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Abstract We show how the classical polylogarithm function Li;(z) and its relatives, the Hurwitz zeta function
and the Lerch function are all of a spectral nature, and can explain many properties of the complex powers of the
Laplacian on the circle and of the distribution (x 4 i0)*. We also make a relation with a result of Keiper [Fractional
Calculus and its relationship to Riemann’s zeta function, Master of Science, Ohio State University, Mathematics
(1975)].

Keywords Hurwitz zeta function - Polylogarithm function - Bernoulli numbers - Complex powers of operators

Mathematics Subject Classification 11M35 - 11MO06 - 11B68 - 32W25

1 Introduction, notations

In his paper [26], Mazur, rightly, comments that Bernoulli polynomials are a sign of the unity of Mathematics, as
they intervene in many areas: Number Theory, Stable Homotopy Theory, Differential Topology, Theory of Modular
Forms, etc. The essential goal of this work is to add another example, if necessary, of spectral theoretical nature by
considering certain pseudodifferential operators on the circle. We combine ideas of Morava and Epstein [28], [10]
and Mikolds [25] to study the spectral zeta functions and the traces of these operators.

The salient remark, in this work, is that certain properties of the pseudodifferential operators on the circle (or
more exactly of their kernels) result from certain analogies between the Riemann zeta function and the Bernoulli
polynomials. In fact we have
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Our notations differ from those of [10]. For a related discussion see [22]. From these relations the following
fundamental relations hold

eZ—l

-1 n+1
;(2”):ﬂ2n22n71%B2n’ n=0,1,2...
B
((-2n+1) = -2, n=12.3...
2n

We recall that the generating function of the Bernoulli polynomials [11], p.36

ze%¥ 0 "
=2 B

n=0

1

Almost everything in what follows is based on the functions lig(—z) = 1 w1
et — ev —

, through convolution

products. Hence the title of the present paper.
We start by very formal considerations on the Laplacian on R”. Consider a plane wave such as f(x) = e27*§ | x.
& =x16 + -+ + x,&, then
. ; 32 32
AeZHTx'S — _47_[2 | E |2 e2l7le’ A —_ _+ _|_ .
ax? dx2

By Fourier inversion we obtain, formally,

Afx)=A | fE)eH™E dg

Rn

FE) AP g
]Rn

_ /R (~ax? 18 7) Fored s g,

We may then define, again by Fourier inversion
A7) = (—4n 16 ) f @),

and by iterating, we have for positive integer n
A7E = (-4 16 ) f®.

This suggests a way to develop more general powers of the Laplacian, for instance a square root

JoAfE) = ar? |E| f&).

An important observation concerning the Dirichlet-to-Neumann map can be made using the square root of the
Laplacian o/—A [3]. Let f : R" — R be is a smooth and bounded function. We solve the extension problem in a
half-space

Au(x,y) =0, xeR",y>0

u(x,0) = fx), xeR"
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Pseudo-differential operators on the circle, Bernoulli polynomials

to obtain a smooth bounded solution u, then
—uy(x,0) = V=A f(x).

Hence +/—A can be realized as the operator
T:f— —uyx,0)

associating the Dirichlet and Neumann conditions. In [3] and [34] an extension to a general complex power of the
Laplacian is given as follows

Theorem 1 (Caffarelli-Stinga) If U = U(x, y) is the solution of the initial value problem
{AxU +240,U +9,,U =0, xeR", y>0

U(x,0) = f(x), xeR",
then
'(l—ys) .
m(—A)Sf(x) = yl_l)fg+ —y*Uy(x, y)
fors = 1%“ and some constant C depending on n and s. Moreover, the solution U (x, y) is given explicitly as
2s 00
_ Y —y2/4t tA di
Ux, y) = M(S)/O SN ()
C(n/2 +5) ¥
=R o S dy.
Tl (s)  Jgrn (|x _ y|2 +y2) 2

One of the goals of this paper is to understand (eventually to elaborate on) a result given in [10] (proposition 3, p.9)

. o et . .
Proposition 1 The function lisz(x) = Z — defined for Res > 0, Rex < 0, and taking values in smooth
n>1 n
functions on the negative real line when Res > 0, extends to an entire function of s, taking values in tempered

distributions on the whole real line, satisfying the congruence
- o . - ,
liy(x) = —(TS) [e*”” (x +i0)° + €™ (x + ioy] ,

modulo meromorphic functions with smooth coefficients.
Remark 1 We take the domain of AR, on the real line, as
D(A) = {u € L% 4n? | £ 2 i) e LZ(R)}.

It is known that the spectrum o (A) of A coincide with [0, co). Although we will not develop this question in detail,
it is worth pointing out that the methods developed here can define - for example - the Hermite polynomials H,, (x)
for complex values of n. Using Rodrigues’ formula

2
> d" 2 2 n! et
H — (—1)'" =X (1)t d
nl0) = (=D7en e =D o 7€y (z — 1 ¢
we may define for complex s

3 _2
H,(x) = ein;exz( d? >2e_x2 _ s (s + 1)7€ : P .
v

dx? 2mi z—x)st T
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R. Gay, A. Sebbar

In all this paper the Lerch transcendent [20] whose classical definition is

0 n

Z
® ) = T e 1
(.5, a) Z(HM)S ()
n=0
plays an important role, in addition to its particular value
(e.¢] Zn
Lis(2) = ®(z,5, D) = ) —,
n
n=1
as well as
X - 2imnz iy
L@ =) —— =Lis(e"™). )
n=1

2 Pseudodifferential operators, complex powers
2.1 Complex powers

We follow Komatsu [19], [32] for the definition of fractional powers. Consider first a bounded linear operator A
such that the resolvent set p (A) contains the negative real axis (—oo, 0]. The most natural definition of the complex
power A’ is given by the Dunford integral
s 1 / K —1
A'=—— | (¢ —A)"dg, (3
2im r

where the path I' encircles the spectrum p(A), counterclockwise, avoiding the negative real axis, and ¢* takes the
principal branch.

