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Abstract

In this paper we describe a general method to generate superoscillatory functions
of several variables starting from a superoscillating sequence of one variable. Our
results are based on the study of suitable infinite order differential operators acting
on holomorphic functions with growth conditions of exponential type. Additional
constraints are required when dealing with infinite order differential operators whose
symbol is a function that is holomorphic in some open set, but not necessarily entire.
The results proved for superoscillating sequences in several variables are extended to
sequences of supershifts in several variables.
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1 Introduction

Superoscillating functions are band-limited functions that can oscillate faster than
their fastest Fourier component. Physical phenomena associated with superoscillatory
functions have been known for a long time for example in antennas theory, see [33],
and in the context of weak values in quantum mechanics, see [1]. In more recent
years there has been a wide interest in the mathematical theory of superoscillating
functions and of supershifts. This notion, that generalizes the one of superoscillations,
was introduced in order to study the evolution of superoscillations as initial data of
the Schrodinger equation and of other field equations, like Dirac or Klein-Gordon
equations.

The literature on superoscillations is quite large, and without claiming completeness
we mention below some of the most relevant (and recent) results. Papers [2-7, 12, 15,
27,30] and [31] deal with the issue of permanence of superoscillatory behavior when
evolved under a suitable Schrédinger equation; papers [19-21, 28, 29] and [32] are
mostly concerned with the physical nature of superoscillations, while papers [10, 11,
13, 14, 22-26] develop in depth the mathematical theory of superoscillations. Finally,
[7] is a good reference for the state of the art on the mathematics of superoscilla-
tions until 2017, and the Roadmap on Superoscillations [18] contains the most recent
advances in superoscillations theory, and their applications to technology explained
by the leading experts in this field.

We note that superoscillatory functions have been considered also in several vari-
ables. They have been rigorously defined and studied in [6] and in [9] where we have
initiated also the theory of supershifts in more then one variable. The aim of this
paper is to further improve the results in [6, 9] and to obtain a very general theory of
superoscillations and supershifts.

The results in this paper are directed to a general audience of mathematicians,
physicists and engineers, and our main tool is the theory of infinite order differential
operators acting on spaces of holomorphic functions.

More precisely, in this paper we consider analytic functions in one variable
Gi1,...,Gg,d > 2, whose Taylor series at zero has radius of convergence greater
than 1 and, possibly, less than oco. This is a novelty with respect to [9] where it was
considered only the case in which G, ..., G4 are entire functions. Thus we define
general superoscillating functions of several variables as expressions of the form

n
Fo(X1, X2, ..., Xg) 1= Z Zin, a)eimG|(hj(n))eiszz(hj(n)) . et*aGalhj(m)
j=0

where Z(n, a),for j =0, ...,n,n € Nare suitable coefficients of a superoscillating
function in one variable as we will see in the sequel. We will give conditions on the
functions G1, ..., G4 in order that

lim F,(x1,x2,...,Xq) = X161@)pinGala@) - pixaGala)
n—o0
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so that, when |G¢(a)| > 1, F,(x1, x2, . .., xg4) is superoscillating. Moreover, we shall
also treat the case of sequences that admit a supershift in d > 2 variables.

The paper is organized in four sections including the introduction. Section 2 contains
the preliminary material on superoscillations, the relevant function spaces and their
topology, and the study of the continuity of some infinite order differential operators
acting on such spaces. Section 3 is the main part of the paper and contains the definition
of superoscillating functions in d > 2 variables as well as some results. Section 4
discusses the notion of supershift in this framework.

2 Preliminary Results on Infinite Order Differential Operators

We begin this section with some preliminary material on superoscillations and super-
shifts in one variable. Then we introduce some infinite order differential operators that
will be of crucial importance to define and study superoscillations and supershifts in
several variables.

Definition 2.1 We call generalized Fourier sequence a sequence of the form

fulx) == Z Zin,a)e"i™M* peN, xeR, 1)
j=0

where a belongs to an open subset of R, Z;(n, a) and h;(n) are complex and real
valued functions of the variables n, a and n, respectively. The sequence (1) is said to
be a superoscillating sequence if sup in |hj(n)] < 1 and there exists an open subset
of R, which will be called a superoscillation set, on which f, (x) converges locally
uniformly to e'8(®*, where g is a continuous real valued function in an open subset
of R such that |g(a)| > 1.

Remark 2.2 In many applications, as we show in the next example, the index n of a
superoscillating sequence may not reach the value 0. In this case we write n € Ny :=
N\ {0}.

The classical Fourier expansion is obviously not a superoscillating sequence since
its frequencies are not, in general, bounded.

