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ABSTRACT

We use methods from the Fock space and Segal-Bargmann theories to prove several results on the Gaussian RBF kernel in complex analysis.
The latter is one of the most used kernels in modern machine learning kernel methods and in support vector machine classification algorithms.
Complex analysis techniques allow us to consider several notions linked to the radial basis function (RBF) kernels, such as the feature space
and the feature map, using the so-called Segal-Bargmann transform. We also show how the RBF kernels can be related to some of the most
used operators in quantum mechanics and time frequency analysis; specifically, we prove the connections of such kernels with creation,
annihilation, Fourier, translation, modulation, and Weyl operators. For the Weyl operators, we also study a semigroup property in this case.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0060342

I. INTRODUCTION

Positive definite functions and reproducing kernel Hilbert spaces (RKHSs) play an important role in different areas of mathematics, such
as complex analysis, operator theory, and Schur analysis, among others. They are also used to define coherent states in quantum mechanics and
appear in machine learning; see Refs. 1 and 2. Kernel methods and, in particular, support vector machines (SVMs) have different applications
and are used in machine learning for solving practical problems of industrial and technological interest. Indeed, these methods provide
techniques to process, analyze, and compare many types of data. The idea of using kernel methods in this framework goes back to the work of
Aronszajn, see Ref. 3, who was among the first ones to apply them in statistics. Later, Aizerman and co-authors treated positive kernels using
a dot product in another space, the so-called feature space; see Ref. 4. This idea was fully developed only in the 1990s, especially in relation to
vectorial data since kernels provide a vectorial representation of the data in the feature space. A brief account of the history of these methods
can be found in Chapter 1 of Ref. 5. We also refer to Refs. 6 and 7 for different connections and applications related to time series analysis,
statistical communication, control theory, and statistical theory of regression analysis. For further motivations and applications of SVMs in
machine learning, we refer, e.g., to Refs. 5 and 8 and also to Ref. 9 where the approach, however, is in the real case, not complex.

Among the most used kernels in machine learning algorithms and in support vector machine classification algorithms, there are the
so-called Gaussian radial basis function (RBF) kernels. RBF kernels, or more in general RBF functions, also play an important role in neural
networks; see Ref. 10. Actually, in Refs. 2 and 11, the reproducing kernel Hilbert spaces corresponding to the Gaussian RBF kernels were
introduced and used to analyze the learning performance of SVMs.

In this framework, the main objective and novelty of this paper are to use the Fock and Bargmann transforms as a new approach to study
the RBF kernels using complex analysis techniques. This approach may be further developed to prove many other results on the RBF kernels.
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In particular, we prove the connections of such kernels with creation, annihilation, Fourier, translation, modulation, and Weyl operators,
which may find direct applications, for example, in quantum mechanics.

The structure and main results of the paper are as follows: in Sec. II, we briefly recall the preliminary results on the RBF kernels and
spaces and some material that we need in the sequel. In Sec. III, we write the Gaussian RBF kernel in terms of a special Fock kernel and
provide an isomorphism between RBF and Fock spaces and we extend various results from the Fock to RBF spaces; in particular, we discuss
the reproducing kernel property and we provide the characterization and estimates of elements in the RBF space. Section IV deals with a
Segal-Bargmann-type transform in the setting of RBF spaces. We present two approaches to study it, which are, in principle, different. Indeed,
we first consider the Hermite generating function approach and we then use the RBF diagram approach. We show that both approaches
coincide. In Sec. V, we study how the RBF spaces can be connected to different operators that appear in quantum mechanics and time-
frequency analysis. More precisely, we discuss the links with creation, annihilation, and Weyl operators. In Sec. VI, we provide connections
between RBF spaces and the Fourier transform.

Il. PRELIMINARIES

In this section, we review the classical notions of feature map, feature space, Fock and RBF kernels, and their RKHSs. For more details,
see Refs. 2, 11, and 12.

Definition 2.1. Let X be a non-empty set. Then, a function k : X x X — C is called a kernel on X if there exists a C-Hilbert space H with
an inner product (-,-yu and a map ¥ : X — H such that we have

k(x,x") = (¥(x"), ¥(x))n forany x,x" € H.
Moreover, the space H is called the feature space and ¥ is called a feature map.

Definition 2.2 (Fock space). Let a > 0; an entire function f : C — C belongs to the Fock space, denoted by F.(C) (or simply F), if
we have

115 = (%) [P expl-ale)dace) < o, e

where dA(z) = dxdy is the Lebesgue measure with respect to the variable z = x + iy.

