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Abstract. In this paper we describe the rise of global operators in the
scaled quaternionic case, an important extension from the quaternionic
case to the family of scaled hypercomplex numbers Hy, t € R*, of which
the H_; = H is the space of quaternions and Hj; is the space of split
quaternions. We also describe the scaled Fueter-type variables associated
to these operators, developing a coherent theory in this field. We use
these types of variables to build different types of function spaces on
H,. Counterparts of the Hardy space and of the Arveson space are also
introduced and studied in the present setting. The two different adjoints
in the scaled hypercomplex numbers lead to two parallel cases in each
instance. Finally we introduce and study the notion of rational function.
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1. Introduction and the Algebra of Scaled Hypercomplex
Numbers

In the case of H, the skew-field of quaternions, generated on the real numbers
by 1,1, j, k with the usual Cayley table, a global operator G was defined in [28]
as:

0 . ) 0 0 0
G, = (x% + x% + xiz%)aixo + (ixy + jxg + kxs) (mlazl + 5525?2 +x335€3> .
(1.1)

In [15], the related operator,

0 1 0 0
A S N 1.2
T 0wy imy + jro + ka3 (m16x1+x28x2+m38z3>7 (1.2)

(which we still name “the global operator”) was studied extensively by two
of the co-authors (together with Kamal Diki). In particular new Fueter-type
variables associated to V, were found and analyzed, and Fueter-type expan-
sions were given for smooth functions in its kernel.

In recent works [3-5,7,8], the space of quaternions was extended to a
family of spaces indexed by the real numbers, and, for ¢ € R, these papers
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introduced and studied the scaled families of rings H% of C2*2 matrices, with
elements of the form:

a tb
Qt_(b(z)’ a,beC,teR. (1.3)
When ¢t = —1 one obtains the matrix representation of the skew field of

quaternions, while the case ¢ = 1 corresponds to the matrix representation of
the ring of split-quaternions. In the latter case (¢ = 1), hyperbolic numbers
correspond to real a and b.

In the present paper we first extend the results of [15] to the scaled
family of rings mentioned above, interpolating from the space of quaternions
to the one of split quaternions. Then we study counterparts of the classical
Hardy space in the present setting. An important new point with respect to
the previous work [15] is the appearance of Krein spaces (as in [17]).

We now review the definitions and main results of the scaled-
hypercomplex algebras introduced in [3-5,7,8]. We start with the first def-
inition of the space H% as above, with two equivalent characterizations to
follow:

Definition 1.1. Let ¢ € R. The space of scaled hypercomplex numbers is:

Héz{(if)aﬁé@}. (1.4)

This space is an algebra over the field of real numbers, with the usual addition
and multiplication of matrices.

In another characterization we will see that H% becomes a real vector
space.

Remark 1.2. We note that HY is not closed under the usual matrix conjuga-
tion when ¢ # 41, since

. (ab
i~ (o) ¢ (15)
if t £ +1 or if b # 0.

One can define two natural adjoints (or conjugations) associated to
(1.4), and which leave H} invariant, namely

q’ = (_ab ;b> (1.6)

(that is, the adjugate matrix of ¢;) and, see (2.21),

« _ (atb
= (3. (17)
See [4,5,7] and [8]. We note that these two adjoints are contravariant (see
Lemma 2.1 and Lemma 2.17)

(] [¥]

) =pPq? and (@p)™ =p0a”, pioa € HS,

(Qtpt
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are involutive, and commute:

@)= () = (7).

It is therefore not possible to obtain another involutive contravariant from
iterated compositions of these adjoints.
It is easy to see that HY is ring-isomorphic to the ring H; defined below.

Definition 1.3. Let H; be the space of elements of the form:
@t = a+bjy, a,beCli, (1.8)

where i, j; and k; = ij; satisfy the generalized Cayley laws, induced by the
matrix multiplication in Definition 1.1:

an i | gt | ke
111 7 g ks

T | =1 | k| =i |
Je | Je | ke | t | —ta
kt kt It ti t

Writing a = xg + x1¢ and b = x5 4 x37 we have that the ring H; is the vector
space over R of elements of the form:

Gt = o + 218 + X2Jt + x3ky,  T0, X1, T2, T3 €R. (1.9)

We will often in this paper pass from one representation to the other
and denote both of them by ¢,.

We now introduce a third equivalent definition, where scaled hypercom-
plex numbers are seen as pairs of complex numbers. For an arbitrarily fixed
non-zero scale t € R, and ¢; = a + bj; as in (1.8), we write the correspond-
ing pair of complex numbers (a,b), and we define the scaled multiplicative
operation -; on C? induced by the multiplication of matrices as:

(a1,b1), + (az,ba), def (a1az + thyba, arby + b1a3), . (1.10)

As proven in [4,5] the space of pairs (a,b); forms a unital ring with
unity (1,0), where + is the usual vector addition, and -; is the operation
(1.10) above.

We will use these three definitions interchangeably, whenever each be-
comes more convenient to describe the associated differential theory, spaces
of functions, domains of holomorphy and so forth.

Observe that, if

a=x0+x17 and b= x9 + x37

are complex numbers with ¢ = /-1 and xo, 1, 22,23 € R, and (a,b), € Hy,
with some abuse of notation, we have that the realization of (a, b), is identified
with:

thb

To + 11 txo + tx3t
¢t = a+bjs = (a,b), = (b a) =

(1.11)
T — 1’3i xro — (Eli
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We then identify the basis elements using:

10 i 0 0t 0 ti
Qt—$0<01>+$1<0_i)+$2<10>+$3<_i0>7 (1.12)

and we obtain:

1= (39) =0 = (3 %) = 6o

ii=(06) =000 k= 25) =0,

in H%, which means that every element ¢; of H} is expressed by
gt — Xo (17 O)t + 21 (i, O)t + X9 (0, 1)2& + 3 (O,i)t s
for some z; € R, 0 <[ <3, (as seen in [4,5,7]).
The R-basis B, = {(1,0),, (4,0),, (0,1),, (0,7),} satisfies the following
properties in the Cayley table of Hy, i.e.:
i = (=1,0), = ~1, ji=1t(1,0),=t=k,
it Je = ke, Ject ke = —tiy,

ke tiy =3¢, kergi=1ti

and

jt = _kh g ke = —jt~

Remark 1.4. From now on we write ¢ rather than 7;, meaning that we view
the ring H; containing a fixed copy of the complex numbers.

When t = 1, that is, the split quaternion case, we have

o _ (@ —=b : + _ (ab
a0 <—b a) while ¢ (ba)'

With 41, j1, k1 corresponding to ¢ = 1, and using the notation (1.8), one has
q1 = a — bj; and

¢® =a—bj; and qg*] =a+bj;. (1.13)

The latter case was the one considered in [17].
When t = —1, that is, for the quaternions, we have

© _(ab « _ (a—b
q—l_(—ba> and q—l_(b a>'

Here q? corresponds to the usual quaternion conjugate, and q:[L*] leads to
new directions in analytic quaternionic theory. With i, j, k corresponding to
t =—1, one has ¢_1 = a+ bj and

¢¢, =a—bj=a+bj=q1 (1.14)

(since bj has a zero real part) corresponding to classical quaternionic analysis,
while
=a-bj=a+bj (1.15)
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As just mentioned a few lines above, the corresponding theory is new in
quaternionic analysis.

The paper consists of seven sections and two appendices, of which this
introduction (Sect.1) is the first. In Sect. 2 we introduce the algebra of hy-
percomplex numbers, their conjugates, and properties, asa well as an intro-
duction to a theory of functions on these spaces.

In Sect.3 we introduce the scaled global operator V; in this case and
introduced a new set of Fueter-type variables associated to this operator. In
the same section (Sect.3) we also build parallel theories of regular functions
using these new variables (see Definition 3.1) and the previously introduced
Fueter-variables associated to the scaled Fueter operator (see Definition 3.6).

In Sect. 4 we introduce and describes Hardy spaces with respect to the
conjugate ®, define the Blaschke product in this case and discuss the inter-
polation problem in this context, while in Sect.5 we do the same for the [«]
conjugate.

In Sect.6 we build the associated Averson space related to the new
scaled Fueter variables associated to the scaled global operator, while in
Sect.7 we establish the premises of a theory of rational functions in this
case. Both of these sections are further developed in works that the authors
are currently in a preliminary stage of completion.

For clarity, we also write Appendix A and Appendix B, to remind the
reader of the concepts and properties of Krein and Pontryagin spaces, as they
apply to our work.

2. Conjugates, Their Properties, and a Theory of Functions

In this section, as mentioned in the introduction, one can see that H$ is not
closed under the usual matrix conjugation as in (1.5) when t # 41, unless
t # +1 or ¢ is a real scalar matrix. However, as in (1.6) and (1.7), one can
define two natural adjoints (or conjugations, or conjugate) associated to (1.4)
which leave H} invariant, namely

o _ (@ —tb « _ (atb
K _<—b a> 1 _(ba>'

These conjugates lead to different theories, see [4,7] and [6] respectively. On
the other hand, just as for the usual *-matrix conjugation, we have:

Lemma 2.1. The two new conjugates are contravariant with respect to the
matriz product (or, equivalently the product -; in the representation of the
ring in terms of pairs).

Proof. For the first conjugate we have with ¢; = (Z tj) and p; = (C td),

o™= () ()
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ac + tbd t(ad + be) ®
cb+ad tb+ac

(@ +tbd —(cb+ad)

~ \—(ad +be) ac+tbd

_(c —td a —tb
S \—-d ¢ -b a
=y -
The second conjugate is considered in Lemma 2.17. O

2.1. The Regular Matrix Adjoint *

HY is not closed under the usual matrix conjugation when ¢ # +1,

* ab t
qt_(tba>¢H2

if t # +1 or if ¢; is not a real scalar matrix, however this conjugate is useful
in defining the matrix Hilbert Schmidt norm and the operator norm. For ¢;
as above, the Hilbert—Schmidt norm is equal to

lgellzs = VTr i = v/2lal? + (1 +2)]b]2. (2.1)

Let us define the operator norm ||¢/op as follows:

Definition 2.2. The operator norm of ¢, € H; is denoted by ||g;|op and it
is defined to be the square root of the largest eigenvalue of ¢;q;, using the
regular adjoint ¢; as in (1.5).

For ease of calculations, we now compute the operator norm of ¢;:
Proposition 2.3. For any q; € H; it holds that

Il \/b|2(1+t2)+2|a|2+ VIPE = 12)% + 4faf2[b[2(1 + 1)?
dtllop =
2

(2.2)
Proof. We have

2 2 2
det(gegi — Al2) = det (\“\ + 26> =X ab(1+1t) )

ab(l+t)  |b>+a> — A
= A" = X(b* + [a]* + |al* + £2[b*) + (|b]* + [al*) (Jal* + £[b]*)
—lal?[b*(1 +1)?
and the discriminant, say A, of the corresponding eigenvalue equation is:
A = (1b]” + [af* + [al” + £[b]*))* = 4((1b]* + |a]*)(Jal® + *[6*) — [al*|b]* (1 + )*)
= (16" + la]* = |af* = £*[6]))* + 4[al*[b|*(1 + 1)*
= [b*(1 = %)% + 4lal*|b* (1 + 1)*.
Thus

B+ 12) + 2a)? £ /[p[A(1 — £2)2 + 4]al?[b]? (1 4 1)2
- 2

with largest eigenvalue corresponding to the + sign, and hence the result.
O

A
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Corollary 2.4. We have the following:

HQtHOP = ||qt ||0p = Hq ||0p (2.3)
and
lgellzrs = g llzrs = llas |l as. (2.4)

Proof. This is because ||¢|lo, depends only on the absolute values of a and
b. O

Remark 2.5. Fort = —1 we get ||g_1]| = v/|a|? + |b|? (as it should be, usually
written as |g| = +/|a|? 4 |b|?) while we get

laull = lal + [b]
for t = 1. Note that the latter is not a Hilbert space norm.

We recall that H% endowed with the real-valued bilinear form

(P, qe) = Trqfpy

is a real four dimensional Hilbert space.
This norm is cumbersome to deal with, so we define a similar norm that
induces the same topology, a scaled Euclidean-type norm.

Definition 2.6. We will now define the scaled Euclidean norm of H; to be

laillz = Vlal? + [t [b]* = \/333 +af +[t] (23 + 23), (2.5)

and the scaled inner product associated || - |g by [, ‘] 5.

For ¢4 = xg + x17 + x2j: + x3k: and py = yo + y1i + y25¢ + yszk: the
associated inner product is:

[at, pe)E = Toyo + z1y1 + [t|(z2y2 + T3Y3). (2.6)

Remark 2.7. This norm gives the same topology as the operator norm given
in (2.2) or the Hilbert—Schmidt norm given in (2.1).