Example 2.3 The most important example of superoscillating sequence is
X X\\" -
Su(x) == (COS (—) +iasin (—)) = Z Cj(n,a)e’'=2//M* "y e Nyand x € R,
n n
Jj=0

where a > 1 and the coefficients C;(n, a) are given by

n\ (14+a\" (1 —a)’
coo=() (%) ()

Birkhauser
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If we fix x € R and we let n go to infinity, we obtain that
lim f,(x) = ¢'%*,
n— 00

and the limit is uniform on the compact sets of the real line. From this example it is
possible to construct other examples, like e.g.

n
. . i(1=2j/n)"x
n = s s s
Jn(x) ZC,(n a)e neNpandx e R
j=0

where a > 1 and m € N. If we fix x € R and we let n go to infinity, we obtain that
lim f,(x) = '@
n—o0
where the limit is uniform on the compact sets of the real line.

Our approach to the study of superoscillatory functions in one or several variables
makes use of infinite order differential operators. Such operators naturally act on spaces
of holomorphic functions. This is the reason for which we consider the holomorphic
extension to entire functions of the sequence f;,(x) defined in (2.1) by replacing the
real variable x with the complex variable £. For the sequences of entire functions we
shall consider, a natural notion of convergence is the convergence in the space A or
in the space A p for some real positive constant B (see the following definition and
considerations). These spaces are recalled below:

Definition 2.4 The space A is the complex algebra of entire functions such that there
exists B > 0 such that

sup (17 ©)] exp(=BIE])) < +oo. )

The space A; has a rather complicated topology, see e.g. [17], since it is a linear

space obtained via an inductive limit. For our purposes, it is enough to consider, for
any fixed B > 0, the set A p of functions f satisfying (2), and to observe that

IfllB = gug(lf(é)l exp(—B|§)))

defines anorm on A1 _p, called the B-norm. One can prove that A1 p is a Banach space
with respect to this norm.

Moreover, let f and a sequence ( f;,), belong to Ay; f,, converges to f in Ay if and
only if there exists B such that f, f, € Aj p and

lim sup | £,(&) — f(&)]e Bkl = 0.
n—>oo§e(c

Birkhauser
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With these notations and definitions we can make the notion of continuity in A explicit
(see [14]):

A linear operator i : Ay — Aj is continuous if and only if for any B > 0 there
exists B’ > 0 and C > 0 such that

U(Arp) C Ayprand  [[UHIlp = Cllfllg,  foranyf € Ay p. 3)

before to continue, it is useful to recall that in the recent paper [8] we enlarged the
class of superoscillating functions, with respect to the existing literature, by solving
the following problem.

Problem 2.5 Let hj(n) be given points in [—1,1], j =0,1,...,n, forn € N and let
a € R be such that |a| > 1. Determine the coefficients X j(n) of the sequence

n
) =Y Xjme" ™Y xeR
j=0
in such a way that
£P(0) = (ia)?, for p=0,1,....n.

Remark 2.6 The conditions £”’(0) = (ia)” mean that the functions x — /% and
x — f,(x) have the same derivatives at the origin, for p = 0, 1, ..., n, and therefore
the same Taylor polynomial of order 7.

Theorem 2.7 (Solution of Problem 2.5) Let h j(n) be a given set of points in [—1, 1],
J=0,1,....,nforn € Nandlet a € R be such that |a| > 1. If hj(n) # h;(n), for
everyi # j, then the coefficients X j(n, a) are uniquely determined and given by

n

hip(n) —a
Xj(n,a)= e 4
jn.a) k_ﬂ#j(hk(n)_ o) o

As a consequence, the sequence

fn(x)=2nj H (—hk(”)_“ ) et xeR

D0k, kj (D — Ry ()

solves Problem 2.5. Moreover, when the holomorphic extensions of the functions f,
converge in A1, we have

lim f,(x) = ¢'%*, forall x € R.
n—o0

Birkhauser
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Remark 2.8 In Theorem 2.7, the hypothesis that the sequence { f,,(x)},en admits an
extension to C that converges in A| can be removed. Indeed, by the residue theorem
we have

1 li[ a—hjn)\ ede

S = W\ e =hm | T=d

)

J=0

where I is any piecewise smooth simple loop which support surrounds in C the real
segment [—1, 1] and the pointa € R. Taking I’ =T, : 6 € [0, 27] — (Ja| + 2)el?,
& € Cin place of x € R, leads to the estimate

. elal+2)&|

5 = fu®I < (lal +2——— )
since [a —h;j(n)|/|¢ —hj(n)| < (la]+ 1D /((la] +2) —1) =1forany j =0,...,n
and ¢ € Supp I'. This shows that the sequence { f;, (§)},,en is bounded in A (C). Since
fn () shares the same derivatives at the origin (up to order n) than eita, by inequality
(5) it converges to €% in Ay p for any B > |a| + 2 and locally uniformly in a (see
for the case He:o,z;tj |he(n) — hj(n)| > &" [16] while for the general case [25]). A
similar formula holds for

B n n M ixG(hj(n))
fa(x) = ]Z_(:)k_g#j (hk(n) — hj(”)) ‘

where G is a holomorphic function in an open neighborhood ¢ of [—1, 1]. In this
case we have

’

£1(E) = £i56@ _ L/ " a—hjn) | e€©dc
n 2 Jrg j:og_hj(n) [ —a

where I'¢ is a piecewise smooth curve surranding a and contained in Q¢ \ [—1, 1].