There is an another way to define the powers of the Laplacian on R" using Riesz potentials [33] p. 117. For a
function u : R" — R, n > 1, the fractional Laplacian (—A)*u, with 0 < s < 1, is naturally defined using the
Fourier transform as

(—A)u(®) = QrlE) ™), & e R".
Hence, in terms of the Riesz potential,

(=A)'u = Dhy(u), 0<s< %
with
r(;-5)
w2247 (%)
And in terms of the heat semigroup on R” we have, in terms of principal values PV
i 4T (5 +s —

T2 Rr |x — y["tes

The following result contains the essential of spectral properties [32], p.93.

Tou(x) = /R lx — 7" u(y) dy.

dy, yeR"

Theorem 2 Let A be an elliptic differential operator of order m on a closed n-dimensional manifold M. Let
o0

fe D/(M ) and let f(x) = Z An@y (x) be the Fourier series expansion of f in the eigenfunctions of the operator
j=1
A. Then
[e¢)
A F) = Agn(x).
j=l1

In particular, ¢, (x) are also the eigenfunctions of the operator A® with eigenvalues A},

@ Springer



Pseudo-differential operators on the circle, Bernoulli polynomials

Since infinite separable Hilbert spaces are isometric, if S' = R/Z is the unit circle and ¢? the space of infinite
o

sequences (£x)r>0 of complex numbers that are square summable, Z | &k |2< 00, with a norm and dot product

k=0
given by

||§||=<Z|§k|2> L En=) &,
k=0 k=0

the functions & — &* form an orthonormal basis of L*(S"), with an isometry
7:L*S"Y — @)

f— 6. a=18 = [ fe aue.
where

I (7 ,
/f(é)du(é“) =5- fe'ds.
b4

-7

do
Remark 2 On the Hilbert space of square integrable functions on a circle H = L? (Sl, 2—) an orthonormal basis
7T

is given by ¢, (0) = ¢’ with n € Z. One can introduce two sets of unitary operators on H
P:Z— % (H), P(m)(¢n) = @ntm
Q:R— %H). QK)(gn) =e"p,.

satisfying a sort of canonical commutation rules:
P(m) Q(k) = ¢ Q (k) P (m).

Up to homeomorphisms, the circle S! is the only compact connected 1-dimensional manifold. We identify S' with
the interval [0, 2] (resp. [0, 1]), with periodic conditions, and then, as 1-dimensional manifold it is the quotient
of the real line R by the subgroup of integers 277 Z (resp. Z). From this point of view, S! can be thought of as being
an abelian group, isomorphic to SO(2, R), or to the 1-dimensional torus. The circle can also be considered as the
real projective line RP!, consisting of lines in R? going through the origin (identified with R U {oo} by taking the

slope of a line).
2

The spectrum of the Laplacian A = ) on the circle S' is given by
X

h=0, Ay—i=hrx=k% k=1,
corresponding to the eigenfuctions
Jar—1(x) = sin(kx),  fo(x) = cos(kx), k= 1.

We now introduce the heat flow on S! and R. Given a initial heat distribution f(t,0) on S!, the heat distribution
f(t,0) at the time 7 is the solution of the initial value problem

(3 + A) f(t,0) = 0.

So, by separation of variables,

2, .
f(t, 9) — Zanefﬂ lelne’
nez

where a,, is the n-th Fourier coefficient of f (¢, 6). In particular

1 Ly ——
f(,0)= 2_ / Ze—nztem@ ezm/fdw_
T Js! nez
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R. Gay, A. Sebbar

We will call
e (0, ¢) = Ze_’zzteing einy = Ze_”ztei”(g_‘/’) 4)
nez nez
the heat flow on S!. It is a smooth function on (0, 00) x S x S!. The integral kernel for the heat flow on the real
line R is
1 @-y)?

e~ a7 , t>0.
Amre)2
Naturally we have the periodization relation

e s1(0.9) =Y er(t. 0.y +2mn).

nez

er(t,x,y) =

—tA

We denote by e the operator

e A 2,

taking the heat distribution at time # = 0 to the heat distribution f (¢, ) at time ¢. The notation is suggested by the

—tA —tn

. 2 . .
observation that e on the n2-eigenspace of A. The heat operator for the circle

S! is defined as

acts by multiplication by e

H=e ' >0,
and the spectral zeta function is
tals) =Tr (A7),

which is related to the heat operator by the Mellin transform

Tt (A7) = % /O T (1) .

More explicitly,
Tr (e_m) = Ze_"zt = / esi(t,0,0)do.
St
nez

For short time, the trace of the heat kernel for the circle looks like the trace of the heat kernel for the line, in the

sense that
b3

Ze*nzfzf esl(z,e,e)dezf er(t, x, x)ds + R(1),
1

nez S -

where R(t), the remainder term, behaves near the origin t = 0 like e_%, a > 0. For long time we may use the
Poisson summation formula

Vi Ze_”"zt = Ze_”tiz, t>0

nez nez

to obtain
7.[2
Ji Tr (e*’A) =7 Tr (etA> )

If we identify functions on SI=R /7 with periodic functions on the interval [0, 1], we see that
dZ

2imkx\ __ 2 2imkx _ =
“Ag (e )_(an)e . By =1
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Pseudo-differential operators on the circle, Bernoulli polynomials

If
u(t) =Yy Qrlk) > e (e’ ™

keZ

with f u(t)dt = 0 and Res > 0, we get by Theorem (2)
st

(—Ag) ux) = > @rlkD) P erw)e* ™

keZ\{0}
1
— Z (2n|k|)—23‘/ u(y)EZznk(x—y) dy
keZ\{0) 0

1
:A\ K_zs(x—Y)“(y)de

where the kernel is given by a polylogarithm
eZinkx
Kox)= Y ———t (5)

2s °
Kz (0} (27 |k])

