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Abstract

In this paper we study the time dependent Schrodinger equation with all possible self-adjoint singular
interactions located at the origin, which include the § and §’-potentials as well as boundary conditions of
Dirichlet, Neumann, and Robin type as particular cases. We derive an explicit representation of the time
dependent Green’s function and give a mathematical rigorous meaning to the corresponding integral for
holomorphic initial conditions, using Fresnel integrals. Superoscillatory functions appear in the context of
weak measurements in quantum mechanics and are naturally treated as holomorphic entire functions. As
an application of the Green’s function we study the stability and oscillatory properties of the solution of the
Schrodinger equation subject to a generalized point interaction when the initial datum is a superoscillatory
function.
© 2020 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The main purpose of this paper is to study the Green’s function of the time dependent
Schrodinger equation subject to general self-adjoint point interactions located at the origin, and
to prove stability results for the solutions corresponding to superoscillating initial data. As a con-
sequence of our detailed analysis we also obtain an explicit expression and asymptotic expansion
of the time dependent plane wave solution, which allows to discuss the oscillatory properties of
the time evolution of superoscillations under generalized point interactions.

Strongly localized potentials, also called pseudo-potentials or nowadays better known as §-
potentials, were already considered by Kronig and Penney in [46] and Fermi in [40]. Heuristically
speaking, these §-potentials are represented by the Hamiltonian

H=-A+Y c,8(x—y), (1.1)

yeY

where ¢y 8(x — y) is a point source of strength ¢, located at the point y € R?, d > 1. The §-
potentials may form a discrete set, e.g., a periodic lattice ¥ = Z, or a single point ¥ = {0}. The
rigorous mathematical meaning of the Hamiltonian (1.1) was given only much later by Berezin
and Faddeev in [22].

In this paper we will restrict ourselves to a single point interaction in R and hence assume
Y = {0} and d = 1 from now on. In this context H in (1.1) is defined as a proper self-adjoint
extension of the symmetric operator —A on Cg°(R \ {0}) which corresponds to interface (or
jump) conditions at the origin of the form

u(0*) =u(07),

(1.2)
wW'(0F) —u'(07) = cou(0):;

a detailed discussion can be found in the standard monograph [16]. Besides the §-potential also
other types of self-adjoint interface conditions can be treated (see [13,32,35,36,38,44,51,53] and
[21,39,50] for interactions on hypersurfaces), among them so-called &'-potentials and further
generalizations, as well as decoupled systems with Dirichlet, Neumann, or Robin conditions.
There are various ways to describe the complete family of self-adjoint interface conditions at the
origin and for our purposes it is convenient to use the parametrization

u(0M)\ . u' (01)
(I—J)(M(O)>—I(I+J)<_u,(0)> (1.3)
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with unitary 2 x 2-matrices J (see Example 3.2 for identifying (1.2) as a special case of (1.3))
and / denoting the 2 x 2 identity matrix. To be more precise: The class of jump conditions
(1.3) coincides with the class of self-adjoint interface conditions at the point 0. In other words,
each unitary matrix J € C2*2 leads to a self-adjoint realization of the Laplacian in L>(R) with
a generalized point interaction supported at the point 0, and conversely, for each self-adjoint
Laplacian in L2(R) with a generalized point interaction supported at the point 0 there exists a
unitary matrix J € C2*2 guch that the interface condition has the form (1.3); cf. [20, Chapter 2.2].

An important problem we study in this paper is the time dependent Schrodinger equation with
holomorphic initial datum F subject to a general self-adjoint singular interaction supported at
the origin, that is, we consider

2
i%\ll(t,x)z—%\l—’(t,x), t>0,xeR\{0}, (1.4a)
B W, 0M)\ . 2wt 0h)
(I J)(\p(t’o_)>_1(1+J)(_%\p(t70_) , >0, (1.4b)
w0, x) = F(x), x e R\ {0}. (1.4¢)

It will be shown in Section 2 that the corresponding Green’s function is given by

