A C H A PM A N Chapman University Digital
AN UNIVERSITY Commons

Mathematics, Physics, and Computer Science Science and Technology Faculty Articles and
Faculty Articles and Research Research
2-15-2024

Gaussian RBF Kernels via Fock Spaces: Quaternionic and Several
Complex Variables Settings

Antonino De Martino
Politecnico di Milano

Kamal Diki
Chapman University, diki@chapman.edu

Follow this and additional works at: https://digitalcommons.chapman.edu/scs_articles

O‘ Part of the Quantum Physics Commons

Recommended Citation

De Martino, A., Diki, K. Gaussian RBF kernels via Fock spaces: quaternionic and several complex variables
settings. Quantum Stud.: Math. Found. 11, 69-85 (2024). https://doi.org/10.1007/s40509-024-00318-7

This Article is brought to you for free and open access by the Science and Technology Faculty Articles and
Research at Chapman University Digital Commons. It has been accepted for inclusion in Mathematics, Physics, and
Computer Science Faculty Articles and Research by an authorized administrator of Chapman University Digital
Commons. For more information, please contact laughtin@chapman.edu.


https://www.chapman.edu/
https://www.chapman.edu/
https://digitalcommons.chapman.edu/
https://digitalcommons.chapman.edu/
https://digitalcommons.chapman.edu/scs_articles
https://digitalcommons.chapman.edu/scs_articles
https://digitalcommons.chapman.edu/science_articles
https://digitalcommons.chapman.edu/science_articles
https://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F1001&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/206?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F1001&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.1007/s40509-024-00318-7
mailto:laughtin@chapman.edu

Gaussian RBF Kernels via Fock Spaces: Quaternionic and Several Complex
Variables Settings

Comments
This article was originally published in Quantum Studies: Mathematics and Foundations, volume 11, in
2024. https://doi.org/10.1007/s40509-024-00318-7

Creative Commons License

This work is licensed under a Creative Commons Attribution 4.0 License.

Copyright
The authors

This article is available at Chapman University Digital Commons: https://digitalcommons.chapman.edu/scs_articles/
1001


https://doi.org/10.1007/s40509-024-00318-7
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://digitalcommons.chapman.edu/scs_articles/1001
https://digitalcommons.chapman.edu/scs_articles/1001

Quantum Stud.: Math. Found.

NEACHAPMAN |INSTITUTE FOR
https://doi.org/10.1007/s40509-024-00318-7 AN UNIVERSITY | QUANTUM STUDIES
REGULAR PAPER ;.)

Check for
updates

Gaussian RBF kernels via Fock spaces: quaternionic and
several complex variables settings

Antonino De Martino - Kamal Diki

Received: 1 April 2023 / Accepted: 12 July 2023
© The Author(s) 2024

Abstract In this paper, we study two extensions of the complex-valued Gaussian radial basis function (RBF)
kernel and discuss their connections with Fock spaces in two different settings. First, we introduce the quaternionic
Gaussian RBF kernel constructed using the theory of slice hyperholomorphic functions. Then, we consider the case
of Gaussian RBF kernels in several complex variables.

Keywords Reproducing kernel Hilbert spaces - Gaussian RBF kernel - RBF spaces quaternions - Fock space -
Several complex variables - Segal-Bargmann transform

Mathematics Subject Classification 30G35 - 30H20 - 44A15 - 46E20

1 Introduction and preliminary results

Kernels and reproducing kernel Hilbert spaces (RKHSs) appear in different areas of mathematics such as complex
analysis, operator theory and Schur analysis. These two concepts are fundamental in machine learning (ML),
particularly in the context of kernel methods, such as support vector machines (SVMs) and principal component
analysis (PCA). In fact, kernels are used to measure the similarity between data points, allowing the construction
of nonlinear decision boundaries in SVMs and other kernel-based algorithms. For further discussions on kernels,
reproducing kernel Hilbert spaces, and their various applications in machine learning, we refer the reader to [19,
21,22] and the references therein. Some of the most popular kernels used in SVMs are the so-called Gaussian RBF
kernels which we plan to study further in this paper. In addition to that, it is important to note that kernels are used
to define coherent states in quantum mechanics, see [17]. In this section, we start by reviewing some basic notions
on kernels and RKHSs:

Definition 1.1 Let X be a non-empty set and K = R or C.
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(i) Afunctionk : X x X — Kis called a kernel on X if there exists a K-Hilbert space H andamap ® : X — H
such that for every x, y € X we have

k(x,y) = (@), P(xX))n.
(i1) The Hilbert space H is called a feature space and the map @ is called a feature map for the kernel k.