Remark 2.3. The Fock space F is a reproducing kernel Hilbert space with the reproducing kernel defined by
Fi(z,w) := exp(azw) foranyz,w e C. (2.2)

Moreover, we have the reproducing kernel property that can be expressed in terms of this integral representation,

fw)= [ f@F(zw)dAu(2), 23)
where we have set dA,(z) = (£) exp(—a|z]*)dA(z).

Let w € C be fixed; the normalized Fock kernel is given by the formula

Fa(z,w)

Ju(2) = N/ACRDE

zeC. (2.4)

In particular, we have

2
fuw(2) = exp(oc(zﬁ— %)), z,w e C. (2.5)

We recall the Weyl operators on the Fock spaces (see Refs. 12 and 13)
Definition 2.4 (Weyl operator). Let o > 0 and a € C. Then, the Weyl operator is defined and denoted by Wy : Fo —> Fq, with
Waf (2) :=f(z - a)fy (2), fe Famz,aeC. (2.6)
It is known that we have the semi-group property given by

WIW; = exp(—ailm(ab))Weyy a,beC. 2.7)
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The RBF kernel and associated reproducing kernel Hilbert spaces in the complex variable case were first introduced in Ref. 11; see also Ref. 2.

Indeed, we briefly review these notions here since they are relevant in the sequel.

Definition 2.5 (RBF kernel). Let y > 0, z € C, and w € C. The function defined by

Ky(z,w) = exp(—@)

is called the Gaussian RBF kernel with width %

Remark 2.6. If x,x’ € R, we have that
- x')?
Ky (o) = p(%

is the standard real valued RBF kernel, which is used in (SVM) kernel methods.

(2.8)

The RKHSs associated with the complex RBF kernels K, were first introduced in Refs. 2 and 11. We revise this notion in the next

definition

Definition 2.7 (RBF space). Let y > 0; an entire function f : C — C belongs to the RBF space, denoted by H }}fBF((C) (or simply H,), if

we have

i, = () fror oo E2 aace) <

where dA(z) = dxdy is the Lebesgue measure with respect to the variable z = x + iy.

Finally, we recall the scalar product on the standard Hilbert space L*(IR), which is given by

(b)) = A@w(x)dx.

lll. FROM FOCK TO RBF KERNELS

(2.9)

In this section, we apply some well-known results on the Fock spaces in order to develop further the RBF kernels and associated Hilbert

spaces. First, we can write the RBF kernel using the classical Fock kernel as follows.

Proposition 3.1. Lety > 0, z € C, and w € C. Then, we have

2 —2
Ky (zw) = exp(—%)@ (zw). (3.10)
s
For all « > 0, we also have R )
Fu(z,w) = exp(aw)K\/%(z,w). (3.11)
Proof. Lety > 0and z,w € C. We develop simple calculations using the RBF and Fock kernel definitions to get
—\2
z-w
Ky(zw) = eXP(—(T))
_ exp(_(zuw)) exp(zzw)
Y Y
(2 +w?)
= ———=|F2 (2, w).
exp( " 3 (z,w)
We seta = % and apply formula (3.10) with some easy calculations; we obtain
2, —2
Falaw) = p(%)K et
J. Math. Phys. 63, 113506 (2022); doi: 10.1063/5.0060342 63, 113506-3
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O

Theorem 3.2 (RBF-Fock isomorphism). Let y > 0; an entire function f : C — C belongs to the RBF space H, if and only if there exists a
unique function g in the Fock space F 3 such that
¥

f(z) = exp(—;—z)g(z) foranyz e C.

2
Moreover, there exists an isometric isomorphism between the RBF and Fock spaces given by the multiplication operator My, : Hy —> Fa
y
defined by

M}/:BF[f](z) = ./\/lex ( i)[f](z) = exp( )f(z) foranyf € H,,zeC. (3.12)

Proof. We set g(z) = exp( ;,2 )f(z) for every z € C. Then, we just need to show that g belongs to }—fz' First, it is clear that g is an entire

function as multiplication of two entire functions. Now, we compute the norm of g with respect to the Fock space 7, . Indeed, we have
Y

o, = (2:) [leF o2
(Z) fir@f e ZE )espt-2reranco)
() frr e © yz)z)dA(n

2
In particular, the previous computations show the isometry property of the multiplication operator M2, that is, we have