We conclude this subsection with a remark on matrices with entries in
HY. Consider Let G = (guu)y y—1 € (H5)N*N. Identifying H) with a subset
of matrices of C2%2? one can identify G with a matrix in C2V*2V, Even if
this new matrix is invertible in C2V*2V it is not clear that it will have the
structure corresponding to an element of (H4)V*¥. First a definition:

in HY if there exist a matrix H = (hyy)Y,—; € (H5)V*Y such that GH =
HG = I35 nvxn. The matrices G v)up—1 are called the main minors
of G.

Definition 2.8. Let G = (guv)) ,—1 € (H5)*N. We say that G is invertible
( u
= (G

Before we consider this above invertibility question in greater details we
mention a number of formulas, often presented for complex matrices, but in
fact valid for matrices with entries in any algebra, and can be traced at least
with the work of Schur [43,44]. More recent references include [31,37], [38, p.
18], [35, p. 113].
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Lemma 2.9. Let (A, B,C, D) € (H5)™ ™ x (H5)™ ™ x (HL)™*™ x (HL)™>™,
and assume that A (resp. D) is invertible. Then:

AB\ (I, 0)\/A 0 I, A~'B @7)
cp) \catrr,)J\op-caB)\o 1, )’ '

AB\ (I,BD™ Y\ (A-BD7'C 0 I, O 28
cCD) \0 I, 0 D)\D"C1I, (2:8)

respectively.

and

As a consequence, with
A*=A—-BD'C and D" =D-CA!'B, (2.9)
we have:

Lemma 2.10. Assume A invertible. Then, M is invertible if and only if DY
is invertible, and it holds that:

-l (In AT A"t 0 I, 0
~\o0 I, 0 (pH-t)\-ca'1,

(AT 4 AT B(DY)tCAT — A B(DP) !

- 7(DD)710A71 (DD)fl .
Similarly, assuming D invertible, the matrix M is invertible if and only if
A* is invertible, and we then have:

M-l - I, 0 (A7t 0 I, —BD™!
“\=D"1C I, 0 Dt 0 I,

(A~ —(A*)"'BD!
= (_D—lc(Ax)—l D—l +D—10(Ax)_1BD_1> . (211)

(2.10)

As a prelimary example, consider the case N =2, and G = (zu f}m).
21 922

Assume that g7 is invertible, and define

O —
922 = 911 — 9129221921-

Then it follows from the formula (2.10) that G is invertible if g5} is invertible.
Using the above formulas one can give sufficient conditions in terms of N
element of H} for the matrix G to be invertible in (H5)NV*V.

2.2. The Adjoint ®

As written in the introduction we define the new adjoint ® as follows:

Definition 2.11. For ¢; = (Z t;) , @+ € Hy we define

G _<—b a )
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The bilinear real form associated to ® is

[, pi]e = at + ac — t(bd + bd) (2.12)

Lemma 2.12. The ®-adjoint satisfies
047 = 4 = (det ;) I> = (la|* — [b]*) 2. (2.13)
As we saw above, the associated bilinear real form is
[4:,Pt)e = Trqp; = ac + ac — t(bd + bd). (2.14)

This ® adjoint leads to a theory which is completely parallel to the
study of slice hyperholomorphic functions.
We set

Qt-f—(lfB

5 = Req;

We first note that
Re qr = (Re a)]2 = 1’012, (215)
where we use the notation of Eq. (1.12)

Lemma 2.13. It holds that ¢° = q; if and only if q is a scalar matriz, q¢; = 15
for some x € R.

Proof. This is a direct computation. O

Formula (2.13) shows that ¢;¢° need not be positive for ¢ > 0. More
precisely:

Theorem 2.14. Let t € R*. The space HY endowed with the form
s ale = Tr (¢°pe) = Tr (9 qr) (2.16)

is a real Hilbert space of dimension four fort < 0 and a real Pontryagin space
of dimension four, with (real) index of negativity equal to two, fort > 0.

dc
Tr (¢Pp:) = Tr (pPq;) = ac + ac — t(bd + bd). (2.17)

Proof. With p; = (C t,d ) we have

Furthermore,

[pe, asle = Tr (¢7p:)
dc — t(bd + bd)

I
Q
ol
+

N N =

{la+a)(c+2c)—(a—a)(c—c) —t((b+b)(d+d)— (b—Db)(d—d))}

{(a+ﬁ)(c+é)+(a—ﬁ)m—t((b+5)(d+3)+(b—b)(d—3))},

which shows that in the case of ¢ > 0 the form has two positive squares and
two negative squares and H5 becomes a Pontryagin space with [p;, ¢:]e and
it is a Hilbert space for ¢ < 0. which ends the proof (see also [7] and [8]). O
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As a corollary we have the following result.

Corollary 2.15. Let HY be the scaled hypercomplex space for a fized t, where
we assume that t # 0. If, moreover, for a fived p; € HY we have TrqPp; =0
for all g € HE, then p; = 0.

_fctd q _[(atdb
pe=\gz) *¢ = \pa)

Tr ¢ py = ac + ac — t(bd + bd).

Proof. Let

Then, as in (2.14),

Assume TrqPp; = 0 and first take b = 0. The choice a = 1 and a = i lead
respectively to Rec = 0 and Imc¢ = 0 so that ¢ = 0. The case of d is treated
similarly. O

The first adjoint ® leads to a theory which is completely parallel to
the study of slice hyperholomorphic functions and the authors are preparing
another work in this direction as well.

In order to properly define spaces of functions, we will write the con-
nection between the scaled norm and the ® inner product as follows. Let Jg
be the matrix:

10 0 O
01 0 O 10
Jo = 00—t 0 :(0_t> (2.18)
It /¢
00 0 —%

[t/ r
Jg is a signature matrix (both self-adjoint and equal to its inverse) and
induces a signature operator (which we still denote by Jg on H,; such that

9t atle = lar, Jow]e (2.19)
where [+, -] is the inner product associated to the norm || - |z, as in (2.6).
Note that, using the representation (1.8) we have

2.3. The Adjoint [*]
We now turn to the definition of adjoint qi*], as in the introduction.
Definition 2.16. For a fixed scalar ¢ € R, and ¢; = (a,b), € H; we define qi*]
by

(a,0)}! < (a,]), in H,. (2.21)

Equivalently, if we take ¢; to be an element of H5 rather than H; then

(540

q?] becomes:

on H5.
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The second adjoint [+] satisfies the following identity in matrix form:

gV =JgrT with J= (2 é) . (2.23)

Note that, even if, ¢; and J are not in H; for general t, we have that qt[*} € Hi

and hence it becomes a Pontryagin space adjoint on C2*? (see Sect. Appendix
A and Example A.3; see also [7]).

We also note that, in general, ¢; is not normal for this adjoint, (i.e. it

[+]

does not commute with ¢; '):

wa) # 4. (2.24)
The adjoint [«] is associated to the bilinear real form
[t pt] ) = ac + ac — t(bd + bd) (2.25)

(as compared with (2.14)), and leads to a new theory, more “non-commutative”.
A way to see this is to compare the definitions of the corresponding Blaschke
factors later on in Sect. 6 (see formulas (4.18) and (5.2) respectively).

The second adjoint [#] satisfies

dV=JgT with J= (‘1) (1)) . (2.26)

Lemma 2.17. It holds that, for every p;,q: € Hy
(@ =g (2.27)
(Pt Qt)[*] = QE*} t PE*] (2.28)
Proof. The proof follows from (2.26) and of the corresponding properties for
the regular adjoint. We leave the details to the reader. O

We now make more precise the fact (see (2.24) above) that ¢; is not
normal in general with respect to this adoint.

tb
Proposition 2.18. Let q; = <Z a) € Hb. Then,

[+ a® +tb? 2Re ab
%= 2Re ab @ + t52
i (2.29)
Mg = a’ +tb” 2tRe ab

tH T\ 2Re ab @ +tb2)

Proof. The formulas (2.29) are shown by straightforward computations. See [6]
for details. O

Lemma 2.19. The form
g6, pe)ps) = Tr (pg*]qt) . p.g€HS
is bilinear on H with respect to the real numbers, satisfies
[Qtapt][*] = [P, Qt][*]

and is not degenerate on Hb.
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_ fatb d _fctd
“=\pa and pt=\g¢)"

and assume that ¢ € Hj is such that [g;, p¢],) = 0 for all p € H. Since

«] _ (ac+ tbd t(ad + bc)
“Pt=\betad tbd+ac

Proof. Set

we have
[q¢, pe)j«) = Re (ac + tbd).

The choice d = 0 and ¢ € R gives Rea = 0 and the choice ¢ € R gives
Ima = 0. So a = 0. To see that b = 0 take then d real and then d purely
imaginary. U

By the above analysis, one can get the following result (see [6]).
Theorem 2.20. Ift # 0, the pair (Hé, [, ][*]) is a Pontryagin space over R.

Proof. We have that:

[g+, pe][) = 2Re (ac + tbd)
= ac+ac + t(bd + bd)

= %{(aJra)(chE) f(afa)(c76)+t<(b+5)(d+3) - (b%)(dﬂ))},

which shows that the form has two positive squares and two negative squares
and the result follows. O

We will now write the connection between the scaled norm and the [*]
inner product as follows. Let Jj,; be the matrix:

100 0
0-10 0
T=1o0 4 o (2:30)
00 0%
[t/ r

J}4 is a signature matrix (both self-adjoint and equal to its inverse) and
induces a signature operator (which we still denote by .Jj,; on H; such that
such that

[qt: qt] 1) = @t T 0t B (2.31)
Note that, using the representation q; = a + bj; we have
Jiae = a+ bjy. (2.32)

Remark 2.21. As a reminder, we now have (’Hé, [,][*]) a Pontryagin space

for all ¢ # 0, while (H%,[,]5) is a Pontryagin space for ¢ > 0 and a Hilbert
space for ¢t < 0.

Remark 2.22. Let ¢ = £1. It holds that ¢f = qg*} if and only if b = b and

a = a, i.e. if and only if ¢; is an hyperbolic number. Similarly, let t = —1.
[*

Then ¢f = q; l'if and only if b= —b and a = a.



53

are:

Page 14 of 61

D. Alpay et al.

Adv. Appl. Clifford Algebras

In a table form, the adjoints of i, j; and k; with respect to ® and [*]

& [
1 1 1
) —1 1
Jt | —Je | Jt
ke | =k | —ky

or, equivalently, in terms of matrices:

o)
0

®

#]

(1)

®

(0%

(o)

0t
10

(0t
10

0t
10

0 t:
—1 0

)

g

(0 G
~i 0

)

Throughout the paper we will make use of the three equivalent defini-

tions of scaled hypercomplex numbers and their conjugates and use either
the matrix, vector, or complex pair notation as needed. As a reminder, we

include them here:
_(atb
“\ba)’

« _fab e (a —tb [+]
qt_(tba) q; _<—b a) q;

These conjugates will lead interesting function theories and it is worth
mentioning here the example of f(g:) = /1 — ¢; which will have a familiar
corresponding power series decomposition depending on the two adjoints ®
and [*].

In this paper, we do not develop the degenerate case t = 0, as it is not
relevant here. This case is currently being worked on in another project.

2.4. Spaces of Functions on H?,

We start with considering the spectrum of a matrix given by the ® adjoint.

This is the only case that can be considered, since, for the [x] adjoint we have

]

that ¢; is not normal for this adjoint (see (2.24)) and that g;q;" is not scalar.

Proposition 2.23. For ¢, € H; and A € H"*™ we have that:
S ar AT = (1 - qf A)(qgf A’ — 2(Re () A+ I2) ™, (2.33)
n=0

whenever the sum on the left is convergent.

Proof. We prove (2.33); We have
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(Z qu”) (a7 A* — 2(Re (¢©))A + Ip)
= Z a7 (qrq?) A" — Qth (Re (g¢))A™ ! + Z A"
n=0 n—=0
= an+1 @An-‘rQ Zq?(qt + qEB)An-&-l + Z ql’A”
0 —

— an+1 ®An+2 i q?+1An+l Zq ®An+1 + Z anrL
= n=0
_ Z qn+1 @An+2 Z qn ®An+1 + Z Q?An _ iq;n—i-lAn-&-l
n=0 n=0

—Qt A Iz
= 12 — qf A
O
Corollary 2.24. For any p;,q; € Hy we have that:
Z arpf = (1 - ap)(@ap; — 2(Re (q0))pe +1)7" (2.34)
whenever the sum on the left is convergent.
Proof. Setting then A = p, in (2.33) gives (2.34). O

Remark 2.25. In the case where t = 1, the quaternionic case, this spectrum
first appeared in [25-27].