The feature map @ and the feature space H are not unique, only the kernel k is unique. On the Euclidean space
R? we can consider the Euclidean inner product and its associated metric, given by

d d
(o y)2a =Y xeye, d@x,y)=llx —ylla= | Y lxe— el
(=1 =1
forevery x = (x1,...,x4),y = (V1,--.,Yq) € R“. Based on the above notations we give some examples of
well-known real-valued kernels:
Example 1.2 Forx = (x1,...,%x4); Yy = (1,...,Yd) € R, we present the following kernels:

(1) Polynomial kernel: k(x, y) = (1 4+ (x, y)2.4)", m > 1.

(2) Exponential kernel: k(x, y) = exp({x, ¥)2.4)-

(3) Radial basis function kernels: k(x, y) = ¢(||x — y|]).

(4) Gaussian RBF kernels: we will discuss this example in details in the next sections.

To each kernel function k we associate a Hilbert space which is generally called “reproducing kernel Hilbert
space”. This space can be defined as follows:

Definition 1.3 A Hilbert space H of functions defined on an open set €2 is called a reproducing kernel Hilbert space
(RKHS) if the point evaluations

Ay fr— f(w), we
are bounded.

Remark 1.4 Let ’H be an RKHS. Then, by Riesz representation theorem, there exists a uniquely determined function
K (z, w) defined on Q2 x € satisfying:

(i) For every w € €, the function
Ky :z+— K(z,w)

belongs to H.
(i) Reproducing kernel property: for every f € H and w € €2, we have

(fs Kw)n = f(w).
The function K (z, w) is positive definite and is called the reproducing kernel of H.
Conversely, we have the following fundamental result:

Theorem 1.5 (Moore—Aronszajn theorem) Associated with a function K (z, w) positive definite on a set Q2 is
uniquely determined a Hilbert space H(K), whose elements are functions on <2, and with reproducing kernel
K (z, w).

Remark 1.6 The main takeaway message from the previous discussion is the following:
Positive definite functions «<— Kernels «<— Reproducing kernel Hilbert spaces.

In this paper, we focus on extending the complex Gaussian RBF kernel and relate it to the Fock spaces in the
quaternionic and several complex variables settings. To this end, let us review the RBF kernel in one complex
variable which was introduced in [20] (see also [21]) as follows:
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Definition 1.7 Let y > 0, the complex-valued Gaussian RBF kernel (in one dimension) is denoted by K, :
C x C — C and can be expressed as follows:

2
K, (z,w) = exp (—M), Vz, w € C.
14

The associated complex Gaussian RBF space was also introduced in [20] (see also [21]) and it is given by

Definition 1.8 Let y > 0, an entire function f : C — C belongs to the RBF space, denoted by HI;BF((C) (or
simply H,, ) if we have

2 =2
1£1B, = (ﬂ—yz> fc P exp <(Z yf) )dA(z) < 0,

where dA(z) = dxdy is the Lebesgue measure with respect to the variable z = x + iy.

The authors of [1] developed a new approach allowing to study the complex Gaussian RBF kernel via the theory
of Fock spaces. In this paper, we present two extensions of this approach. In Sect. 2, we introduce a quaternionic
Gaussian RBF kernel and discuss its connection with the slice hyperholomorphic Fock space and quaternionic
Segal-Bargmann transform. Then, in Sect.3, we treat the case of the Gaussian RBF kernel in several complex
variables and use the theory of Fock spaces to present a reproducing kernel property for the RBF kernel. Finally, in
Sect.4, we summarize and present a scheme showing different possible extensions of the Gaussian RBF kernel to
various settings.

2 Gaussian RBF kernels via Fock spaces: quaternionic slice hypercomplex case

In this section, we extend some results obtained in [ 1] to the case of slice hyperholomorphic functions on quaternions.

In hypercomplex analysis, two theories of functions are prominent: the slice hyperholomorphic and the monogenic
one. The main difference between these two theories is that polynomials and power series with quaternionic
coefficients to the right (or to the left) are slice hyperholomorphic but they are not monogenic (or Fueter regular
in the quaternionic case). The theory of monogenic functions is defined by means of an extension of the Cauchy—
Riemann operator in R?, see [5]. The match between the two function theories is given by the so-called Fueter
theorem, see [12,16].

Nowadays, the theory of slice hyperholomorphic functions has several applications: the quaternionic spectral
theory on the S-spectrum [7,8,10], characteristic operator functions and applications to linear system theory [3],
Schur analysis [2], new classes of fractional diffusion problems based on fractional powers of quaternionic linear
operators [6,7,9], and peculiar integral transforms [13, 14].

In this paper, we will use the theory of slice hyperholomorphic functions to get our results. In the following
subsection, we review the main notions of this function theory.