[ Mige[F11 75 = [flw,  foranyf € H,.
2

It was proved in Refs. 2 and 11 that the family of functions given by

2", z
eh(z) = yz"n!z exp(fﬁ) (3.13)

form an orthonormal basis of the RBF space H,. Furthermore, we have

M%BF(e )Nz) = 2 ———27" foranyzeC. (3.14)

Zn]

Z
Then, the multiplication operator M}, maps an orthonormal basis of the RBF space H, onto an orthonormal basis of the Fock space
]" ;. Thus, Mg is a surjective isometric operator from H, onto ]-' » . Hence, the RBF spaces and Fock spaces are isometrically isomorphic

to each other according to some specific choices of the width parameter y>0. O

2
Theorem 3.3. Let y > 0; then, the inverse operator of Mgy is also its adjoint. It is given by the operator

(Mi’:BF) : ]:y% — H,y,

which can be computed using the equalities

(Mie) = (M) = Mi (315)

J. Math. Phys. 63, 113506 (2022); doi: 10.1063/5.0060342 63, 113506-4
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2
Proof. We note that Mb,. is an isometric isomorphism by Theorem 3.2. Thus, it defines an unitary operator between RBF and Fock

2
spaces; thus, its inverse coincides with its adjoint operator. Hence, the inverse and adjoint operators of MY, are given by

(M) : Fy — s

YZ

which is obtained using the following formula:

(MﬁBF) = MI;J)BIF' (3.16)
In particular, we have the following identity:
(Mhgefs8) 75 = s Mygegw,  forany f e Hyge Fa. (3.17)
Y
[m]

Theorem 3.4 (RBF kernel reproducing property). Let y > 0; the RBF Hilbert space H, is a reproducing kernel Hilbert space whose repro-
ducing kernel is given by the RBF kernel K,(z,w). Moreover, we have the reproducing property, which is given by the following integral
representation:

(z-2)*

flw) = (ﬂiyz)‘[cf(z)l('y(z,w) exp( V )dA(z), feHyweC (3.18)

Proof. We insert formula (3.10) of Proposition 3.1 in the right-hand side of (3.18) and get
2 — )
o [f@REwe 7 dA)

= (i)/cf(z) exp(—(zz;rguz))Fyzz(z,w)e(zwz)sz(z)

my?

wr\[ 2 Ao g 1L

p(%)( 2 )[che;Fm@)We*ﬁ'Z‘sz(z)-

y?

However, we already know by Theorem 3.2 that M}QZBF is an isometric isomorphism between the Fock and RBF spaces. Thus, it is clear
that M}':BF (f)e F 2 since we have f € H,. We use the classical Fock reproducing kernel property and the explicit expression of M}y:BF( f)to
Y
get

(25) [t 1@ Gy e - 2120 - Mgy

. exp(?)f(w)-

Therefore, we insert this in the previous calculations and obtain

(2) frorEn exp((z‘z)z)dm) - f(w).

P
]
Inspired from the case treated in Refs. 2 and 11, we prove the next result.
Proposition 3.5. For a fixed w € C, we denote by K’ the function defined as
K}’ (z) := Ky(z, w).
Then, the following holds:
J. Math. Phys. 63, 113506 (2022); doi: 10.1063/5.0060342 63, 113506-5
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1. Ky(zw)= §en(z)en(ﬁ) foranyz,w e C.
n=0
2. (K K})w, = Ky(z,w)  foranyz,w e C.
Proof.

1. Letz,w € C; we make the following calculations:

n=0 n=0

= exp(%z@) exp(—(zzng))

= 8%2 (z,w) exp(—@).

Then, we apply Proposition 3.1 and get

oo

S eh(2)el(w) = Ky(zw).

n=0

2. Forafixed z,w € C, it is clear that the function K" belongs to the RBF space H,. Thus, using the reproducing kernel property proved

in Theorem 3.4, we have
(K Ky )u, = Ky (2)

= K, (w, 2).
m

Remark 3.6. In analogy with the classical notion of Fock coherent states that appear in quantum mechanics, the kernel functions K"
will be called the RBF coherent states.

We can control functions of the RBF spaces as it is described in the next result.

Proposition 3.7 (RBF estimate). Let y > 0 and f € H,. Then, we have
2
If(z)| < exp(;yz)\tf\m foranyz=x+iyeC. (3.19)

In particular, if f is restricted to the real line, we have

F < Wfllw,> xeR
Proof. We know by the reproducing kernel property proved in Theorem 3.4 that
f(Z) = (f:K;>Hy.