We now introduce the Cauchy product of power series in H5. In view of
the non-commutativity there are various possible ways to define power series
and their product; here we follow [32], and consider power series of the form

th an, (2.35)

where both the variable ¢; and the coefﬁments ag, 1, ... are in Hé.

Definition 2.26. Let f(q:) = >, qi'an and g(q) = > .°  qi'Bn, then the
Cauchy-star product of f and g is:

(fx9)(a) ZZQt "ok % 4f B (2.36)

n=0 k=0
where:

qéa*t qzrlﬁzqi+ma ‘t Ba l7m€N07 aaﬁeHév
is called the star-product.

Throughout the paper we will call both of the above x products. The -
product does not respect point-evaluation, but as in the quaternionic setting
we have:
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Lemma 2.27. In the above notation assume that f(q) # 0. We then have:

(fxg) (@) = fla)g (fla) " aef (@) - (2.37)

Proof. In the above notation we have:

(f *9)(ar) th (a:)8
—Zf (gt)f(a) ai' f(at)Bn

—Zf a) (fla) " aef(ar)" Bn

n=0

= flar) <Zf at) (f(ar) Qtf(Qt))nﬁn>

= flar)g (f(Qt) Qtf(Qt)) :
O

The proof of the following important lemma is easy and will be omitted.

Lemma 2.28. The power series (2.35) is uniquely determined by the values
f(x), where x is real and in an open interval of the form (—e,¢€), for some
€ > 0. Furthermore the restriction to the real line of the x-product reduces to
the regular (non-commutative) product of power series of a real variable with
matriz coefficients.

Thus these are series of matrices (with a certain structure), and the
results from series of matrices will hold, using the operator norm, and the
claims can be proved by first considering the case ¢; € R. In particular:

Proposition 2.29. Let f(q:) = >.." o aian and g(qr) = 0" 4" Bn be power
series of the form (2.35), converging in a neighborhood ||qt|lop, < € of the
zero matriz in H,. The star product f x g converges in a (possibly smaller)
neighborhood of the origin.

Proof. Let (y,) be the corresponding convolution sequence:

’Ynzzakﬂn—k, n=20,1,...

Restricting ¢ = x¢ls where x € R, and resorting to the classical theory, we
see that the series Y °  x{7, converges for |zo| < 1 for some 7 > 0. Thus

1 . 1
= = limsup a3 > 0.

n—oo

For [|q¢|| < R the series > " [lgi[|%, - [ ]lop converges and so does fxg. [



Scaled Global Operators and Fueter Variables Page 17 of 61 53

Proposition 2.30. Assume ag = 1, and write f(q:) = 1 — g(q:) with g(q;) =
Z;ozl qFay. Then, the inverse f~*(q;) is equal to a convergent power series
of the form (2.35) in a neighborhood of the origin and moreover

F ) =Y 9™ (a)
n=0

where g*" = gx g---* g, n-times, and the convergence is in the topology of
(C2><2.

Proof. The result is true for ¢; = x € R and then follows since the restriction
to any subinterval of the real line uniquely determines a power series of the
form (2.35) (see Lemma 2.28). O

The following lemma will play a key role in the study of rational func-
tions.

Lemma 2.31. Let o = (a)nen, be a sequence of elements in HY and let
a® = (a®),en, denote the corresponding sequence of ®-adjoints. Then the
sequence of self-convolution a @ o® is real.

Proof. We have
(a®a®), = Z apay

£,ke{0,...,n}
k+l=n

which is equal to its own ®-adjoint since

Z ozka%*) = Z ozmzk@B (2.38)

0,ke{0,...,n} l,ke{0,...,n}
k+f=n k+l=n

O

Definition 2.32. Let f(q) = > -, ¢/, be converging in a neighborhood
lgt]l < € of the zero element of H. We define

Foa) = aras. (2.39)
n=0

We note that, for ¢; = x € R for which the power series converges,
fE(@) = (f(2))®.

Proposition 2.33. The power series f(q;) = f®(q:) has real coefficients and
commute with every other converging power series.

Proof. This follows from Lemma 2.31. O
Proposition 2.34. Assume that o in (2.35) is invertible. Then,
(f(a)) ™" = f2(ae)(f(ae) * F¥(ae) ™" = (F(ae) * f¥(a) " F¥(ar).  (2.40)

Proof. We observe that, since f(q;)*f®(q;) is real valued and « is associative:
*

(Fla) ™ (flae) * fOar)) = (F(g) ™" % (f(a) * f(qr))
= (fla) ™ % f((a)) * f¥(a) = [®(qr).
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In preparation of the study of rational functions we specialize the pre-
vious result to polynomial

Corollary 2.35. Let P(x) = Zi\;o ", be a polynomial of the real variable
x, with coefficients vy, ..., an € HL. Then the polynomial

P(z)(P(x))® (2.41)
has real coefficients and
(P(a0))™* = P¥(qe)(P(g) * P®(a)) ™" = (P(ar) x P¥(qr)) "' P¥(qr). (2.42)
We note that (2.42) can be rewritten as

P®(Qt)
(P(qt) x P®(qt))

We present an illustration of the previous corollary, which pertains to Blaschke
factors; see Sect. 4.4 for the latter.

(P(a)™" =

Ezample 2.36. Let o € Hb. Then,

(1= qa)™ = (1 - qa®)((1 - qa) * (1 - ¢a®)) ™!
_ 1—qa®
¢ (aa®) —2¢;Re a + 1

We conclude this section with:

Proposition 2.37. We have that ¢z — « and (1 — q:«) x-commute. It then
follows that ¢z — « and (1 — gr) ™™ also x-commudte.

Proof. The claim amounts to show that
(1 —qa)x (g — @) = (g — @) * (1 — qrv),

but both sides are equal to —gZa + ¢ (a? + 1) — a.
The second part follows. O

In fact the above proposition is a special case of the following result,
whose proof is left to the reader.

Proposition 2.38. Let f(q:) = Y oo o qian and g(qr) = > oney 61" Bn be power
series of the form (2.35), converging in a neighborhood ||q:||op < € of zero. If
their coefficients pairwise commute, i.e. 0tnfBm = Bmaym, Yn,m € Ng, then f
and g will also x-commute.

We conclude with a definition generalizing the quaternioinc setting:

Definition 2.39. Let o € H;. We denote by [«a], and call sphere associated to
a, the set of points § € H,; such that

Rea =Ref (2.43)
aa® = 3% (2.44)
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3. The Scaled Global Operator for Scaled Hypercomplex
Numbers
For the scaled variable ¢; we have its vector part:
Gy = 1Ty + Jixo + ke,

and, similar to the global operator G, on the space of quaternions, we can
define the global operator associated to the scaled quaternions Hl; to be:

0 0 0 0
G = 3.1
t Qfao < 81+ 28:5 +$3ax3) (3.1)
and its associated, simplified version:
0 1

Vi=—— — 3.2

b drg i1+ jrxo + ks (Il o0x1 Ty, 0xo + 38303) (3.2)
3.1. The Gleason Problem Associated to the V;-Operator and the V;-Fueter

Variables

As in [15] we solve the Gleason problem associated to the new V;-operator
and define yi;;, the Fueter-type variables which are in its kernel and which
generate the series solutions to Vi f = 0, where f is real-analytic.

Assume f smooth and in the kernel of V;, which yields:

of 1 ( of of c’)f)
7 — T —— € .

Oxog  ixy + jiwo + kixs
Varying x by a real parameter u, we obtain:
df (ux) of of of

du -t 8:10 (ux)+x13x1 Oz

0 0 0
=% < 81]'01 (uzr) + w2 8;2 (ux) + xgagi(ux)>
of

af af

(ur) + 2 ——(ux) + chaa—xfg(ux)

+ a1 (ux) + 29

- of of of
= ﬂl,t(z)aixl(ux) + ﬂZ,t(ﬂf)aim(Wﬂ) + M3,t(93)8763(uz)
where:
Lo
pre(x) = 2y <1 + 5) , =123 (3.4)
t

Definition 3.1. The functions p;,, | = 1,2, 3, are called the V,,-Fueter vari-
ables.

For ¢t = —1, corresponding to the field of quaternions H_;, these vari-
ables were introduced in [15].
With a = (a1, g, a3) € N§ we recall that

la] = a1 + as + a3

and we use the multi-variable notation for z = (21, 22, 73) € R3, and more
generally for commuting variables:

«q (o (X3
=t x?as’.
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We can now define:

Definition 3.2. For the V;-Fueter variables y, and o = (ay, az,a3) € N3, we
define the product:

(03 [0%:3

pi (@) = 11y (@) po (@) iz 3 (), (3.5)
for every x € Hy.

Proposition 3.3. The V;-Fueter variables pairwise commute and for o € N}
it holds that

o (3

o (&5}
Ky = Ky Mot 3t

la| 3.6

e ( 4% ) (3.6)
qt

and

1], o = 2° (3.7)

Proof. Since here too the Vi-Fueter variables y; commute, in the above defi-
nition we do not need to use the symmetric product and the proof goes along
the lines of the quaternionic case which was presented in [15]. O

We can now prove that the V;-Fueter products p* are in the kernel of
V; on Hj:

Theorem 3.4. It holds that pg are in the kernel of the operator Vi, on any
open domain Q) C HY. Moreover, we have:

Vipg'(r) =0, (3.8)
for every x € Q.

Proof. Following the argument in [15], we divide the verification into a num-
ber of steps.
STEP 1: It holds that
8 1 - 1 2$1
Ori e q° ¢
o 1 2wt

AN
O 1 _ ki, 2ust

Ox3 G > ¢°
Indeed, for the first case we have
L g —G

@ ¢ a3+ (a3t a3t

Hence
9 1 —i(a? + (a3 +a)t) + 221G
0r1 G (22 + (23 + 23)t)?
.5 2 N
g 2r1q
= -1 -3
qt qt

and the result follows. The other cases are similar and Eq. (3.9) are proven.
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STEP 2: It now holds that

a To ‘04 x ¢ xTot 2ri1x x s
axl(”q*) =T (143) (38 +%9) (1)
3 o ‘(X| t s
2 (103)" - S (08 (3w 9) (08
5302( * Qt> ZtisiIng\ T w T u

9 1+@ ‘O‘IZZt N (1+9{0)t (xokt+2t$3xo) (1+@)S
ax3 (it tfsez\a0¢| qt qt qt
(3.10)

(3.10) is a direct consequence of (3.9) and of the formula for the derivative of
f™ when f is a matrix-valued function (and in particular a global quaternionic
valued) of (say) a real variable w:

o (3.11)

t,s€Np
t+s:|a\

STEP 3: We have

dxo (Jt Qf Qt ’ .

This is because 1 + %S commutes with its derivative with respect to xg, and
formula (3.11) reduces then to the classical formula.
STEP 4: We now calculate

1 0
@ 2,
qt u—1 u
We have:
3 [
} Zmuix“ (1+@) = i
't Oz at qt

[ [ le|
: x1ixa (1+@) +wzixa (1+@) +x3ima (1+@)
0x1 qt Oxa qt Oxs qt
lo|
1 _
= = [mlalxa (1,0,0) (1 + {i)
qt qt
zo\' [ xoi 2mz zo\°
izt Y (1+T°) (f)2+ ! 0) (1+TO>
t,seNg qt 4t q qt

0,1,0 o le
oargz®—(O10) (1+ )
l]t

t . s
2t
Sz Z (1—1— Jio) (13_(3.7; . 9523950) (H— {o)
t,s€Ng q qt qt qt
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la|
1 _
+ = |zzazx® ©.0.1) (1+@)
qt qt
t s
T zok 2trsx T
b 3 (142 (kB0 (142
t,s€Ng at qt qt at

t+s=|al
o]
1
== |:|ozma (1 + @) :|
qt qt

1 o 2o\ [ @170i + T2T0jt + T30k
LI Z (1+TO)<10+20]t+30t

-2
q t,s€Ng qt gt
t+s=|al-1
+2x%xo + thqggo + thgxo) <1 n @)S]
qt qt
z® 20\ o\ (zoG:  24i *xo zo\°
= = |a| 14+ — + Z 14+ — -5 =3 14+ —
qt qt tseNy qt qt qt qt
L t+s=|a|—1
¢ o le z0\" zo zo \°
= = |Oé| 14+ —= - Z 14+ —= — 1+ =
qt qt tseNy qt qt qt
L t+s=|a|—1
s [ o la Zo la]—1 Zo
= = |a| 1+ = - ‘Cl| 14+ = = .
at qt qt qt

STEP 5: We can now compute V;ug.
Using (3.12) and the previous step we have:

o] Zo la|=1 2 o la 20 lal=1
Vt/-l::lzl'aT (1+T) - = |a| (1+T) —|C¥‘ <1+T)
at qt qt qt qt

@ |a] =1
_ lofe (1+@) (1—<1+"{—°>+@)
qt qt qt qt

This ends the proof. O

i

E

Remark 3.5. We observe that both functions pf and (;* coincide with 2
when x¢ = 0. It is important to note that these are two different extensions
of the same real function z¢ leading to two different regular function theories.
In fact, pf* is the Vi-regular extension of ® while (f* gives the classical global
Fueter extension. However, the classical global Fueter variables (;* extend xz®
to the whole space of quaternions while u§* extend =z to domains of H.