2.1 Preliminaries

To make the paper self-contained, we recall the algebra of quaternions that is defined as follows:
H:={g =qo +iq1 +jq2+kq3| qo.q1,92.93 € R},

where the imaginary units satisfy the following relations:

it=r=k=—1 ij=—ji=k, jk=—kj=i, ki = —ik = .

The quaternionic conjugate is defined as ¢ = qo — iq1 — jg2 — kg3, and it satisfies the following property:

q=4qp,

@ Springer
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for p, ¢ € H. The modulus of a quaternion is defined as |g| = \/ qg + ql2 + ‘122 + q32. The unit sphere of imaginary
units in H is defined as

S:={q eH|q*>=—1).

We observe that for some real numbers x, y > 0 and imaginary unit / € S, any quaternion ¢ € H\R can be written
asqg = x + Iy. Forany I € S we define C; = R + IR. This is isomorphic to the complex plane C. We observe
that their union give the whole quaternions:

H={]C.

IeS
In this section, we use the following type of functions.

Definition 2.1 A function f : H — H of the form
fl@=fx+1Iy)=alx,y)+1p(x,y)  (tesp. flg)=f(x+1y)=alx,y)+ px, y)I)

is left (resp. right) slice hyperholomorphic if & and f are quaternionic-valued functions and satisfy the so-called
“even—odd” conditions, i.e.,

alx,y) =alx, —y), B(x,y)=—Bx,y) forall (x,y)e R>.
Moreover, the functions « and 8 have to satisfy the Cauchy—Riemann system:
dra(x,y) —dyB(x,y) =0, and dya(x,y) + d:B(x,y) =0.

The set of left (resp. right) slice hyperholomorphic functions on H is denoted by SH (H) (resp. SH (H)). If the
functions o and B are real-valued functions, then we are dealing with the subset of intrinsic slice hyperholomorphic
functions, denoted by N (H).

In [10,11,18], it has been proved that slice hyperholomorphic functions have an expansion in series.

Theorem 2.2 Let f be a (left) slice hyperholomorphic function. Then for any real point pgy in H, the function f
can be represented by power series

+00
f@ =) (g - po)"an

m=0

on the ball B(po, R) = {q € H; |q — pol < R}.

The pointwise product of two different slice hyperholomorphic functions is not slice hyperholomorphic. However
the product of an intrinsic slice hyperholomorphic function and a slice hyperholomorphic function preserves the
slice structure and the slice hyperholomorphicity, see [8, Thm. 2.1.4].

Theorem 2.3 If f € N(H) and g € SHy(H), then fg € SHy (). Similarly, if f € SHr(H) and g € N (H),
then fg € SHr(H).

2.2 Slice hyperholomorphic Fock space

Now, we recall some basic notion of the slice hyperholomorphic Fock space, firstly introduced in [4] and further
investigated in [15].

Definition 2.4 Let v > 0 be a real parameter. For a given I € S, we define the slice hyperholomorphic Fock space
as

Flce M) = {f eSHL@): (<) f@ fr@le P (q) < oo},
1
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where f; = fic, and dA;(g) = dxdy is the Lebesgue measure with respect to the variable ¢ = x + I'y. The right
quaternionic space Fgy;.. (H) is endowed with the inner product

(fs &) 7y = (3) @ fr(@e "1 drr ()
s Stice 7/ Je, 81\q)Jji\q 1(q),

for f, g e F¢

lice D). The associated norm is defined as

11 = (2) /C AP @),

The space Fyg); . (H) does not depend on the choice of / € S. In [4], the authors showed that the monomials ¢"
form an orthogonal basis of Fg; . (H) with

(0", ") Fyeu ) = - 2.1)

The space Fg);.. (H) is a (right) quaternionic Hilbert space with reproducing kernel given by

o vnqnﬁn
K(p,q)=elgp) =) — —
n=0 :

see [4, Thm 3.10]. The reproducing kernel property can be expressed in terms of the following integral representation

v S o2
) =LK N rym = (=) | €ap fi@e™ " dri@). (2.2)
Slice T C
1
The slice hyperholomorphic Fock space satisfies the following sequential characterization:
Flice (H) = {f(p) = anan, {antn=0 CH | Z U_k|an|2 <oor, (2.3)
n=0 n=0

see [4, Prop. 3.11].

