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STRICTLY POSITIVE DEFINITE FUNCTIONS 
ON A COMPACT GROUP 

MOHAMED ALLALI AND TOMASZ PRZEBINDA 

(Communicated by Roe Goodman) 

ABSTRACT. We recognize a result of Schreiner, concerning strictly positive 
definite functions on a sphere in an Euclidean space, as a generalization of 
Bochner's theorem for compact groups. 

The purpose of this note is to provide a rapid proof of a relatively new result 
of Schreiner, [S], concerning strictly positive definite functions on a sphere in a 
Euclidean space. It is our pleasure to see that the theory of such functions has found 
applications in geosciences, and that it is well rooted in the existing mathematical 
literature. 

Let G be a compact group, and let H C G be a closed subgroup, such that the 
quotient G/H is infinite. Let f: G - C be a continuous function, invariant under 
the left and right translations by elements of H. We denote the space of all such 
functions by C(H\G/H). Following Schreiner, [S], we say that the function f is 
strictly positive definite if and only if 

n 

(1) E cicjf(xix j) > 0 
i,j~=l 

for any finite set {Xl I X2, ..., Xn2} C G such that the cosets x1H, x2H, ..., xnH C G/H 
are distinct, and any complex numbers c1, c2, ..., cn, not all equal to zero. 

Let G denote the unitary dual of G, [K, 7.3]. This is the set of equivalence 
classes of irreducible unitary representations of G. For convenience, we choose an 
irreducible representation for each such class, and identify G with the set of these 
representations. Recall the Fourier transform 

(2) f(ir) =ir(f) = ir(x)f(x) dx (e CZ) 

where f is any absolutely integrable function on G with respect to the Haar mea- 
sure dx. Thus each ir(f) is a linear map on the finite dimensional Hilbert space 'H1,, 
where the representation 7r is realized. Let 'H = {v E R, : ir(h)v = v, h E H} be 
the subspace of H-fixed vectors. Let (G/H) = {r E C; THH A 0}. By the Robe- 
nius reciprocity theorem, (G/H)^ is the subset of G, consisting of representations 
which occur in L2(G/H) (see [K, 8.4]). 
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1460 MOHAMED ALLALI AND TOMASZ PRZEBINDA 

Proposition 3. A function f E C(H\G/H) is strictly positive definite if ir(f) > 0 
for all 7r E (G/H)^, and ir(f) 1HH > 0 for all but finitely many 7r E (G/H)^. 

Here "Xr(f) > 0" means that the operator ir(f) is positive semi-definite, i.e. 
(ir(f)v,v) > 0, for any v E H7 and the statement "r(f)KHH > 0" means that the 
restriction of the operator ir(f) to KHH is positive definite, i.e. (ir(f)v, v) > 0, for 
any v E tHH \ {0}. 

Proof. With the notation (1), let ,u be a bounded measure on G defined by 

jq0(x) d/l(x) ci 0(x_A dh, 

where 0 is a continuous function on G, and dh is the Haar measure on H, normalized 
so that the total measure of H is 1. Notice that the support of ,u is contained in 
Un=1 xiH, which (by our assumption) is a proper subset of G. 

The Fourier transform of ,u is defined as in (2): 

) =0 7/ w(x)dlt(x) (w e G). 

Recall the Fourier inversion formula ([K, 12.2] or [H-R, 27.40]): 

0(x) = , d(ir)tr(ir(0)qr(x)*) (q E C(G), x E G), 
irEG 

where d(X) = dimh,4. If each operator 7r(Q) is positive semi-definite (ir(q) > 0), 
then the above Fourier series is absolutely, and hence uniformly, convergent to the 
continuous function 0 (see [H-R, (34.9]). Hence, 

f(x71x-) x E d(7r)tr(7r(f)lr(x lxj)*) 

=Ed(7r)tr(7r(xi) 7r(f) 7r(xj)*)- 

Notice that ir(h)ir(f) =r(f) = (f)ir(h) for all h E H. Hence ir(f) = P-H1r(f) 

7r(f)PHH, where PHH fH ir(h) dh is the orthogonal projection on i H'. Therefore, 

(4) f (x-ixj ) = , d(Tr) tr (7r (xi ) PXHH 7r (f ) (7r (Xj ) P-YHH)) 
7rc(G/H)- 

After multiplying both sides of (4) by ci-c3 and summing over the indices i, j, we 
see that 

n 

, cjjf(xg xj) - E d(w)tr(7rC()P-HHr(f)(i(r C)PHH )*) 
Z1j=l 7rG(G1H)- 

Since 7r(u) = 7r(bt)PhH, the proposition shall follow as soon as we check that 

(5) 7r(u) 7& 0 for infinitely many 7r E (G/H)^. 

