiment
on a pre- and post-selected system. It can be viewed as
an experiment with two particles in two boxes [25]. The
particles were prepared in the entangled state

1
V3

The preparation started with the non-entangled state

V1) = —=(|4)1]B)2 + |B)1|A)2 + | B)1]B)2).  (9)

1
0) = 5 (141 +[B)1) (|4)2 +[B)2), (10)
and entanglement was achieved by projecting out the
state |A)1|A)2. Then, it was post-selected in the state
1
|W2) = §(|A>1 = [B)1) (|A)2 — [B)2). (11)
The paradoxical feature here is that at intermediate
times each particle is found in box A if it is searched for
there, but the two particles cannot be found together in
A. The fact that each particle is (in this particular sense)
in A follows from the joint pre- and post-selection, while
the fact that both are not there, follows directly from the
pre-selection.
A generalization of this for the case of NV particles is
the pre-selection of the state

1 N N N
W) = N cayant [(N—l)nl;[l 1Byt 1A [] 1B);],

n=1 j#n

(12)
and the post- selection of the state
1N
Uy) = — Ay, — |B)n). 13
) = o TT0n =20 )

Every one of the N particles is found with unit proba-
bility in box A if it is searched for there. However, not

only that they cannot all be found in A, any number of
particles larger than one cannot be found there.

All these peculiarities of pre- and post-selected systems
can be seen, albeit in a much more complicated way, in
the standard formalism of quantum mechanics with a sin-
gle quantum state evolving from the past to the future.
The most surprising features of pre- and post-selected
quantum systems are manifested in the outcomes of weak
measurements [21]. Any standard measuring procedure
with weak enough coupling performed on a quantum sys-
tem pre-selected in state |¥); and post-selected in state
|¥)o yields, instead of one of the eigen values of the mea-
sured observable O, the weak value of O given by the
following expression:

(¥2|0Wy)

Oy =
(Wa|Wy)

(14)

The weak value might be far away from the eigenvalues of
O and the standard quantum formalism can explain the
outcome by surprising universal interference phenomenon
of the pointer of the measuring device.

The following two theorems connect weak and “strong”
(standard von Neumann) measurements [1]: i) if, for
a pre- and post-selected system the outcome o; of the
strong measurement of O is known with certainty, then
the weak value is the same O,, = o;; ii) if, for a pre- and
post-selected system the weak value of a dichotomic vari-
able O is equal to one of the eigenvalues o0;, then a strong
measurement of O will yield this value o; with certainty.

In the above generalized examples with N particles,
weak measurements suggest that, in some sense, all par-
ticles are in box A in spite of the fact that at most one
particle can be found in A. Indeed, the additive property
of weak values implies:

N N
(3P, =2 (®Y), =N
n=1 n=1

Note, however that the weak measurement of the product
of the projection operators vanishes,

(15)

(16)
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because the strong value of the product vanishes with
certainty.

Let us return to the example with N pre- and post-
selected particles in two boxes in which every particular
pair of particles cannot be found in the same box. It is
instructive to consider this example for identical spinless
bosons. The statement that strong measurement cannot
find any particular pair of particles in any single box is
then meaningless because there is no “particular pair”
among N identical particles. Nevertheless, we still can
make a statement about weak measurements. Let us as-
sume that when two particles are in the same box, there
is a potential V' between them. Weak measurement of



the interaction energy between N particles in the two
boxes in our pre- and post-selected state should then
yield zero! This can be seen in a straightforward way
by calculating the weak value of the potential energy
Ynsm V PXL)Pgn) for a system pre-selected in state ()
and post-selected in state ([T). According to the mapping
[@®) the particles are described (up to normalization) by
the following two-state vector
N

H (Aln+( H )n—i|B)n H(|B>n_Z|A>n))

n=1 n=1
(17)

Some intuition and an alternative proof of this result
is as follows. The potential energy is the same for iden-
tical and nonidentical particles. For nonidentical par-
ticles, the measurement of the potential energy of any
specific pair yields zero for this particular pre- and post-
selection. Therefore, the weak value of the potential
energy for this pair is zero. Weak values are additive:
(A+ B)y = Ay + By Thus, the weak value of the po-
tential energy of all pairs together is zero. Therefore, the
weak value of the potential energy of IV identical particles
is also zero.

Our next example is based on the most famous en-
tangled state, the Einstein-Podolsky-Rosen-Bohm state
(EPR), which is a singlet state of two spin—— particles.
It has been noted [26] that this pre-selected state when
post-selected with a particular product state has unusual
property at intermediate times. The two state vector is:

1

<Tm|1<Tz|2 E('Tz>1 |\I/z>2 - |\I/z>1 |Tz>2) (18)
We know that the following outcomes are obtained with
certainty if only one of the measurements is performed:
ogl) = -1, 0;2) = —1, and 021)03(52) = —1. This demon-
strates the failure of the “product rule” for pre- and post-
selected quantum systems. If we consider the spatial di-
chotomic variable instead of the spin with the correspon-
dence:

[t =[A), [ =B, (19)
|Tm>2 = |A>27 |~Lm>2 = |B>27 (20)

then again we reach the situation in which each particle
is with certainty to be found in box B if it is searched
for there, but they cannot be found in B together.

We can see another amusing feature of the two-state
vector ([I8) when we recast it considering just one spin-%
particle. In this case we map the spin variable of the first
EPR particle into the spatial variable of our particle via
(@) and the spin of the second EPR particle becomes
the spin of our particle. With this correspondence, the
particle is pre-selected in the state

9 = (4L} = BT, (21)
and post-selected in the state
(W) = (|A> +[B)) [1.)- (22)

%|

In this pre- and post-selected state the probability to find
the particle in A at intermediate times vanishes. The
weak value (Pa), vanishes so that, in some sense, the
particle is not in A. Nevertheless, the weak measurement
of the spin component o, in A yields (Paoy), = —1. If
the particle is an electron or a neutron, we will then sense
a non-vanishing magnetic field in A (if it is weakly mea-
sured), but the weak value of the number of particles in
A is zero. Thus, for “weak measurement reality” [27] the
particle is in B, but its magnetic field is in A which might
be arbitrary far from B. For a possible interpretation of
this result see [2§].

In the above case, for weak coupling the particle is in
B, but its magnetic field is in A. However, the parti-
cle generates magnetic field in B too. By considering
a particle in a generalized two-state vector [1], we can
arrange that the magnetic field appears only in A. A
particle is described by a generalized two-state vector
> ai(®;] |¥;) when it and an ancilla (which nobody
touches at the intermediate time) are pre- and post-
selected in particular entangled states. The weak value
of an observable O of the particle in this case is:

Do ai<<I>1-|O|\I/1->'

O =
> (P W;)

(23)

The generalized two-state vector which leads to the phe-
nomena described above is:

(Al + (BN (H14) +[1.)1B)) +
(Al + BN (T4 + [12)1B)). (24)

Indeed, it is straightforward to see that

(PA)w =0, (PB)w=1. (25)
Nevertheles, weak measurement can sense the particle’s
magnetic field only in A:

(Paos)w =1, (Paoy)w = (Paocs)w =0, (26)

(PBUz)w = (PBO'y)w = (PBUz)w = O, (27)

i.e., there is a magnetic field along the x axis correspond-
ing to a particle in A with spin o, = 1.

We hope that the examples presented above will help
to develop an intuition for understanding pre- and post-
selected systems with entanglement and will lead to use-
ful applications of the peculiar effects such system ex-
hibit.

We thank Eli Cohen for useful discussions.This work
was supported in part by the Binational Science Foun-
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