2.3 Slice hyperholomorphic RBF space

Inspired from the complex case, see [20,21], we give the following:
Definition 2.5 Let y > 0, then the slice hyperholomorphic RBF space is defined as

(q=9)*

2
HI,(H) = {f € SHL(H) : (n_)/Z)/@ If1(@)le »* dirj(q) <oop, VIES.
1

The right H-vector space H)I/ (H) is endowed with the inner product:

2 =92
(f &mram = (”_7/2)./@ g1(q) fi(g)e »* drr(q),

for f,g € H)I, (H). The associated norm is given by
¢=9*

2 -9

By following similar arguments performed in [15, Thm. 3.1], we can show that the slice hyperholomorphic RBF
kernel does not depend on the choice of the imaginary unit / € S. Therefore, from now on we will denote the space
H)I/ (H) simply by H,, s (H).
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Theorem 2.6 An orthonormal basis of the slice hyperholomorphic RBF space is given by

n

q-
en(@) = [—5—q" 7. y>0. (2.4)
y2p!

Proof First of all, we compute the following integral:

2

2 lg=9)
<envem>'H%s = <7T_)/2)/((; em(q)en(q)e ’ drr(q)- (2.5)
1
By formula (2.1), we get
on+l B 2 a2
(ens em)m, s = m/@ q"q"e ve ve v dri(q)
° 1
2” m n
= W(CI . q )}_S?
=8um-

This implies that ¢}, belongs to the slice hyperholomorphic RBF space and that two of them are orthogonal.
2
q_
Now, we show that ¢}, (¢) forms a basis. Let f € 'H,,s(H), then the function g > e v* f(q) is slice hyperholo-
morphic, since it is a product of a slice hyperholomorphic function and an intrinsic function, see Theorem 2.3. This

implies that for {a,},>0 C H, we have the following expansion in series:

o0 _ﬁ o0 )/2”1’1'
F@ =) q" Pan=3 [ —e @an. (2.6)
n=0 n=0

This means that e}, (g) are generators. Now, we show that ey (g) are independent. By using formula (2.6) and the
expression (2.5), we get

)2

2 - (U]
(f.en (P)w, @) = (—2>/ en (@) fi(@e v dir(q)
wy<) Je,

yme! @9

2 [ < g
=<W>A[€Z(Q) ,,;) o em(@am | e v dhi(q)

0 [y2mml | (2 @92
= yzmm [(—Q[D en(@em(@e 7 M(q)} am

We can exchange the series with the integral because the series expansion converges uniformly on |g| < r.
Therefore, ( f, e,){(p))Hva(H) = 0 if and only if for all » € N we have a, = 0, i.e., f = 0. |

Now, we show a relation between the spaces H, s(IH) and fglice (H), where v = %

Theorem 2.7 Lety > 0, aleft slice hyperholomorphic function f : H — H belongs to the slice hyperholomorphic
2

RBF space H, . s (H) if and only if there exists a unique function g in the slice hyperholomorphic Fock space fsyl?ce (H)
such that

[S]

q

f(@) =e glg), VqeH.
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2
Furthermore, an isometric isomorphism between the spaces 'H,, s(IH) and ]:Sylizce (H) is given by
2

2 q_

M [flq) =e” f(q), VfeHysH), gqeH.
2
Proof By hypothesis, we know that g(q) = e”* f(g). This function is slice hyperholomorphic for every ¢ € H,
since it is a product between a slice hyperholomorphic function and an intrinsic slice hyperholomorphic function
2 2

e”?, see Theorem 2.3. Now, we show that g € ]-"sfce(H). Since f € 'H,, s(H), we have

2 2 2 —lz|l]|2
lgll” . = i [CIgz(q)Ie re 7 dAg(q)
1

2
‘7:Sll/ice ()

2 ﬁ+ﬁ,£\ 12
= (7) /C |fr(@)Per® 72 7 day(g)
1

yem
2 5 (q—;i)z
=(T>/ \fr@Pe 7 dri(g)
vem ) Jo
= 1113, g < 0 2.7)
The previous computations imply that
2
IMPZLAN 2 =1 ln, 5@ VS € HysH).
fSJ;ice(H)

.« . . 2
This is an isometry property for the operator M?" . Moreover, we have

n

2 2
MY (e,};(q)) = Wq", Vg € H.

This means that the operator M7 maps orthonormal basis of the space H,, s(IH) onto an orthonormal basis of the
space FS%ce (H). Hence, the operator M7 isa surjective operator. O
As a corollary of the previous theorem, we have the following result.
Corollary 2.8 Let y > 0, the inverse operator of M7 s its adjoint and it is given by
2\ 1 %z

(M) Fe ) — My, 5(H).
This can be computed in the following way:
() =) e

Now, we compute an explicit expression of the reproducing kernel of the space H,, s(IH).

Theorem 2.9 Let y > 0. The slice hyperholomorphic RBF space 'H,, s(H) is a reproducing kernel Hilbert space
whose kernel is given by

[S)

2 _

[N

B

2%
K, s(qg,p)=e el (gpe 7.