Suppose p(7r) 0 for all but finitely many 7r E (G/H)^. Then, by Fourier inversion, 
[H-R, 27.40], p, coincides with a finite linear combination of matrix coefficients of 
irreducible unitary representations of G. Therefore, the space of all left translates 
of , is finite dimensional. Hence, there are finitely many elements Yi, Y2, ..., Ym E 

G, such that UJ=L1 supp = G, where supp/1 stands for the support of ,u. Thus 
G =Um 1I Un1I y3xiH, contrary to our assumption that the set G/H is infinite. D 
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Suppose that (G, H) is a Gelfand pair, [D, 22.6.2]. Then for each 7r E C and 
each f E C(H\G/H), the operator ir(f) is a constant multiple of the projection 
PAH: (f) = A (f)P-HH. 

Corollary 6. If (G, H) is a Gelfand pair, then a function f E C(H\G/H) is 
strictly positive definite if X,r(f) > 0 for all but finitely many Xr E (G/H)^. 

As is well known, [D, 20.11.4, 22.6.3], (SO(n), SO(n - 1)) is a Gelfand pair, 
and the quotient space SO(n)/SO(n - 1) coincides with the unit sphere in R . 
Furthermore, in this case, the scalars Xr(f) can be expressed in terms of Legendre 
polynomials. Hence Corollary 6 generalizes a result of Schreiner, [S, Theorem 5.1]. 
We explain this in some detail. 

Consider the Euclidean space Rn equipped with the usual dot product. Let 
en = (0, 0, ..., 0, 1) E Rn be the "north pole" of the unit sphere Sn-I C Rn. Let 
G SO(n) be the group of isometries of the dot product, and let H C G be the 
stabilizer of en. The restriction to the first n - 1 coordinates identifies H with 
SO(nr- 1). 

It is customary, in representation theory, to normalize the Haar measure on any 
compact group to have the total mass 1. Then the total mass of our homogeneous 
space G/H is also 1. On the other hand the dot product in Rn forces a normalization 
of the rotation invariant measure w on the sphere Sn- 1 so that the area of the sphere 
iSn-l=Jsn_ldw c 1. Hence, 

fni ~0(a) dw(f) = 
Sn-T Ij ?(gen) dg (q E C(Sn-I 

Therefore the map 

L2(G/H) D v -?- q$ E L2(Sn-1) 1), (gen) = Sn-111/2V(g) (g E G) 

is an isometry. This isometry is surjective and commutes with the action of the 
group G on both spaces. As is well known, [M], the space L2(Sn-l) decomposes 
into a direct sum of irreducible subspaces: 

00 

L2(sn-1) = E L 2(sn-l)m, 

m=O 

where L2(Sn-I)m stands for the space of spherical harmonics of degree m. Let lrm 
denote the representation of G on the space 'Hrm = L2(Sn-1)m. Then the subspace 

tHH is one dimensional, and is spanned by the Legendre function: 

Lm (a) = Pm (en * 9) (a E Sn-1), 

where Pm is the Legendre polynomial of degree m (see [M, Lemma 2, page 16]). 
Notice that a function f E C(H\G/H) is uniquely determined by a continuous 
function F on the interval [-1,1] by the formula 

f (g) =F(en - gen) (g E G). 

Notice that f(g) = F(en -gen) F(g-len eTen) = F(en g-Ien) = f(g-1). In these 

terms, the constants which occur in Corollary 6 can be calculated as follows (see 
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[M, Lemma 1 on page 15, and formula (?4.6) on page 29]): 

Ai7r (f) A7r, (f) Lm (e?m) = 7rm (f ) Lm (enn) 

f(g)Lm(g-len) dg = F(en . gen)Pm(en . g-len) dg 

I F(en . gen)Pm(en . gen) dg j 
Isn-21 

I 
F(t)Pm(t)(l- t2)(n-3)/2 dt. 

Thus, by Corollary 6, the integral kernel operator on L2(Sn-1) corresponding to 
the integral kernel F(r,, a) = F(r. a), (r/, o E Sn-1) is strictly positive definite if 
A7rm > 0 for all m > 0, and the inequality is strict for all but finitely many m. This 
is the content of Theorem 5.1 of Schreiner, [S]. 
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