Thus, using the Cauchy-Schwartz inequality, we have

(2 < 185 s, 1 (320)
However, it is clear by the reproducing property that we have
2
”K;HHV = K;(Z) = Ky(z,z).
Therefore, making some simple calculations, we obtain
2 4 2
I, - exp( 57).

Finally, we insert the previous calculation in inequality (3.20) and conclude the proof of the first part of the statement. If f is restricted to the
real line, we just take y = 0 in the RBF kernel estimate (3.19). O

J. Math. Phys. 63, 113506 (2022); doi: 10.1063/5.0060342 63, 113506-6
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Remark 3.8. The RBF kernel estimate that we got in the previous result can be directly deduced from Theorem 3.2 combined with the
classical Fock kernel estimate in complex analysis.

Lety > 0, and set

- 2
eh(z) = 2 7" exp(—;—z), zeC. (3.21)

y21n!

Then, as a direct consequence of the previous result, we have the following.

Corollary 3.9. For any w € C and n > 0, we have
5 . =32
eh(w) = (ﬂ—yz)jceﬁ(z)Ky(z,w) exp(%)tm(z).

In particular, using formula (3.21), it holds that

w" exp(—l;) = (7:2);2)LG exp(—;)Ky(z,w) exp( (z ;ZE) )dA(z).

Proof. We just need to apply Theorem 3.4 to the orthonormal basis functions e},. ]

Theorem 3.10 (sequential characterization). An entire function f : C — C, f(z) = Y. anz" belongs to the RBF space H, if and only if it
n=0

holds that
2

1. 2k
Ky < 0. (3.22)

2k

Ngki

k
[ZZ% Ak—2j
= Y

=~
I

0

Proof. We note that thanks to Theorem 3.2, we know that f belongs to the RBF space H, if and only if there exists a unique function
g € F such that we have
Y

f(z) = exp(f%)g(z), VzeC. (3.23)

We can write g(z) = 3. bz" that belongs to F 2 so that we have the growth condition given by
k=0 v

oo k' 2k
» zyk i < co. (3.24)
k=0

£(2) = exp(;)f(Z)

(25

|
n=0 Y1 n=0

= 5 k
=> Bz
k=0

We observe that using the Cauchy product, we have

k
where we have set f = Y sja;_; with s; = W forj=2mands; = 0 for j odd. As a consequence, we note that for any k > 0, we have
- !

J. Math. Phys. 63, 113506 (2022); doi: 10.1063/5.0060342 63, 113506-7
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k
B =Y ik,
i=0

= DSkaj + DSy Bk-(2j41)
J

—
ST
—

However, we know that

g(z) = Z bkzk = Zﬁkzk.
k=0 k=0

Thus, if we identify the coefficients, we obtain that for any k > 0,

k-2
b =P = =
j:zo Vit
Finally, we replace in (3.24) and get the condition
2
oo ky? (5] Gy
> k | <o
o 2% = v

IV. THE RBF SEGAL-BARGMANN TRANSFORM

In this section, we will use the Segal-Bargmann transform and its different properties in order to study the notions of feature map and
feature spaces associated with the RBF kernels. In order to introduce the RBF version of the Segal-Bargmann transform, we will follow two
possible approaches that we can compare later.

A. The Hermite generating function approach
We denote by A §p(z, x) the classical Segal-Bargmann kernel corresponding to the Fock space Fo. More precisely, we have (see Ref. 14)
Asp(z,x) = exp(fg(z2 + xz) + \/zoczx), VzeC,xeR (4.25)

Then, the classical Segal-Bargmann transform By : L*(R) — Fo(C) is defined for any ¢ € L*(R) by the following expression:

Ba[9](z) = /RAgg(z,x)(p(x)dx. (4.26)

In this paper, we will take « = % with y > 0. Now, we consider the RBF Segal-Bargmann kernel given by the generating function,
Arpp(2,x) =Y eh(2)yn(x), zeCxeR, (4.27)

n=0

where v, are the normalized weighted Hermite functions with the parameter a = % and ¢}, is an orthonormal basis of the RBF space H, that

was introduced before in Sec. I11. This allows us to introduce the map @ : C — L*(R), defined by
®(z2) := Ahpe(z,), VzeC. (4.28)

We will study the RBF Segal-Bargmann transform of form (I) defined by

Blar¥)(2) = (0@ ¥y = [ Abr(z0)v(x)dx. (429)

J. Math. Phys. 63, 113506 (2022); doi: 10.1063/5.0060342 63, 113506-8
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Now, we can prove the following.