S

The reproducing kernel property is given by the following integral representation:

2 =9
fp)= (n—y»/; Ky, s(qg.p)fi(@e v dii(q), qeH, VfeH,sH.
1
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¢=9*
Proof We start observing that since the function e »*  is real valued, then it can commute with f7(q), so we have:

2\ [ .5 2 I e
(—2)/ Ky s(q. pe » fi(@)dri(q) = (—2)/ e el" (gple v e v fi(q)dr;(q)
Ty (C[ Ty (CI

=<—2)e / & gpre” fi@e” 7 dii(q)
Ty Cy
2g/?

2\ B[ o .
=<—2)e & / & @HM 1 @e 7 dr(@).
Ty C,
2

By Theorem 2.7, we know that M [fl(g) € fslfce (H). Then using the reproducing kernel property of the slice
hyperholomorphic Fock space, see (2.2), we get

<n—y2>e Y /Ce* (gp)M” [ fillg)e v dri(g) =e " MV [f1(p).
I
= f(p)
This concludes the proof. O

Proposition 2.10 The kernel K, s(q, p) is slice hyperholomorphic in the variable q and anti-slice hyperholomor-
phic in variable p.

Y
o o

Proof The kernel K, s(q, p) is a pointwise product of an intrinsic slice hyperholomorphic function e v* and a
2

slice hyperholomorphic function ef (g p). This implies that the kernel K, s(q, p) is slice hyperholomorphic in the
variable ¢, see Theorem 2.3. By similar arguments, it is anti-slice hyperholomorphic in variable p. O

Definition 2.11 Let y > 0. The function

P 7
2

. R
K, s(q,p)=e 7el (gpe 7

is called the slice hyperholomorphic RBF kernel.

Proposition 2.12 Let y > 0. For a fixed p € H, we set by K f the function defined as follows:
K? o(9) = Ky 5(q. p).

Then it holds that

(1) Ky 5(q. p) =Y negen(@en (p),
(2’) (KZ’Sv K)I/’,S>HV,S(H) = K}/,S(pv Q)

Proof We start by proving the first point.

7%
2

(1) Since the functions g” and e »* are intrinsic slice hyperholomorphic functions, they can commute with each
other and so by Definition 2.11 we have

©  on 2 5

Y@ () =Y e g
n=0

v q ﬁ"e Y
n=0

7/2nn!e
2 =2
_4q 2 _pP_
2 _
=e e (gp)e 7

Ky s(q, p).
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(2) For fixed ¢, p € H, we have that K 5 (g) belongs to the space H,, s(H). By the reproducing kernel property
proved in Theorem 2.9, we have

(K 5o K )i, s = K (P) = Ky 5(q, p).

For functions in the space H, s(IH), we have the following estimate.

Proposition 2.13 Lety > O and I € S. Then for f € H, s(H), we have

2

2
y
1f (@) <e”’ I f i, @,  Yg=x+1yeCy.
Proof By Theorem 2.9, we know that

fl@) = (f, K,‘f,S)H%S(H)-

By the Cauchy—Schwartz inequality, we have

F @1 < 1K, 501 f 1, 520 2.8)

By Proposition 2.12, we get

q 2 _ q q
”K},,Sn?—(%s(]}{[) = (Ky,S’ KV’S)’H%S(H)

= Ky.5(q,9)
2 50 _2
=e e (g 7
_q=*
= e 72
4.2
= e’ (2.9)
By inserting (2.9) in (2.8), we get the thesis. O

A sequential characterization for the slice hyperholomorphic RBF space is also valid. The proof follows similar
arguments of [1, Thm. 3.10].

Theorem 2.14 A slice hyperholomorphic function, f(q) = Y v q"an, with {an},>0 C H, belongs to the space
H,, s, if and only if, it holds that

i 2

e¢]

3 Ky 22: ak—2j
k

2j 41
k=0 2 j=0y J:

Proof By Theorem 2.7, we know that a function f belongs to H,, s(IH) if and only if there exists a unique function
2

€ foce (H) such that

[S]

.
fl@)=e glq), VqeH.
2
By (2.3), we know that a function g(¢) = Y o q* by, with {by}r=0 < H, belongs to fsylizce(H) if we have the
following condition:

S 2k

kly
§ o |bi|? < . (2.10)
k=0
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By using the Cauchy product of series, we have

q2
g(q) = e’ f(q)

n
- (3 (L)
n:()ynn‘ n=0

9]
= 4B Q.11
k=0
where we set f; = ZI;'=0 sjag_;j withs; = 0if jis odd, and s; = m if j is even. Then, for any k > 0, we get

. W
Bo= sjar—j =Y —o
Jj=0

Jj=0 v

By formula (2.11), we have

o 0
g@) =Y d'bi=> q"Br.
k=0 k=0
By identifying the coefficients of the previous equality, we get

¢]

bi=pi=Y =2 ko (2.12)

2'.7
;zoy”!

