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PHYSICAL REVIEW A, VOLUME 61, 052303

Reducing the complexity of linear optics quantum circuits

John C. Howell and John A. Yeazell
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 16802
(Received 20 October 1999; published 3 April 2D00

Integrated optical elements can simplify the linear optics used to simulate quantum circuits. These linear
optical simulations of quantum circuits have been developed primarily in terms of the free space optics
associated with single-photon interferometry. FolLait simulation the number of required free-space optical
elements isx2" if 50/50 beam splitters are used. The implementatwonstruction and alignmenof these
circuits with these free-space elements is nontrivial. On the other hand, for the cases presented in this paper in
which linear integrated opticg.g., 2 X 2" fiber couplers are used, the number of optical devidses not
grow exponentially withL. The problem is changed from having an exponential growth of the number of
devices to having devices with an exponential growth in the number of ports. In addition to simplifying the
construction, the association of &< N fiber coupler with the discrete Fourier transform suggests alternative
formulations for the circuits. Several examples of circuit reductions are given.

PACS numbd(s): 03.67.Lx, 42.25.Hz

I. INTRODUCTION foranNX N device,N—1 beam splitters are needed. On the
other hand, linear integrated optics has developed such a

All—optlcqlt_ mplementa{uons of qt:gntur;j lpg'f hOIdt a multiport device, which is commonly known as &hx N
unique ‘position In-quantum computing. Typical quantumsg, . coupler[9]. Thus, a single integrated device may re-

computers employ ma_my-partlcle entanglemgnts to reallzﬁlace many individual elements. The alignment difficulty of
logic gates. Linear optics setups employ the interference Ofg circuit is also significantly reduced. Of course such inte-
the degrees of freedom of a single pholdito realize logic  grated devices are not perfect and can affect the polarization
gates. The unitary evolutidi2] of a single photon in alinear of the light and introduce unwanted phase delays. Fortu-
optics environment provides an excellent framework inpately, polarization correction elements for use with fiber
which to model quantum algorithms. systems are well developed as are phase shifting elements.
There are distinct advantages and disadvantages of usingote that such corrections have been experimentally
linear optics to model quantum networks. The primary dis-achieved in Ref[8]. Also, note that polarization preserving
advantage of using linear optics is that the size of the appaN X N fiber couplers are commercially available. The use of
ratus grows with the Hilbert spad®,4] and not with the correcting elements does not affect the circuit simplification
number of bits as in a typical quantum computer. This is gorovided by the use of integrated optics, i.e., polarization
consequence of having each path being labeled as an eigei®tators and phase delays were already commonly required
state of the Hilbert space. Farbits, where each bit has two in the free-space implementation of these circuits. In addition
states, the Hilbert space grows ds and hence the number to the simplification provided by the replacement of many
of paths is also 2 On the other hand, this affords tremen- beam splitters by a single device, the association ofNhe
dous manipulative power. One consequence of the enhance¢IN fiber coupler with the discrete Fourier transform offers
manipulative power, is that it is easy to obtain several manyfurther opportunities for circuit reduction.
bit gates[5]. For example, in order to change the phase of
one of the eigenstates, a simple phase delay in one of the [I. NXN FIBER COUPLER AS DISCRETE
paths is sufficient. For a typical quantum computer, it is dif- FOURIER TRANSFORM
ficult to change the phase of a single state without affecting , , )
the phases of the other states of the system. Another advan- A.symmetrlc NXN fiber coupler .performs the discrete
tage is that the decoherence associated with linear optics rourier transf(_)rm(DFT) on _the spatial modef9,13]. The
small compared with typical quantum computing systems. DFT has matrix elements given by
Most of the proposed all-optical circuifg,6,7] employ
only 1- and 2-path free-space optical elemefstsg., 50/50 Finn=(mn)= ieiZfrrmn/N 2.0
beam splitters, phase delays, polarization rotators). dfis- mn JN '
ing elements that are limited to only 1 and 2 paths implies
that as the number of bits increases the number of opticavhereN is the number of eigenvectors in the Hilbert space
elements increases exponentially. Then, for even two-bit cirinumber of paths in a linear optics setup
cuits, the experimental optical realization is very difficult. ~ There are several instances in whichN N device can
An obvious experimental difficulty arises from the alignmentbe used in place of free-space optics. The most obvious use
of these elements. for symmetricN X N fiber couplers is in generating the DFT.
The techniques presented in this paper are based upon tide DFT is at the heart of several important quantum algo-
use of multiport devices. It is possible to construct multiportrithms [10—13. In order to implement the DFT using free-
devices from free-space 50/50 beam split{@}s However, space opticsNL)/2 50/50 beam splitters are necessary. On
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FIG. 1. Three cascading 50/50 beam split@@nsdashed box A N ol i1 10 F n
are replaced by a single>d4 fiber coupler(in dashed box Bin
order to generate equal probability amplitude in each spatial mode. 11 cmm c 00 B
This is a device used for preparing an input state. Bl/10 1] 10
l D
w2 o w2 a2
the other hand only a singlldx N coupler is needed. For 10 5 Eljloo
example, in Ref[13] the DFT and its inverse were the only ~— > 7A B