Remark 3 In the Physics literature the Fermi-Dirac and Bose-Einstein integrals are defined, respectively, by the
Mellin transform

s tS

1 +o00 t 1 +o00
F(x) = —— ——dt, Gg(x) = —— ——dt.
O =71 /0 e+ 1 W= 757D /0 o 1

They are related to the polylogarithm function Lis(z) = ®(z, s, 1) (1), written as Mellin transform

z 00 tsfl
Li = — dt,
15(2) [(s) /0 el —z

by

Fe(x) = _Lis+l(_ex)9 Gs(x) = Lis-{-l(ex)-

2.2 Determinants

This section uses the relation between finite dimensional trace and determinant. Consider the Laplace operator A
on a closed manifold M. It has a discrete spectrum consisting of eigenvalues

O<ii =2,

repeated with multiplicity. We omit the zero eigenvalue and assume A > 0. Formally, the determinant of A is, in
principle

o
det A = l_[ An.
n=1

This infinite product diverges. For example, if M = S' and A is the usual scalar Laplace operator, then up to a
constant the infinite product is

00
[1n*
n=1
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R. Gay, A. Sebbar

after omitting the zero eigenvalue, and this is divergent. We attribute a value to these divergent infinite products by
a regularization method, due to Ray and Singer [30]. We assume that the zeta function of A converges for large
Res, so that in some right half plane

oo
—Cp () =Y 2" loghn,
n=1

and then use the regularity of the analytic continuation of s at s = 0 to define

det A = ¢~ 520,

Remark 4 The definition is motivated by the fact that for a finite dimensional case, if a matrix A admits the
eigenvalues A,, 1 <n <N,

N

1
s=0 ,; )‘_S) '

n

For the case of the circle S!, we have, ¢ being the Riemann zeta function,

ta(s) = 20(2s), CA(0) = 4¢/(0) = —2log(27), det A = (27)2.

2.3 Symbols

According to Seeley [31], if A is an elliptic invertible pseudo-differential operator of order m, and has a ray of
minimal growth, then along this ray, the L? operator norm of the resolvent verifies

A=n""=0 <i)
A1)
We can define, for Res < 0

AS = QL/ A(A =)\,
T Jr

where I" is a curve, disjoint from the spectrum of A, beginning at oo, passing along the ray of minimal growth to a
small circle about the origin, then clockwise about the circle, and back to co along the ray.
If a,, is the top term of the symbol of A, then the symbol of A is

o(A) = Zam,j.
=0

With B(A) = (A — A)~! we have
o(B)o(A—2)=1.
In particular

bopmam —A) =1

bom—i(am — 1)+ Y (3/3E)*b_p_jD¥ay /el =0, [ >0,

where the sum is taken for j < I, j +k + |a| = [. According to Seeley [31], p. 290, the symbol of the s-power A*
is then

o0 .
1
o (A®) =Z—/,\3b_m_jdx.
=0 2 r
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Pseudo-differential operators on the circle, Bernoulli polynomials

3 The spectrum of positive elliptic operators and periodic bicharacteristics

There is a far reaching extension of the Poisson summation formula due to Duistermaat-Guillemin [8], Chazarain
[4] and Colin de Verdiere [5]. Consider a compact n-dimensional manifold X and a scalar elliptic pseudodifferential
operator P of order 1 on X which is positive and selfadjoint. The spectrum of this operator is a discrete set

O<t=t=-=Aj=-—> +o00.

This defines a distribution
oo

op = Z S)Lj
j=0

The principal symbol p of P defines a Hamiltonian vector field H, on 7*X \ X, the cotangent bundle with the zero
section removed. The Laplacian A is defined with respect to a Riemannian metric on X. A standard example is to
consider, for a suitable constant c, the operator ¢ — A, which is positive and selfadjoint. In this situation we can
evoke the spectral theorem to define a positive square root P = 4/c — A, which is pseudodifferential operator of
order 1 and whose principal symbol is given by p(x, &) = ||&|| for x € X and & € T, X. The Hamiltonian flow of
p is the geodesic spray of X (at least on the unit sphere bundle). The Fourier transform of the spectral distribution
op is
oo
Gp(t) = Fop =y e M. (6)
j=0
This can be seen as the distributional trace of the unitary operator e~//¥ which is a Fourier integral operator.
A preliminary result says that 6p is a tempered distribution, and therefore so is op. In particular the eigenvalue
counting function satisfies Weyl’s law
NpO) =t8{j, 2j <2}~ (2‘;”)n Vol(M)A3, % — oo,
where w,, denotes the volume of the n-dimensional unit ball. The celebrated antecedent of results of this type is
due to H. Weyl who showed (for D a plane domain and the Dirichlet problem) that the spectrum of the Laplacian
determines the volume. A clear confirmation of Weyl’s law can be provided by the unit circle. If n = 1, the unit
ball is [—1, 1] of volume 2, and Vol (Sl) =2m,s0
Wp
Q2m)m
On the other hand, for A large

NOY)=2[2% ] —1~232.

The fundamental result is the connection between periods and eigenvalues

Vol(M)A3 =243

Theorem 3 The distribution 6p is C* outside the set of periods of periodic trajectories of the hamiltonian Hp

The classical Poisson summation formula
keZ keZ

is a particular case of this theorem. On the flat torus R/Z = S! we have on the one hand the spectrum A, = k2, k =
2

d
0, 1,2, - of the laplacian —d—z, and on the other hand the lengths 2k, k = 0, 1,2, - - - of the closed periodic
X
geodesics. This corresponds to the pairwise orthogonal subspaces decomposition
oo
L*s") = @ Hesh,
k=0

where H(S') = R is the set of constant functions, and My (S!) is the two-dimensional space spanned by the
functions cos k6 and sin k6, k > 1.