In their work paper [8] two of the co-authors have introduced the ex-
tension of the Fueter variables corresponding to the Fueter operator to the
scaled case, namely to scaled Fueter variables for the scaled Fueter operator:
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Definition 3.6. The scaled Fueter (; variables are:

. sign (t)xg . sign
Cre = 21 — Zol, Cot = 2 + (t)|0]ta (3,4 =x3+ () )| k.
(3.13)
In the case of ¢ = —1, namely, in the case of quaternions, we have the

following (see [15] for details)
Proposition 3.7. Let Q be an open domain in H*. For every x €  C H* it

holds that
2 2a 353 ! 3.14
et = o (14 ) (31

and, in particular, we have:
‘:U’u(x)|2 < |Cu(x)|2> u=123. (315)
Proof. This follows from the fact that %" has no real part on ) and:

2.2

2 2 LuLo 2 2 2
@) =2t e S wut ao = (@)l (3.16)
O

In the case of the scaled hypercomoplex numbers, using the scaled Eu-
clidean norm we have a similar result:

Proposition 3.8. Let Q; be an open domain in Hj. For every x € Q0 C Hf it
holds that

2 la|
a2 2c Lo
=z 1+ , 3.17
|Mt |E ‘ |E ( x%+t|(a:§+:c§)) ( )

and, in particular, we have:

[t ()5 < [Cu(@)?, u=1,2,3. (3.18)
Proof. This follows from the fact that %0 has no real part on §; and it is

easy to check that:

2,2 2
LuTo 2 | *p 2

<ux + — = €T N

AT vy =Ry T el

|ttt (@) = 2, +

for u = 2,3 and that:
2,.2
2 2 L1To
€ = —|—
b (Ole =21+ o T

<af+ap = Gal2)|E,

O

Proposition 3.9. For any n € N, the function g is in ker Vi and that, more-

over,
= E Wi Can

|a|=n

where, with a = (aq, g, ag),

|
Con = szo‘l X §10% x kS, (3.19)

where the symmetric product is taken among all the products of the units ey.
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Proof. In Hf we have

a = (zo+q@)"

- e (142
lo|=n qt

for some ¢4, € Hy which can be expressed in term of symmetrized products
as in (3.19) by known formulas. O

We note that (3.19) does not take into account the Cayley table of
multiplication for the quaternions.

3.2. Left Regular Functions on H; Where ¢t # 0 in R

In this section, we review some main results of [8], providing motivations of
our works. Let ¢t € R and H; = spang ({1,4, ji, k¢ }), the t-scaled hypercom-
plexes. We consider functions,

f : Ht - Ht7
in the t-scaled hypercomplex variable,
w = xg + .’Eli + Igjt + mgkt, with X € R,

for all [ = 0,1, 2, 3. Especially, we are interested in R-differentiable functions
on an open connected set € of the t-hypercomplex R-space H;. For motiva-
tions, see e.g., [17,18,29,36] and [40].

Definition 3.10. Let ¢ € R be fixed, and U C H;, an open subset. Define a
set,
Fov ¥ {f H, — H, |f is R-differentiable on U }.

Remark that the openness on Hy, here, is determined by the semi-norm
topology for Hy in terms of the semi-norm ||.||, of (2.1.10), for a fixed ¢ € R.
We first, let ¢ # 0 in R, and F; y, the family of R-differentiable functions on
an open subset U of the t-scaled hypercomplexes H;. Define the differential
operators V; and V? on F;y by

0 .0 _sign (t) 0 f sign (t) 0

Vi=—+1— — —_— = —_— 3.20
t Do O Jt ] Dy t ] D ( )
and o d ) 0 ) 0
. ign (¢ . sign(t
V= _— -~ i+ slentt) 9 —ky, 3.21
¢ 8560 8x1 \/m 81‘2 Jt |t‘ 8933 t ( )
where

: 1 ift>0
SIet (t):{—1 ift<0
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for all t € R\ {0}.

The definitions (3.20) and (3.21) of the differential operators V; and
V¥ on F;y generalizes those on F_; (the quaternionic case) and those on
F1 (the split-quaternionic case), studied in [17-19,29, 36]

Theorem 3.11. IfV; and V¥ are the differential operators of (3.20) and (3.21),

then o2 ) o2 o2
OV, = —— + —— —si 2 s . 22
VeV, o2 + o2 ~ e () a3 S ) 3 7 (3.22)
Proof. See [8] for details. O

By (3.22), one obtains the following corollary.

Corollary 3.12. Let V; and VY be the differential operators on Fi, and Ay,
the t-Laplacian. Then

_ 0? o 3?2 9%
Afl—aimg‘f‘m“r@-f—afmg ift<0

Ay =
_ 02 92 fo fé)
Al_é)ﬁwg—i_aixf_ﬁ_ﬁ ift>0
Proof. Tt is proven by (3.22), whenever ¢t # 0 in R. O

Definition 3.13. Let V, be the operator 3.20 on F; iy, and f € F . If

of . 0f . sign (t) Of sign (t) Of
Vf=2L 9 9y, e —
of dzo 0w, ! i 9z '/t Oxs

then f is said to be left ¢(-scaled)-regular on U. If

pu, = OF L Of, sien() Of . sien(t) Of | _

et — k=0,
org = Ox1 Vi az Tt T . /lt] O3
then f is said to be right t(-scaled)-regular on U. If f € F; ry is both left and
right ¢-regular, then it is called t(-scaled)-regular.
While, a function f € F; y is t(-scaled)-harmonic, if
ﬁ 0’ f 0’ f 0% f

+ 922 — sign (¢) 922 — sign (1) 922 =0,

where A; is the t-Laplacian (3.22).
The following theorem illustrates the relation between t-regularity and
t-harmonicity.

Theorem 3.14. Let f € Fyy, for U € T, in H;. Then if f is left t-reqular on
U, it is t-harmonic on U.

Proof. If f is left t-regular in F; iy, then V,f =0 on U, and hence,
Af = VP (Vef) = VP (0) =0,
implying the t-harmonicity of f on U. U
In Definition 3.6 we have introduced the entire R-differentiable functions

{Cl}?zl C Fim,, associated to a Hy-variable q; = xg + x17 + z2j; + x3ky, with
2 € R, 0 <1 <3.In [8] the following result was proven:
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Theorem 3.15. If(;; are the functions (3.13) in Fym,, then (i 4 are t-harmonic
and t-reqular on Hy, VI =1,2,3.

Now, define the so-called symmetrized product on H;. One can do that
since the R-vector space H; has a well-defined vector-multiplication (-) = ().

Definition 3.16. Let hq,...,hxy € H;, for N € N. Then the symmetrized prod-

uct of hy, ..., hy is defined by a new hypercomplex number,

N denote def 1

X P “E By by & Z R (1) ho(2)--ho(N)s (3.23)
ocESN

where Sy is the symmetric group over {1, ..., N}.

Remark 3.17. Recall that we are considering the cases where ¢ # 0 in R,

however, the symmetrized product (x) of (3.23) is well-defined for “all” ¢ € R,

including the case where t = 0.

Let f1,...,fn : Hy — H; be functions for N € N. By applying (3.23),
define a symmetrized-product function of f1,..., fx by

N 1
< Jn = il Z Jo)fo@)-fo(nvys (3.24)
n= .O'GSN
where
(foyfo@)-Son)) (h) = fo) (h) . foiny (), Vh € Hy,

for all ¢ € Sy. So, one obtains

7

n-times
where we define f9 to be:
f(o) =1, the constant 1-function on Hy,

for all functions f : Hy — H;, where 1 = 1+ 0¢ + 05, + Ok, € Hj,.

Definition 3.18. Let n “2* (n1,n2,n3) € N3 be a triple of numbers in Ny =

NU{0}, and let {Cl}?zl be the ¢t-harmonic ¢-regular functions of (3.13). Define
a new function (™ € Fy g, by

lrldf1 n n n
¢ = () g x ), (3.25)

where
n! = (n1!) (n2!) (n3!) € N,
and
G = Gr X G X X Gar = Gy, VE=1,2, 3

n;-times

Theorem 3.19. Let n = (n1,n2,n3) € N3, and let (™ € Frm, be the func-
tion (3.25). Then it is a t-harmonic t-reqular function, i.e.,

"V, =V(™ =0, and A, (™ =0, on H,.
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Proof. Theorem 3.19 follows from Theorem 3.14. See [8] for details. O

By Theorem 3.19, all functions {¢™ : n € Nj} of (3.25) are t-harmonic
t-regular functions on H;. We will now see that they also generate the space
of t-regular functions in this case.

In [8] the authors have proven the following:

Theorem 3.20. Lett # 0 in R, and f € Fyy, where 0 = 0+0i40j,+0k; € U
in Hy. If f is R-analytic on U, then

f s left t-reqular on U,
if and only if

F=F0)+ > " fa, (3.26)
neNs
with
1 8n1+n2+nsf 3
P woangany O e
Proof. See [8] for details. O

Note that if ¢ < 0, then the R-analyticity of a t-regular function f € F; s
is automatically guaranteed by (3.26). Thus, if ¢ < 0 in R then, without
the R-analyticity assumption of f, the above characterization (3.26) holds.
However, if ¢ > 0, then the R-analyticity assumption is needed in (3.26). See
e.g., [8].

Remark 3.21. Please note that for the Fueter operator in the case of split
quaternions other notations exist in literature and we write the equivalence
of notation in this table:

This paper Notation in
paper [17]
Variables T3 T
Ty T3
Hypercomplex basis i i
it ko
]{11 kl
Differential operator Vi Vﬁ
Fueter vari- Ca(q) =21 — xoi CG1(x) = 21 + 2ok
ables  (3.5)-
(3.7), p. 332
of [17]
Ca1(q1) = 2 + xoj1 Ca(x) = z2 + zoko
G31(q1) = x3 + 0k1 G3(x) = v3 — 208

In general, other linear changes of variables can be considered for the
setting of Fueter variables, for example in [12].
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4. Hardy Space and Interpolation for the First Conjugate ®

4.1. Prelude

The Hardy space Hy(D) is the reproducing kernel Hilbert space of functions
1

analytic in the open unit disk and with reproducing ;—=. It is also the unique
(up to a positive multiplicative factor in the inner product) Hilbert space of
functions analytic in D such that M} = Ry, where M, denotes the operator of
multiplication by z and Ry is the backward-shift operator. Important issues
pertaining to the classical theory include the Beurling-Lax theorem, Schur
multipliers and related interpolation problems. In the present section we first
study the counterparts of this space in the setting of the rings H%. For t = —1
this was done in [10]. We mention that a difference occured there between the
scalar and matrix-valued case in view of the lack of commutativity; see [11,
p. 1767 (and in particular (62.38)]). The counterpart of the Hardy space is

now the following real Hilbert space:

Definition 4.1. We denote by HY the space of power series of the form

= gron (4.1)

n=0
where g, a1, ... € H; and such that
oo
D llemllz < oo (4.2)
n=0

where the scaled norm (2.5) is used in (4.2).

Note that (4.2) is induced by the inner-product

.0 =23 Re (ano -+ [t] badn)

n=0

where

n = an +bnjs, n=01,...
and with g(q:) = 32770 4",

Yn =Cn +dpjs, n=01,...
We also note that, under (4.2), the power series converges for ||¢:|| < 1, where
|||l is the operator norm. The case t = —1, corresponding to the quaternionic
setting, was first studied in [10]. In that work and related ones, one views the
Hardy space as a quaternionic Hilbert space. This is not possible for general
t since H; will not be a skew field in general. We will endow HY with two real

symmetric forms, namely

oo

[fag}® = Z[gnafn]®; (43)

n=0

and .
[f, 9] [+«] = Z[Qna fn][*] (4.4)

n=0
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where f(q:) =Y 00 o ai' fn and g(q) = > oo G/"gn are elements of HY.

Theorem 4.2. The space HS endowed with either of the form (4.3) or (4.4)
is a Krein space. In case of (4.3) it is a Hilbert space for t < 0. When using
the form (4.3) we denote this space by H o, and by HY («] When using (4.4).