The following result, see Lemma 2.9 in [13], gives a characterization of the functions
in A1 in terms of the coefficients appearing in their Taylor series expansion.

Lemma 2.9 The entire function
0 .
fE =Y at
j=0

belongs to Ay if and only if there exists Cy > 0 and b > 0 such that

bJ
la;| <

Cr— .
=T+

Birkhauser
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Remark 2.10 To say that f € A| means that f € A; p for some B > 0. The compu-
tations in the proof of Lemma 2.9 given in [13], show that b = 2¢ B, and that we can
choose Cy = || fl 8.

We now define two types of infinite order differential operators that will be used to
study superoscillatory functions and supershifts in several variables. We shall denote
by x the vector (xq, ..., xg) in R4,

Proposition 2.11 Let d be a positive integer and let Ry € R, U{oo}forl =1, ..., d.
Let {g1.m}meNs - - -, {8d.mImeN be d sequences of complex numbers such that
: 1/m 1
lim sup |g¢ ml =—, fort=1,...,d. (6)
m— o0 RZ
Let x1,...,xq € R. Denote by D¢ := 01 the derivative operator with respect to the

auxiliary complex variable &. We define the formal operator:

k

U(x1, X2, ..., X4, Dg) :=pZ_OE;OYk,pi—k @)

where we have set
Vm = l..x]g],m +...+ ixdgd,ma for m € N

and

Vp—2

kv
Yip = Z Z oo Z Yvp_ 1 Yvpo—vp_y -+ Yvy—vp YVk—vy -

v vp=0 vp—1=0

Then, setting

.....

for any real value 0 < B < ﬁ, the operator U(x1, ..., Xxq, Dg) 1 A1, B — A1 4¢B 1S
continuous for all x € R,

Proof Let us consider f € A p;then we have

k 00 00 oo
Uxi, ... xq, De) f(&) = ZZ ’”’ ff(é)=ZZY—Za1(J o "

p=0k=0 : p=0k=0 p!
_ Ykp (]—i—k)'

Birkhauser
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Taking the modulus we get

k
Z|aj+k|(’ = g

U1, ... xa, De) f(E)] < ZZ

p=0k=0
and Lemma 2.9 gives the estimate on the coefficients a1«

btk
aj <Cfm—r—m—"r.
ikl = Cr G
where b = 2¢B. Using the well known inequality (a + b)! < 2¢t?a!b! we also have
(+ k) < 2/t jik

SO we get

pitk  itkgyj

| kp| . i
Uxy, .. , D < 7,
UGk, ... xa, D) FE)] < ZZ ' Zr(1+k+1> .
p=0k=0
Now we use the Gamma function estimate
1 1 1
< (3)
F@a+b+2) " T@+ DTG+
to separate the series, and we have
1 1 1
. 1 1 = . 1 1
FG—t+k—3+2 " TG+HTk +D
and so
o0 o0 o0
Y pl k'(2b)F 1 .
U1, ..., x4, D) fE) < C ' - (2b|&])’.
¢ fpz:%kz_:o p! r(k+%);r(1+%)

Now observe that the latter series satisfies the estimate

e .
Z Ty @bl = Celé!

Jj= 0 2

where C is a positive constant, because of the properties of the Mittag-Leffler function;
moreover, the series

Yi | k\(2b)K
Zz| kp| ( ) )
F(k+2)

|
p=0k=0 p:

) Birkhiuser
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is convergent and it is bounded by a positive real constant C g,
Stirling formula for the Gamma function, we have

G, In fact, using

.....

k! ~ 2k e *kk, for k — oo

and then we deduce

Ck+1) V27 ke ik

Fkk+1/2) J2nk —1/2) e~ *=1/2) (k — 1/2)*k=1/2) ~ vk =172, for k= oo

(10)

so that

k!
~Jk—1/2, for k — oco. (11)

Tk+3)

Now observe that (9) has positive coefficients and, by the definition of Y , and by
(11), it converges if

Vp_2

o0 l o0
Y= Z D i lyvpa vyl o 1w || @D Ve =172

|
p=1 p: k=1 \v1=0 vp—1=0

converges. Observing that the m-th power of an absolutely convergent series Y o dm
can be computed by means of the Cauchy product:

