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1 | INTRODUCTION

A set of polynomials {P”}neN satisfying an identity with respect to the real derivative that takes P, to nP,_; is called

an Appell system [7]. In the classical case, where x is interpreted as a real or complex variable, the standard monomials
P,(x) = x" form an Appell set, but also the famous Hermite, Bernoulli and Euler polynomials are examples of Appell
sets. The importance of such polynomials in various settings is well known, and we mention here, with no pretense of
completeness their relevance in probability theory and stochastic process since they can be connected to random variables,
see [8], they were used also to study optimal stopping problems related to Lévy process in [26].

Moving to the hypercomplex analysis setting, namely analysis for functions with values in a Clifford algebra, in partic-
ular quaternions, we have various function theories, associated with different differential operators. In this paper we will
treat the quaternionic case.

In the slice hyerholomorphic setting, Appell systems can be obtained by simply extending the variable in use to become
hypercomplex, and so we have that, for example, the standard monomials in the quaternionic variable are among them
with respect to the slice derivative.

But these sets of polynomials were studied also in the setting of quaternionic and Clifford analysis with respect to the
hypercomplex derivative, see [10, 11, 21, 22, 25]. It turns out that the Appell systems in this framework play a similar role as
the complex monomials do to define elementary functions in terms of their power series like cosine, sine, exponential, etc.
This fact opens a variety of questions also in relation to various function spaces including Fock, Hardy, Bergman, Dirichlet
spaces, etc. Moreover, various questions arise about their associated operators such as creation, annihilation, shift and
backward shift operators. Some different operators related to Fock spaces in the Clifford setting were considered also in
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[18]. What makes Appell systems in quaternionic and Clifford analysis rather peculiar, is the fact that the function theory
has been developed using the so-called Fueter polynomials, see [9, 24], and these polynomials do not satisfy the Appell
property in general. However, a series expansion for hyperholomorphic functions is possible using both the approaches.

In order to define and study quaternionic reproducing kernel Hilbert spaces the approach that makes use of the Appell
systems looks very promising and allows to define the associated operators. We will show that using a special set of Clifford
Appell polynomials, denoted by {Qn}, we can introduce various function spaces denoted by H .M, whose elements are
converging series of the form ) Q,a,, where the quaternionic coefficients a,, satisfy suitable conditions which depend
on a given sequence b = (bn) of real (in fact rational) numbers. This approach is rather general, and it is used also in
the slice hyperholomorphic setting in which the series under consideration are of the form )’ g"a,,, where q denotes the
quaternionic variable and give rise to spaces denoted by HS,, ¢ = (cn)

In this paper we treat the case of the quaternionic Fock and the Hardy spaces which have been already studied in the
slice setting but are new in the Fueter regular framework combined with the Appell polynomials. For this reason, these
spaces are called Clifford-Appell Fock space and Clifford-Appell Hardy space, respectively.

One problem of the system {Qn} is that if we multiply two such polynomials we do no obtain an element in the system.
This is expected provided the non-commutative setting and in fact hyperholomorphic functions can be multiplied using
the so-called CK-product. With the polynomials Q,, there is the additional problem of remaining within the Appell system
and in fact we show how this can be achieved. This technical result opens the possibility to prove several results and also
to introduce creation, annihilation and shift operators.

An advantage of our description is that we can prove that the function spaces HM,; and H S, for suitable choices of
b, c, can be related using the Fueter mapping theorem.

The structure of the paper is the following: in Section 2 we revise notations and preliminary results that we need in
the sequel. In Section 3 we introduce some quaternionic reproducing kernel Hilbert spaces (QRKHS) based on a specific
Appell system, and prove different properties on such kind of polynomials. We show also that, under suitable conditions,
any axially Fueter regular function can be expanded in terms of these Appell polynomials. In Section 4 we focus more on
the Fock space in this setting. In particular, we study different properties related to the notions of creation, annihilation
operators and Segal-Bargmann transforms. In Section 5 we treat the Hardy space case, and study different properties
related to the shift and backward shift operators. Finally, in Section 6 we show how the Fueter mapping acts by sending
spaces of slice hyperholomorphic functions into spaces of Fueter regular functions. Moreover, we show that in some
special cases the Fueter mapping acts as an isometric isomorphism up to a constant.

2 | PRELIMINARY RESULTS

We recall some basic facts on quaternions and on the two sets of Cauchy-Fueter and slice hyperholomorphic functions.
The skew field of quaternions is defined to be

H={q=xo+x1i+xj+xk ;Xp,x1,%,x3 ER}
where the imaginary units satisfy the multiplication rules
i?=j2=k?=-1 and ij=—ji=k,jk=—kj=iki=—-ik=j.
The conjugate and the modulus of g € H are defined by
g =Re(q)—q where Re(q) =x,, q=xXi+x,j+x3k

and

lql = \/qq = \/X§+Xf+x§+x§’

respectively. Notice that the quaternionic conjugation satisfy the property pq = q p for any p, g € H. Moreover, the unit
sphere

{g=x1i+x)+x3k; x] +x3+x; =1}
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coincides with the set of all imaginary units given by
S={qeH;q*>=-1}.

Sometimes we denote e; = i,e, = jand ez = k.
We recall the classical notion of Fueter regular functions also called “hyperholomorphic functions”, for more details
one can see [15, 24]:

Definition 2.1. Let U C H be an open set and let f : U — H be a real differentiable function. We say that f is (left)
Fueter regular or regular for short if

0 0

(5 ;0 ;9 .9 _
af(q).—(axO+lax1+]ax2+kax3>f(q)_0,quU.

The quaternionic right linear space of Fueter regular functions is denoted by R(U).

The right Fueter regular functions can be defined just by taking the imaginary units on the right of the derivatives of the
function f. The quaternionic monomials P,(q) = g" are not Fueter regular. However, there exist some other important
functions in this theory, the so-called Fueter variables, defined by

$i(x) =x; —exg, 1=1,2,3. (2.1)

These functions play the same role that complex monomials play in complex analysis. For example, a series expansion
for Fueter regular functions is obtained using these Fueter variables. A suitable product that allows to preserve the regu-
larity in this setting is the so-called C-K product, denoted ®. Given two Fueter regular functions f and g, we take their
restriction to x, = 0 and consider their pointwise multiplication. Then, we take the Cauchy-Kowalevskaya extension of
this pointwise product, which exists and is unique, to define f © g, see [24].

A more recent theory of quaternionic regular functions was introduced and studied in several directions during the
last years, see for example [2, 16, 17, 23], namely the theory of slice hyperholomorphic functions that we recall briefly. In
the definition below, for a fixed I € S, C; = R + IR denotes the complex plane whose variable is ¢ = x + Iy, and we set
Q:=aQndC;.