Proof. The claim follows from the corresponding structure of the coefficient
space H; from Theorems 2.14 and 2.20 endowed with the forms

e atle = Tr (¢p1) = ac + ac — t(bd + bd)

and
[Pts Gt](s) = Tr (¢p) = ac + @ — t(bd + bd),

_fatd _(ctd
qt = bal’ bt = 7z

Definition 4.3. We denote by Hs g the Hardy space Hj endowed with the
form (4.3) and by Hé,[*] the Hardy space HY endowed with the form (4.4),
which, by Theorem 4.2, become Hilbert and Krein spaces, respectively, de-
pending on signt.

where

O

These Hilbert and Krein spaces are studied in Sects. 4.2 and 5 respec-
tively.

In several complex variables, one considers in Schur analysis the Arveson
space rather than the Hardy space of the ball. In the last part of the present
section we present the analog of the Arveson space for the p; variables. In
the cases t = 1 this was first done in [19].

4.2. The Hardy Space in One Variable: Case 1

In this subsection, we consider the Hardy space H§7® when the adjoint ® is

considered,
= (50 (45)

We recall that H’ endowed with the inner product (2.16)

[Pt atle = Tr (¢ pe)

is a real Pontryagin space of dimension 4 and index of negativity 2, in the
case t > 0 and it is a Hilbert space when ¢ < 0; see Lemma 2.14.

In what follows we will use the spaces H% and H; interchangeably, for
example the matrix I in the first becomes the number 1 in the second.

Theorem 4.4. Hé@ is a reproducing kernel Krein right Hb-module (or an
H;-module) with reproducing kernel

K(g,p) =Y arp?" (4.6)
n=0
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when endowed with the form (we use the same notation as for Hé; see (4.5))
[f.9le =Y 5 m (4.7)
n=0

with g(q:) = > 0o 4" 0n. and associated inner product (indefinite when ¢ > 0
and definite when ¢ < 0)

Tr(f,gle = Y Ty, (4.8)
n=0

Proof. The space of sequences (v, )nen, of elements of H5 such that (4.2) is
in force is a real Hilbert space, and so is Hg@ by transfer of structure. The
norm (4.2) corresponds to the inner product

g9) = Trd;m
n=0

where g(q:) = Y07, q/"0n. To check the reproducing kernel property, we
write, with f as in (4.1) and the kernel defined by (4.6):

Tr [f(), K('7pt)a]® =Tr (Z a®p?7n> = Troc®f(pt).
n=0
O

Theorem 4.5. The operator M,, of star-multiplication on the left by q; is a
continuous Krein space isometry, with adjoint the backward-shift operator

an 104717 with f qt ZQt Q. (49)

We also have that M;ﬁMqtf =ffor feHg.
Proof. We have with f and g as above,

[Mth.f7 <Z 5n+1’yn>

=[f, M, gle
O

4.3. Interpolation in the Complex Case

In the following subsections we begin a study of interpolation in the spaces
H;@ and H’;,[*]. In the classical complex scalar setting, the most simple
problem would be:

Given N different points aq, ...,ay in the open unit disk, describe the set of
functions f in the Hardy space such that
fla;)=0, j=1,...,N. (4.10)

It is a simple exercise, and a particular instance of Beurling’s theorem,
that the set of solutions of this problem consists of the functions of the form
f(z) = b(2)g(z) where b(z) = HN_ =% and ¢ runs through the Hardy

n=1 1—za,
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space. To sharpen the difference beetween the following subsection and the
following two ones we present the following well-known result from J-theory
(see [41, Theorem 1, p. 145, p. 146 line 5 and Theorem 2, p. 146], [31,46]
and [2, Lemma 4.1.7, p. 80] for more information).

Lemma 4.6. Let Ey, E5 € C**Y be strict contractions. Then, the matrices
(Lo = B B}) V2 (By o+ By) (L + By Ea) (L — BYE)Y? - (411)
and
(I, — E1E)Y2(I, + B2 E})(Es + Ev)(I, — E{Ey) /2 (4.12)

are also strictly contractive.
Assume that w = v and E1E} = cl,, for some real number ¢ > 0. Then,
ETE, =cl, and
(B2 + E1)(I, + By E2) (4.13)
and
(I, + E{E2) 1 (B2 + E) (4.14)

are strictly contractive.

When v = 1 and replacing F; = —a € C'X¥ and E, = 2z € C'*? such

that zz* < 1 we get the counterpart of the Blaschke product in the unit ball
of CY,

ba(2) = V1—aa*(z —a)(I, — a*2) " (I, — a*a)~1/?
which satisfies the formula (with w € C'*? such that ww* < 1)

1—aa* 1= ba(2)ba(w)*
(1—za*)(1 —aw*) 1 — zw*

(4.15)

see [42].

We remark that Blaschke factors, and more generally Blaschke products,
are examples of rational functions taking unitary (or co-isometric in the case
of C%) values on the boundary.

4.4. Blaschke Factor and Interpolation: Case 1

Since aa® is a scalar we can use (4.13) to define the ®-Blaschke factor.

Definition 4.7. Assume ||| < 1. We define the ®-Blaschke factor with a zero
at a by:

ba(qe) = (g — @) % (1 — qa®) ™7, (4.16)
where S™* represents the x inverse of S.

Lemma 4.8. Let o € HY of norm striclty less that 1. Then,
ba(qt) = —a+ Z @ (I — aa®)a®—1 (4.17)
n=1

where the convergence in in C?*2.



53 Page 32 of 61 D. Alpay et al. Adv. Appl. Clifford Algebras

Proof. For q; = xI5 where x is real and of absolute value less than 1 we have

ba(qt) = (z — (Z "o ®">

n=0
oo oo
= Z 2" a®n — o — Z 2" aa®”
n=0 n=1
o
=—a+ Z 2 (a®Y — qa®n)
=—a+ Z 2" (I — aa®)a®=b

= —a+ (deta) Z "a®m
n=1
and hence the result by Proposition 2.29. O
As in the slice-hyperholomorphic setting we have the following new phe-
nomenon:
Lemma 4.9. Let a of norm strictly less than 1. It holds that:

q? — 2q;Rea + det

(bo * byo ) (qt) = @ deta — 2¢;Re a + 1

(4.18)

Proof. We can write
(b *bao)(gr) = (gt —a) x (1= q:a®) " % (g —a®) *(1—ga®)™*

x—commute; see Proposition 2.37
g — ) x (g — a®) % (1 — ¢;a®) ™ % (1 — gsa)~*
qf —2¢:Re a) + aa®) « (1 — ¢a®) 7 x (1 — qza)™*
= (¢ — 2¢4Re @) + aa®) % (1 — o) x (1 — ;a®))™*
= (¢7 — 2¢;Re @) + aa®) x (¢? det a — 2¢4Rea + 1) 7%,
and hence the result since the elements of the quotients have real coefficients,

and hence the star-product can be replaced by the usual product. O

In view of the following theorem note that there is a technical difficulty:
a densely defined isometry in a Krein (as opposed to Hilbert) space need not
be continuous, and so it is not enough to check isometry on a dense set.

Theorem 4.10. The operator My, of of x-multiplication by by on the left is a
continuous isometry from the Krein space Hy g into itself.

Proof. We divide the proof into steps.
STEP 1: M, is an isometry on a dense set.
Indeed, since

(My, q;'v)(My, q7 0)® = 6% [My, gy, My, q} e
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we can assume v = 0 = Ip. We first assume u = v. We have

My, qi' My, q1'] e

oo oo
—qi o+ Z T (I — aa®)a® D o + Z @ (I — a®)a®m—D
m=1 ®

n=1

oo

+3 oIz — aa®)?a® D)
n=1

=a®a+ (I2 — aa®)?(Iz — aa®)!
:127

where we have used that aa® = a®a to compute

(oo}
Z " 1a® D = (I, — aa®) !

n=1
for |a| < 1 and the fact that [¢/ ™", ¢/" " "]e = 0 if m # n.
We now assume u # v. We now have [¢/"¢/"""]s = 0 unless n +u =

m~+v. Without loss of generality we will assume v > v, so that m = n+ (u —
v) > n and write:

My, at', My, ¢t | @

oo o0
= {—q%‘a + 3 @ — aa®)a® ) —gta+ Y ¢ (I — aa®)a®m=D)

n=1 m=1

®

oo
= {—q;?a, > @ (12 — aa®)a®m Y Z g (I2 — aa®)a®" D, —gqra

m=1

® ®

only m=u—wv contributes =0 since n4+u>v

oo
Z qn+u Iy — OLOA®)OL®(”71>, Z qll+u([2 _ aa@)a®(n+u7v71)

n=1

®

[e'e]

Z (n—1) anJru ®(n—1)

n=1 n=1

—(I2 — oaa@)oa”*“ +a" (I — aa®

®
—(I2 — aa®)a¥ ™" + (Iz — aa®)2a¥ V(I3 — aa®) ™1
=0.

STEP 2: My, is continuous. We note that My, = My, o0 Mq_g,q0)-1-
The result then follows from the fact that M, is continuous of norm equal
to 1 and so

[Mi—g,ae)-1]l < < 00 (4.19)

1
1— |l
It follows that M), has a continuous extension to H%, which is an isometry

since the form (4.3) is continuous with respect to the inner product of Hb.
O

Theorem 4.11. A function f € Hy g vanishes at « if and only if it can be
written as f = by x g where g € Hy ¢ and, moreover

[/ fle = l9, 9le
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Proof. We proceed in a number of steps; the arguments are an adaptation
of the classical arguments to the present setting. We denote by 91 the real
linear space spanned by the functions (1 — g;a)~*b, where b varies in Hb.

STEP 1: For any g € HY and « such that ||a|| < 1 (operator norm), we
have

(ba * g)(a) = 0. (4.20)
Indeed, with h(q;) = (Ia — qr) ™ x g(q¢) et oo o att™hy, we can write
ba(qi) * 9(ar) = (g — @) * h(qr)
=> (@t — @) % )hn

n

Il
<

(g7 = g a)hy,

M

3
Il
<

which vanishes for ¢; = a.

STEP 2: We have M C HY © b, » HY.

It suffices to verify that 9 and b, « HS are orthogonal. For f € HS we
have

[f(@), (1 = o) "blg = Trb® f(a) = [f(a), b]e
and so the claim follows from Step 1.
STEP 3: We have M D HY © b, » HY.
We follow the proof of Proposition 3.10 in [9]. Let g(q:) = >~ ai'gn €
Hi © B, x HS. Then for every k € Ny,
[9:ba % ¢f]e = 0.
Using (4.17) we can write

o0
(9,00 % 4l = —a®gk + D (I — aa®)a? gy ;.
j=1

Hence,
a®gr =Y (I —aa®)a! ' gpy,
i=1
(4.21)
= (I, — 2a®) g1 + (I2 — aa®)agyio
+(IQ—OZOZ®2)OZ291§+3+"', k’:O,l,

We multiply on the left these equalities by a to obtain
aa®gr = a(l; — aa®)gry1 + a(ly — aa®)agr, o
+a(ly — aa®)algpys +---, k=0,1,...
For k + 1 instead of k this identity becomes
aa®gri1 = a(ly — aa®)grie + a(ly — aa®)agy.s
+a(ly —aa®)agpis +---, k=0,1,...
Subtracting from (4.21)
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a®gy = (I — aa®) g1 + (I — aa®)ageio
+(I — aa®)?’gpis+c..., k=0,1,...
we obtain
aa®gri1 —a®g = —(Ir — aa®)gry1, k=0,1,...
and so

gk+1:a®gk7 kZO,l,

Thus g = a®* g, and

o0
g9(ar) =Y aa® gy = (I — q.a®)"*go € M.
k=0

To conclude the proof, we write for f € Hb,
@) = fla) = (1= qa®) 7" (1 — aa®) f(@) + (1 - ¢a®) 7" (1 - aa®) f(a)

vanishesata em

We have thus f(q;) — (1 — ¢a®) *(1 — aa®) f(a) € b, x H, and the result
follows. ]

Remark 4.12. Unfortunately the previous result cannot be used iteratively
because of the non-commutativity. If a; and as € H; are of small neough
norm, then we indeed have f(q:) = ba, (¢1) x 9(¢:) when f(ay) = 0. On the
other hand the condition f(asz) =0, i.e.