Proposition 4.1. Let y > 0. Then, it holds that

2
V4
2

Alpr(z,x) = eXp(— )AgB(z,x) foranyze C,xeR
4

2

witha = 5.
y

Proof. Tt is well-known that the classical Segal-Bargmann kernel can be obtained as the generating function associated with the
normalized weighted Hermite functions. Indeed, for any z € C and x € R, we have

« s ‘xn n_ o
ASB(Z,X) = Z ﬁz l//,/,(x).
n=0 :
We set a = % and continue the calculations to get
Ager(2:%) = 3 en(2) ¥ (x)
n=0
2\& Jan
ool )5 e

2\ .
= exp(fp)A s8(2,%).

[m]
Corollary 4.2. Lety >0 and ¢ € L*(R), and set a = % Then, we have
Bipel9](2) = Myp[Ba(9)1(2)  forany zeC.
Proof. To prove the result, we only need to write the integral representation of the transform 8% and apply Proposition 4.1. O
Proposition 4.3. Let y > 0. Then, we have the explicit expression given by
—/22)?
Alpr(z,x) = exp((x;z/_z)) forany zeC,x e R
Proof. We know by Proposition 4.1 that we have
2
ALpr(z,x) = exp(——z)A‘gg(z,x) foranyze C,x e R
Y
with a = % Then, we insert formula (4.25) and obtain
2 2, 2
z (Z+x%) V2
Alpp(z,x) = exp(——) exp(—i + 2—zx)
. » Y P
1
= exp(——2 (27 +x - 2\/§zx))
Y
( (x-V22)* )
=exp| ————|.
Y
[m]
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Remark 4.4. We have

2

AéBF(O,x) =e 7, VxeR

We introduce the map ® : C —> L*(R), defined by
(z) = Apg(z,-), VzeC.
In the sense that for any fixed z € C, we have
d)(z)(x) = A};BF(Z,X), VxeR.

Proposition 4.5. Let z,w € C. Then, we have

(@) @(w)) oy = 1/ 2Ky (w:2)

@l =\ /3 ew(-E-20),

Proof. Let z,w € C be fixed. Then, using Proposition 4.3, we have

Moreover, for any z € C, we have

(©(2), 0wy = [ PEEO(w)(x)dx
= [ AT o) Al x)dx

ol e

= exp(—%(z2 + wz))/ exp(—%xZ + &(2+ w)x)d
Y R Y Y

At this stage, we can use the well-known Gaussian integral formula given by

—ax’+b. T o
/e AN dx=+/—e%, a>0beC.
R a

Indeed, we set a = }722 and b = 2;{5 (z + w) € C, which leads to

bi, (z +w)?

4a yz
Therefore, we obtain
m 2 z +w)?
(@(2), (w)) 2y = y\/; eXp(—?(z2 + wz)) exp(%)

= y\/g exp(%(ffz2 —wt+ Zéw))
=1/ TKy(w.2).

In order to justify the second part of the statement, we note that

|©(2) 72 () = (P(2), D(2))12(x).-

(4.30)

X.
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Thus, we apply Proposition 4.5 and get
T
10y = 1/ TKs(2:2).

However, we have

-l )

2y?
ol =\ n/5 e~ E527)

Remark 4.6. We note that in the case of the RBF kernel K, the feature space and the feature map, which were discussed in Definition 2.1,
are obtained by setting H = L*(R) and ¥ = ®.

Hence, we conclude that

O

Proposition 4.7. Lety > 0and n >0, and set o = % Then, it holds that

%};BF[‘//Z](Z) =ey(z), VzeC, (4.31)

where vy denote the a-weighted normalized Hermite functions and e, is the orthonormal basis of the RBF space H, given by (3.21). Moreover,
we also have

1Bee [yl = 1Wallgz) = 1 (4.32)
Proof. We observe that using Corollary 4.2 combined with the properties of the Bargmann transform B,, we have
B [¥n](2) = Mige[Ba(yi) ] (2)

_ exp(—%)Ba(m](z)

The second part of the statement comes from the fact that both e}, and y§ are the orthonormal basis of 4, and L*(R), respectively. O
Theorem 4.8. The RBF Segal-Bargmann transform of form (I) defined by
B [v](2) = (0@ 1) = [ Az 0y, ye(R), (433)
is an isometric isomorphism mapping the standard Schrodinger Hilbert space L*(R) onto the RBF space H,.