@ Springer
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Remark 5 For M = R"/L a n-torus, L is a lattice of R”, the eigenfunctions of the Laplacian are e2imx 'l/, el
the dual lattice of all vectors x € span(L) such that (x, y) is an integer for all y € L. The eigenvalues are 47?2 114 ||2
and the trace is given by

_ _ Vol (M) _u2
Tr(e2) = S 4 tlel” = 207 ™
( ) Z (47-[[)7 Z

wel’ welL

The last equality is obtained by the Poisson summation formula. The closed geodesics on M lift to the line segments
from 0 to/ € L, on R”". So the length spectrum, i.e., the lengths of closed geodesies, is the set {||/||, [ € L}.

From this point of view, an extension of the polylogarithm function, is the Epstein zeta function (in its simplest
form) given by the Dirichlet series

N-x

F(-xlv"'vxn)zz/e x=(x1,---,xn), (7)

2s’
2 IN|
where

L=Zﬂ1+"'+Zan, ai=(07"'72ﬂ:90"“’0)5 “N”2S=(n%+n%+.+n£)s

N-

The exponential function e™ ™ is an eigenfunction of the initial value problem

n

9%u
— 9x:
i=1 !

in the parallelotope D = {0 < x1, - -+ , x,, < 2m}, with Dirichlet conditions
u(xp, X1, 0, Xig 1, oo Xn) = w(X, o Xi— 1, 27, Xig 1,00 5 X)), 1 <0 <n.
The associated eigenvalues are || N ||2. If we arrange the eigenfunctions into a sequence w; (x), with A, as in [27],

the series (7) may be written as

Zwmﬁﬁ
An#0 n

4 The spectral zeta function in quantum mechanics

The goal of this section is to point out that the polylogarithm function is a particular example of a large construction,
of a spectral nature. We define the quantum zeta function as a formal sum over the non-zero eigenvalues X of a
Hamiltonian (with the boundary conditions, etc. taken into account), when it exists [6]

1
Z =3 ®)
A#£0
We also define the associated function, the parity zeta function

D"
1@=Z%ﬂ ©)

A£0

When the ordered energy eigenvalues A are discrete, non-vanishing, and sufficiently divergent, we assume that these
Dirichlet series converge for sufficiently large es.

Now we consider a real-valued, one-dimensional, potential V (x) and introduce

19%G

_EW + V(X)G —AG = _8x0~
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Pseudo-differential operators on the circle, Bernoulli polynomials

The standard Green function is expressed in terms of orthonormal eigenfunctions v, as

G(x, x0,A) = Z%I/’f(m (10)

which stands as a particular solution. Based on of the orthonormality of the wave functions the relation (10) gives
Z(1l) =— / G(x,x,0)dx.
More generally

Z(n) = —/G<”—1>(x,x,0)dx,

where G denotes the m-th partial derivative of G with respect to the energy argument. Another representation
for Z(n), n € Z4+ is [6], [17]

Z(n) = (=D" / G(x1, x2,0)G(x2, x3,0) - - - G(xp, x1, 0)dx1dxz - - - dxy. (11)
For symmetric potentials V the parity zeta function enjoys the formal relation
Y1) = —/G(x, —x,0)dx.

The eigenstate representation of the propagator is

K(x, 1 x0,0) = Y Y ()Y (xo)e ™", (12)
n
which leads to a Mellin transform

_ i’ *© s—1 .
Z(s) = F(s)/o t /K(x,t,x,O)dxdt.

This representation is often referred to as the heat-kernel form of the zeta function. It is of interest that the inverse
Mellin transform yields the quantum partition function

1 c+ioco
§ e Ml = —/ Z($)C(s)t 5 ds
2w J.

n —100

4.1 Minakshisundaram-Pleijel zeta function

There are several possible extension of the polylogarithm function, since the latter is intimately linked to the circle.
For a compact Riemannian manifold M of dimension N with eigenvalues

AMoAo, ...

of the Laplace-Beltrami operator A, the zeta function is given for fRe(s) sufficiently large by

oo
Z(s) =Tr(A™) =) Ml ™%,
n=1
(where if an eigenvalue is zero it is omitted in the sum). The manifold may have a boundary, in which case one has

to prescribe suitable boundary conditions, such as Dirichlet or Neumann boundary conditions. More generally one
can define

o~ fu(P) f
Z(P,Q,s):Zf( i{(Q)
n=1 n

@ Springer
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for P and Q on the manifold, where the f, are normalized eigenfunctions. This can be analytically continued to a
meromorphic function of complex values of s, and is holomorphic for P # Q. The only possible poles are simples,
and are at

N N N 1 1 1
s=—, ——1, —=2,..., =, —=, ——, ...
22 2 2 2 2

for N odd, while for even N at
N N N

s=—, ——1, —=2,...,2,1, ---
22 2

If N is odd then Z(P, P, s) vanishes ats = 0, —1, —2, .. .. If N is even, the residues at the poles can be explicitly
found in terms of the metric of M. The Wiener-Ikehara Tauberian theorem gives Carleman’s asymptotic formula
TN /2

2 ~
2 P QYMNT(N/2+ 1)

An<T

If the manifold is a circle of dimension N = 1, then the eigenvalues of the Laplacian are n? for integers n, and
the zeta function

1
Zs) =) Gy = K0,
n#0
where ¢ is the Riemann zeta function.

4.2 Second emergence of the polylogarithm function

Let f(x) € L'([0, 1]) be areal or complex function having the period 1. We start from the Fourier series, converging
almost everywhere

o0

fx) ~ap+2 Z (a0, cos2nmx + By, sin2nmwx) (13)
n=0
and integrate (formally) p-times to obtain the series
0
2
Hy,(x) + HZ_(:) m {an cos (Znnx — %) + By sin (2nnx — %)} , (14)
where H),(x) is a polynomial of degree p such that
dar
M p(x) = 0. (]5)