00 Vp-2
(Z am) Z Z Z Ay, 1Ay, _y—vp_y -+ Ak—vy> (12)
m=0

k=0v;=0 vp—1=0

and, using the inequality:

1
,/k—z§k§vp_1+(vp_2—vp—1)+...+(k—v1)

SWp-1+2)-(vp2—vp_1+2)----- (k—vp_1+2),

where k > vy > --- > v,_1 > 0, we deduce that there exists a positive constant
Cy.,G4,...,G, such that the following chain of inequalities holds:

Vp—2

o0 o0
Z%Z Z D oy avp il kw1 | @B V=172

p=1 p: k=1 \v1=0 vp—1=0

Vp2

ZLZ Z Z |Yv,_1 (Vp—1 +2)(2b)"P!

k=1 \v1=0 vp—1=0

Birkhauser
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1y 2—vp1 (V2 = Vpi + 2)(26)"r=2 701 x

X [k (k = v1 4 2)(2b) M |>

0]

Z ) [Z | Y [(m +2)(2b)"1} Z L [Z lx1](m +2)(2b)" | g1 m]
m=0

p m=1

note that for the equality we used (12), while the last inequality follows by the assump-
tion

R
B < —
4de

which implies 2b < R. From the previous estimate we have that the series (9) con-
verges for all xq, ..., xs € R. So we finally have

UKL, ..., xa, De) f(E) < CpCryc, Ce™El xeRY geC. (13)

Recalling that b = 2e B, the estimate (13) implies that A/ (x1, ..., xq,) f € A} 8B, 1n
fact

Ux1, ..., xa, De) f(E) e 3Bl < Cr Cr6,..6,C xeRY, EeC.

,,,,,

Moreover, we deduce that the 8¢ B-norm satisfies the estimate
U, ..., xq, Dg) fllsen < Cr CyGy,....Gy € = Cx,Gy,...G4 Cl flI B

Thus U(x1, ..., xq, Dg) : A1, — Aj g is continuous for all x € R4, O

Remark 2.12 Whenever we fix a compact subset K C R, we have that, forany x € K,
the constants Cy g, ..., appearing in the proof of the previous theorem are bounded

.....

by a constant which depends only on K and Gy, ..., G4. Moreover, if R, = oo for any
¢ =1,...,d, the continuity of the operator I/ (x1, ..., x4, D¢) holds for any B > 0
and the proof shows that the operator /(x1, ..., x4, Dg¢) acts continuously from A;
to itself.

Proposition 2.13 Let d be a positive integer and let Ry € Ry U {oo} for any £ =
1,...,d. Let (g1,m) - - -, (84.m) be d sequences of complex numbers such that

. 1/m 1
lim sup |g¢ ml = 7 for £=1,...,d. (14)
¢

m—0oQ

Birkhauser
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We define the formal operator
o
V(x1.....xa, D) =Y Yi*Df, (15)
k=0
where

Vd—2
Vd 2—Vd—1 k—v
Yii= Z Z Z 81,va- 1x1 T 8202 X © o 8dk—v Xy
v1=0vr=0 vg—1=0

and xi, ..., xq € R, & € C. Then, for any real value B > 0, the operator

V(x1,...,%q,Dg) : A1,p — Al 8eB

is continuous whenever |xg| < %for any =1, ...,d where R :== ming—1__ 4 Ry.
Proof We apply the operator V(x1, ..., Xq, Dg) to afunction f in A; g for |x| < 4%3'
We have

o0 / o Y/ o0
v<x1,...,xd,Dg)f<s>=Z—,’; DifE) =) 5Dy ajE!

k=0 k=0 j=0
00 00
Y, !
DIEDWIESEE
= - Jirarey
k=0 ! j=k G —k)
o ;7 O
Y (k+ !
=D 7 Ly &
k=0 j=0 J:

We then have

. k+ D!
V1o Xa D) FE] <D VDY lags jl—— €]
k=0 j=0
and using the estimate in Lemma 2.9
bk+j
aryjl < Cpe—o,
il = Crra T
where b = 2¢ B, we get
Y (ke + )

V1. ... xa. De) f )] < Z|Yklcf2 H

T
= F(k+j-|—1) Jj!

) Birkhduser
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With the estimates: (k 4 j)! < 2Kt7k!j!, and

1 1 1
Th—i+j-1+2 =T+ ] hrg+d

we separate the series

. o i 1 2y

| (xl,...,xd,D@f(sns];w];cf rarhrGDh 7 &
Furthermore, we get

> S — 1 :

V(1. ... xa. De) f ()] < Cf]; |Y,:|<2b>kr(k Y Zjo o %)<2b|s|>f.