Finally, by plugging (2.12) into (2.10), we get

2
00 2 | 5]
Py gl
k 2j 41
k=0 2 j=0y J:

2.4 The slice hyperholomorphic RBF-Segal-Bargmann transform

In this subsection, we consider an integral transform that has as a range the slice hyperholomorphic RBF space. This
can be connected with the slice hyperholomorphic Bargmann transform. This integral transform was introduced
in [15] and further studied in [13]. Now, we recall the main notions of this integral transform. The Hilbert space
L*(R, dx) = LHZ_H(R), which is the domain of the Segal-Bargmann transform, consists of all the square integrable
quaternionic-valued functions with respect to

(@ V) 2 Rodr) = /R ¥ (xX)p(x)dx.

The kernel of the slice hyperholomorphic Segal-Bargmann transform is given by

3
Alg (g x) = (3)“ e 3@ () e H xR, (2.13)
T

see [15]. This kernel can be seen as the generating function of the real weighted Hermite functions given by

hy(x) == (_1)ne§x2di (e—vxz)

X
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that form an orthogonal basis for the space L?(R, dx), with the norm given by

1

_
5 )20y = 20"t (5)
Namely, we have

qu wn(x),

n=0

Agg(q, x) = 2.14)
where ¥/, (x) are the normalized weighted Hermite functions.

The quaternionic Segal-Bargmann transform 5, (L2 i (R) — Fgjice (D) is defined as

Sllce
By[¥1(g) = /RAEB(C],XW(X)dx, Vi € LE(R).

The action of the quaternionic Segal-Bargmann transform on the normalized weighted Hermite functions is given
by

1

Bl = (=)

v%q”
NCT

see [15, Lemma 4.4]. We can define the kernel of the slice hyperholomorphic RBF-Segal-Bargmann transform as

2.15)

Agpr(q, X) = Zem)w ), (g, x) e HxR.

Definition 2.15 The slice hyperholomorphic RBF-Segal-Bargmann transform is defined as
Brgpl¥1(q) = / Akpr(q, 0¥ (x)dx,

for any y € L2 7(R) and ¢ € H.

Now, we show the following match between the kernels of the slice hyperholomorphic Segal-Bargmann and the
slice hyperholomorphic RBF-Segal-Bargmann transforms.

Proposition 2.16 Let y > 0. Then we have
2
9

2
AﬁBF(q,x) = e_VT,Agé(q,x), V(g,x) € H x R.
Proof By the kernel defined in (2.14) and the definition of the basis ¢}, (q) (see (2.4)), we get

n 2 2 2

_Z2 X 2 7 2
Apr(g, x)=e 7 ) @ = 7 A (g ).
n=0 ’

A relation between the slice hyperholomorphic Segal-Bargmann transform and the RBF one is possible.

Corollary 2.17 Lety > Oand ¢ € L]%I(R). Then we have
2
Brerl¥1(g) = M7 B2 [¥1(q). Vg € HL.
Y

Proof The result follows by the definition of the slice hyperholomorphic RBF-Segal-Bargmann transform and
Proposition 2.16. O
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Proposition 2.18 The explicit expression of the slice hyperholomorphic RBF kernel is given by

2 \i _ G-I
) e 2 Y(g,x) € H x R.

Ao = (52) ¢

Proof By Proposition 2.16, we have

Proposition 2.19 Let y > 0 and n € N. Then we have

= )
Bigelv " 1(q) = yzneZ(q).

Moreover, we have also

2 2
2 2
I1Breplwn W, sy = 190 Nl 2@ = 1.

Proof By Corollary 2.17 and by formula (2.15) with v = %, we get

Braelvi 1@) = M7 B vl 1(@)
Y

2

g 2
7B @)

=e

O

Theorem 2.20 For y > 0, the slice hyperholomorphic RBF Bargmann transform is an isometric isomorphism
mapping Lﬂzﬂ(R) onto 'H,, s (H).