Proof. Lety >0, and seta = 722 Then, for any y € L*(R), we have

J A y 2)[* ex (ZZ)Z)
1813, = (2 ) [P e €7 Jaaco

(Z) [t eo( E2 Jaace

However, we know by Theorem 3.2 that M;g; is an isometric operator from the Fock space F4(C) onto the RBF space ,. Thus, we also
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use the classical result by Bargmann on the transform B, and obtain

”%RBF[ ]”iv ”MRBF[BOt(‘/’)]”Hy
= [Ba(¥) | 7.(c)
= [¥]2(w)-

B. The RBF diagram approach and inverse transform

We consider the composition of the classical Segal-Bargmann transform with the RBF multiplication operator that was introduced in
Theorem 3.2. Namely, this RBF Segal-Bargmann transform of form (II) is well posed thanks to the following commutative diagram:

In particular, we consider the following definition:
g = MRBFoBz. (4.34)

This second approach will help a lot to translate several results involving the Segal-Bargmann transform from the Fock to the RBF
kernels. In particular, we prove the following result.

Proposition 4.9. The RBF Bargmann transform of form (I) coincides with the RBF Bargmann transform of form (II). In particular, for any
2
¢ € L*(R), we have

Brsrl9l(2) = S9l(2) forany zeC.

Proof. With some calculations, we obtain that for any ¢ € L*(R) and z € C, we have

sm(z)—(ﬂzyz)l [ exp( -2 Yot @39)

Thus, we apply Proposition 4.3 and conclude that

Brp[9](2) = S'[9](2) foranyzeC.

We observe that for z = 0, we have

&'[9](0) = (712y2)4fRe_§<p(x)dx. (4.36)

We note that in order to calculate the inverse of the RBF Segal-Bargmann transform, it is enough to use expression (4.34) and Proposition 4.9,
which leads to the following result.

Theorem 4.10. For every y > 0, we note that the RBF Segal-Bargmann transform inverse (Bl:) " : Hy —> L*(R) is given by

_1 2
(%1231:)_1 = (By%) ° M}’ZBF' (4.37)

More precisely, for any f € Hy, we have the explicit expression

@ 1 = (2’ [ Brenif @) exp E2 Jaaco) (438)
my
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Proof. First, we observe that using formula (4.34) and Proposition 4.9, we have
. o -1 -1 5
(%IYQBF) = (MRgF OBﬁ) = (Bﬁ) OM})ZBF'

Letf € Hy,and set & = y% Then, thanks to Proposition 4.3 and the Segal-Bargmann transform inverse expression, we obtain

(Blar) 110 = (B2 ) o M)

{2

f) S exp( 5 o) expC-alePhaace

ny?

(2

)

(ﬂiyz)Z Cexp()Z)z) RBF(z,x)exp(y )j(z)exp(—fIZI )dA(Z)
g

i)f [ Ay (@ exp( (z ;f) )dA(z>.

my?

B

e

O

Remark 4.11. We note that the RBF Segal-Bargmann transform is a unitary operator so that its adjoint coincides with its inverse. In
particular, for every f € H,, we have

=\2
() 110 = (2 ) J A @ e E 2 Jaaco 439)
V. CREATION, ANNIHILATION, AND WEYL OPERATORS ON RBF SPACES

Let X be the position operator on L*(R), which is defined by X(¢)(x) = x¢(x) for any ¢ that belongs to the domain of X and x € R. We
denote by D(X) the domain of X, which is given by

D(X) = {9 e L'(R), X(9) € L'(R)}.

We denote by P the momentum operator on L*(R) defined by P(¢) = %(p for any ¢ that belongs to the domain of P, which is given by

D(P) = {9 ¢ L’(R), P(p) ¢ L’(R)}.
Then, we can prove the following.

Proposition 5.1. It holds that

4 22

d
—?MZ%};BF + 7%§BFX onD(X). (5.40)

EgéBF =

Proof. Let ¢ € D(X); we have
Burl9)(2) = [ Alar(zx)9(x)d

Hence,

d d

TBul0)(@) = [ AL (2x)p(x)d (5.41)
However, we know by Proposition 4.3 that

(x=V22)?