Definition 2.2. A real differentiable function f : Q — H, on a given domain Q C H, is said to be a (left) slice hyper-
holomorphic function if, for very I € S, the restriction f; to Cy, is holomorphic on €y, that is it has continuous partial

derivatives with respect to x and y and the function J; f : Q; — H defined by

1( 0

A f(x+1y) := 5(& +I%>f1(x+yl)

vanishes identically on Q;. The set of slice hyperholomorphic functions is denoted by SR(Q).

The paper [4] studies the slice hyperholomorphic quaternionic Fock space Fg;;..(H), defined for a given I € S to be

Foteo#) = {f &SRO 1 [ 7o) e " o) < oo},
Cr

where f; = f|c, and dA;(p) = dxdy for p = x + yI. The definition of this space does not depend on the choice of I. It was
also proved that this quaternionic Fock space can be characterised in terms of the slice hyperholomorphic power series
as follows

[e] o0
7:)Slice([H]) = {Z qkak;ak eH: Z k!|ak|2 < oo}
k=0 k=0
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Its associated Segal-Bargmann transform was studied in [20] by considering the slice hyperholomorphic kernel
obtained making use of the normalized Hermite functions (nn)n> o The explicit expression of this kernel is given by

had k 1.2, .2
(g0 =Y q—k'nk(x) =TIy v e xR (22)
k=0 :

Then, for any quaternionic valued function ¢ in L?>(R, H) the slice hyperholomorphic Segal-Bargmann transform is
defined by

B0 = | A5t dx 23)
R

In the same spirit different famous spaces of slice hyperholomorphic functions such as Hardy, Besov, Bloch, Dirichlet and
Bergman spaces were studied in [1, 12, 13].

3 | ANEW FAMILY OF QRKHS OF FUETER REGULAR FUNCTIONS: GENERAL
SETTING

Let us consider the quaternionic polynomials defined by

k

Q@) = Y, T g, g e i,k > 0, (3.1)
j=0

where

T < &(z)k—j(l)]‘ _ 2k—j+1)
J G k=t (k+ 1)k +2)

(3.2)

and (a), = a(a + 1) ...(a + n — 1) is the Pochhammer symbol.

Remark 3.1. Notice that the polynomials (Qy) (>0 8iven by (3.1) are Fueter regular on H. Moreover, they form an Appell

system with respect to the hypercomplex derivative g, i.e., for all k > 1 we have the Appell property

]
5Qk = kQp1.- (3.3)
For more details on such properties of these polynomials one can consult for example [11] and [21].

For g € H, let

(s

Exp(q) := Z Q;;{(!q) (3.4)

be the generalized Fueter regular exponential function considered in the paper [11]. Then, we introduce the following.

Definition 3.2. Let Q be a domain in H. Let ¢ = (ck) be two non decreasing sequences with

ken 04 b= (be),
¢o = by =1 and such that Z:;O Ig|*¢c; < o0 and Z;:;O |q|**b;. < 0. Then, associated to b and ¢ we define:

1. The subspace of Fueter regular functions defined by

HMb(Q) = {ZQk“k;ak eH: Z bk|ock|2 < OO}
k=0 k=0
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2. The subspace of slice hyperholomorphic functions defined by

HS () = {qufk§fk €H: ch|fk|2 < 00}-
k=0 k=0

Given f = Zzozo Qo and g = Z:;o Qi Py in HM,(Q) we define the Hermitian inner product given by
[So]
(f+8)1, = 2. DB
k=0

Remark 3.3. We note that, by specifying the sequence c, HS, include different spaces of slice hyperholomorphic functions
such as Fock, Hardy, Dirichlet and generalized Fock spaces. Such spaces are the quaternionic counterpart of the complex
version introduced in [3].

We are interested in two main problems in this setting:

Problem 3.4. Study the counterparts of the spaces introduced in Definition 3.2 by suitably chosing the sequence b in order
to include in this framework of Cauchy-Fueter regularity: Fock, Bergman, Hardy, Dirichlet spaces, etc.

In this paper, we will treat the Fock and Hardy cases that correspond, respectively, to the sequences by, = k! and by, =1,
forall k > 0.

Problem 3.5. Study the range of the Fueter mapping on H S, and see when it is possible to obtain spaces of regular functions
of the form HM,;. More in general, we ask if using the Fueter mapping it is possible to get information on the sequence
(bx) in terms of the given datum (c; ) ?

Remark 3.6. We note that the answer to Problem 3.5 for Fock and Bergman cases were considered in [21]. See also [4, 13]
for the slice hyperholomorphic setting. The answer in these two cases is given by:

1. In the Fock case:

k!

—klandby = ——— Vk>0
G = K ANE = T Dk + 2)

2. In the Bergman case:

1 1
=— andb, = , Vk >0
T 1 MR T D2k + 22(k + 3)

We will show that, under suitable conditions, for some special choices of the sequence b in Definition 3.2 we have the
estimate:

00 2k \ 2
@i < <Z o ) sty f € HMb(@),q € 0. G3)

k=0

In these cases, we can also prove that HM,;,(Q) are right quaternionic reproducing kernel Hilbert spaces with repro-
ducing kernel given by

[e5]

Kyinip@(@p) = Y, %Sk(p), Y(g,p) € QX Q. (3.6)

k=0

Qe
Vor

Furthermore, in such situations { } form an orthonormal basis of H M, (Q).
k>0
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Now, we will prove an interesting result on the Appell polynomials (Qk) k>0 useful to compute their C-K product.

Proposition 3.7. Letk,s > 0. Then, for any q = x, + q € H we have

CkCs
Ck+s

(Qk © Qs)(q) =

Qk+s(q),

where @ is the C-K product and c; : = 23:0(—1)jTj., foralll > 0.