Proof By Corollary 2.17, Theorem 2.2 and [15, Thm. 4.6], we get

I1Bkgpl¥ I, g = ||-/Vl_yzlf>’i2 [V 1lI#, s
Y

= IIIS’V%[V/]IIWL2

Slice

= ”w”Lﬁ(R)’

for any ¥ € LHZ{(R). |
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3 Gaussian RBF kernels via Fock spaces: several complex variables case

In this section, we extend some results obtained in [1] to the case of several complex variables. We present some of
the results without proofs, since they follow similar arguments of the one complex variable. To this end, let us first
introduce some standard notations that are used in the case of several complex variables with dimension d > 1. On
the space C“, we can consider the inner product and the associated metric given by

d d
(Gw)ha =Y zwi, dzw)=llz—wlha= |y lze—wel 3.1)
=1 =1
for every z = (z1,...,24), w = (Wq, ..., wq) € C4. We use also the following notations for the conjugate and
product
d d
T=QG1....2), z-w=Y zewy and z-z=2"=) 7. (3.2)
=1 =1
Givenn = (ny,...,ng) € N? and z = (z1,...,2q9) € C4, we use the multi-index notation:

d
=2 = D). (), Il =) ne
=1

Let o > 0. We briefly recall the Fock space on C? which is a subspace of entire functions Hol(C?) defined by

T (C) = {f € Hol(CY), (%)d [C[] ()PP dA) < oo} ,

where dA(z) denotes the Lebesgue measure on C¢ with z = (z1, ..., z4) € C%. The reproducing kernel of the
space F,(C?) is given by
Folz,w) = ™, ¥z =(z1,...,2a), w = (Wi, ..., wy) € C. (3.3)

The authors of [20] (see also the book [21]) introduced the complex Gaussian RBF kernel in several complex
variables as follows:

Definition 3.1 Letd > 1 and y > 0. The d-dimensional complex valued Gaussian RBF kernel on C“ is denoted
by K4 : C? x C? — C and can be expressed as follows:

2
Ky a(z, w) = exp (_(zy_zw)> |

forevery z = (z1,...,2q), w = (W1, ..., wy) € cd,
Remark 3.2 1f we restrict the complex variables z = (z1,...,24), w = (W1, ..., W) € C4 to the real variables
xX=x1,...,%2),y=1,...,Yd) € Rd, we re-obtain the classical real valued Gaussian RBF kernel
lx = yI13 4
Ky.a(x,y) = exp <_T :

We make the following observation:

Proposition 3.3 Letd > 1 and y > 0. The Gaussian RBF kernel of dimension d can be expressed as a product of
Gaussian RBF kernels of dimension one. More precisely, we have

d

Kya(z,w) =[] Ky e, we), (3.4)
=1

foreveryz = (z1,...,z4), w = (wi, ..., wy) € C.
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Proof Letd > land y > 0.Forz = (21, ..., 24) and w = (wy, ..., wy) in C? we have

1_[ K, (z¢, we) = Hexp( (2~ wg) )
| &
= exp (——2 Z(Zz - We)2>
L

= eXp <——(Z _ W)z)
yz

=Kya(z, w).
O

Remark 3.4 The function K, 4(z, w) (see (3.4)) is a kernel as a product of one dimensional RBF kernels, see [21,
Lemma 4.6]. Moreover, using the tensor product symbol ®, we observe the following:

(z —w)?

Ky.a(z, w) = exp (_T) = K3z, w),

forevery z = (z1,...,24), w = (Wi, ..., wy) € cA,

Proposition 3.5 The complex Gaussian RBF kernel K, can be expressed in terms of the reproducing kernel of the
Fock space F 2 (CY). More precisely, we have
Y

1
Kya(z. w) = exp (—ﬁ&z + w2)> Fz (2, w).
14

foreveryz = (z1,...,2q) and w = (w1, ..., wy) inC4,

Proof We know by Proposition 3.3 that the Gaussian RBF kernel of dimension d can be expressed as a product of
Gaussian RBF kernels of dimension 1. Then, by [1, Proposition 3.1], we get

d
Ky a(z,w) = ]_[K (z¢, we)

d
l_[ ( M) F%(Zz,wz)

)’
(@2 +w?

— exp _ZZ-LZW Fa (ew)

14 y2
=ex —i 2 L w?
= exp 5@+ W) | Fa(z,w).

14 r?
m]

The complex reproducing kernel Hilbert space associated with the Gaussian RBF kernel in the case of several
complex variables can be introduced as follows (see [20,21]):

Definition 3.6 Let y > 0, an entire function f : C¢ — C belongs to the RBF space, denoted by Hy((Cd ) (or
simply H, 4) if we have

2 \* 2
1£1B,, = (71_)/2> L, |f(Z)|2eXp((Z - )dA(z) <o,

where dA(z) = ]_[Zz | dx¢dyy is the Lebesgue measure with respect to the variable z = x + iy € c.

@ Springer



Gaussian RBF kernels via Fock spaces: quaternionic and...