(xl+1yD?
G(t,x,y):(uf’y)A<|x|+|y| +w+«/ﬁ>+u(_x,y)l\<lxl+-|ﬂ +w_\/§>>e4+ity

2\/it 2./it
1 (r,y) —(xl)? _(xy)z)
+ we eT w4 wmn |, >0, x,yeR\{0},
2«/int( 0 g )

(1.5)

where the entire function A is defined in (2.2) and the coefficients p+, o, and w4 are explicitly
determined in terms of the entries of the unitary matrix J in the jump condition (1.4b); cf. The-
orem 2.4, the examples in Section 3, and [14,15,43,49,54] for related results. Using the Green’s
function (1.5) the solution W of (1.4) can be written as the integral

\IJ(t,x)sz(t,x,y)F(y)dy, t>0,xeR\{0}. (1.6)
R

While this integral is well defined for compactly supported continuous functions F, one has
difficulties in making sense of (1.6) already for plane waves F(x) = ¢/**. A mathematically
rigorous analysis of this issue for a certain class of holomorphic functions with growth condition
is provided in Section 4, where the main tool is the Fresnel integral approach.

The general results in Section 2 and Section 4 are applied to superoscillations in Section 5.
Superoscillating functions are band-limited functions that can oscillate faster than their fastest
Fourier component. They appear in quantum mechanics as results of weak measurements and,
in particular, their time evolution under the Schrodinger equation is of crucial importance, see
[1,10,12,31]. For a rigorous treatment of this subject we refer to [2—7,18,19,33] and [8]. These
kinds of functions also appear in antenna theory [55] (see also [25]), and various applications
in optics were studied by M.V. Berry and many others, see, e.g., [24,26-30,41,42,47,48]. More
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information can also be found in the introductory papers [9,11,17,45] and in the Roadmap on
superoscillations [23].

A weak measurement of a quantum observable represented by the self-adjoint operator A,
involving a pre-selected state vy and a post-selected state i1, leads to the weak value

(Y1, Avo)
——FcC
(Y1, ¥o)

Aweak =

where the real part of Ay can be interpreted as the shift and the imaginary part as the momen-
tum of the pointer recording the measurement. An important feature of the weak measurement
is that, in contrast with strong measurements Ag;rong := (¥, AY)/ (¥, ¥), the real part of Ayeax

may become very large when the states ¥y and | are almost orthogonal; this leads to super-
oscillations. A typical superoscillatory function is

n
Fae. k) =Y Cin ke 7%, xeR, (1.7)
=0

where |k| > 1 and

1 kn—l 1_kl
- ()3 ()

If we let n tend to infinity, we obtain lim,,_, o F,,(x, k) = etkx uniformly for x in compact subsets
of R. The notion superoscillations comes from the fact that the frequencies (1 — %) in (1.7) are

in modulus bounded by 1, but the frequency k of the limit function can be arbitrarily large.

As a consequence of the representation (1.6) of the solution of the Schrddinger equation sub-
ject to a general self-adjoint singular interaction we ask: When does a convergent sequence of
initial conditions

lim F,=F (1.8)

n—oo

also lead to a convergent sequence of solutions
lim W(t, x; F,) =V(t, x; F), (1.9)
n—oo

and which type of convergence should be considered in (1.8) and (1.9)? Our abstract result
Theorem 4.6, which is also the bridge to investigate the time evolution of superoscillations in
Section 5, shows that (1.9) holds uniformly on compact subsets of (0, c0) x R, whenever the
sequence (Fy), satisfy some exponential boundedness conditions and the convergence in (1.8)
is such that

lim  sup |Fu(z)— F@)]e =0

=00 7Sy U(—Sa)
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for some C > 0 and certain sectors S, and —S, in the complex plane; cf. Section 4 for more
details. These abstract assumptions are in accordance with the convergence properties of (holo-
morphic extensions of) superoscillating functions in spaces of entire functions with exponential
growth that have been clarified just in the recent years, see [37]. The case of superoscillatory
initial data is then discussed in Corollary 5.2 and the explicit form, oscillatory behaviour, and
long time asymptotics of the corresponding limit in (1.9) are provided in Proposition 5.3 and
Theorem 5.5.