Using (10) we have

~Vk—1/2, for k— oo.

F(k—|— D

Moreover, since vk — 1/2 <k < (vg—1+2)(vg—2 —vg—1+2)---(k—v1), we also
obtain

Z|Yk|<2 DT £ _ I

k=0 v;=0v2=0
Vd—2
Y 181w 11 (Va1 4 2)(2b) !
Vd—1

182, v4-2—vay X227V (vg_p — vg—1 + 2)(2b)Vd-2 7V

1 8d vy 1% "1 (K — vy + 2)(2b)F!

d 00
=C 1_[ (Z |gfé,m||xe|mm(2b)’”) .
t=1 \m=0

Since |x¢| < % forany £ = 1,...,d and b = 2eB, the series anoezl mlgg:m
[(2b]x¢[)™, converges to a constant k, which depends on x; € R. Thus there exist
constants Cy,, £ =1, ..., d such that

V(x1, ..., Xa, Dg) f(E)] < CfCy ... Cr,2bIENE*El < CrCy, 4611

xq€

from which, recalling that Cy = || f || g, we deduce
IV(xi, ..., xa, Dg) flisen < Cxy,.ooxg L f 1 B,

) Birkhduser
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for some Cy, ... ,. We conclude that the operator V(x1, ..., x4, Dg) : A1, — A1 8¢B
is continuous. ]

Remark 2.14 Whenever we fix a compact subset
d R
KcCcixeR": |xy| < ——=foranyl=1,...,d¢,
4eB

we have that, for any x € K, the constants Cy,’s, appearing in the proof of the previous
theorem are bounded by a constant which depends only on K. Moreover, if Ry = 0o

forany £ =1, ..., d, the continuity of the operator V(x1, ..., x4, Dg) holds to be true
for any x € R? and the proof of the previous theorem shows that V(xi, ..., xg4, Dg)
satisfies the conditions in (3). Thus we conclude that the operator V(x1, ..., x4, D)

acts continuously from A to itself.

3 Superoscillating Functions in Several Variables

We recall some preliminary definitions related to superoscillating functions in several
variables.

Definition 3.1 (Generalized Fourier sequence in several variables) For d € N such
thatd > 2, we assume that (x1, . .., x;) € R9. Let {hjem}, j=0,...,nforn €N,
be real-valued sequences for £ = 1, ..., d. We call generalized Fourier sequence in
several variables a sequence of the form

n
Fo(x1, ..o xa) = ) cj(m)e™hinmeinhiatn - gixahyat, (16)
j=0

where {c;(n)}jn,for j =0,...,nand n € N, is a complex-valued sequence.

Definition 3.2 (Superoscillating sequence) A generalized Fourier sequence in several
variables F,,(x1, ..., xq), withd € N such that d > 2, is said to be a superoscillating
sequence if

sup lhjem)| <1, foré=1,...,d,
j=0,...,n, neN

and there exists an open subset of R4, which will be called a superoscillation set, on
which F,(xy, ..., xg) converges locally uniformly to e *161(@) pixaGa(a) | pixaGala)
where a belongs to an open subset U of R, G,’s are continuous functions of real
variable whose domain contains U and |G¢(a)| > 1for =1,...,danda € U.

In the paper [6] we studied the function theory of superoscillating functions in
several variables under the additional hypothesis that there exist ry € N, such that

p=riqi+...+rqqq. (17)

Birkhauser



66 Page 14 0f 24 Journal of Fourier Analysis and Applications (2023) 29:66

In that case, we proved that for p,g¢ € N, £ =1, ...,d, n € Ny, the function

n
Fo(x,y1,...,ya) = Z Cj(n, a)eX1=21/mP giviA=2j/m  piva(1=2]/m)%
j=0

is superoscillating when |a| > 1, where C;(n, a) are suitable coefficients. In the
paper [9], we were able to remove the condition (17), while here we will show that it
is possible to replace the functions (1 — 2j/n)? in the exponent of ¢™*1=2//M" with
more general holomorphic functions. As we shall see, different function spaces are
involved in the proofs according to the fact that the holomorphic functions are entire
or not.