operations needed in order to realize the quantum baker’s _ o _ _ o
FIG. 2. Linear optical implementation of a teleportation circuit

map(QBM). It was shown that two 2-bit DFTs and one 3-bit " . R X
inverse DFT were needed. Hence, 20 beam splitters Werlétthlng free space optical elements. This circuit is reproduced with

. - . ermission from Refl4]. Copyright 1998 by the American Physical
required to realize the map. On the other hand, it was als ocielty.l 4] Copyrig y ' yS|
shown that three multiport devices could implement the map.

In addition, one gains a better visual physical intuition for B. Circuit sectioning and replacement

the simple QBM. From a device point of view, as the number ) , ,
An attractive and general reduction scheme is to have

of bits increases the number of multiport devices remains | A s S rcuit | ted
constant as long as there exists a device with a sufficie Fplacement components. SUppose a circut 1s- generate
rom 1 and 2 path optical elements. In many cases, the circuit

number of ports. Hence, the problem is changed from havin% : ) .
an exponential increase in the number of optical elements t an_be_ broken down into sections, which can be reproduced
. ; ) . . By finding the same transformation generated from products
having multiport devices with an exponential number Ofof the DFT and other matricés.g., phase matrix, relabelling
ports. of paths, etd. For example, the teleportation circuit in Ref.
[4], Fig. 2, can be broken down into four sections which we
will call input, polarization, reduction, and measurement sec-
lll. CIRCUIT REDUCTION tions. For the moment, we will concern ourselves with the
reduction section. The reduction section is transformations
D, F, and G in their circuit. Transformation(B) performs
A preliminary example of circuit reduction via integrated the Hadamard transformation on the nftestsi significant
optics is in preparation of initial states. Often it is necessaryath bit. Transformation G is a control-not gate where the
to prepare a state vector such that the photon has an equabstleas) significant path-bit is the contr@argel-bit. Now
probability amplitude in each path with no relative phaseconsider the simplified circuit shown in Fig. 3. Transforma-
delays. For example, in Ref4] (the teleportation scheme tions D and E commute. However, in a standard teleportation
from this paper has been reproduced by permission and ®&ircuit, transformations C and D correspond to the Bell mea-
shown in Fig. 2 and[7] (three-bit search algorithntascad- surement. Hence, commuting operations D and E does lose
ing 50/50 beam splitters were used to create equal photolie one-to-one correspondence with teleportation. Still, the
probability amplitudes in each of the paths. For the four-patHeduced circuit does the same transformation as the telepor-
setups employed in those circuits three beam splitters wer@tion circuit of Fig. 2. Thus, for the sake of demonstrating
needed. On the other hand, a singhe4 coupler would have ~ the reduction technique, we will commute operations D and
performed the same operation. In general, Nor 2" paths, E ar_1d transforr_natl_on E will be placed in the polarization
N—1 50/50 beam splitters are needed to create a state wifhection of the circuit.
equal amplitudes in each of the paths, whereasNanN e — ‘

A. Input

symmetric multiport device is sufficient to generate the in- Input | Pol. Reduction ; i Meas
put. Consider Fig. 1. Inside the dashed box labeled A are; | | 1S B a § wl
three 50/50 beam splitters. This configuration is similar to§ _:; axa :;M:; . :j} 2x2 :11 B
the device employed in the teleportation circuit in Ref] i_):g; ::; o °°w—B
and shown in Fig. 2. The substitute device shown inside thei ags || C Bl D&F o

dashed box labeled B is realized by the4 coupler. It
performs the same transformation with only a single device. FiG. 3. Linear optical implementation of a teleportation circuit
It should be noted that this is only true if the photon entersutilizing integrated optical elements. The circuit is broken down
the 00 path. Allowing the photon to enter another path willinto four sections. The input and reduction sections use linear inte-
cause different phase delays as governed by the DFT. grated optics to reduce the complexity of the circuit.