Proof. Since Q and Q, are Fueter regular functions on H, their C-K product Q; ® Qj is also Fueter regular. Then, we use
the formula of the C-K extension, see [24, Theorem 11.38], given by

CK[h(§)1(q) = exp(—x05 JIn(@)](Q)-

We write the explicit series expression using the fact that Q;(g) = ¢;q" for all | > 0 and obtain

(@ Q)@ = X, —7—0;(Q@)(@)
=0
[<3) (_1)jxj

= CkCS Z m Oaé(qk-'-s).
=
In particular, we get
(Qk © Q5)(q) = ckesCK(G*+)(q), g € M, k,s > 0, 3.7)

with ¢; := 25.:0(—1)1' Tﬁ., for all I > 0. On the other hand, we observe that Q. is also Fueter regular on H. Moreover, it
is restriction to xy, = 0 gives

Qi+s(q) = Ck+s‘ik+s-
Therefore, by uniqueness of the C-K extension we get
Qi+5(@) = ck4sCK(G*+¥)(q), Vg € H. (3.8)
Hence, we combine (3.7) and (3.8) to conclude that
(0 © Q)@ = = Qussla), Vg € W,k 520, 0

Remark 3.8. If we consider the Fueter regular polynomials given by P, = &, for all k > 0. Then, the classical multipli-
Ck
cation rule holds, in the sense that we have

Py O Py = Py, Yk, s> 0. (3.9)

Corollary 3.9. Letk,s > 0. Then, forany q = x, + ¢ € Hwe have

Xo 2 X0 (j
(QOQ)@ = ckcsi’o‘“r"“(%(ﬂ ¥ mciﬂ—l(ﬂ?)’

where C} are the Gegenbauer polynomials, A is a constant and r? =|q|%
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Proof. Proposition 3.7 gives
(Qk ® Qy)(@)lxy=0 = ks ™S, k,s > 0,
thus, by the regularity of the C-K product Q; ® Q, and uniqueness of the C-K extension we have that
(Qe © Qy)(@) = cke;CK[G 5], g € H, ks > 0.

Hence, the result follows as a direct application of Theorem 2.2.1 in [19] that gives the expression of the C-K extension for
the vector part powers in terms of Gegenbauer polynomials. O

Remark 3.10. We note that the Appell polynomials given by (3.1) define a family of Fueter regular functions of axial type (or

axially Fueter regular functions), in the sense that if we write ¢ = x, + w|q | € Q with w € S there exist two quaternionic
valued functions A = A(x, |q|) and B = B(xo, |q |) independent of w such that we have

Qi(q) = A(xo, 19 1) + @B(xo,1q1), Vk > 0. (3.10)

We end this section by proving a converse result of the previous remark. This allows to characterize axially Fueter

regular functions on quaternionic axially symmetric slice domains in terms of the Appell system (Qk) 0"

Theorem 3.11. Let Q C H be an axially symmetric slice domain containing the origin. Let g be an axially Fueter regular
function on Q. Then, there exist some quaternion coefficients (o )0 such that we have the expansion

g@) = Y, Qu(@oy, Yg € Q. (.11)
k=0

Proof. We note that g is an axially Fueter regular function on Q. Thus, by the inverse Fueter mapping theorem proved in
[14] there will exist f € SR(Q) such that we have

g =1(f) (3.12)

where T = Ags is the Fueter mapping. Then, using the series expansion theorem for slice hyperholomorphic functions

there exist some quaternion coefficients (ak) k>0 SO that we can write

f@=Y da, vgeQ. (3.13)
k=0

In particular, we apply the Fueter mapping 7 on (3.13) and get

() = ) 7(q")ax
k=0

However, we know by [21] that
ky — _ -
7(q*) = —2(k — DkQy_,, Vk > 2.

Therefore, we continue the calculations and obtain

w(f) =), Qo (314)
k=0
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where we have set ), = —2(k + 1)(k + 2)ay,,, for all k > 0. Hence, comparing (3.12) with (3.14) we conclude that

2@ =) Qu(@a, Yq € Q.
k=0

This ends the proof. O

4 | THE FOCK SPACE CASE

In this section, we consider the Clifford-Appell Fock space in the setting of quaternions which is defined by

F(H) := {ZQkak;ock eH : Zk!|ak|2 < 00}
k=0 k=0

This space corresponds to the space H .M, in Definition 3.2 associated with the sequence b = k!, k > 0 on the domain
Q=H.Let f = Z;:;O Qray and g = E:}:o QB in F(H) we can equip F(H) with the scalar product

(f+&)rqp = D, k@B
k=0

Then, we can see that all the evaluation mappings on 7(H) are continuous. Indeed, we prove the following estimate

Proposition 4.1. Forany f € F(H) and q € H, we have

g2
@l <e > 1 fllra. @.1)

Proof. We write f(q) = ZZOZO Qr(@)ay. Thus, we have

o [Qr(@)
(@l < Z Vk!.
/a k=0 Vk! |ak|

Then, by the Cauchy-Schwarz inequality we obtain

N N :
F @ s(Z (a) ) <2 k!|ak|2> .
k=0 k=0

However, we know that |Q,(q)| < |q|* for all ¢ € H (see the proof of Proposition 4.5 in [21]). Hence, we get

g2
@ <e > [ lre, 0

As a consequence, we have the following result.

Theorem 4.2. The set F(H) is a right quaternionic Hilbert space of Cauchy-Fueter regular functions whose reproducing
kernel is given by

(9]

Kran(q, p) = Z %, V(g,p) € HxH.

k=0

Moreover, if we set P.(q) = Qk_(;j)’ k > 0, then, the family {z,bk form an orthonormal basis of F(H).

Vi }kzo
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Proof. For a fixed p € H, we consider the function defined by

Qk(P)‘

K@) = 2 Qu(@B(p), ¥q € H, where B (p) =

k=0

‘We observe that

So, the function K, belongs to 7'(H) for all p € H. Now, let f = Z;O:O Qo be any function in F(H). Then

(Koo f ) papy = 2 KBk = Y Qu(p)ae = f(p). Vp €1,
k=0 k=0

therefore, the reproducing kernel of the space F(H) is given by

Kran(@:p) = ), %, V(g,p) € HxH.

k=0

It is clear by definition of the scalar product that
<¢k1 ¢j>F(H) = ak,j’ Vkr] € N.
Furthermore, let f = Zzozo Q. in F(H) be such that

<7vbk,f>r([H]) =0, Vk eN.

We have
\/Eak = <¢k5f>7—“([]—[]) =0, Vk eN,
so, f = 0 for any g € H. In particular, this proves that {¢k} k>0 form an orthonormal basis of F(H).

Remark 4.3. We note that

D) Kran(d.B) =X, (- 1)" : gk p*, forall (g, p) € Hy x Hy.
ii) Kpqpy(x,y) = e, forall (x,y) € RxR.

AL

Now we turn our attention to the notion of creation operator associated with the Clifford—Appell Fock space F(H). For

this, we consider a sequence of real numbers y = (yk)k> 0 that allows to define a weighted shift operator by

T,(Qk) 1= ¥kQxs1, Vk > 0.

(4.2)

We would like to preserve in this setting the main properties of adjoint and commutation rules satisfied by the standard

creation and annihilation operators on the Fock space. First, we deal with the following

Proposition 4.4. Let y be a sequence with y, = 1 and such that (4.2) is well defined. Then, we have

3 3
lzTy,T ] = Trm,
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if and only if

_1+ky

Yk = , Vk > 1.