(bas (qt) * g(qr))(a2) =0

does not translate in a way conducive to computations, even when using
Lemma 2.27. Indeed, let oy and ag be in H; and small enough. Assume that
f € H g is such that f(a;) = 0. Then

f(at) = ba, (@) x 9(qr)

where g € Hj) ;. We now require f(ay) = 0. Assuming by, (ar2) invertible, we
can write

flaz) = (ba, (a2)) g(a3)
where
ag = (bay (02)) " a2 (b, (a2)) glas) # o

in general. A special case occcurs when ap = . Then (see Proposition 2.37),

Do (4)bye () = (g — @) % (1 = q:a®) ™" % (¢ — @) (1 — gra) ™~
= (g — ) * (g —a)* (1 — qa®) """ % (1 — o) ™"
= (47 = 2q/(Re @) + aa®)(q:(aa®) — 2¢(Rea) +1)7"

and so we have interpolation on the sphere associated to « (see Definition 2.39
for the latter).
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In general one needs to proceed differently, in a global way. The following
extension of Theorem 4.11 can be seen as a finite dimensional version of the

Beurling-Lax theorem in the present setting. First some notations. We define
HN XN

a matrix Gg € via
n . ®n n . ®n
P 00‘10%9 Do 00‘10429 SR D 00‘104g
n n n
Zn 0 Q3] n= oagaz Zn 0 gy
Gg = . . . . (4.22)
®
Yoo afrad o P OO‘N% D D oO‘NO‘Nn
where ay, as,...,ayn € H; are the interpolation points, assumed to be in the
operator unit ball of H;, i.e. such that
lojllop <1, j=1,...,N. (4.23)

Then, see Corollary 2.4, the ®-adjoints also are in the operator unit ball, and
thus the power series in (5.9) converge.

Theorem 4.13. Assume Gg invertible in HY *N and define

(1 70(1)71
Olg) =1-(1—q)* (1 —qaf)™ - (1 - qaf) ™) Gg " :
(1 — OéN)_1
(4.24)
A function f € Hy g vanishes at a1, a0, ..., an if it can be written as f =

bo * g where g € Hy o and, moreover

[f: fle = l9, 9le

Before presenting the proof we need some preliminary results. We first
note that (4.20) has the following generalization:

Lemma 4.14. Assume that f x g makes sense and that f(«) = 0. Then, (f *
9)(a) =0.

Proof. Let f(q:) = >0 oqifn and g(q) = > o _y " gm where the coeffi-
cients f, and g,, beong to H;. The claim follows from the formula

(f*9)g: = th (a:)g

O
Proposition 4.15. Assume that the points a,...,an are in the open unit
operator ball of Hy, and let
A = diag(a?, ... ,a%)
C = (1 1--- 1).

The matriz Gg is the unique solution of the Stein equation

Gg — A®GgA = C®C. (4.25)
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and is given by the formula

Gg =Y A®"CoCA™. (4.26)

n=0

Proof. From the hypothesis on the interpolation points we have || Ao, < 1
and the series on the right hand side of (4.26) converges. On the other hand,
iterating (4.25) (M — 1)-times we get

M
G® _ Z A®O® AR + A@(M+1)G®A(M+1)

n=1

The result follows by letting M — oc. O

Proof. We will proceed in steps and follow arguments from [9)].
STEP 1: It holds that ©(c;) =0, j=1,...N
Without loss of generality we consider the case j = 1. We have that

(1 =gqa?)™ - (1 = qray) ™) (1)
is the first row of the matrix G and that
(1—q)* ((1 - %05?)7* (1= Qta%)f*) =(1-a) (911 giz - .- 91N) .

Thus

(]. — a1)71
O() =1-(1—-a) (911 912 .- giv) G~ : =0
(1 - OzN)fl
STEP 2: It holds that
O(q) = D+ qCx (Iyy — quA)" "B (4.27)

where (note that A and C were defined earlier in Proposition 4.15)

A = diag(af,...,a%) (4.28)
B = (Igy — A)Gg ' (Iyy — A®)"'C°. (4.29)
C=(11---1) (4.30)
D=1-CGg '(Iyy — A®)"'C®. (4.31)

The computations spresented in the next step are used later, see Exam-
ple 7.8, but we need at this stage equality (4.34) in Step 4.
STEP 3: The following three equalities hold:

A®G®A + C®O = G’@, (432)
B®GgA+ D®C =0, (4.33)
B®GgB+D®D =1. (4.34)
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Indeed, the first equality is the Stein equation (4.25). We now check
(4.33) and write

B®GeA+D®C=C(Iy-A) 'Gg '(In — A®)Gg A
+(1-C(I-A)""'Ge 'C®C
—C(Iy — A) G {(JN —A®)GgA+ Ge(In — A) — c®c}

—C(Iy —A) 'Ge ! {7A®G®A +Gg — c®c}
=0
thanks to the Stein equation (4.25). Finally to check (4.34) we write
B®GgB+D®D=C(In — A) " 'Ge '(In — A®)Gg
(I(H;)N — A)G@il(l(Hé)N — A®)*1C®
+(1-CI-A)"'Ge 0¥ (1 - CGe '(Igay» — A®)"'C?)
=14 C(Ix = 4)'Ge  {(In = A%)G o Iaayy» — A)+
—(In —A®)Gg —Ge(In — A) +C®C} G !
(Ig)v — A®)~1C®
=14C(Iy —A)'Gg ' {-Gg + A®GgA+ C®C}
X G®_1([(H§)N — A®)_1C®
=0,
here too thanks to the Stein equation (4.25).
This follows from (4.19) in the second step of Theorem 4.10 applied to
each of the a;.
STEP 4: The operator Mg of x-multiplication on the left by © is an
isometry from Hj g into itself.
The fact that Mg is bounded follows from (4.19) in the second step of
Theorem 4.10 applied to each of the a;;. We now prove that Mg is isometric

on polynomials. The continuity of Mg implies then the isometry property on
the whole Hardy space. We first remark that © = | ¢i6,, with

D =
6, =" n=9, (4.35)
CA" 'B, n=1,2,...

So
05600+ > 626, = D°D + B® (Z A®"C®CA"> B
=t =0 (4.36)
= D®B + B®GgB
= 1,

where we have used (4.34) and the formula (4.26) for Gg, and for k > 0,

0601+ 0700k = D°CA*'B + B® (Z A@”C®CA”> Ak
n=1 n=0

= (D®C + B®*Gg)A*'B
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=0, (4.37)

where we have used (4.33) and here too the formula (4.26) for Gg.
We follow STEP 1 in the proof of Theorem 4.10 and compute [Mog;"y,

Megqvd]g for v = 6 = 1. We may, and shall, assume that u > v and set
k =u —v. We have

[M@%?,M@%?] = [MG)LMGQZJ]@)

= [Z q70n, > q;”’“en}
®

n=0 n=0

=00k + > _ 0500 1
n=1

= 01,0

by the previous step, and hence the result by linearity and continuity.
STEP 5: Let 9 be the real linear span of the functions (1 — g,a)~*b,
where j = 1,...,N and b € H;. Then

MeHY o C M*e, (4.38)

where | is the Krein orthogonal with respect to [, |g
This follows from Step 1. 0

The above result is a finite dimensional Beurling-Lax type theorem in
the present setting.

5. Hardy Space and Interpolation for the Second Conjugate [*]

5.1. The Hardy Space in One Variable: Case 2

We recall from Sect. 4.1 that the Hardy space Ha(ID) is the reproducing

kernel Hilbert space of functions analytic in the open unit disk and with
reproducing lfzﬁ. We also recall that the counterpart of the Hardy space is

now the following real Hilbert space HY the space of power series of the form

fla) =D atan
n=0

as in (4.2).
We now focus on HY with the real [x] symmetric form (4.4), namely
(o)
[fs 9l = Z[Qn’fn][*]
n=0

where g(q:) = >_.° ¢;*gn is another element of HS and we recall that Theo-
rem 4.2 for this case states:

Theorem 5.1. The space HY endowed with the form (4.4) is a Krein space.
This space was denote by Hé 4] in Definition 4.3.
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Proposition 5.2. The space HY 4] endowed with the real symmetric form (4.4)

is a reproducing kernel Krein space right Hb-module with reproducing kernel
with reproducing kernel

k(qt,pt) Z% pi) (5.1)

n=0
Proof. We write
=2 a fqut 2
n=0 [+]

=0

= ZTr *]p

= Tvrb[“f(pt))
= [f(pt), bl
O
We see that HY 4] is an H;-module. For t = —1 the second adjoint gives

a new theory for quaternions.

5.2. Star Product and Blaschke Factor

We remind the reader of the precursor to this theory, described in Sect. 4.3.
Since aal*l is not (in general) a scalar matrix, one cannot define Blaschke
factors using the formula (g; — ) % (I — g;al*))=*, but one could think of
defining a Blaschke factor here by

Colg)=(1 - aoz[*])_l/2 * (g —a)x(1— qta[*])_*(l — a[*]a)l/z; (5.2)

See (4.11). But this definition does not allow for a counterpart of Theo-
rem 4.11. The appropriate definition is

Ba(qt) = (g — @) * (1 — ;ToalT Y~ LL/2

which is introduced (for regular adjoint) in [9] in a different context, and
takes its inspiration from the formulas for a Blaschke factor in [14, Section
4]. For t # —1 T, is not self-adjoint, and need not be invertible not have a
squareroot. But we have:

Lemma 5.3. T, is [¥] self-adjoint. When
o0 2
vl
oz = e
nz::l 1= lal,

I, is invertible and there exists an element of H;, denoted Fé/2, which is [*]
self-adjoint and whose square is T',.
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Proof. We write

r,=1+ i aalIn
n=1

—_——
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g
For ||a]|op < 1 we have
el < 1%z _ 6.3
1- ||a||0p
we can define I‘é/ 2 Via
oo
F(l,v/Q = 1 + Z 7’@05717
n=1
where the numbers -, are defined via
[oe]
VIHt=1+> ut", teCsuchthat [t <1. (5.4)
n=1
O

Still following [9] and [14] we define

Lo =Ty — ool tar,

for a such that I'; ! exists.

Lemma 5.4. L, satisfies L, = LLT} and the set of o for which L, is invertible
and for which there exists K, satisfying K, = Ka*] and K2 = L, is open

and not empty. Furthermore we have

L7t =aMa+17t

(5.5)

Proof. Let as above I'y, = 1 4 ¢ with « be such that ||/,, < 1. Then, the

series

converges in H; and (since the operator norm is submultiplicative)

1
Do oy < —————
H «a ||0P - 1= ”5”0:0
1
- lleell?
1= s,
_ 1l
1= 2]jall3,

for a small enough. From

Lo=1+T,—1-Taar ar,

<1

€1
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and using (5.3), we have

||€1||Op -1 || H + ||F04||3p||r<;1“0p”a”§p
2
a al|? 1
or */ 1= 1afs,
HaHip + ( 1 )2 1- Ha”gp Ha||2
T 1-lallz,  \1—[lel, /) 1=2fallZ,
<1

for @ small enough. For such «, L, is also invertible and has a squareroot
which is [#] symmetric. The argument is the same as in the preceding lemma.
We now check (5.5). We have
(oo + TN L, = el — Toal 0 aly) +1 — oM tar,
=1+aaly + a1 —T ) el — oM ar,
=1.
To conclude the proof we note that Mp, is continuous for a small

enough, as is seen from the formula giving B,, and so the isometry property
extends to all of H; [+] (recall that ina Krein space, a densely defined unitary

map need not be continuous). O

Theorem 5.5. The operator of x-multiplication by B, on the left is isometric
from the Krein space HY ] into itself.

Proof. Tt is enough to check on monomials and the proofs of Steps 1, 2, and
3 are similar to the ® case. We refer to the proof of Theorem 4.10 for more
details.

STEP 1: It holds that

Ba(qt) = —aKa + Z q?a[*](n—l)rglKa (56)

n=1

We set ¢ = x € R (small enough) in the definition of B, and write:
B,(z) = (z — «) (Ka + Z x”Faa[*]"FalKa>
n=0

=—aKq+ Y 2"l K, = > 2" alha" T K, 42K,
n=0 n=0

n=0 corresponds to zK,

= —aK, + Z x"Faa[*]("_l)FglKa — Z x"(aFaa[*])a[*]("_l)FglKa

n=1 n=1

— —OZK + Zzn [* (nfl)l—\;lKa
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since I',, satisfies the Stein equation
T, —alzal =1. (5.7)
STEP 2: We have

[Ba *(J?Q B, *thd][*] = [Ca d][*]

We have
[Ba * q;”c, Ba * q;nd][*] = [AC, d] [%]>
where
A= KoaMaK, + K I [ Y et DaM=D | n ik,
n=1

Ty
= K,aMaK, + K,IJ'T VK,
- K, (a[*]a + F;l) K,
=K,L 'K, (by (5.5)
=1

where we have used Lemmma 5.4. Note that K,L 'K, = 1 and K2 = L,
are indeed equivalent since both K, and L, are invertible.
STEP 3: We have

[Bax qi'c, Ba xq/d],) =0, u # v.