052303-2
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The reduction section requires four beam splitters andind fourth row of the second column. These elements imply
eight phase delays in the original scheme. It will be showrusing swap gateSy,), which is defined above, as one of the

using linear integrated optics that the reduction section cal
be implemented with one 4 fiber coupler one X 2 fiber
coupler and two phase delays.

transformations needed to realize tBeoperation. Another
observation is that the third and fourth rows have equal am-
plitudes in both the second and fourth columns. One also

The key part of this reduction technique is finding a trans-notices that the phases change sign between either the rows
formation that is equivalent to two successive Hadamarar columns. The relative amplitudes and phases of the last

transformations. A 2-bit DFT can be obtained from

F=S01A0R10A1, (3.1
where
1 (1 1 )
A=l (3.2

is the Hadamard transformatioBy, is a swap gate which
swaps the zeroth and first bit aig for (i <j) is defined to
be

Rijlk -1, .

. ,ko>:ei(’oij|k|_,l, C e

ko), (B3

where

7T/217| if klzkal,

“lo otherwise, 3.4

@ij

andk,,€{0,1}. Here,L is the number of qubits and hence
N=2". The matrix representation &; is given by

100 O
010 0

Ri=lo 0 1 o 39
0 0 0 €¢i

However, the problem is reversed. We want to find a substi

tution for successive Hadamard transformations using th

DFT. We want to find a matrix B which is defined by
BF=CNOT0A0A, (3.6

wherecNOT,q is a control-not gate with the mdktas) sig-
nificant bit acting as the contr@hrge} bit. This implies

1 0 0 0

0o 0 1 0

ez e 7

B=CNOT;AAF 1= © 5 0 5
e 7 7

22

3.7

By observing theB matrix, one can get a general feel for

two rows could be realized by a lossless symmetric beam
splitter, which will be referred to as thg) operation, which
has the 10 and 11 paths entering the input peftgup to a
phase. In addition, the phases of the third and fourth rows
implies the use of control-notfNoT,g) with most significant

bit being the control bit. Indeed, the transformations needed
to realize the gate are

B=cCNOT10J(Sp1)-

The linear integrated optics realization is shown inside the
dashed box labeled reduction in Fig. 3. The swap gate is
realized by relabeling the outputs of thex4 output coupler
where 0310 and vice versa. Since we are interested in
working with linear integrated optics, it would be appropriate
to use a X2 fiber coupler instead of a symmetric beam
splitter. Since a X2 fiber coupler performs a one-bit DFT,

(o qenfly

Hence, placing ar/2 phase shift in the input and output port
of the of the 11 path entering and exiting &2 fiber cou-
pler will yield the same result as a symmetric beam splitter.
It should be noted that path 01 goes around the22fiber
coupler, i.e., it does not interact with it. Tke&lOT 44 is imple-
mented by simply relabeling the paths in which the most
Significant bit is high. In other words, path+110 and vice
Gersa.

The circuit shown in Fig. 3 represents the simplified ver-
sion of the teleportation circuit first modeled in Fig. 2. While
the outputs of the two circuits are the same, the correspon-
dence to a teleportation circuit has been lost.

(3.9

1 0
0 (™2

1
1

1
-1

1 0
0 el

) . (3.9

C. Alternative approaches and Grover's search

Finally, the last reduction example makes explicit use of
the fact that many circuits do not have a unique construction.
All circuits can be considered to have some initial state,
which after the transformation provided by the circuit, yields
some desired output. The truth table defined by the input and
output state makes no explicit reference to the transformation
needed to obtain the output from the input. In this section, it
will be shown that, in some cases, more than one transfor-
mation can be used to obtain the same truth table. This re-
duction technique differs from the technique explained in the
previous subsection. In the previous subsection, same

what simple transformations could yield such a matrix. Firsttransformation was obtained using higher-dimensional inte-
of all, one notices that the upper-left most element is 1 on thgirated optics instead of free-space optics. In this subsection

diagonal. Secondly, the second rowstaal in thethird col-

different transformations are used to obtain the same truth

umn. In addition, one can see there are elements in the thirdble.