Al pr(z,%) :exp(— " ) forany ze C,xeR.
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Thus, developing direct calculations, we obtain

%A}/{BF(Z,JC) M(x V22) Al (2,%). (5.42)

Hence, we insert (5.42) in (5.41) and get

d
L ohal91(2) = 222 [ (6= V30) Al e ()

4 \f
= —?Mzgzywp[ 91(2) + =5~ Blgr[X(9)] (2)-
This ends the proof. O
Corollary 5.2. We have
(Bhr) ™" (2f ot sz) Yor =X on D(X). (5.43)
Proof. On D(X), we have by Proposition 5.1 that
d 4 2V2
jz%ﬁBF + ?MZQ%;)QBF = T%ﬁBFX'

Thus, we obtain

X = (Bpge) ™ + \/_MZ) rer 0N D(X).

(S5
u]

Let y>0 and a € C. Then, we denote by Wk the RBF-Weyl operators on the spaces 7, that are obtained using the following
commutative diagram:
Wrer

Hy ——H,

Thus, we define the RBF-Weyl operator by
2
WL = M o W) 0 Mgy (5.44)

Theorem 5.3. Let y >0 and a € C. Then, the RBF-Weyl operator Why,. is an isometric operator from the RBF space H, onto itself.
Moreover, its adjoint and inverse are given by

(Wise)" = (Wise) ™ = Wiar-

Proof. We have
-1
1

W)™ = (Mt o " 0 M)
2 -1 Z -1 _2n-1
= (M};BF) °© (Wé' ) © (MRgF)
= MRBI-‘ oW o M{BF'

We know by classical results on the Weyl operators (see Ref. 12) that
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Moreover, thanks to Theorem 3.3, we also have
(MWZ )_1 = ./\/ly2 and (./\/ly2 )_1 = ./\/lfyz.
RBF RBF RBF RBF
Thus, we obtain .
(Wie) ™ = Mg © WE, o My

_ A pa
= Wigr-

We note that the semi-group property related to the RBF-Weyl operator is given by the following result.

Proposition 5.4. Let y > 0 and a,b € C. Then, we have
: b at+b
Wi Wesr = exp(9y(a, b)) Wiy

with ¢,(a,b) := 7% Im(ab). In particular, if a and b are real numbers, we have

>4 »b o P-a+b
WrerWrer = Weer -
2 -1 .2
Proof. We observe that (M};BF) = M} ps thus, the following calculations hold:
»a »b -y 7 7 -y 2 7
Wegr © Wepr = (MRBF oW, o MRBF) ° (MRBF oW, o MRBF)

2 2 2 2
_ -y 7 7 Y
= Mypr o (Wa oW, ) o Mg

However, we know by formula (2.7) that the Weyl operator satisfies the semi-group property given by

Wf on:exp(goy(a,b))Wib

with ¢,(a,b) := 7%1111(5&3). Therefore, we obtain
,a b 2i r —? % 2
Wisr © Whsr = eXP(_? Im(ab))MREF o Wiy © Mg
2i o y,a+b
= exp —?Im(ab) Wik -

This ends the proof. O

We can compute an explicit expression of the RBF-Weyl operator, which is given in the next result.

Theorem 5.5. Lety >0, a€C,andf € H,. Then, we have

2 2 o
Wisif (2) = exp(” 2‘“‘ 4228 2“) )/(z ~a), zeC
Y 14
Moreover, the RBF-Weyl operator reduces to the standard translation operator defined by

Ti[f1(z) :=f(z—a), zeC,
ifand only if a e R.
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Proof. Let f € H,; then, using expression (5.44), we have
_y 2 Z
Wir1(e) = (e o )[ese( 2 ] @

= ex —Z—Z Yae| ex Z—Z
i p( yz)WRBF[ p(y2)j](z)

From the previous expression, it is easy to see that if a € R, we will have a* = |a|* and @ = a. Thus, it follows that for every a € R, we have

Wigelf1(2) = f(z - a) = Tu[f](2). (5.45)

For the converse, if we assume that (5.45) holds, we will get that

22 -
exp(a y2|a| )exp(Zz (ayza)) =1 forany zeC.

