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COMSOL MODELING

Here we will describe our modeling approach which
yields the results shown in Fig. 7 of the main text.
The superconductor is treated in the framework of
time-dependent Ginzburg-Landau equations [1, 2], which
choosing the gauge ¢ = 0, we represent as:
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for the wave function of the pairs, ¥, and
j=- 2(2A —V0) — 0, A (S.2)

for the current density j, ¢ and A are the scalar and the
vector potentials. The remaining coefficients are de-
scribed below. We use here the so-called gapless limit
of TDGL equations (a more general case of description
by finite gap TDGL equations is discussed in [3]). It is
convenient to rewrite these equations in a dimensionless
form:
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where we denoted: ¢ = U/¥;, where ¥y =

V8m2T.(T. — T)/[7¢(3)]; T = t/to, where to = 7/(8n1.)
and n = (T, — T)/Te; k = Ap/€ is the Ginzburg-
Landau parameter: x < 1/v/2 for type-I superconductors
and k > 1/v/2 for type-II superconductors, the London
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penetration depth is defined by 1/A2 = 2n%0WZ/T.
16740 (T. — T)/[7¢(3)], the coherence length equals & =

7D /[8(T. — T)], o is the conductivity and D is the dif-
fus1on coefficient of normal electrons in superconductors;

=2A, V=)V, and 6 = = 4dnApo/ty. In transferring
from (S.2) to (S.4) we used Maxwell’s equation (in Gaus-
sian units with ¢ = 1): VxB =47j = VXV x A. When
using below Egs. (S.3) and (S.4), we will drop tildes.

Since ¢ is a complex function, (S.3) consists of two
equations for two scalars: [¢| and 6, or, alternatively,
real and imaginary parts of ¢:

¥ = |ple” =y + o

The latter is more convenient for solving these equations.
Then the system of TDGL equations can be represented
in the form:

= Retp + ¢ Imp. (S.5)
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FIG. S1. Superconducting ring located in a cylindrical volume
(top panel and some of side panels of the cylinder are removed
for visibility). The Physics Controlled mesh with the Fine
Element size used at modeling is shown.
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These equations are solved using the COMSOL mod-
eling of the problem with the appropriate boundary and
initial conditions to be specified below. In COMSOL, the
Coefficient Form PDE system for ¢ and 12, and Gen-
eral Form PDE system for the components (A1, A, A3)
of the vector potential were used.

We modeled the vertically stacked superconducting
rings in a homogeneous vertically aligned magnetic field,
which is switched on and off at given moments of time.
We track the behavior of the currents in the rings for vari-
ous ring numbers at a given distance between consecutive
rings. Next we describe how this goal is achieved by the
COMSOL code.

In the computation, the superconducting loop is re-
garded as a perfect torus, with the major radius ro and
minor radius ;. This torus is placed inside of a cylinder
with a radius Ry and a height Z, (Fig. S1). These and
other parameters used in the COMSOL code are listed
in Fig. S2.

The magnetic field B is described by the vector poten-
tial A: B =V x A. In absence of superconducting rings
we chose the A-field of the form:

Am = —Bzo (@(t - to) tanh[wl (t — to)]
(S.11)
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A, =0 (S.13)

¥ Parameters

»

Name Expression Value Description
RO 24 24 cylinder radius
70 24 24 cylinder height
0 18 18 torus radius major
r1 1.5 15 torus radius minor
sigma 1 1 normal conductivity
sigmadiel | 0.00000000001 | 1E-11 artificial conductivity
t0 2 2 field on begins
t1 10 10 field off begins
omegal 2 2 increase speed
omega2 1 decrease speed
t2 15 15 evolution time
Bz0 0.01 0.01 external magnetic field
kappa 0.4 04 G-L parameter

FIG. S2. The parameters used (and varied) for modeling the
current excitation in a single loop. Here Ry, and Zy describe
the external cylinder which contains a homogeneous field with
the amplitude H = B,o. An artificial (and negligibly small)
conductivity ggie; is assigned to the internal cylinder volume
— its role is discussed in the code description; w; and w2 char-
acterize the speed of the H-field increase and decrease corre-
spondingly; the definition of the other parameters is indicated
in the table.

to represent the homogeneous magnetic field along the
z-axis. As is clear from the definition, the field is coming
in and going out adiabatically, and, at modeling, both in-
and out-speeds can be set via w-parameters. As we have
found, the current amplitude does not depend anyhow
essentially on these parameters (Fig. S3).