Theorem 3.3 (The general case of d > 2 variables) Let d be a positive integer and

let Ry € Ry U {00} be such that Ry > 1 forany{ = 1,...,d. Let Gy, ..., G4 be
holomorphic functions whose series expansion at zero is given by

o
G =) gemd™, VE=1,....d (18)
my=0

and, moreover, the sequences {g¢ m}meN satisfy the condition

1
lim sup |gen|/"=—, VL=1,...,d.

m—o0 R(Z

Leta € R and

n
fa:xeR— ZZj(n,a)eihf(")x , (19)
j=0 neN

be a generalized Fourier sequence as in Definition 2.1, with in addition h;(n) €
[—1, 1] for any O < j < n. Suppose also that the sequence of entire extensions

n
fa:E§€CrH Y Zjn )™t ,
J=0 neN

converges to £ +— €% in A1, B for some positive real value 0 < B < 4%, where
R :=miny—; . 4 Ry. Let also

,,,,,

n
Fy:(x1,...,xq) € R > Z Zjn, a)et X101 ) pix2Ga(hjm) - pixaGalhj(m)
Jj=0
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Then, whenever |a| < R and a € R, we have

lim F,(x1, X2, ..., xg) = X101@ix2G2(a) ,ixaGala)
N> 00 n ’ ’ ’ I
uniformly on compact subsets of R. In particular, the sequence {F,, (x1, x2, . . ., Xd)}n>0

is superoscillating according to Definition (3.2) when |G¢(a)| > 1 for any |a| < R.

Proof Since Ry > 1forany £ = 1,...,d and |h;(n)| < I, using (12) we have for
any (x1,...,xq) € R? the chain of equalities

Fo(x1,...,xq) = Z Zj(n,a)exp (Z ym(hj(n))m>

j=0 m=0

%} [e'e} . m\P
=3z 3 e (i)

p!

j=0 p=0

oo ] o0 n
= DR DGO ACND

o P \ic —
3! v s D; Z ihj ()8
=L Z | K| (e

= [Uy(x1, ..., xa, DS)(fn(é))]gzo
where, for any m, k € N,

Ym =1iX181,m + - +1iXd8d,m
k V1 Vp—2
Yk,p = Z Z T Z Yvp 1 Yvpo—vpi =" Yvi— YVk—v)

v1=01v2=0 vp—1=0

and U, is the continuous operator from A g to Ay g.p, see Proposition 2.11, defined
by

Y k
Uy (x1, ... xd,Dg)—ZZ ’”’( ) : (20)

p=0 k=0

The explicit computation of the term U, (x1, ..., x4, D,g)e"f ¢ gives

k
ika EOO: 1 EOO: Df ika __ § :E : kP k léfa
Z/[g(XI,...,Xd,Dg:)E = E Yk’pi—ke
p=0"" k=0

p=0k=0
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By the continuity of {/,, we can exchange the operator U/, with the limit and we finally
get

Tim Fo(x1,xa) = Tim [Ugons o5 D) E)],

= |Ug(x1, ..., X4, Dg)eiéa]

o0
Z Yy, pa e’s”
o0

1

£=0

1
p =0

Vk—1

k=0
> Z Y Gy @ ) Oy gy @)
=0

Tk v1=0 v =0

. (yvl_wa“*”2>(yk_vla"*“‘ ))

i M8 i M8

x|~

00 1 00 P 00 1
_ Z — (Z ymam> = Z — (ix1Gi(a) + ... +ixgGa(@)”
p:O p m=1 [7=0 P

— eix1 Gi(a)+...+ixgGy(a)

where the third equality is due to the formula (12) and the fourth equality holds because
we are assuming |a| < R. The previous limit is uniform over the compact subset of
R? because of Remark 2.12. O

Remark 3.4 From the inspection of the proof we observe that:

(I) The space of the entire functions on which the operator i/ (x1, ..., x4, Dg) actsis
the space A p in one complex variable, for some positive real value ) < B < %.

(IIT) The variables (x1, x1, ..., x4) become the coefficients of the infinite order dif-
ferential operator U(xy, x2, ..., x4, D¢), defined in (20), that still acts on the

space A1, B.

Example 3.5 Using Theorem 3.3 and Remark 2.8, we can construct a superoscillating
sequence of d variables. In fact, consider the sequence

fmiéeCr ZXj(n,a)eih_/(n)é‘

j=0 neN

where X j(n, a)’s are defined as in (4) and i (n) € [—1, 1] are fixed. By Remark 2.8
we know that this sequence converges in Aj to ¢4 Let Gy, ..., G4 be holomor-
phic functions whose Taylor series centered at zero have rays of convergence equal
respectively to Ry, ..., Ry such that
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min ., Re/4e > 3.

,,,,,

We can choose a € R such that |a| > 1 and

lal+2 < min Ry.
e=1,...d

If |Ge(a)] > 1 forall £ =1, ..., d, then by Theorem 3.3 we have that the sequence

n d
{Fulneny = § (X1, ..., X2) = Z Xj(n,a) 1_[ exeGe@)
=0 =1 neN

is superoscillating and it converges on any compact subset of R? towards

d

(X1, ..., xq) — HemGZ(“).
=1

4 Supershifts in Several Variables

The procedure to define superoscillating functions can be extended to the case of
supershift. Recall that the supershift property of a function extends the notion of
superoscillation and that this concept, that we recall below in the case of one variable,
turned out to be a crucial ingredient for the study of the evolution of superoscillatory
functions as initial conditions of the Schrodinger equation.