1+k -

Proof. Let f = Z;:;O Q.o be a function in F(H). Then, we have

[s9) 5 [s9)
T,(f) = X 7kQunar and () = D kQeora.
k=0 k=1

Thus, we obtain
E = 3 k d 9 = 3 k
ETy(f) = kZ( + Dy Qray an Tyz(f) = kz Yie—1Qx .
=0 =1

Therefore, it follows that

3 3 <
lETyaTyE](f) =70Qo% + 2 [(k + Dyy — kyi—1| Q. (4.3)
k=1
‘We can see that if
1+ k)/k_l
=—_ 7<= >
Vi ok ezl

we have then
(k + l)yk — k}/k_l =1, vk >1.
Therefore, using the condition y, = 1 and formula (4.3) we obtain

3 3 i
lETV’TVE](f) = Qo + ;Qk“k =f.

For the converse, if we assume that

lgTy,T@](f) =/,

we apply (4.3) and get

70Qo(@ao + Y [tk + Dyic = kyie—1 ] Q@ = Y, Q(@a, Vg € H.
k=1 k=0

In particular, using the fact that Q,(t) = t¥, for all t € R and y, = 1 we observe that

o0 o0
oy + Z [(k + Dyy — kyy_y|tFay = Z thay, Vi €R.
k=1 k=0

Therefore, comparing the coefficients of the same degree we obtain

(k+ Dy —kyr_1 =1, Yk > 1.
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Hence, we have the condition

Furthermore, we can prove the following:

Proposition 4.5. Lety be a sequence with y, = 1 and such that (4.2) holds. If one of the following properties is satisfied

o |a F] )
l) I:ETyy Ty;:l = IF(H)a
it) T, is the adjoint of the hypercomplex derivative g;
then, we have
Yk = 1, Vk > 0.

Proof. We observe that condition i) and Proposition 4.5 show that

_l+ky

Yk = ,Vk>1.

1+k -

Thus, since y, = 1 a simple induction reasoning allows to prove that if i) holds then y; = 1, for all k > 1. On the other
hand, the condition ii) implies in particular that we have

3 .
(3000) =@ (@) 21
F(H)

So, we conclude
k(k = D61, = 7jk!Ok j41, Yk, j 21,
where §,, , is the Kronecker symbol. In particular, this leads to the same conclusion thaty; =1, j > 1. |

Remark 4.6. We note that thanks to Proposition 4.5 the only operator T, that can play the role of the creation operator
with respect to the Clifford—Appell system should act as follows

T,(Qk) = Q41> Vk > 0. (4.9
We now introduce the notion of creation operator associated with the quaternionic Hilbert space H .M, in terms of

the C-K product that allows to have the property (4.4). To this end, let k > 0, and we define first the family of operators
given by

c
Se(f) = %Ql O f, Vf € HM,,. (4.5)
where © denote the C-K product and ¢; : = Zézo(—l)j T;, forall [ > 0.

Then, for f = Zzo:o Qo in HM, we consider the operator S defined by applying S, on each component with the
corresponding degree as follows

S(f) := ), S Qu)a. (4.6)
k=0
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Therefore, we have the explicit expression given by

Ck

S = 1 %, (01 © Qi @)
k=0

We note that the operator S acts like the classical shift operator with respect to the Clifford—Appell system (Qk) k50" This
can be seen in the following N

Proposition 4.7. Forall k > 0, we have
S(Q)(@) = Qus1(9), Vg € H.
Proof. Letk > 0. Then, for all ¢ € H we have

S(Qr) (@) = Sk (Qk) (@

_ Otk
C1Ck

(Q1 @ Q)@
Now, we apply Proposition 3.7 and get
coc
QOQ= Cl—ka+1-
1+k
Hence, we obtain

S(Qi) = Q1 O

As a consequence of Proposition 4.7 we note that the creation operator on F(H) given by (4.6) acts as follows

5(2 Qk%) = 2 Qpe41%-
k=0 k=0

The annihilation operator corresponds to the hypercomplex derivative

5._1(8 8 8 5
2 T 2 axO axl ]ax2 aX3 )

It is known by the Appell property that

N| Q|

(Qk) =kQy-1, Vk 2 1.

The domains of S and % in F(H) are denoted respectively by

D(S) :={f € F(H); S(f) € F(H)}

> 1= {f IS F([I-I]);%(f) IS T‘(I]—I])}.

and

N

o
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We note that the creation operator S and the hypercomplex derivative % are quaternionic right linear operators densely

defined on F(H) since { 3 } is an orthonormal basis of the quaternionic Fock Hilbert space. In the sequel, we shall
k>0

vk

prove some different properties of these operators:

Proposition 4.8. S and g are two closed quaternionic operators on F(H).
Proof. We consider the graph of S defined by

G(S) :=A(f, S f € DS

Let us show that G(S) is closed. Indeed, let ¢,, be a sequence in D(S) such that ¢,, and S¢,, converge to ¢ and i respectively
on F(H). Then, thanks to Proposition 4.1 we have

g1
1$(@) — (@] <e 2 lIg, — Dl

and

1S6u(@) — P(@] < e T 15 — Bl

Therefore, it follows that ¢,, and S¢,, converge pointwise to ¢ and 3, respectively. This leads to ) = S¢ which ends the
proof. The same technique could be adapted to prove the closedness of the hypercomplex derivative on F(H). O

Furthermore, we prove also the following

Proposition 4.9. Let f € F(H). Then, S(f) belongs to F(H) if and only if g f belongs to F(H). In particular, this means

that we have
]
D(S) = D( > )

Proof. We write f = Zzozo Qi oy in F(H). Then, we have

[Se]
S() =Y, Quatp-i-
h=1
In particular, we have
< 2
ISy = hz || (4.8)
=1
On the other hand, using the Appell property with respect to the hypercomplex derivative we have
5 (6]
5= D QuBu» B = (h+ a1, Vh > 0.
h=0

Some calculations lead to

2 0
= Z h(l’l')|0{h|2 (49)

FH) h=1

é
o
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We note that by (4.8) we have
2 _ S 2
ISF11%qy = 2,08+ Dfau|
h=0
- 2
= Y (h+ Dhl|ay|
h=0
- 2 2
= D h(W)ay|” + D hl|ey| "
h=0 h=0
Therefore, we use (4.9) in order to get
— 2
1501 = |20]  + 112 (410)
f FMH) — 2f f F(H) :
F()
Hence, formula (4.10) shows that ||S f|| @) < oo if and only if % f < oo which ends the proof. O
F(H)

Now, we prove the adjoint property.