In the presence of the superconducting rings, the A-
field should be found as the solution of the system of
equations (S.6)-(S.10). However, at sufficiently large
distance (“infinity”) from the superconductor, the A-
field still should have the form (S.11)-(S.13), which then
should be considered as the (Dirichlet) boundary condi-
tions for it. In our model, the walls of the external cylin-
der represent the infinitely far boundary, so the Dirich-
let boundary conditions (S.11)-(S.13) could be assigned
to them. It is also very convenient to formulate the
boundary conditions for the W-function on these walls.
In such a case, we should assume that equations (S.6)
and (S.7) are valid not only inside the tori, but also inside
the encompassing cylinder. The behavior of the super-
conducting tori in the magnetic field is the same when
the tori and the magnetic field are in vacuum or when
the tori are surrounded by non-magnetic non-conducting
medium. The smallness of 04;.; guarantees that when the
magnetic field is switched on and off, the current induced
by Faraday’s law is negligible in this artificial surround-
ing substance where there are no Cooper pairs. For that
to be the case, we introduce a function vol(x,y, z) which
equals 1 inside of torus, and 0 outside of it. This function
is defined as a wvariable in the COMSOL code, Fig. S4.
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FIG. S3. The current amplitude does not depend on the
speed of the external flux increase. These curves correspond
to w1 = wz = 1 (red curve) and w1 = w2 = 0.03 (blue curve).
Others parameters are: Ry = 40, Zo = 20, ro = 24, r1 =
2, k =04, B,y =0.01, 0 = 0.5. Dimensionless unit of time
corresponds to ~10 ps. Independence of the current ampli-
tude on the speed of the flux variation is important since the
dimensionless time unit at the modeling is much shorter than
the characteristic GW time scale.
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FIG. S4. Defining the vol-variable in COMSOL code. Domain
1 corresponds to the volume of cylinder, and domain 2 to the
volume of torus. In the Boolean expression vol = 1 in domain
2 and zero otherwise.

Multiplying of all the r.h.s. ¥-terms in equations (S.6)-
(S.10) by the variable vol will guarantee the vanishing of
¥ outside of the tori. One should also properly define the
function o which enters (S.8)-(S.10). Since these equa-
tions are valid in the COMSOL code for both the tori and
the cylinder domains, we should have its value reduced to
zero in the latter domain by redefining o — o*vol+0g;ei,
where the negligibly small quantity o4;¢; is added to avoid
division by zero at computer operations (as usual, one
should confirm the convergence of the solutions as this
artificial o4 is reduced to zero). To finalize the code
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FIG. S5. COMSOL code for equations (S.6) and (S.7) within
Coefficient Form PDE. The functions ¥; and W5 correspond
to w1 and us.

Stuhy 1, Time Dependenit -

e,%d-d,%’f +V-I'=f

u=[u3,u4, 5]
=4 4 4,
V=l3caya:

* Conservative Fluo

1] X
-udyeudy y 1/m
-udz+uSx i
-wdr+udy X

r o y | Um
-wdzruSy I
-wSrsuds X
-uSy iz y 1/m
0 z

v Source Term

1/mt
F 1m*
1m’*

¥ Damping or Mass Coefficient
gema o+ sigmdiel simt 0 gm0 sim’
dy 0 sim®  sigma*vol+sigmadiel omt 0 s/im®
] st 0 om®  sigma*vol+sigmadial sim®

FIG. S6. COMSOL code for equations (S.8)-(S.10) within
General Form PDE. The functions A;, A, and A, correspond
to us, us and us.



description we notice that now the formal mathemati-
cal formulation of the problem may be accomplished by
assigning Dirichlet boundary conditions ¥, = 9 = 0
on the walls of the cylinder. The implementation of
the differential equations (S.6)-(S.10) within COMSOL
is sketched in Figs. S5 and S6.

The result shown in Fig. 7 of the main text, top panel,
is plotted via 3D Plot Group of COMSOL, as the Surface
plot for the Cooper-pair density u?+u3, and two arrow
volume plots for the current density j = (jz, 7y, J-), With
Jo = vol* (U4my — U3yy T Uszz — u3zz)a ]y = vol * (7U4zz +
Uspy + Usy> — Udzz), and j, = vol * (—Usgs + Usz. —
Usyy + Usy-) (green arrows) and the magnetic field B =
(Bz, By, Bz) with B, = Usy — Uaz, By = —usy + us, and

4

B, = w4y — ugy (red arrows). The indices after variable
names indicate partial derivatives. Color coding in this
figure corresponds to the normalized density of Cooper
pairs: it is maximal on the torus and zero on the walls of
the cylinder. For multiple rings, no essential changes to
the code should be done, only the cylinder height should
be increased to continue serving as the infinitely large
volume, and the variable vol (Fig. S4) should be redefined
so as to include all the rings domains.

To obtain the current and the flux from these compu-
tational data one needs just to cross the ring (or rings) by
appropriate planes and perform the required integrations
— this is achieved via standard COMSOL procedures.
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