Definition 4.1 (Supershift) Let Z € R be an interval with [—1, 1] C Z and let ¢ :
7 x R — R, be a continuous function on Z. We set

op(x) :=¢(h,x), hel, xeR
and we consider a sequence of points (% (n)) such that
hj(n) e [—-1,1] for j=0,...,n and n € N.

We define the functions

n
Y () =Y cj(m)@n; ) (), (1)
Jj=0
where (c;(n)) is a sequence of complex numbers for j =0,...,nandn € N. If

nll>n<}o Yn(x) = @a(x)
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for some a € 7 with |a| > 1, we say that the function v, (x), for x € R, admits a
supershift.

Remark 4.2 The term supershift comes from the fact that the interval Z can be arbi-
trarily large (it can also be R) and that the constant a can be arbitrarily far away from
the interval [—1, 1] where the functions @h;, (-) are indexed, see (21).

Problem 2.5, for the supershift case, is formulated as follows.

Problem 4.3 Let h(n) be a given points in [—1,1], j =0,1,...,n, forn € N and
leta € R be such that |a| > 1. Suppose that for every x € R the function h — G (hx)
extends to a holomorphic and entire function in h. Consider the functions

f®) =Y. a)G(hj(m)x), xeR

J=0

where h — G (hx) depends on the parameter x € R. Determine the coefficients Y j(n)
in such a way that

£P0) = (@)?GP©) for p=0,1,...,n. (22)

The solution of Problem 4.3, obtained in [8], is summarized in the following theo-
rem.

Theorem 4.4 Let hj(n) be a given set of points in[—1,1], j =0,1,...,n forn e N
and leta € R be such that |a| > 1. If hj(n) # h;(n) for everyi # j and GP () #0
forallp =0,1, ..., n, thenthere exists aunique solution Y j(n, a) of the linear system
(22) and it is given by

n

hi(n) —a
Yi(n,a) = —_—),
i, @) k=0,1_[k7$j (hk(n) —hj (n))

so that

o= TI (M)G(hj(n)x), xeR.

0k, ket hi(n) — hj(n)

Remark 4.5 By the residue theorem, the functions f,’s admit the following integral
representation formula

1 La—hjn)\ GEQde
n =G - 7 ! 5
fa€) = G(a§) = /F /11 ho |
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where I is a simple loop which support surrounds [—1, 1. If G € Ay, thatis |G(§)] <
AeBIEl for some A, B > 0, it follows from the integral representation formula that

ellal+2)Bl§]
|G(a&) — fu(6)] < A(lal +2)T Ve € C, Vn e N.

Since & — G(a&) and f, share the same Taylor coefficients at the origin up to order
n, the convergence of the sequence { f, },ecn towards & — G (a&) holds in A p/, and
thus in Ay, provided B” > (|a| + 2)B.

We can now extend the notion of supershift of a function in several variables.
Definition 4.6 (Supershifts in several variables) Let |a| > 1.Ford € Nwithd > 2, we

assume that (x1,...,x4) € RY. Let {hjem}, j=0,...,nforn € N, be real-valued
sequences for £ =1, ..., d such that

sup lhjen) <1, fort=1,...,d.
j=0,...,n, neN

LetG¢(A),forf =1, ..., d,beentire holomorphic functions. We say that the sequence

Fu(xi.....xa) = Y c;j(m)G1(x1hj1(n)Ga(xahjo(n)) ... Ga(xahj.a(n)).

Jj=0
(23)
where {c;(n)}; ., j =0,...,n,forn € Nis a complex-valued sequence, admits the
supershift property if
lim F,(x1,...,xq) = Gi(x1a)Ga(x2a) ... Gga(xqa).
n—>oo
Theorem 4.7 (The case of d > 2 variables) Let |a| > 1 and let
n .
folx) = Z Zj(n, a)e’hf(")x, nelN, xekR, (24)

J=0

be a superoscillating function as in Definition 2.1 and assume that its holomorphic
extension to the entire functions f,(€) converges to €'“ in the space A1 p for some
positive real value B. Let d be a positive integer and let R; € Ry U {oo} for any
£=1,...,d. Let Gy, ..., G4 be holomorphic functions whose series expansion at
zero is given by

o
G =) gemd™, VE=1,....d. (25)

my=0
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Moreover, we suppose the sequences {g1.m}’s satisfy the condition
: 1/m 1
lim sup |g¢.ml =—, YW=1,...,d.