Proposition 4.10. Let f € D(%) and g € D(S). Then, we have

3
<5f’ g> = <f’ S(g»f’(n-n) .
F(H)

Proof. Let f = Z;ozo Qray in D(%) and g = 210(020 QB in D(S). Thus, we have

NSN3y

k.‘
I
Nk
TR

(Qu) o

=~
Il
=}

I
M

kQj—1ax

=~
Il
—

M

(h+1D)Qpapy1-

>
Il
o

On the other hand, making use of Proposition 4.7 we have
S = 2 S(Qk)Br
k=0
=) Qb
k=0

= ) QBi-1-
k=1
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Therefore, we obtain

k=0

5 [So]
<§f,g> = Z(k + Dlag 1B = (S S(g»r(u.u) .
F(H)
This ends the proof. O

Proposition 4.11. Let f € D(%) N D(S). Then, we have
)
Proof. Let f = ZZOZO Qi bein D<§> N D(S). Thus, computations using Proposition 4.7 and the Appell property give

25D = Y+ D0y and S5 =Y ke
k=0

k=0 2

In particular, it shows that

3 )
Es(f)—sz(f):f-

This ends the proof. O

Remark 4.12. Note that the creation and annihilation operators denoted respectievly by S and g are adjoint of each other
and satisfy the classical commutation rules on the Fock space of Fueter regular functions F(H) like in the classical complex
case. Moreover, observe that we have also S g (Qk) = kQy, for any k > 1. This property is related to the notion of number

operators that appears in quantum mechanics.

Let (77,1)nGN denote the normalized Hermite functions. In order to study the Segal-Bargmann transform notion in this
framework we introduce the Fueter regular kernel function given by

o Q@)
Al(g,x) :=
H l;) \/E

Then, for any quaternionic valued function ¢ in L?(R, H) and g € H we define

ni(x), ¥(g,x) € HxXR. (4.11)

B (9)(q) = / AL (g, x)p(x) dx. 412)
R

We shall prove the following result:

Theorem 4.13. The integral transform Bﬁ_:ﬂ defines an isometric isomorphism mapping the standard Hilbert space L>(R, H)
onto the Clifford-Appell Fock space F(H).

Proof. Let ¢ € L*(R, H). We write ¢ = Z;io 1;(x)B; such that ||cp||iz(R W= Z;‘;o |,8j|2 < oo. Then, note that we have

o)

Qx(q)
BL(e)g) =
H kg() \/F R

N (X)p(x) dx.
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So, by setting o, = Ni(X)p(x) dx for all k > 0, we get

1
7a e

5@, = 3 bl
L

2

/ N ()p(x) dx| .
R

0
k=0

However, by definition of ¢ and using the orthogonality of Hermite functions we obtain

[ meedx= 36, [ nondx = e vieo.
R j=0 R

Hence, we conclude that

ol = 3 12— lol2
j=0

Moreover, observe that

B () = Q? Vi > 0.

k!

In particular, this allows to prove that Bﬂ is an isometric isomorphism mapping the standard Hilbert space L*>(R, H) onto
the Fock space F(H) on the quaternions. O

Now, we consider the following:

Problem 4.14. Ts it possible to map Fg;..(H) onto F(H) without using the Fueter mapping, see [21], and keeping the
isometry property?

To answer the question, we will compute Bﬂ composed with the slice hyperholomorphic Segal-Bargmann transform.

In order to answer this problem, we need the slice hyperholomorphic Segal-Bargmann transform given by (2.3).

Notice that thanks to these integral transforms B% and Bﬁ] it is possible to relate the two notions of Fock spaces on the
quaternions, namely the slice hyperholomorphic Fgj;..(H) and the Cauchy-Fueter regular one 7(H). Indeed, for a fixed
i €S, f € Fgice(H) and g € H we define the integral transform given by

WMW:/HMM@M@

G
where dy;(z) := ie"z |2dAl-(z) and the kernel function is obtained by taking the series

o)

£(gz) =) Q’;{(,Q)E", V(g,z) € HXC;.
k=0 :

Then, we prove:

Theorem 4.15. The quaternionic integral transform Y does not depend on the choice of the imaginary uniti € S. Further-
more, it defines an isometric isomorphism mapping the slice hyperholomrphic Fock space F;;..(H) onto the Clifford-Appell
Fock space F(H).
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Proof. Let f € Fgji..(H), by Proposition 3.11 in [4] we have

fl@= Z q“a; and Z |ak|2k! < oo.
k=0 k=0

In particular, by definition of Y we have

v U@k \ [ v
Y(f)(q) = Ja; ) dui(z)
0= [ (Z%5082 ) (B e
= Z Ql;c(!q)</c 77 d/,tl-(z)>aj.

k,j=0

However, it is known that

/ A dp;(z) = k16 ;.
C;

L

Therefore, we get

Y@ = ) Qu(qar.
k=0

MATHEMATISCHE
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L

Hence, since the coefficients (ak) >0 do not depend on the choice of the imaginary unit i we conclude that Y(f) is well

defined and does not depend on the choice of the imaginary unit. Now, we observe that the operator Y can be obtained

thanks to the commutative diagram such that we have
Fo(ps)
Y = Blo(B)
Indeed, to prove this fact. Let f € Fygj;..(H) and set
-1
#0) = (B5) ()= / A5 B, )f1(2) d(2).
Ci
Thus, for any g € H we have:

BE@$)(g) = /C AT (g, x)p(x) dx

- /C | Aﬂ<q,x>< /C AE D) d#i(Z)) dx

= / < /[R Aﬁ(q,xmﬁﬂ(i,x)dx)ﬁ(z)dm(z).

G

Then, we set

H(gq,z) = / Aﬂ(q, x)AUS:ﬂ(E, x)dx, ¥(q,z) e Hx C;.
R
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So, for all (g, z) € H x C; we have

H(q,z)

/ <Z Q"(q)nk( ))(2 nJ(X))
Ci \k=0 Vk! j=0

_ v %@ ( oy )i
k,,z:o = /R M0, (x) dox NG

Then, using the fact that Hermite functions form an orthonormal basis of L?(R, H) we get

H(g,2) = Z Q’;{ﬁq)"‘ = £(g,2), V(g,2) € H XC,.
k=0 ’

At this stage, we replace H(q, z) by its expression and conclude that we have
-1

_ pF S
Y—BHO(BH>

Therefore, since both of Bﬂ and Bﬁ" are isometric isomorphisms mapping L?(R, H) respectievly onto 7(H) and Fgj;..(H).
This ends the proof. O

This quaternionic operator satisfies also the following properties :

Qn(q)

Proposition 4.16. Foralln > 0, we set f,,(q) = L and $.(q) = ek

Vn!

, q € H. Then, we have

i) Y(f,) = ¢ foralln > 0.
i) [c, £(q,2)L(p, 2) dpi(z) = Kraa)(g, p), forall (g, p) € Hx H.
Proof. The first statement is a direct consequence of the fact that
Fo(rs)
Y = Blo(BY)
This is combined with the two following relations

-1
(Biﬂ> (7771) =fn and Bﬂ(fn) =¢,, Vn2>0.