Without loss of generality we will assume u > v, In a way similar to the
proof of Step 2 we have with h = u — v:

Bo xq" V¢, By * d);.
t [*]

_ [q?aKac + Z qf'HLOé[*](n*l)F;lKac, Z q?a[*](nfl)F;IKad
n=1 n=h [%]

= l—qfaKac + Z qur”a[*](”_l)F;lKaq a[*](h_l)FglKad

n=1

+ Z qgl“rna[*](h-‘rn—l)F;lKad
n=0 g

= [AhC, d] [*]»
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where

o0
Ap = —K., 7' a"K, + Z K D7t raldn polpe

n=0 ahl"a

o0
= K, 'K, + Z K, ;a"T TK,
n=0

=0.
O

Theorem 5.6. f € H;[*] vanishes at « if and only if f = B, * g where
g € Hy |, satisfies [, f] = 19, 9]1
Proof. One direction is clear, thanks to (4.20) (see Step 1 in the proof of

Theorem 4.11. To prove the converse we proceed in a number of steps, and
first define the operator

M%'b = giab, a,be H. (5.8)
STEP 1: M* is bounded in HY, ;; and it holds that (M*)gpb = qfal*lb
M® is defined everywhere and closed (as is seen using the reproducing

kernel property), and so is bounded in the Krein space HY BE To compute
the adjoint we write

(o = lai"b, M*(q" )]s
= [¢7'b, ¢;" ac)] )
= O, Tr((ac)*1b)
= Gy Tr(cl*al*1p)
= b ,nlaraIb, g bl
STEP 2: The operator M,, — M* has closed range and

[+]
H;[*] = ran (M,, — M) [« span {(1 - Qta[*})f*b, be Hl}

The closed range follows from the reproducing kernel property and the
previous step. Let now f orthogonal in the [] inner product to the range.
Then

() - ) =0
With f(q:) = > 0o ¢ fr and since, as is readily verified
Mylapb { q%—lb, Z z (1) 2,...
we get
fn= a[*}fnJrh n=20,1,...
so that
Flar) = (1= qal) ™ fo
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STEP 3: We conclude the proof.
Let f € H‘fz ) be such that f(a) = 0. By the previous step, f €
ran(M,, — M*?) so that

flar) = (q — @) xg(ar) = Bal(a) » (1 — gL oI 1) L2
which concludes the proof. O

The same conclusions as in Remark 4.12 hold. One can define the couter-
part of the matrix Gg and Problem 4.13, namely

Sizoofey" Tioataylt - T afay)”
Somsosal "t Y jabay e 30 jasay”
G = : : . (5.9)

o0 n [*¥n o0 n [*¥n o n [*ln
Dm0 ONQT T D Tg ey e DT Al agy

where aq, as,...,ay € H; are the interpolation points, assumed to be in the
operator unit ball of H;, i.e. such that

lagllop <1, j=1,...,N. (5.10)

6. Arveson Space, Blaschke Factors and Related Topics

6.1. Reproducing Kernel Krein Spaces of V;-Fueter Series

We are interested in studying power series of the form

f@) =" pifa (6.1)

aENG

where the f,, € H,. Since the y; are not defined at z = 0 € R? one first needs
to make precise where such power series will be considered. For estimates we
will need a submultiplicative norm, and take the operator norm (2.2). We
define

Orp={z€R*;r < |2} +t(x3+23) and |z, <p, u=0,1,2,3} (6.2)
Lemma 6.1. In O, r, we have

g (@) lop < M)
with

3 2
Myn,=p (1 + f) (6.4)



53 Page 46 of 61 D. Alpay et al. Adv. Appl. Clifford Algebras
Proof. In a similar way to our work [15], we have

‘O‘l
Qt

11 (@) lop = |2|** |2|*2[axs]*

op

o la|

1+ —
qt

< p®

op
B Togr
x] +t(a3 + x3)

]

]
op

(03

=

op

on(ft
xy +t(23 + x3)

3 2\ lal
< pl! <1 + f)

One could also consider

< p“ <1+

Orpr={z €R*;r<|af +t(z+23)| <R and |z,]<p, u=0,1,2,3}
(6.5)
The following is the counterpart of [15, Proposition 5.1].

Proposition 6.2. Let (ca)aeNg be a family of positive fnumbers such that

lex|

§ : MTth’m <
Ca

IS
ca>0

for all r1, p1 such that
O0<r<mr and 0<p; <p.
Then the function

e a ®
aGNg Co
ca#0
converges in O, ,, and is the reproducing kernel of the reproducing kernel
Krein space of power series of the form (6.1) endowed with the symmetric
form [-,-]@, namely

Hke) = F =Y pifor fa €HL| D callfall?, <o (6.7)
€Ny a€ENy
ca7#0 ca#0

Proof. We leave the proof to the reader, as it is a straightforward generaliza-
tion of our work [15]. O
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Proposition 6.3. Elements of $(kc) are Vi-regular in

Olke) = { @ € R\ {(0,0,0,00} | 3 ”“t HOP <0 (6.8)

a€EN}

ca#0
Proof. See our work [15] for the ¢ = —1 case, this follows from Theorem 3.4.
O

Similar considerations hold for power series of the form

Z ﬂt )[*}

a€eNg
ca#0

The case ¢, = «a! will correspond to the counterpart of the Arveson
space.

6.2. Blaschke Factor (u; Variables)
We now denote the vector p; of Vi-Fueter variables by:

(6.9)

pe = (B, pae paye) (6.10)

where p; ¢ are defined in Eq. (3.4).
We first remark that for ¢ € R?* such that

Zuuﬂ ) <1 (6.11)

one can define the squareroots

1—pi(a)pue(a)®  and  (Ts — pie(a)®pe(a)) /2,
where
Nt(a)® = (N(Et :ug@,t /i?,t)Ta
via the power series (5.4). Since

pi(a) (e (a)®pi(a)™ = (pi(a)pe(a)®) " pela), n=1,2,...

we furthermore have

(1 = pe(@)pe(@)®) 2 pela) (g — (@) ® (@) ™% = u(a). (6.12)
Definition 6.4. Assume that a € R* satifies (6.13). We define

ba(qe) = V1 — puea)e(a)® * (1 = pue(qe)pe(a)®) ™" * (e (ge)
—pe(a)) - (I — pre(@)®pue(a)) /2

Similarly, for a € R* such that

Z I, (a) || <1 (6.13)
one can define the square roots

1— pe(a)pe(@)l) and  (Iys — pe(a)tpre(a)) =12,
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where .
(@) = () bl b))
via the power series (5.4). Since

pe(@) (pe(@)pe(a)™ = (me(@)ue(@)) we(a), n=1,2,...
we furthermore have

(1 @)@ 2 (o) (g — (@) ue(@)) V2 = pula). (6.14)
Definition 6.5. Assume that a € R* satifies (6.13). We define

Balgr) = /1 = pu(@)pe(a)t 5 (1= gy (qo) e (@)) ™ 5 (e e) — pae(a)
(T — (@)™ gy (a)) =1/
Remark 6.6. 1t is worth noting that this analysis can be written equivalently,

for the corresponding Fueter (; variables, and we have the same type of results
as in the previous section, but with

Celae) = (Cre Cont Cait)

instead of p ¢.

7. Rational Functions

In this section we discuss rational functions in the case of the ¢, f,,+ and (¢
variables. We begin with a prologue, where the main features of the classical
case are reviewed.

7.1. Prologue

The easiest way to define a matrix-valued rational function in one or sev-
eral complex variables is certainly to characterize it by having entries being
quotient of polynomials (in the corresponding number of variables). Another
approach was developped in the theory of linear systems, Schur analysis and
operator theory, and is called the state space method; see e.g. [22]. There the
emphasis is on the notion of transfer function. These various concepts make
sense and a corresponding theory of linear system can be developped, when
the complex numbers are replaced by a (possibly non-commutative) ring; see
for instance [24,47,48]. This provides one motivation for the present section,
where we consider the counterpart of rational functions in the setting of the
H; algebras, both for power series and Fueter-like series. We conclude and
remark that rational functions with respect to the * product will be defined
independently of the adjoint, but some of their properties will be fundamen-
tally different depending on the chosen adjoint.

We begin with the following definition, taken from [13, Definition 2.1,
p. 60], but of course of a much earlier origin, restricted to Hj.

Definition 7.1. A rational (H} *™-valued function of d real variables z1, . .., z4,
regular at the origin of R? is an element of the minimal subring of the (HJ}*""-
valued function real analytic in a neighborhood of the origin which contains
the constant functions the real variables and is closed under inversion.
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Theorem 7.2. (see [13, Theorem 2.2 p 61]) A H}*™ -valued function real an-
alytic in a neighbourhood of the origin of RN is rational if and only if it can
be written as

f(ZL'1,...,]Jd)
=D + C(Iﬂ_ﬂé\f — $1A1 — $2A2 — e — did)71($131 + $232 + -+ JidBd),

(7.1)

where N € N, D € H™™, C € H™Y, and A; € HY*N,B; € HN*™,
j=1,....d

When N =1 one rewrites usually (7.1) as
f(x) =D +2C(Iyy — rA)'B. (7.2)

Expressions (7.1) and (7.2) are called realizations of the corresponding
function f.When d > 1, they correspond to transfer functions of a linear
system of the Fornasini-Marchesini type; see [33,34] for the latter.

In terms of power series expansion (7.1) can be rewritten as, in multi-
index notation,

fl@)="Y a*f (7.3)

keNg
where
_ (|k| - 1)' ki—eq k—es .. k—eq
fr = S C (klA ko A kqA ) B, (7.4)
where e, k =1,...,d, is the multi-index with all entries equal to 0, besides
the k-th one, equal to 1. For d = 1 we have
fr=CA*1B, k=1,2,... (7.5)

In this section, we take N =1 and N = 3, and wish to replace in (7.1)
21 = 2 by ¢; (for N = 1) and by the Fueter variables p and ¢ for N = 3,
and use the x product rather than the pointwise product. We give equivalent
definitions in terms of backward-shift operators and related tools.

7.2. Rational Function: Power Series in q;

Theorem 7.3. Let f(q:) =Y ooy qF fr. be a converging power series with coef-
ficients f, € H}*™. Then, the following are equivalent:

(1) There exist N € Ny and matrices (A, B,C) € HN*N x HN*™ x Hp*N
such that, with D = f(0),

fla) =D+ q*Cx(In —q*xA)"**B (7.6)
(2) With A,B,C as above
fe=CAB k=12 ... (7.7)

(3) The real linear span M(f) of the functions RE fb, whenn =0,1,... and
b runs through Hiv *1 s a finite dimensional real vector space.
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(4) f is the x quotient of two matriz-valued polynomials
f = P1 *P2_* = Pg_**P4

such that the denominator polynomials Py and Ps do not vanish at the
origin.

(5) The restriction of f to the real line is a rational function with no pole
at the origin and with coefficients being block matrices with entries in

H,.

Proof. We proceed into a number of steps.

STEP 1: (1), (2) and (5) are equivalent.

Assume that (1) holds. Letting ¢ = « € R we get the power series
expansion of f(x) and obtain (7.7). Assume (2), then for real x near the
origin, and with f(0) = D,

f(z) = f(0)+ Z frz® =D +2C(Iy —xA)"'B (7.8)
k=1

and this proves (5). Assume now (5). By the classical theory it admits a re-
alization of the form (7.8), which determines f(g;) in a unique way via the
power expansion in power of x.

STEP 2: (1) and (3) are equivalent.
Assume that (1) holds. Then

Rifb=Cx(Iyy —q+ A)*A"'B, k=1.2,...

and so the span in question has dimension at most the span (as a real vector
space) of the vectors of the form

A1 B (7.9)

which is finite, and so (3) holds. Assume now (3). Then we take vq,..., vy a
basis of MM(f), and let

M(q:) = (Ul(fh) va(qs) -+ UN((]t))
Since M(f) is Ro-invariant, there is a matrix A € RV*N such that
RoM =MA
from which we get
M(qt) = qe* M(g:)A + M(0)

and so' M(q;) = M(0) % Iy — g1 A)~*. To conclude we note that for every
u € HY there exists a v € HYY such that

Rofu = M(q)v
and so
Rof = M(q:)B

for some matrix in € HY*™ and hence (1) holds.

ISince this specific A has real entries we could write M(O)(IH{V — @A)~
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STEP 3: (3) and (5) are equivalent.

Assume (3). Then the restriction of f to the real axis is a rational
function of a real variable, with coefficients matrices with entries in Hy. It
admits thus a realization of the form (7.8), and so is the restriction of a
uniquely determined function of the form (7.6). The converse is proved by
remarking that (Iyy —2A)~" is the quotient of two polynomials. a

Definition 7.4. The power series f(q) = > peqF fi is called rational if it
satisfies either of the conditions in the previous theorem.