m— 00 Rl

We define

Fo(xt, ..o xa) = ) Zj(n, @)G1(x1hj()) - Ga(xahj(n)),

=0
where Z ;(n, a) are given as in (24). Then, F, (x1, ..., xq) admits the supershift prop-
erty that is

lim F,(xq,...,xq) = Gi(x1a) - - - Gg(xqa)

n— oo
uniformly on compact subsets of {x € R¢ : |x;| < R forany ¢ =1, ...,d} where

, . R R .
R :=min| —, —, R and R := min Ry.
la| 4eB t=1,....d

Proof Since |x¢| < R forany £ =1, ..., d, we have

Fo(xt, ..., xq) = ZZj(n,a)Gl(xlhj(n))...Gd(xdhj(n))

j=0
oo
= Z Z (I’L a) Z &my Z gmdx;nl .. '-xzind(hj(n))ml+m+md
m1=0 mg=0

Vd—-2

—ZZ(n Q)ZZZ Z 81,v4_ lxl g2vd2 Vi— 1x;d2l}dl

k=0 v;=0v2=0 vi—1=0
- k
. 'gd,kfled "L(hj(n))

= Z Zj(n, a) Z Y, (hj(n),
j=0 k=0

Vi Vd—-2

k
/__ Vd—1 Vd—2—Vd—1 k—vi
Y = Z Z 8lvg_1X1  82,v4-2—va17*2 o 8d k—v Xy
v1=0vy=0 vg—1=0

We now consider the auxiliary complex variable £ and we note that

1 .
A =D for aeC, teN, (26)
l
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where Dg is the derivative with respect to & and |¢—( denotes the restriction to § = 0.
We have

£=0

n o0 n oo
[
Fo(X1, ..., %q) = ZZj(n,a) Z Y[[hjm)F = ZZj(n,a) Z Yéi—lege’EhJ(”)
j= k=0 j=0 k=0

£=0

oo 1 n
— Ny~ pk , i&h;(n)
D YigDt) Zjn ae
k=0 j=0
We define the operator

OOY/
V(xi,...,xq4, D) := —k pk
(x1 > Dg) ];ik p

so that we can write

n
Fu(x1.....x0) =V(x1.....x0. D) Y Zj(n, a)e's" ™

=0
j=0 5

Since |x¢| < % forany £ = 1, ..., d, we can use Proposition 2.13 to compute the
following limit

n
- _ - . i£h;(n)
nlinéan(xl,...,xd)—V(xl,...,xd,Dg)ngngoz)Zj(n,a)e L

=V(xi,..., x4, Dg)eisa

£=0
Vd—-2

Vd-2—Vd—1
_ZZ Z 81,v4- 1x1 182,04 2 142

k=0 v,=0 vg—1=0

k—vq k ika
" 8d k—vXg _Dge

§=0
Vd—2
Ud 2= Vd-1 k=v1 _k
_ZZ Z 81,v4- lxl ngd =g X c o 8d k— led a
k=0 v=0 vg—1=0
d

=11 (Z gz,me’am> = Gi(axy) -~ Galaxq)
m=0

=1

where the last equality holds because we are assuming |x¢| < forany £ =1,...,d.

Ial
The previous limit is uniform over the compact subset of {x € R? : |)Cg| <

R'forany £ = 1, ..., d} because of Remark 2.14. O

Remark 4.8 A special case of the previous theorem occurs when the holomorphic func-
tions G¢’s are entire functions. Moreover, differently from Theorem 3.3, in Theorem
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4.7 the parameters x, appear in the arguments of the functions G,’s. This implies
that the hypothesis of Theorem 4.7 impose more constraints on the parameters x;’s,
namely |x¢| < R forany £ =1,...,d.

Example 4.9 Applying Theorem 4.7, it is possible to construct examples of sequences

admitting the supeshift property. Suppose G1, ..., G4 satisfy the hypothesis of The-
orem 4.7. We can consider the superoscillating sequences

" /n 1+an_j l—aj~_.
fl,n(x)=Z<j>< 2 > ( 5 >e’(l 2jilmx e N,

J=0

and

_ n n M ixh;j(n) N
S2.0(x) jX_(:)k_ﬂ;éj (hk(n) - h](”)> ¢ e

which are such that the sequences {§ € C +— f; ,(§)} fori = 1, 2 converge to
£ % in A1, p where B > |a| 41 (see [26]), respectively B > |a| 42 (see Remark
2.8). Thus the sequences

" /n\ (1+a "j(l—a>]
Fi,(x1,..., = .
1,n(x1 Xq) 12)(])( > ) 5

Gl (1 =2j/n)---Galxa(l =2j/n))

and

S hi(n) — a
Faatiteoci) = 30 [T (5 =gy )61 0hi o)+ Gatrah )
j=0k=0, k#£j

admit the supershift property.
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