Now, let (g, p) € H x H. Then, we have

YT ¢ %@ Q;(p)
L ) L . d i = Jdl
JRCECPRLIOEE </C ()> g

i k,j=0

Z Qk(q)Qk(p)

k]

= Krun(q, p). O

Corollary 4.17. Leti € S. Then, forall x,y € R and n > 0, we have the following identities

) fc_ 22" duy(z) = x™.
ii) fC etz dui(z) = e,
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Proof. Observe that we have

L(t,z) =e'Z, Y(t,z) e Rx C;. (4.13)

The first identity follows from i) of Proposition 4.16 combined with (4.13).
The second statement is also a consequence of (4.13) combined with ii) of Proposition 4.16 and the fact that

Kran(x,y) = e, ¥V(x,y) e RXR. 0

5 | THE HARDY SPACE CASE

In this section, we study on the quaternionic unit ball Q = B the spaces associated to some sequence b as considered in
Definition 3.2. First, we give some general proofs related to these spaces H M,;,(B). Then, we will give more specific results
on the Clifford-Appell Hardy space in this framework that corresponds to the sequence b, = 1, for all k > 0. In all this

part, we take Q = Band b = (bk) >0 10N decreasing sequence with by = 1. Then, we have:

Proposition 5.1. The following estimate

1

< lg )’
1@ < <l§ B ) Wlhew. S €HMy®).q € B,
holds.

Proof. Let us consider f(q) = ZZ‘;O Qir(@)ay in HM,(B). Thus, we have

o |Qk(@)
If(@] < Yy ———|o|Vbk.
2 Ve

Then, by the Cauchy-Schwarz inequality we have

I, )|<<Z ko] > <Zbk| | )

However, we know that |Qy(q)| < |q|*. Hence, we get

o g\’
F@i<{ 2 == ) Il

k=0
As a consequence, we get the following result.

Theorem 5.2. The sets H M, (B) are right quaternionic reproducing kernel Hilbert spaces. Their reproducing kernel functions
are given by

K@@ p) = ), %Sk(p), V(q,p) € BXB. (5.1)

k=0

Furthermore, the family

forms an orthonormal basis of Hp(B).
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Proof. For a fixed p € B, we consider the function defined by

Kp(@) = Z Qr(@)B(p), VYqeB, where Bi(p)= _Q’;ip)'
k=0

Thanks to the d’Alembert ratio test for power series, we have

2k
Z bk|5 (P)| Z |Qk(p)| < Z |Q|
k=0

So, the function K, belongs to H;,(B) for any p € B. Now, let [ = ZZOZO Qo € Hy(B). Then, we have

(Kpo £ )iy = l;)bkmp)ak - I;)Qk@)ak = f(p). VpeB.
Therefore, the reproducing kernel of the space H,(B) is given by

Ky, m)(q, p) = Z %Sk(m, Y(q,p) € BxB.

k=0

It is clear by definition of the scalar product that
¢b,¢’?> =6, Vk.jeN.
< T e
Furthermore, let f = ZZOZO Q. in Hy(B) be such that

<zp§;,f)Hb(B) =0, VkeN.
Thus, we have
Vo = (¢};,f)Hb(B) =0, VkeN.

So, f = 0 for any g € B. In particular, this proves that {zpllz}bo form an orthonormal basis of H M, (B). O

Remark 5.3. The Clifford—Appell Hardy space corresponds to the sequence b with all the terms equal to 1, and will be
denoted simply H(B). In this case, the previous results of this section read as follows.

D |1f(@l < ”f”—H@B)l, for all f € H(B), forall g € B.
(1-1q2)2
i) K@ P) = Yoo A(@Qk(p), forall (g, p) € B x B.
iii) Kym(q,p) = zk o(=D¥c;g*p*, forall (g, p) € By x By.

iv) Ky @) (x,y) = —, forall (x,y) €] - 1,1[%.

In the previous section we studied the notions of creation and annihilation operators associated to the Fock space in
this framework. We do the same in this section for the Hardy case by studying the counterparts of the shift and backward
shift operators. We keep the same definition and notation of the shift operator introduced in the expressions (4.6), (4.7)
and Proposition 4.7. Then, we first prove the following
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Proposition 5.4. The shift operator S is a right quaternionic isometric operator from the Clifford-Appell Hardy space H(B)
into itself.

Proof. Let f = E:;o Qray belongs to H(B). We apply Proposition 4.7 and get

S(H@ =), U(@a-1, Vq€EB.
k=1

Hence, we have

)
ISR gy = X Lot
k=0
= 1115, gy
This shows that S defines an isometry on the Hardy space H(B). |
We will use the notation

1
Q%@ = cx[ 2|

which is well defined when g # 0. Then, in order to calculate the adjoint operator of the shift on 7(B) we first prove the
following result:

Proposition 5.5. Forallk > 1and q € B\ R we have

(Q7° © Qu)(@) = ——Qr1(g),

C1Ck—1
where @ is the C-K product and c; : = Z;ZO(—l)jTj., foralll > 0.

Proof. First, we observe that

~)—1

(QP(@) e = (QU(@)) " = (qc)1

and Qu_1(q) =c1G*! for g#0.

Then, we write the series expansion associated to the C-K product and use similar techniques as we used to prove Propo-
sition 3.7. Indeed, we note that

_ & W) (@)
@ =Y .xoaé<(Q) >

i=0 J! G
Moreover, for any k > 1 we have
_ & (X
(Q°© Q)@ = X, —7=6;(QT"(@)u(@)

o i)
_ Z (—l)Janj C_kq’k—l
jU Td\ ¢

Ck > (_1)jxé j

= Z aq(Ck_lqk_l)

C1Ck—1 20 J!
_ _%
= €10k Qk—l(q)- I:l
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For all k > 1, we introduce a family of operators defined for any f = Zzozl Qray in H(B) by
C1Ck—1 —
M(f) = =C=Q PO f. (52)

Then, we consider the operator obtained by applying M on each component with the corresponding degree, i.e

M) 1= Y, Mic(Qic) (5.3)
k=1

Therefore, we have an explicit expression given by

M) = Y 207 0 Qo (5.4)
k=1

Ck

We note that using Proposition 5.5 we can see that this operator M acts like the standard backward shift with respect to
the Appell system (Qy ), _ , in the sense that we have

k>0’
M(Qr) = Qr—1, Vk 21 (5.5)
The next result allows to compute the adjoint of the shift operator on the Hardy space H(B).
Proposition 5.6. Let f,g € H(B). Then, it holds that
(M. 8) ) = (F+S@) o) -
In other words, the adjoint of the shift on H(B) is given by
S* =M.