The series (14) converges for every integer p > 1 to a function F),(x), with

dr
—F,(x) = f(x), ae

dx?P

Since H)(x) is a polynomial, the relation (14) does not define a periodic function for p > 1. We replace H,(x) by
the suitable function H, (x) having the period 1, represented by the Fourier expansion over (0, 1) of H,(x), that is
we consider H,(x) = H), (x — |x]). If, moreover, we require that the constant term of this development to vanish

1
/Hp(x)dx=0, p=1,
0

then H p(x) is uniquely determined by the former conditions

Hi(x) = a
s Hp 0 = Hy®), 0<x<l
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Pseudo-differential operators on the circle, Bernoulli polynomials

We then have H p(x) = apBp(x), where By(x) is the Bernoulli function. This shows that for every x and every
integer p > 1

o0
- 2 pr
H,,(x) = —WOY;WCOS (ZI’UTX — 7) . (16)
By inserting (16) in (14) we obtain
> 2 b4 b4
Sp(x) = ao; Q)P [(an — @) cos <2nnx — %) + B, sin (Znnx — %)] . (17)
It is very natural to consider, more generally, the series
o0
Fs(x) == o Z L [(a — ) cos <2nnx — E) + B, sin <2nnx — E)] (18)
s 0n:1 (Znﬂ)‘Y n 0 ) n B .

Since f € L'(0, 1), a, and B, tend to O at infinity, so the series (18) converges absolutely and uniformly on any
compact subset of the right half-plane {fRes > 1}. It also converges for s = 1 by partial summation.

Theorem 4 (Mikolas) We have

1
SS(X)=/O e —1) (@) — (x)) dr,

where

[(u) = Z ﬁcos <2n7ru — %) .

n=1
This function is actually related to a zeta function. The Hurwitz zeta function is defined, for Res > 1, by

[e.e]

K(S,H)ZZﬁ, aEC\{O,—],—Z,...}.

n=0

We have ¢ (s, 1) = ¢(s), the Riemann zeta function, and even for general values of a, ¢ (s, a) and ¢ (s) share many
properties. For instance we have the contour integral representation

("
2ini(s,a) =T — s)[ (=) le™ (1 —e )" dt, Rea >0, | arg(—t) |< 7. (19)

By classical methods of contours deformation we get Hurwitz’s formula [11]

! ‘(2 +”S) (20)
= sin (2na + =+ ).

¢(s.a) =227y 'TA -5
n=1

It verifies the difference-differential equation, similar to the one satisfied by Bernoulli polynomials B, (u). In fact,
for s = p > 1 integer, we have

[p(u) = (I = p,u) =—=By®u).

1
—¢
(p— D!
Furthermore the F-equation holds

il
—(s,a) = —s¢(s+1,a). 21
da

We refer to [21] for a exposition on the Bernoulli zeta function.
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The Hurwitz zeta function satisfies an identity which generalizes the functional equation of the Riemann zeta
function

- B F(S) xis)2 2mna ms/Z —2mina
td=sa)= (27‘[)5 ( Z Z

valid for Re(s) > land0 < a < 1. The Riemann zeta funct10na1 equation is a special case, corresponding toa = 1

. 2I0(s) TS
(1l —s)= an)y cos (7> z(s).

Hurwitz’s formula can also be expressed as

2M(1—s) (. o c08(27na) o sin(27na)
o= 202 ()5 2 ()5 2

n=1 n=1

The Lerch zeta function is defined by

S 2imtnt

L(t,x,s) =) ————, Re(s) > 1, Re(x) >0, Im(r) >0.
n*O( +x)

Remark 6 The function

> sin2nmwu
u) = —, A >1
pa(u) ; "y >

satisfies Franel type integral, which could suggest a role of non-trivial zeros of the Riemann zeta function [14]

£(2A) ged(a, b)

1
t bt)dt = -
/(; palar) py(br) A

In fact, if 2 is a zero of {(s), then the left side vanishes for every a and b.
The previous formula for ¢ (s, a) is analog to

o0 2imkx 2

%Bn(x)=—k2 = ZCOS(

-~ imk)r Q)" =
k£0

2mkx — %5 )
kn ’

(22)

valid forn = 1,0 < x < land forn > 1,0 < x < 1. We deduce, from this expansion, by using the classical
integral

t"e dt = ——, Rea>0, n=0,1,---,
0 at1

that
_ oo —2imx 00 2imx
Bn(x)z——,”{/ t"_ltefdt+(—l)”/ t"_lte—.dt} (23)
0 e —e 0 e

(—217‘[)" 2imx — p2imx

The relation (22) is the discrete version of (5). The Bernoulli polynomials verify also an F-equation, similar to (21)
and (29)

B} (x) = nBy_i(x).

4.3 The polylogarithm function and tempered distributions

We define
o enx
lig(x) = Z] pre
n=
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Pseudo-differential operators on the circle, Bernoulli polynomials

for which the following relation of Lindelof [35] holds
o0 xk
: _ s—1
lig(x) =T —s)(—x)* " + E C(s — k)ﬁ' (24)

k=0

Another interesting relation, due to Wirtinger [35], is
o0

lig(x) = T(1 =) Y (=2imx + 2inm)* " (25)
—0oQ

In particular for Res < 1
lim (—2imx) ~lig(x) = T(1 —s). (26)
x—0

We define the distribution
sfl
yi(x) = x; = max(x, 0),

F()

where x¢ = ¢°1°¢¥ for x > 0, ¢ e C. The function Y1 (x) is locally integrable on R if and only if 9ies > 0. It
defines a distribution on R in this case. Then [10]

lig (x) = (yi(x) * lig) (x), 27
where lig is defined by

1 & x"
;= _;ZB,?;, | x |< 2.
n=0 ’

Remark 7 We will need the following relation, which results from the partial fractions decomposition of the hyper-
bolic cotangent.