Acknowledgment. We are indebted to the anonymous referee for a careful reading of our
manuscript and for pointing out various improvements. J.B. gratefully acknowledges support
for the Distinguished Visiting Austrian Chair at Stanford University by the Europe Center and
the Freeman Spogli Institute for International Studies. This publication is based upon work from
COST Action CA18232 MAT-DYN-NET, supported by COST (European Cooperation in Sci-
ence and Technology), www.cost.eu.

2. Green’s function for the Schrodinger equation with a generalized point interaction
In this section we derive the Green’s function of the time dependent Schrédinger equation

(1.4) with a generalized singular interaction located at the origin. That is, we construct a function
G which depends on the matrix J, such that the solution W of (1.4) can be written in the form

W(t,x):/G(t,x,y)F(y)dy, t>0, xeR\{0}. 2.1
R

In Section 4 we shall clarify for which initial conditions F and in which sense this integral is
understood. Here, we only want to derive the explicit form and some properties of the Green’s
function G itself.

We start by defining the entire function
AQR) =" (1 —erf(z)), zeC, 2.2)

where erf(z) = % foz e‘szdé is the well known error function. Some important properties of
this function are collected in the following lemma; cf. [19, Lemma 3.1].

Lemma 2.1. The function A in (2.2) has the following properties:

(1) The function A satisfies the differential equation

d 2
EA(Z)=ZZA(Z)—ﬁ, zeC. (2.3)

(i) The value of the function A at —z is given by

A(=7)=2¢" — A(z), zeC. (2.4)
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(iii)) The absolute value of A(z) can be estimated by

[A(z)] < A(Re(z)), zeC. (2.5)

(iv) The function A is monotonically decreasing on R and asymptotically on C one has

0(,;—|) if Re(z) = 0,
A(z) = | as |z| — oo. (2.6)
2¢% + 0(7), if Re(z) <0,
(v) Foralla > 0 and b, c € C one has the integral identities
—ax2—bx T
dx 2.7
0/ ¢ T 2a ( f) @72)
o0 A(c) A( )
1 7’ l C b
/ e_“xz_be(ﬁ x+c)dx=——— o5 fe# 2 (2.7b)
2Ja | b
0 (C) lfC - Zﬁ
Proof. (i) and (ii) are contained in [19, Lemma 3.1].
(iii) Using [ e=%"d = YT in the definition (2.2) gives
2 o Z
A7) = ﬁezz /effzdg - /efszdg . 2.8)
0 0

. . . 2. .
Now we use that the complex integral over the entire function =%~ is path independent and

that lim,_, oo f R 2d$ 0. Hence, the two integrals on the right-hand side of (2.8) can be
replaced by a path integral from z to oo, parallel to the real axis. This gives

o0
/ =52 =2z g 2.9)
0

S\

2 o
2 2
A(z) = —=¢€° /e_(“'s) ds =
T
NE /

This representation can now be used to estimate the absolute value

2 T 2
AQ)] < — f ¢ 2R g - A (Re(2)).
g

(iv) The monotonicity is a direct consequence of the representation (2.9) and the asymptotics
were shown in [19, Lemma 3.1].
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(v) Substituting t = ﬁ in the integral (2.9) gives

o0
A(Z) = zﬁ/e—atz—Zz\/tht’
JT
0

which is exactly (2.7a) if we evaluate at z = ﬁﬁ In order to check (2.7b) we first use (2.3) to
obtain for ¢ # % the primitive

d _yo_p MVax+c) = A(Vax+37)

—ax

1
2\/556 c

e—axz—be(ﬁx+c)= b
C 2a
The assertion on the integral in (2.7b) now simply follows by evaluating at x = 0 and x — o0;
observe that by (2.6) the limit x — oo vanishes. Similarly, also in the case b = 2./a ¢ we get the
primitive