052303-3
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FIG. 4. A simple circuit to model Grover's search algorithm. The T operation simply swaps rows of the DFT. For ex-
One iteration employs only two44 fiber couplers. ample, the 11 path is relabled as the 01 path. The fourth
operation is ar phase delay in 00 path. The first four opera-

Grover showed that quantum computers can search raF%i_ons represents th@ operation._l;lence, the circuit has trans-

dy using aimost any uniary wansiomatcfia) He SIS 1 Saie Ty o 0 17} Hence, e e

showed that it is possible to reach some target state denoté P . Y: 9
_— X . State|7) has been found from the input state.

|7) from initial state|y) in O(1/]U ,|) steps, wher¢U | is

. ) . The key result of employing the DFT and usihg< N
the magnitude of the matrix element connecting s]t@)teand couplers is that for one iteration the number of optical ele-
|v). Hence, as long as there is a non-zero matrix eleme

: ) X °MeNhents remains the same regardless of the number of bits, just
connecting stat¢r) and|y), then any unitary matrix, with a5 in the quantum baker's map. It should be noted that this
this property, will be able to search for stdte.

. : ~ proposal has neglected counting the fibers connecting the
Grover showed that there exists a unitary transformatiorzouplers as optical elements.

Q given by —1 7U‘ll ;U , which after the appropriate num-
ber of iterations ofQ will evolve from state|y) to U~ 2| 7).
Here, 1 (1) is a diagonal matrix with all of the diagonal
elements equal to 1 except for the/(77) element which is
equal to-1.

In Ref.[7] several all-optical implementations of Grover's
search algorithm are proposed and studied. However, it ¢

be seen that the number of 1- and 2-path elements gro example, spurious phase shifts introduced in the inputs, cir
xponentially with the number of bits. Even employin ; ' ; > T
exponentially with the number of bits en employing acwt, or output can greatly affect the function of the circuit.

compiling technique and using polarization as one of theAI I h ) focti that | |
bits, a 3-bit search required 21 elements. so, couplers have imperfections that cause loss, unequa

The method proposed here is to use the DFT instead o?mp“ft%de spl|tt||ngs, adndf_t;mdeswablet_phasedsh|fts£. In addi-
the Walsh-Hadamard transformatiowHT). The most im- t'hon’ |Ier_ C?.UD er|_s| and fi f(?rst, man):j |tmebs, tok no tpresetrve
portant similarity between the DFT and WHT is tHﬁij| € polarization. Hence, etiorts need to be taken to restore
T B the polarization or polarization preserving optical devices
=|W;;|=1/JN, whereF represents the DFT and/ repre- -

! : : kust be used. As a general rule, the difficulties in imple-
sents the WHT. Hence, either transformation can searc

. . menting the reduced circuits are the same as the unreduced
equally well. Using the DFT instead of the WHT means thatcircuits, it is just that there are fewer of them.
NXN fiber couplers can be used.

Consider the 2-bit 4-path search circuit proposed in Fig, In summary, it has been shown that many circuits can be

4. This figure shows one iteration of a transformation whichsImpllfled by using linear integrated optics. The circuit re-

. ductions are implemented using higher order multiport de-
searches for thel0) state starting from thg00) state. The : - - -
first NXN fiber coupler performs the DFT. The second vices from linear integrated optics, rather than the typical

transformation is a phase operation, which simply retards thf?ree-space 50/50 beam splitters. We have demonstrated that
phase of the 10 path by. This operations marks the state to or many circuits the problem can be reduced from having a

be searched for. The third operation performs and invers!earge number of optical elements to having a multiport de-
- e ice with a large number of ports. This promises a significant
DFT F~1. The inverse DFT is given by 9 b P g

simplification in the physical realization of these circuits.
(Fn) " '=T(Fy),

IV. DISCUSSION

The purpose of this paper has been to draw upon the
distinct advantages of linear integrated optics to reduce the
number of optical devices in quantum circuits. While it has

aReen shown that several aspects of circuits can be simplified,
any of the same experimental difficulties still remain. For
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