lig(x) =

1 1 1 X
SR, ) Y — 2inZ. 28
e v -1 x 2 ];x2~|—4n2k2 * ¢ 2T @8
For complex value z
(0.¢]
. _ s —k
liy(2) = T(1 = 5)(=2)° 1+Z“ 2
k=0 '
with
S =k 0 [
: §—
Si%{ AT =92 } o ;——ln( 2)

where the sum over & vanishes if k& = 0. So, for positive integer orders and for | z |< 27 we have the series
expansion

n—1 0

: z & —k)
lin(2) = o —gy; (-1~ InC=2)} + >

k) &
k=0 k!
k#n—1

where H,, denotes the n-th harmonic number

n
1
H, = Z %a Hy = 0.
k=1
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5 The distributions (x 4+ i0)* and (x — i0)*
5.1 The distribution ti and summation formulas

We review some classical facts on distributions theory that we need to complete our analysis of the Proposition (1).
This concerns Hadamard regularization of a distribution 7', also called Hadamard finite part, and denoted by Treg.
Our principal reference is [15] and [36]. The map (Mellin transform)

oo
b (17 ) = f Hlgmdr, ¢ e S®),
0
defined on the open half-plane {A € C, PReA > 0}, defines a distribution on R, with support in [0, c0). The map

1
A—sy = o) e SR

verifies
(k)
yA y):: v s kel

So it can be analytically extended to a holomorphic function on the punctured complex plane C\{—1, —2,...}.
Explicitly, choose k = 1, 2, ... and the complex number A with ReA > —kand A = —1, =2, --- , —k + 1, then

A : (=" r—1) A
ty = —_— 5 t .
+ ; O+r)@ —1)! ) e i

Here, for all test functions ¢ € .#(R), the regular part is defined by

‘ ¢ (0)
(7). 1 ¢>=/O t)‘<¢(t)—z - dt+/ (1) dt.

r=0

We say that the map A —> tj‘r is a meromorphic function on the complex plane C, with values in the space

' (R) of tempered distributions. This function has simple poles at the points A = —1, —2, - - -, with the residues
(= 1) (k—1)
Resy——¢ (¢ 5 , k=1,2,---
ek () = Gy,

Parallel to £ we can define 7_
. 0 if t>0
L1 if r<o,

or

00 0
(1—, @) =/ 1-¢(1)dt =/ |t ] ¢@)dt.

Similarly, let ¢ € .#(R), the function A > t*(¢), defined on the open half-plane {A € C, Rer > 0} can be
analytically extended to a holomorphic function on the punctured complex plane C \ {—1, —2, - - - }. Explicitly,
choose k = 1, 2, - - - and the complex number A with ReA > —kand A = —1, -2, ---, —k + 1, then

k

5(" b +( )reg k*

X% (1 —I—r)(r — 1!

Here, for all test functions ¢ € .’ (R), the regular part is defined by

(r) -1
(T ¢>=/ s (¢(r>—Z¢ (O)>dt+/ 11 g dr.
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Pseudo-differential operators on the circle, Bernoulli polynomials

We say that the map A —> tj‘_ is a meromorphic function on the complex plane C, with values in the space .’ (R)

of tempered distributions. This function has simple poles at the points A = —1, —2, - - - with the residues
(=D
Res;— (1) = ———8%V k=12,
=k () =
1 2
Remark 8 The tempered distribution 7 = 3 (t4+ + t—) is a fundamental solution of the differential operator 2
X

2
that is =) T = 6, since for the second derivatives we have
X

o=, P =d.

Furthermore, let 2’ (R) be the space of distributions u € 2’'(R) such that there exists an / € R with suppu C
[/, 00).Foru,v € 2'(R),, the convolution product u * v is well defined and defines an element of 2’(R)... Each
u € 9'(R); possesses a k-th order antiderivative in 2'(R) 4 given by

V=uk yf.

By analytic continuation we obtain

3]/_f_+1 — str, xyi — S)/_?'_Jrl,

and similarly to (21), the F-equation

xdyf = (s — Dy} (29)

holds.
The distributions (x + i0)* and (x — i0)* are well known [15], p.59, and are defined by

M | x|* for x <0 e x| for x <0

A : A
(x +i0)" = ; (x —i0) =
x* for x>0 x* for x>0
or, in a more concise form
- WA A irm N X —iAT
(x +i0)" = xy + e 2, (x—i0)"=x4 +e x.

The distributions (x + i0)*, (x — i0)* are entire functions of A [15], p. 94. Moreover, as distributions we have
d d
— @ +i0 =Ax +i0, @ =i = A —i0) L
dx dx
Remark 9 For each € > 0, the function (x + i€)* defines a tempered distribution, and we have in .
(x £i0)* = lim (x £ ie)*.
e—0
Let
Hy={z=x+iyeC,x e R, +y > 0}

1
The function f(z) = —, defined on Hy, has a limit in 2’ (R), when y tends to 0
z

1 1
lim — =0,
y—=0,y>0 x iy x £i0
with
1 1 . 1 1 1
— — — = —2ind, — + — =2VP—. 30)
x+i0 x40 x+i0 x40 X
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It is important to observe that the first relation implies the Poisson summation formula. In fact the two functions

00 —1 00
f+(Z) — ZeZinnz’ ff(Z) — ZEZMMZ — Ze—Ziﬂnz‘ (31)
n=0 —00 1
are holomorphic in H; and H_ respectively, with
1 e—2i7‘rz
f+(Z)=m, Z€H+; ff(z)= 1 — e 2inz =_1_e2i7rz’ zeH-.

In a neighborhood U of the (—1, 1) we have

1 1
f+(z)=—z+h+(Z), f-@) = ;+h—(z),
with 4, h_ holomorphic in (—1, 1). Hence, as a hyperfunction on (—1, 1)

> 1 1
ZeZinnx _

T 1 — e2im(x+i0) 1 — ¢2im(x—i0)
—00

1 1 1
=—— - =8=Y Sulc-L1)-
2im (x+i0 x—i0> 0 nl-1y
keZ

Since the left side is 1-periodic, we obtain the Poisson summation formula, as equality between two hyperfunctions.