Using the classical properties of realizations one proves:

Theorem 7.5. The sum and product of two rational functions of compatible
sizes are rational. Assuming its value at the origin invertible the inverse of a
rational function is invertible.

Proof. For the inverse, we need to have n = m and D invertible. Then (see
e.g. [21]), with f(x) as in (7.2), we have det f(z) Z 0 and

f@)™' =D —aD'C(Iyy —xA*)"'BD™", where A*=A-BD 'C.
It follows that the function
D™ —DC™ ' x (Iyy — AX)*BD™!

is the x-inverse of f(g;). Similarly, still relying on the formulas from [21], we
have (with matrices of compatible sizes)

(D1 + ¢.C1 + (IHiVl —qtA1) " B1) % (D2 + q:Cy x (IHﬁvZ — q1A2)” " Ba)
=D+ qCx(Igy —qA)""B
with N = N1 + N2 and

(A1 B1Cy
A= (55
 (BiD;
5= (")
C = (Cy DiCy)

D = D1D5.

O

Theorem 7.6. A function is rational if and only if it can be obtained after a
finite number of x operations involving polynomials

Proof. The result is true when restricted to the real line and follows by re-
placing = by ¢; and the pointwise product by the x product. ]

As we noted above, the notion of rational function is the same for the two
adjoints @ and [«], but some of their properties are completely different, in
view of the different properties of the two adjoints. In the present discussion,
in the case of ® one can go one step further:

Theorem 7.7. The power series f(q:) = > pep aF fi is rational if and only if
it is the quotient of a matriz-polynomial and of a real scalar polynomial
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Proof. Assume first that f is Hyf *b_valued and rational. So each entry fij
i=1,...a and j =1,...b is rational. Using Corollary 2.35 write

Jii(ae) = qij(qe)  (pij (@) ™"
 (gij * 55 (ar)) ()
(pij * 1) (ar)

The result follows by taking as denominator P(q:) = []; ;(pij * pf?.)(qt) Each
entry f;; can be rewritten as

gij(a)* [[ (owexpi) (@)

o~

Il
—_
e

real polynomial

P(Qt)

fij(Qt) =

O

This characterisation is not possible for [] since qtqt[*] is not, in general,

a scalar matrix.

Ezample 7.8. The function © y defined by (4.24) is rational with a realization
(4.27) given by (4.28)—(4.31). Furthermore, this realization is ®-unitary with
respect to Gg in the sense that

AB\? (Gg 0\ [(AB\ (Gg 0 (7.10)
C D 0 Iyv)\CD) \ 0 Igy ’
This follows Step 2 in the proof of Theorem 4.13, since one has to verify

equalities (4.33)—(4.34).
We note that (7.11) is equivalent to

(B8 (ER)) - ()

and so is equivalent to

AB\ (Geg™' 0\ [(AB\Y [(Gg ' 0 (7.11)
CD 0 Iyw)\CcD) ~\ 0 Iu)° '

In particular the matrix G®71 satisfies the Stein equation
Ge ' — AGg 'A® = BB®. (7.12)

The following result hints to the fact that the theory of structured ra-
tional functions can be extended to the present setting; as was shown by a
counterexample in [11, (62.38), p. 1767] one cannot directly force conditions
on the boundary, but one has to consider conditions in terms of multiplica-
tion operators, or symmetric on the real line replacing the metric boundary
conditions by operator-type conditions.
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Proposition 7.9. In the notation of (7.11) define © by (4.27),
@(Qt) =D+ th* (IHfV — th)i*B.

Then the operator of x multiplication by © on the right is an isometry from
the Hardy space Hy g into itself.

Proof. The proof is the same as the proof of Step 5 in the proof of Theo-
rem 4.13, where only equality (7.11) is used, and not the specific form of
A,B,C,D. O

Similar considerations hold for the second adjoint. Similar claims hold
for the Blaschke factor associated to [#], as we now check, and for the Blaschke
factors associated to the Fueter variables; see next subsection for the latter.

Proposition 7.10. The formula

A = gl (7.13)
B=T.'K, (7.14)
C=1 (7.15)
D = —aK, (7.16)

provide a realization of B, which satisfies moreover
[*]
AB .0\ fAB\ (I'y0
(C D) (o 1) (O D) = (0 1) (7.17)
AB\ (T:10\ (AB\"  (r:to
(C D) ( 0 1) <C D) = ( 0 1) (7.18)

Proof. From (5.6) we have

Bo(q) = —aK, + Z q?a[*](nfl)rglKa

n=1

= —aK,+q * (1 — ga) T K,

and hence we get the realization (7.13)—(7.16). To check (7.17) amounts to
check the following three equalities

alqall +1=1,, (7.19)
aK, —aK, =0, (7.20)
K 'Ky + KoaaK, = 1. (7.21)

The first one is the Stein equation (5.7) and the second one is a tautology.
The third one can be rewritten as

It +ala=K2 =11
and is just (5.5). To get (7.18) we rewrite (7.17) as

A B\ m, 0\ (A B (Ttoy
CD 01)\CcD 0 1) "HE
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ABY (T;10\ (AB\" mo0\ _,
c¢p)\o 1)\cD 0 1)~ 'Hb

and the result follows. O

so that

For the above computations in the setting of complex matrices see the
arXiv preprint [9, Theorem 3.12].

7.3. Rational Functions for Fueter Variables

We will consider this topic in greater details in a future publication but
mention the following: For the p; variables, the x-product is defined by

plux v = pfPuv, o, € N3, u,v e H,. (7.22)

The corresponding rational functions regular at the origin are the expressions
of the form

3 3
f@) =D+ Cx(Iyy =Y prade) ™ % (Z uk,tBk> . (7.23)
k=1 k=1
With
Ht = (Ml,t M2t ,US,t)
and
A1 B4
A= A2 ’ B = B2 ;
A3 B3
we rewrite (7.1) as
fl@)=D+Cx(Iyy — (me @ IN)A) ™) " (my © In)B (7.24)
which we write as
f(x) =D+ Cx(Iyy — A~ B (7.25)

Note that this function is not defined at the origin of R*.
For the (; variables, the x-product is defined by

Cux o =P, a,B€ N3, u,v € H;. (7.26)
3 — 3
flz)=D+C~ (IHgV - Z Ck,tAk> * (Z Ck,tBk) . (7.27)
k=1 k=1

The formulas are the same as for the previous subsection, and were
developped in [19] for the case t = —1.

In both cases the corresponding Blaschke factors (6.4) and (6.5) are ra-
tional. More precisely, and using (6.14), we can rewrite b,(g:) as (see also [16,

(4.4), p. 12])
ba(x) = —pue(a)+
+ (1= pi(@)pe(@)®)? 5 (1= pe()e(a)®) (7.28)
* pur(a) (Igy — (@) pe(a)) /2.



Scaled Global Operators and Fueter Variables Page 55 of 61 53

The realization is equal to
A= py(a)®
B = (Iyy — p(a)®pue(a))'/?

C = (1 — pu(a)p(a)®)"/?
D = _Nt(a)v

(7.29)

where, as earlier, the squareroots are defined by the power expansion of
V1 —t for a € R* such that ||u:(a)p(a)®]|,p < 1. We repeat the argument:
with /1 —¢ =1+, ¢,t", where ¢, ¢a, ... € R (see also (5.4)), the series

1+ Z cn(pe(a)pe(a)®)"  and Iy + Z cnpir(a)® (pe(a)pe(a)®)" e (a)
n=1

n=1

converge since the operator norm is sub-multiplicative.
The realization is ®-unitary in the sense that

AB\ (AB\® _ (AB\" (ABY _,
cp)\cp) ~\c¢p) \¢cp) "H™
Equality (6.14) is used to prove this equality.

Remark 7.11. Besides the case just encountered, there are three other cases
for the Fueter variables, namely the classical Fueter variables, for the two
adjoints, and the new Fueter variables, for the [x] adjoint.
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Appendix A. Pontryagin and Krein Spaces

Having in view the needs for the present work we briefly review the main rel-
evant definitions and results on Pontryagin spaces and Krein spaces. For fur-
ther information we refer in particular to [20,23,30,39]. Let therefore (V, [, ])
be a vector space on K where K = R or K = C, endowed with a symmetric
form (when K = R) or an Hermitian form (when K = R). The discussion
below is done for the complex setting and we choose the convention

[av, bw]y = b[v,w]ya, v,w €V, and a,bc C, (A1)
for the anti-linear variable. The real case is directly adapted. One can also

consider the case of quaternions, but we prefer to include it in the following
section, pertaining to modules.

Definition A.1. The space (V, [+, ]v) is called a Krein space if it can be written
in the direct and orthogonal sum

V=V, +V_ (A.2)
where
(1) The spaces (V4,[-,-]v) and (V_, —[-,-]y) are Hilbert spaces.
(2) The sum (A.2) is direct, meaning that V; NV_ = {0}.
(3) The sum (A.2) is orthogonal, meaning that

[vy,v_]y =0, Yoy €Vy and v_ €V_. (A.3)

(A.2) is called a fundamental decomposition and is not unique, but in
the case where one of the component reduces to the zero vector space. Every
fundamental decomposition generates a Hilbert space structure on V via

(v, wy = [vp,wily — v, w_]y, (A.4)

where v = vy +v_ and w = w4 + w_ are the corresponding fundamental
decompositions of v, w € V.

Proposition A.2. (see [23, p. 102 and Corollary 1V.6.3, p. 92]) The space
(W, (-, ) is a Hilbert space, and norms arising from orthogonal decompositions
are equivalent, and define therefore the same topology on V.

In particular, Riesz theorem for the representation of bounded functions
still holds in Krein spaces and the notion of bounded point evaluation in a
Krein space of functions leads to the notion of reproducing kernel Krein space.

When V_ is finite dimensional the space V is called a Pontryagin space,
and dim V_ is its index of negativity.
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Example A.3. Let J € C™ " satisfy J = J* = J~! (a signature matrix), and
define on C"

[z,w] =w"Jz, z,weC™ (A.5)
Then, (C™,[-,-];) is a finite dimensional Pontryagin space with negativity

index equal to the number of negative eigenvalues of J. The adjoint A" of
the matrix A € C"*"™ with respect to this adjoint is

Al = ga . (A.6)

One should be aware that there may be more than one given Krein (as
opposed to Hilbert or Pontryagin) space of functions with a given reproducing
kernel; this was proved in Laurent Schwartz paper [45, §13] and another
counterexample can be found in [1, §4].

In our work Pontryagin, and Hilbert spaces appear in a natural way as
described in Sect. 2 and Krein spaces appear in Sect.4 and beyond, see, for
example, Theorem 4.4.

Appendix B. Pontryagin and Krein Right H%-Modules

We assume now that V is a right H5-module, and now replace (A.1) by
[vg, wply = p®[v,w]yq, v,w € H, and p,q€c Hs, (B.1)
or
[vg, wply = pMv,wlyqg, wv,we™H, and p,qe Hb, (B.2)
depending on the chosen adjoint.

Definition B.1. Let K be a vector space which is also a right Hi-module, and
let [-,-]xc be a Hi-valued form which satisfies (B.1) or (B.2). Then, K is called
a H, module if it is moreover a real Krein space when endowed with the
symmetric form

(v,w) = Tr [v,w]k .
——
eHY

Definition B.2. In the notation of the previous definition, assume that C is
a space of Hb-valued functions defined on a set Q. Then, K is a reproducing
kernel Krein space if there exists a function K (z,w) defined for z,w €  and
with the following property
Tr [f(),K(/LU)pr = Trp®f(w)v w e Q, pe Hé, (BS)
(R ——
€EHL
or
Tr [f(-), K(,w)plc = Tepl f(w), weQ, peHs, (B.4)
—_—
€M}

depending on the chosen adjoint.
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Proposition B.3. In the previous notation, it holds that
[f(),K(vw)b]/C = b®f(w)a w e Qa be Hg (B5)

[f()’K<vw)b}/C = b[*]f(w)v w e Q’ be Hé (BG)

depending on the chosen adjoint.

Proof. We consider the case of the first adjoint; the case of [#] is treated
similarly. From (B.1) we can rewrite (B.3) as

Teb®[f(), K(-,w)|xe = Trd® f(w), weQ, beH.. (B.7)
To conclude we use Corollary 2.15. O

These definitions are readily extended to the case of matrix-valued func-
tions with entries in H%. As already earlier in Sect. 5, the matrix-valued case
already has differences with the scalar case in the quaternionic setting; see [11,
p. 1767 (and in particular (62.38)].
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