We can apply similar arguments used in [1] in the case of one complex variable to prove the following result for
RBF spaces on C?:

Theorem 3.7 Let y > 0, the RBF Hilbert space 'H, 4 is a reproducing kernel Hilbert space whose reproducing
kernel is given by the RBF kernel K, 4(z, w). Moreover, we have the reproducing kernel property which is given
by the following integral representation:

(z—72)?

2 \¢ -
fw) = (—2) f f@Kya(z, w)eXp( 3 )dA(z),
Ty cd Y

forany f € Hyq,w = (wi,...,wq) € ce.

Remark 3.8 In other terms, we can reproduce any function f belonging to the complex d-dimensional RBF space
H, .4 using the following reproducing kernel property:

f@) = (K )r,y [ E€MHyar w= i ..., wag) e C’.

It is important to note that an orthonormal basis of the Gaussian RBF space H,, 4 is given by the family of
functions defined for every n = (ny, ..., nq) € N4 by the following expression (see [20,21]):

2lnl _Z2
el () = /mz”e 7, Vz=(z,...,z4) € CL. (3.5)

We can prove the following expression of the Gaussian RBF kernel:

Proposition 3.9 For everyz = (z1,...,24), w = (W, ..., Wq) € C?, we have
Y d@el(w) =Ky a(z w).

n=(n1,...,ng)eNd

Proof We apply the one-dimensional case (see [1, Proposition 3.5]) and get

d 00
Yo d@ew =[] D] e Goel, we)
n=(ny,...,ng)eNd =1 \n;=0
d
= l_[ K, (z¢, we)
e=1
=Ky, 4z, w).

O

Inspired from Theorem 3.2 of [1], we note that the Gaussian RBF space of several complex variables H,, 4 is
isomorphic to the Fock space on C¢ with parameter % More precisely, we have the following result;

Theorem 3.10 (RBF-Fock isomorphism) Let y > 0, an entire function f : C? —s C belongs to the RBF space
My .q if and only if there exists a unique function g in the Fock space F 2 (C4)Ysuch that
Y
22
f@) =exp(=25)8@). foranys=(1.....24) € C°.
Moreover, there exists an isometric isomorphism between the RBF and Fock spaces given by the multiplication

2
operator MﬁBF Hya — f% (CY) defined by
Y

2
Migel£162) = My 2 [F10) = X0 f0). forany f & g, 2 € .

exp (=
p(yz)
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Finally, the counterpart of the RBF-Segal-Bargmann transform for several complex variables can be introduced for
any ¢ € L2(R%y and z = (z1, ..., zq) € C? as follows:

Byalelzi, ..., za) = A{d Qllzﬁip((m, s Zd), (X1, xa))@(xn, L xg)dxg L dxg,

where the RBF-Bargmann kernel here is obtained by taking the generating function associated with the normalized

Hermite functions ¥, (x1,...,X4) = ¥n,(x1)...¥,,(xq) and the orthonormal basis el (z1,...,z4) with n =
(ni,...,ng) so that:
d
ke (@1, 2a)s (1, X)) = D Yn(X1, - 2aden(ar, - 2a)-
neNd

By following a similar approach used in Proposition 2.16 we have

d d 2
2 270 —
> Vet zden(s - 2a) = <7T—)/2)4€XP <—Z€:1([§K 0 )

14
neNd
As a consequence, it is possible to express the RBF-Segal-Bargmann transform as follows:
d d 2
2 \¢4 _1 (V220 — x¢)
By.alplzi. ... 24) = (—2) / exp (-Zﬁ = Q(x1, ... . xg)dx ... dxg. (3.6)
Ty R4 14

We observe that using the standard notations in (3.2), we can rewrite the previous expression in the following way;

d
2 \4 2z —x)?
B, alelz) = <_7ty2>4 [Rd exp <——(fj/2 x) )(p(x)dx.

The following result holds true:

Theorem 3.11 The RBF-Segal-Bargmann transform defined by the expression (3.6) is an isometric isomorphism
mapping the standard Hilbert space L*(R?) onto the RBF space Hy a

4 Concluding remarks

In this paper, we have investigated Gaussian RBF kernels and their connections to the theory of Fock spaces in
two settings: quaternionic slice hyperholomorphic and several complex variables. In a forthcoming paper, we aim
to study a generalization of this topic in the case of quaternionic monogenic functions using the Fueter mapping
theorem, which allows to construct monogenic functions starting from slice hyperholomorphic ones. The various
extensions of RBF kernel are summarized in the following scheme:

Real —valued RBF kernel

One complex — valued RBE kernel

N

Several complex variables RBF kernel

| Hypercomplex RBEF kernel

SN

Slice hyperholomorphic | Monogenic RBF kernel |
RBF kernel
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