00 00
ZeZNTnx — Z‘Sn
—00 —00

But actually the summation formula is also valid in the sense of distributions. We need only to make explicit the
functions hy, h— on (—1, 1). We use (28) in the form

oo

1 11 Z
=—-4+-42 -5, 2inZ,
1—e2 z+2+ l;z2+4n2k2 < ¢ 2im

which is a variant of the self-reciprocal relation

. 1 1 1 1
2 sinxt | 5——— — >— ) dt = - —.
0 et — 1 2mt e —1 «x

Hence, in 7’ (S')

o dimnx 1 1 1 1 L
Ze T 1 2inGti0) T ] — g2in=i0) iz \x+i0 x—i0) °”
—00

or,in 7' (R)

00 00
§ :eZITTn)C — § :8n~
—00 —00

d
5.2 The operator —i T on the circle.
x

We would like to look at a variant of the antecedent ideas, which amounts to comparing the functions cot and coth.
It is to balance the role played by the two (partial fractions decompositions of the) functions

o
1
meotmx =1+2 _, eR\Z,
X + xn2_1x2—n2 X \
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and

1 > 1 ,
COthx:;‘i‘zx’;m, XGR\IT[Z.

Given a trigonometric series

o
S = Zanemx,
—0o0
its conjugate is defined as
e .
T = —i Z (sgn)aye™,
—00
where sgn = 1ifn > 0,sgn = —1if n < 0 and sg0 = 0. Formally we have

o0
S+iT =a0+22anei”.

n=1
The space H = L2(S1 , C) admits the decomposition
H=H"®oH,

where

(0.¢]
H = {f €H, fx)= Zanei”}, H = {f €H, fx)= Zanei”}.

n=0 n<0
Every element of H is the boundary value of an holomorphic function in the open unit disk. A major result in
Fourier Analysis is that the conjugate function J(f) of f € H™ is a singular integral. In other words, the operator
defining the decomposition H = H* @ H™ is the singular operator integral [16], (Theorem 16, p.122) and [9]
(section 13.9)

2

1
f—J(Hx) = el A K(x,0) f(@®)dt,

where, formally,

00
. . 1
K(x,1) = Zezn(x—t) . Zem(x—t) =14icot E(x —1).

n=0 n<0

The hyperfunction interpretation is as follows: We replace x — ¢ in K (x, ¢) by x and we use the twin functions (31)
and the second relation (30) to obtain on (—m, )

00 1 1 1 1
inx _ inx _ _ _ + =2iPV-.
nX:(:)e Ze i (x—l—iO x—i0> l X

n<0

5.3 Formal considerations

It is maybe not so surprising that the functions cos and cosh play parallel roles. For a real k the cosine Fourier

1.2 1 2
transform of f(x) = e 2% coskx is F.(x) = e_f(sz”‘ ) cosh kx, which amounts to the following extremely

elegant formula linking the two functions, valid fora > 0, 8 > 0, aff =27

|
Vo (5 + r;e_é(“zﬂ'z) cos kom) = JBe ¥ (E + Ze_%ﬁzrﬂ cosh kﬂ”) ,

n=1
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which is a direct application of the Poisson summation formula. A second formal consideration concerns the
calculations of the previous subsection, which can be linked by the classical limit relations
lim €'~ PVl = 5.
t—>00 X
Finally a third formal consideration is that many of the formulas obtained could be explained by pullbacks and
pushforwards of distributions and some nonlinear transformations of the Dirca §-function. Suppose that X and
Y are open subsets of R” and & : X — Y a C* diffeomorphism. Then & is proper and the pushforward
&, 1 9'(X) — Z'(Y) is a sequentially continuous linear mapping. The pullback ®* : 2'(Y) — 2/'(X) is a
continuous linear mapping. In particular

1
0k
|det DD (x)|
where det D®(x) is the determinant of the Jacobian D®(x) of ® at x. A formal extension, chiefly used in the
Physics literature [24] [Eq. (A.18)] is, in the one dimensional case and for simple zeros,

CD*(Sq:,(x) =

1 /
8oy = ; ma D) =0, D (x) #O. (32)

With this formula, the Poisson summation formula takes the form

00 00
2imnx

2 :(Sn: E € = 7 dtanmx-

—00 —00

6 On the Kieper theorem

We have seen the relations between the logarithmic derivatives of the I'-function and the Hurwitz zeta function

@ n+1
n —
v = dzn+1

The goal of this section is to give a similar relation for complex derivative of the digamma function ¥ (z). The
Laurent series expansion can be used to define generalized Stieltjes constants that occur in the series

log'(z) = (=1)"'nle(n + 1, 2).

_ L e by
(a)=—=+) —— @t - 1"
n=0
In particular, the constant term is given by

lim |:§(s,a) - } e _ W
s—1 s —1 I'(a)
As a special case, yo(1) = —¥ (1) = Yo = y, the classical Euler’s constant.
The Stieltjes constants y,, are the Laurent coefficients in the expansion of the Riemann zeta function at s = 1

1 (=" n
;(s)=:+§) ——¥a (s = 1"

The generalized Stieltjes constants, denoted as y, (¢), are the coefficients of the Laurent expansion of the Hurwitz
zeta function at s = 1

1 (=" 0
C(S’a)zs—1+r§ —— (@) s = 1"
Hence

xlgnl (& (s, a) — ¢(s)) = yo(a) — yo.
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According to Franel [13], Blagoushine [1]
}n—l—l

o /oo {log (4 +iu)

d 33
n+1J_ (eﬂu —{—6—7”4)2 u (33)

Yn = —
The Hurwitz zeta function also has the following integral representation

Alfax
‘o= r()/ e

where Re(s) > 1 and 0 < a < 1. According to [2] we have

i log"(k +a) log"t'(m +a)
k+a n+1 ’

Yn(a) = lim (
m—>00

k=0

du

yn(a) = —

n+1
' 00 {log(a—%—i—iu)}
n+1 / (eﬂu + 6_7”‘)2
which generalizes the classical formula

m
, log"k log"t'm
Yn = mlgnoo <l; k - n—+1 ’

and also (33)

log(I'(s)) = —yo(s — 1) + Y _(=1)"¢(m)(s = "

n=2
‘We have the relation
Q- 1 d
D = — ———=?¢Q2,a), D,=—.
a¥ (@) a? +nX_; (a+n)? (2@ “"da

The function v is related to zeta functions and the Euler’s constant y by
Yliilf}{;“(S) — s a))=v@+y.