Proof. Let f = Z;:;O Qroy and g = ZZ‘;O Qi Bk in H(B). Thus, we have

M(f) = Z My (Qx ) a
=1

We know also by Proposition 4.7 that

S@) = QuBr-1-
=1

Therefore, we can see that

(M), 8) 1) = D, Ter1Bre = (> S@) e -
k=0

This ends the proof. O
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In [6] the authors introduced a backward shift with respect to each Fueter variable using some integral operators.
Inspired from this approach, we present now an equivalent way to deal with the backward shift operator in our situation.
First, for all £ > 0 we consider on H(B) a family of operators R, : f — R.(f) defined using the following expression

L
R(N@ = [ 131fColde g B\ (0} (56)

where % denotes the hypercomplex derivative with respect to the variable q. Then, we consider the backward shift operator
given by

R()@ :=lImR(f)q), g € B\ {0}, (5.7)

and

]
Rf(0) =5 f(0). (5.8)
We note that the backward shift operator R acts by reducing the degree of the Appell system (Qk) k>0 38 follows.

>

Proposition 5.7. Forall k > 1, it holds that
R(Qr) = Qr_1.
Proof. Letk > 1 and € > 0. First, we note that

Qi(gt) = t“Qi(q), Ve < t < 1.

Then, by definition of R, and Appell property of the system ( Qk) iso We have

-
R(Q)@= [ Folendr

Likg

- | Fhod@na

1
= kQi_1(q) / =L dr.
€
Therefore, we obtain

Re(Q)(@ = Qeo1(@)(1 —€F), Ve >o.

Hence, by letting ¢ — 0 we conclude that

R(Qx) = Qu-1, Yk > 1. O

Remark 5.8. We observe thanks to formula (5.5) and Proposition 5.7 that the two backward shift operators M and R
coincide on the Clifford—Appell Hardy space H(B).

We prove also another property related to the backward shift operator R on the spaces H .M, (B).
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Proposition 5.9. Letb = (bk) keN be a non decreasing sequence with by = 1 and f € HM(B). Then, the following inequal-
ity
2 2 2
IR g, < 1B 0y, — 1FO)] (59)
holds.

The equality holds on the Clifford-Appell Hardy space H(B).

Proof. We write f = Zzio Qray in HM,(B). Thus, by Proposition 5.7 we can see that R(f) = Z;j:o Qi Ak41- Therefore,
using the fact that b is non decreasing we get

oo
IR g @ = 2 bl |
k=0

- 2
< Z bi41 |‘xk+1|
k=0

= 111y = [FOL. O

Remark 5.10. We note that using Proposition 5.9 we can see that the QRKHS H M,,(B) are invariant under the backward
shift R and they satisfy inequality 5.9. It would be intersting to investigate the relation with Schur functions and see if
the converse holds also in this framework. If it is the case, it will present a counterpart of the structure result proved in
Theorem 3.1.2 of [5].

6 | THE FUETER MAPPING RANGE

In this section we give an answer to Problem 3.5. Indeed, we give a characterisation of the Fueter mapping range related
to the hypercomplex spaces introduced in Definition 3.2.

Theorem 6.1. Let Q =B and ¢ = (cy)
b= (bk)k>0 such that we have

ken be a given non decreasing sequence with cy = 1. Then, there exists a sequence

T(HS(Q)) = HM,(Q).
More precisely, we have

: Ck+2
— >
i) b, = TS forall k>o.

ii) Forall f € HS.(Q), we have

Pl sty = 24/ 15, gy = O = c11 f1(O) 2

Proof. Letg € T (HS.(Q)), thus there exists f € HS, such that g = 7(f). Then, we write the series expansion
f@ =Y da, ¥g € Q.
k=0

Thus, we have g = 7(f) = 2;‘;0 Qray, with o = —=2(k + 1)(k + 2)ay,,, forall k > 0. Now, we set

Ck+2
b= —2 __ vyk>o.
K7k + D2k + 2)2
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Hence, since ay = f(0) and a; = f’(0) we obtain
- 2
2 -
TNy = D Prlowe]
k=0
< 2
=4 Z Ck |ak|
k=2
= 4(11f125 0y ~ IFOP = 1l f' O ) < 0.
This ends the proof. O

Corollary 6.2. If we set HS(C) = { fEHS,, f(0)=f'(0)= 0}. Then, the Fueter mapping T defines a right quaternionic
isometric operator (up to constant) from HSS onto HMy,.

Proof. We only have to apply ii) in Theorem 6.1 and get

TP rmp(y = 211F s,y Vf € HSY. M

Remark 6.3. The generic calculations provided in Theorem 6.1 confirm the results obtained in [21] for the Fock and
Bergman cases.

Remark 6.4. We note that in Theorem 6.1 even if the sequence b is not necessarily a non decreasing sequence but the
corresponding spaces HM,; are QRKHS. For the Fock-Fueter space on H we refer to the calculation details provided
n [21]. However, on the quaternionic unit ball B this fact results thanks to the convergence of a certain power series
associated to the sequence b.

Proposition 6.5. Let c and b two sequences as in Theorem 6.1. Then, the power series given by

(9]

» lgl* _ i e+ 1k +27 o (6.1)
b, c 9 ’
k=0 k k= k+2
is convergent on the quaternionic unit ball B.
Proof. Let q € B and set
k +1)%(k +2)*
Sk = Mlquc’ Yk > 0.
Clet2

We have

s k +3)%c

Kl _ |q|2( ) Crey2 k> 0.

Sk (k +1)2cky3”

Then, using the fact that the sequence (ck) , isnon decreasing we can see that

k>

S
lim = < g2 <1
k—oo Sk

Hence, by the d’Alembert ratio test the thesis follows. |
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TABLE 1 Some spaces H.M, obtained in Theorem 6.1
HS, Ck by e ram,
Hardy 1 (ST 2/If 1l — 1fOF = 11O
Fock K e 2/Ilf s, = 1O = IfOF
Dirichlet k m N OO
Bergman - o 2/Ilf 15~ FOF = 21O

Remark 6.6. As a consequence of the previous proposition it is not difficult to see that on B the hypercomplex space H M,
obtained in Theorem 6.1 is a QRKHS with a reproducing kernel given by

1)%(k + 2)?

I IVRCEIEDY e s Q(@)Qxk(p), ¥(q,p) € BxB. (6.2)
k=0

In the previous table (Table 1) we list some spaces of slice hyperholomorphic functions and their Fueter mapping ranges
denoted respectively by H.S. and H .My, the associated sequences c and b and the Fueter mapping norms.

ACKNOWLEDGEMENTS

Daniel Alpay thanks the Foster G. and Mary McGaw Professorship in Mathematical Sciences, which supported this
research. Kamal Diki thanks Chapman University for kind hospitality during the period in which a part of this paper
was written. This research is supported by the project INAAM Doctoral Programme in Mathematics and/or Applications
Cofunded by Marie Sklodowska-Curie Actions, acronym: INAAM-DP-COFUND-2015, grant number: 713485.