In particular, we obtain that a = @, which shows that a € RR; this ends the proof. ]

VI. THE FOURIER TRANSFORM ON RBF SPACES
Let & > 0; we denote by F, the Fourier transform on L?(RR) defined by

Ful@) (V)= \[ 2 [ exp(-aibe)plx)de

It is possible to use a commutative diagram in order to consider the composition
Za=BuoFaoB, : Fu(C) — Fu(C), (6.46)

where By is the classical Segal-Bargmann transform associated with the Fock space F«(C).
It turns out that Z, reduces to a simple composition operator Cy with the symbol given by the function ¢(z) = —iz (see Ref. 15), which

means
Cof(z) :=fo¢(z) =f(-iz), zeC, fe Fa(C). (6.47)
Let us fix y > 0. Then, using the RBF-Bargmann transform given by (4.34), we can introduce the following commutative diagram:
5
H'Y H'Y
@) | |20
L2(R) —> L2(R)
2
32

Thus, we have
QY Y -1
Sy :=Bpgr © F)%z o (Brge) -

We first observe that we have ,

-1 -1 ?
Brpr = Mppp 0Bz and  (Bry)™ = B)%Z o Mg

}/Z
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Then, we can prove the following result.
Proposition 6.1. Let y > 0; it holds that
2 2
Sy = Mg © Cop 0 Mg

where ¢(z) = —iz forany z € C.

scitation.org/journal/jmp

Proof. We note that thanks to Proposition 4.9, we know that %éBF = &”. Thus, we can provide the following calculations:

Y y \!
Sy = Bpgr © Fy% ° (%RBF)

= 6£BF ° F)% ° (gﬁBF)_l

2 2
- -y -1 y
_(MRBPOB,ZZ)OFYZZ O(Byz2 OMRBF)‘

Y

Then, we shall use the classical result given by formulas (6.46) and (6.47) for the parameter « = % to get

2 2
_ Ay -1 Y
SY_MRBFO(B%OFﬁOBy%)OMRBF
2 2
_ A Y
= Mgz o Z}% o MRgr
-y 7
= Mg o Cy o Mppr.
This ends the proof.

Asa consequence, we can prove the next result.

Theorem 6.2. Let y > 0 and f € H,. Then, we have

Syf(2) = exp(—zz—yz)/(—iz), zeC.

In particular, if we set ¢(z) = —iz, then we have
oMY
Sy = Mpgp ©Cy-

Proof. Let f € H,; thanks to Proposition 6.1, we have

_ 7}'2 2
Sy = MpgpoCg o M}/%BF'

w(e) = c¢[exp(;)f](z>
ZZ .
= exp(—? )/(—zz).

S,f(2) = Mbelvs)(2)

ZZ
(-2 o

= exp(—ZZz)f(—iz).
Y

Thus, we set y(z) = C-i; 0 Mf;BF [f1(z) and get

As a consequence, we obtain
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Let a € R; we consider on L*(R) the translation operator defined by 7, : ¢ — 7,¢(x) := ¢(x — a). Then, using the RBF-Bargmann
transform given by (4.34), we can introduce the following commutative diagram:

L2
y

Thus, we consider the factorization given by the operator

Ly = Bppp 0 Ta© (Ble)

Proposition 6.3. Let a € R andy > 0. Then, it holds that
Ly = W (6.48)

Proof. Some calculations and a classical result on the Weyl operators (see Ref. 15) show that
L8 = (Mg oB B o M),
y = RBF© D% [ O Ta© % ©ViRer
-y = Y
= Mpgr © By% OTﬂOByiz o Mppr

2 2 2
_ -y ¥ Y
= Mppr oWy o My

e
= Wiep-

Vil. CONCLUDING REMARKS

In a forthcoming work, we plan to investigate further results on RBF spaces using Fock spaces in the several variables case. This is not
the only way to extend the case of one complex variable case to a multi-dimensional case; in fact, one could consider the RBF kernels in the
hypercomplex case. In the specific case of quaternions, one may consider the setting of slice hyperholomorphic functions; indeed, it is possible
to introduce a quaternionic version of the RBF kernels thanks to the properties satisfied by quaternionic intrinsic regular functions. Inspired
from the calculations in Proposition 3.1, we introduce the quaternionic slice regular RBF kernel, which is defined by

Kys(q.p)=¢ " FS (q.p)e 7. ¥(q.p) e HxH, (7.49)

where FS% is the slice hyperholomorphic Fock space kernel (see Ref. 16), which is defined in terms of the *-exponential function,
¥y

2 \_ Q2
P (4.p) = e*(;qp) =2 1P

We note that by restricting both the variables g and p to the real line R, we get the classical Gaussian RBF kernel on R.
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