In this section we define fractional integrals and derivatives by, respectively,

dl‘l
TS0 = ) / t—w)* ' faydu, D} f() = pr (T f). (34)

We unify our notations by setting
D7f(t) =1 f(1)
to get a function Dy f (¢) analytic in & € C. Some classical examples are
PB+D g
FrG—a+1)

Theorem 5 (Kieper) For complex values of argument s, the Hurwitz zeta ¢ (s, a) function and the digamma function
¥ (z) are related by

Dafﬂ oon‘(ek’) :kaekt.

— (_l)x s—1
{(s,a) = TG oD, Y(a), PRes > 1.
In particular
() = Sk Dy '(a) Res > 1
F(S) oo Ha la=1> .
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The Lerch transcendent (1)

n

q)(Z,S,a)ZZ(nj_—a)S

n=0

under the conditions
lzl <1,a ¢{0,—1,-2,---}, Res > 1

verifies

1 0
®(z,0,a) = : O(z,s —1,a) = (a +Z8_z> O(z,s — 1,a).

The fundamental relation of Lerch is

27 S74 ins . lo . ins . lo
(27)'z bz, 1 —s,a)=e2 P <e_2’“”,s, ﬁ) 4 lima=5 ¢ <ez’“”,s, 1— gZ) .

['(s)

Moreover

2im 2im

1 00 ts—le—at
O(z,s5,a) = dt.
(@.5,a) F(s)/o 1 —ze !

Taking z = ¢* and defining the distribution

xi—leax
T'(s)

we obtain, as an extension of (27), the convolution relation

Va,+(x) =

3

(I)(exv s, a) = yl),+ * 110(x)-

7 Other operators

Given a € (0, 1), we introduce a new operator on the circle

A @ vaial 2= (i, ’
= —— la— a = \|1— a .
“ do? do do

The eigenvalues are A, = (n — a)’>, n=0,1,---. The spectral zeta function of A,, expressed in terms of the

Hurwitz zeta function, is

1
ta, ()= o = s Im @ +Cs. 0.

nez
By using the Lerch identity
1

£'(0, a) =logI'(a) — 3 log(2m)
we obtain
£'(0, a) =2logT' (@) (1 — a) — 2log(2m).
By the complement formula of the I"-function, the determinant of A, is

y p

(2n)?

det A, = e 58O — —_—
T@r1 —aj)

=4 sinz(na).
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8 A strange formula

In this section we give the polylogarithm function a Lambert series expansion. Lambert series are sums of the form

0 n

X

E anﬁ, a, € R.
— X

n=1

They were considered in connection with the convergence of power series. We refer to [29] (p.125) for the following
o

properties. If the series Z a, converges, then the Lambert series converges for all real values of x exceptatx = %1,

n=1
00

otherwise it converges for those values of x for which the series E ayx" converges.

n=1
We will need some facts on the convolution of arithmetical sequences, or functions. Let f and g be arithmetic

functions with associated Dirichlet series F (s) and G(s)

F(s) = Z f(?), G(s) = Z g(r:).
n=1 n=1

n n

Let h = f * g be the Dirichlet convolution of f and g
n
h(n) = d)g(=),
(=) fdeg)

dln
and let H (s) be the associated Dirichlet series. If F'(s) and G (s) converge absolutely at some point s, then so does
H (s), and the equality H (s) = F(s)G(s) holds.
We have, from the definition, that if (a,),>1 is a given sequence, and 1 is the constant sequence, 1(n) = 1,n > 1
the general termof 1 xais A, = (1 xa)(n) = Zad, and

d|n
00 X 0 00 0
St = S b ) = 3 T | = 3 e
n=1 m=1 n=1 \dln n=1
This is equivalent to
gy A
PO =Y(s), @)=Y —, Y& =)y —, (35)
n n
n=1 m=1
where ¢ (s) is the Riemann zeta function. From
1 1 > ()
pls)=—=v(), —== ,
10 £(s) 2 ne
where w(n) is the Mobius arithmetical function, we have the inversion formula
an = Z,u(k)A%, n>1. (36)
k|n

If k is a positive integer, the Jordan totient function Ji (n) is defined by the number of ordered k-tuples of integers
X1, X2, , Xk, 1 < x; < n,such that

ged(xy, x2, -+, x¢,n) = 1.

It coincides with Euler’s totient function when k = 1, and satisfies the following properties

Z Ji(d) = n¥, (37

dln
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or, in terms of Dirichlet convolutions, as [23]
Je(n) 1 = nk,
By Mobius inversion we obtain
Jr(n) = u(n) *xnk = nk Z,u(d)d_k.
din
It also can be given by

Je(n) =nkl_[<1 —%)

pln p

This last expression allows us to extend the definition to complex values of s

1
Js(n)znsl_[(l——), Js(n) = u(n) «n®, seC.

pb

pln

This an entire function of s. Similarly (37) extends to
> Jd)y=n', seC. (38)
d|n
As a consequence, the polylogarithm function admits a Lambert series expansion

X _n

o n

z ) z
Elf—s(n) = Lis(z) = E s lz] <1, Res > 1.
n=

1—z"
< n=1

Taking into account (35), we see that the previous relation is just another form of the following equality

L) 5G+)

= , Rez>1, seC.
n® ¢(2)

n>1
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