ORCID
Kamal Diki (2 https://orcid.org/0000-0002-4359-7535
Irene Sabadini ‘® https://orcid.org/0000-0002-9930-4308

REFERENCES

[1] D. Alpay, F. Colombo, and I. Sabadini, Quaternionic Hardy spaces in the open unit ball and half space and Blaschke products, J. Phys. Conf.
Ser. 597 (2015), 012009.
[2] D. Alpay, F. Colombo, and I. Sabadini, Slice hyperholomorphic Schur analysis, Oper. Theory Adv. Appl., vol. 256, Birkhduser, Basel, 2016.
[3] D. Alpay, F. Colombo, and I. Sabadini, The Fock space as a de Branges-Rovnyak space, Integral Equation Operator Theory 91 (2019), no. 6,
Paper no. 51, 12 pp.
[4] D. Alpay, F. Colombo, 1. Sabadini, and G. Salomon, The Fock space in the slice hyperholomorphic setting, Hypercomplex Analysis: New
Perspectives and Applications, Trends Math., Springer, 2014, pp. 43-59.
[5] D. Alpay, A. Dijksma, J. Rovnyak, and H. Snoo, Schur functions, operator colligations, and reproducing kernel Pontryagin spaces, Oper.
Theory Adv. Appl., vol. 96, Birkh&user, Basel, 1997.
[6] D. Alpay, M. Shapiro, and D. Volok, Rational hyperholomorphic functions in R*, J. Funct. Anal. 221 (2005), 122-149.
[7] P. Appell, Sur une classe de polynomes, Ann. Sci. Ec. Norm. Supér. 9 (1880), 119-144. (French).
[8] Q. T. Bao, Probabilistic approach to Appell polynomials, Exp. Math. 33 (2015), 269-294.
[9] F.Brackx, R.Delanghe, and F. Sommen, Clifford analysis, Research Notes in Mathematics, vol. 76, Pitman (Advanced Publishing Program),
Boston, MA, 1982.
[10] 1. Cacdo, M. I. Falcdo, and H. Malonek, Hypercomplex polynomials, Vietoris’ rational numbers and a related integer numbers sequence,
Complex Anal. Oper. Theory 11 (2017), 1059-1076.
[11] I.Caclo, M.I. Falcdo, and H. Malonek, Laguerre derivative and monogenic Laguerre polynomials: An operational approach, Math. Comput.
Model. 53 (2011), 1084-1094.
[12] C.M.P. Castillo Villalba, F. Colombo, J. Gantner, and J. O. Gonzalez-Cervantes, Bloch, Besov and Dirichlet spaces of slice hyperholomorphic
functions, Complex Anal. Oper. Theory 9 (2015), 479-517.
[13] F. Colombo, J. O. Gonzalez-Cervantes, and I. Sabadini, Further properties of the Bergman spaces of slice regular functions, Adv. Geom. 15
(2015), 469-484.
[14] F. Colombo, I. Sabadini, and F. Sommen, The inverse Fueter mapping theorem, Commun. Pure Appl. Anal. 10 (2011), 1165-1181.
[15] F. Colombo, I. Sabadini, F. Sommen, and D. C. Struppa, Analysis of Dirac systems and computational algebra, Progr. Math. Phys., vol. 39,
Birkéduser, Boston, 2004.
[16] F. Colombo, I. Sabadini, and D. C. Struppa, Entire slice regular functions, Springer Briefs in Mathematics, Springer, Cham, 2016.


https://orcid.org/0000-0002-4359-7535
https://orcid.org/0000-0002-4359-7535
https://orcid.org/0000-0002-9930-4308
https://orcid.org/0000-0002-9930-4308

ALPAY ET AL. MATHEMATISCHE 27

(17]
(18]
[19]

[20]
[21]

[22]
[23]
[24]

[25]
[26]

NACHRICHTEN

F. Colombo, I. Sabadini, and D. C. Struppa, Noncommutative functional calculus, Theory and Applications of Slice Hyperholomorphic
Functions, Progr. Math., vol. 289, Birkhduser/Springer, Basel AG, Basel, 2011.

D. Constales, N. Faustino, and R. S. Krausshar, Fock spaces, Landau operators and the time-harmonic Maxwell equations, J. Phys. A 44
(2011), no. 13, 135303.

R. Delanghe, F. Sommen, and V. Soucek, Clifford algebra and spinor-valued functions, A Function Theory for the Dirac Operator, Springer
Science+Business Media B.V, 1992.

K. Diki and A. Ghanmi, A Quaternionic analogue of the Segal-Bargmann transform, Complex Anal. Oper. Theory 11 (2017), 457-473.

K. Diki, R. S. Krausshar, and I. Sabadini, On the Bargmann—-Fock-Fueter and Bergman—Fueter integral transforms, J. Math. Phys. 60 (2019),
083506.

M. 1. Falcao and H. Malonek, Special monogenic polynomials—properties and applications, International Conference on Numerical
Analysis and Applied Mathematics, AIP-Proceedings, 2007, pp. 764-767.

G. Gentili, C. Stoppato, and D. C. Struppa, Regular functions of a quaternionic variable, Springer Monogr. Math., Springer, Berlin—-
Heidelberg, 2013.

K. Giirlebeck, K. Habetha, and W. Spréssig, Holomorphic functions in the plane and n-dimensional space, Birkhduser, Basel, 2008.

D. Pena Pena, Shifted Appell sequences in Clifford analysis, Results Math. 63 (2013), 1145-1157.

P. Salminen, Optimal stopping, Appell polynomials, and Wiener-Hopf factorization, Stochastics 83 (2011), 611-622.

How to cite this article: Alpay D, Diki K, Sabadini I. Fock and Hardy spaces: Clifford Appell case.
Mathematische Nachrichten. 2022;1-27. https://doi.org/10.1002/mana.202000359


https://doi.org/10.1002/mana.202000359

	Fock and Hardy Spaces: Clifford Appell Case
	Recommended Citation

	Fock and Hardy Spaces: Clifford Appell Case
	Comments
	Creative Commons License
	Copyright


	Fock and Hardy spaces: Clifford Appell case
	Abstract
	1 | INTRODUCTION
	2 | PRELIMINARY RESULTS
	3 | A NEW FAMILY OF QRKHS OF FUETER REGULAR FUNCTIONS: GENERAL SETTING
	4 | THE FOCK SPACE CASE
	5 | THE HARDY SPACE CASE
	6 | THE FUETER MAPPING RANGE
	ACKNOWLEDGEMENTS
	ORCID
	REFERENCES