1 d —ax?—bx A/
—— AN(vax+c
2./a dx (Va )
and we also get the second case of the integral (2.7b) by evaluating the primitive at x = 0 and
x—>o00. O

e—ax2_2\/ach(\/Ex + C) —

Using (2.2) we now define for every r > 0, x € R\ {0}, z € C, and w € R, the functions

Golt, x,2) = ——e= 14" (2.10a)
2J/imt
Gi(t,x,2) 1= A (le +z —i—a)«/it) 2 (2.10b)
24/t
Grreolt, %, 2) = ——e™ T (2.10¢)
2J/imt

which will appear as components of the Green’s function (1.5) later on. In the following prepara-
tory lemma we check that each of these components is a solution of the free Schrodinger equation
on R\ {0}.

Lemma 2.2. For every t > 0, x € R\ {0}, z € C, the functions in (2.10) satisfy the differential
equations

2

0 0
iEGj(t,x,z)z—WGj(t,x,z), j €10, 1, free}. 2.11)

Proof. In order to verify (2.11) we compute the derivatives of the functions (2.10) explicitly. For
Go we get
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9 i (x| +z2)? ) m+~>2
—Go(t,x,2) = , 2.12a
ar o ) 4tﬁ< o ( )
0 x| 4+2z _?
—Go(t,x,2) = —sgn(x) ————=e 41 (2.12b)
dx g 4itimt
92 (x| +z)? (xl+2)2
—Go(t,x,2) = | — T, 2.12
dx2 o(t, %, 2) Atimt (l 2t >e (2.12¢)

For G| we use (2.3) to obtain

0 1 o
_Gl(t,x,z)=i<w2A <M+wﬁ>+. <|x|+z_w\/5>)ew’

ot 24/it it/ \ 24/it
(2.13a)
0 |x| + z _ (x+0)?
—G(t,x,z) =sgn(x) (a)A ( + wVi > ) e dir | (2.13b)
0x g 24/t imt
9? x| +z - 1 x| +z (Ixl+2)2
—G t,x,Z)=<CU A( + >+—( wVit))e 4it .
a2 1 2./t NZANCNT
(2.13¢)
Finally, for Gee We get, in a similar way as for Gy, the derivatives
] i (x—2)%\ _u-2?
— Gree(t, x,2) = | — . 2.14
9 tree (f, X, 2) 4tm (l o e ( a)
a x—z @—2?
—Gfree(t, x,2) = —————=e~ %1, (2.14b)
ax 4it/int
92 1 (x —z2)? @-2?
—5 Gtree (2, | — T, 2.14
ax P} free (£, X,2) = 4tm (l o )6 ( C)

In all three cases it is obvious that the differential equation (2.11) is satisfied. O

Next we will collect some elementary estimates of the functions G, G1, and Gfee, Which
will be needed throughout the paper.

Lemma 2.3. For everyt > 0, x € R\ {0}, and z € C with Arg(z) € [0, T] the following estimates
for the functions (2.10) hold:

Im(zz) |x|Im(z)

|Gj(t,x,2)| <cjye” s~ 2,  je{0,1}, (2.152)

Im(z?) | xIm(z)
+_
2t s

|Gfree(t, X, Z)| < Cfree(t) ™ # (2.15b)

where co(t) = Cfree (1) = \/— and ci(t) = ( Jé;) In particular, the functions (2.10) satisfy the
common estimate

Im(z? >+mlm<> .
|Gj(t,x,2)| <cjt)e , j €10, 1, free}. (2.16)
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Proof. The estimates (2.15a) and (2.15b) for Gy and Gyee are obvious. For the estimate (2.15a)
of G| we use Lemma 2.1 (iii) and (iv) to get

|x| +z - |x| +Re(z) + Im(z) w«/f) <M)
‘A(zﬁ +“W>5A( v T n)t A )

where the monotonicity of A is applicable since Re(z), Im(z) > 0 due to Arg(z) € [0, %]. Finally,
the estimate (2.16) follows immediately from (2.15) by further estimating the exponents. O

Now we turn to our main objective in this section and introduce the Green’s function

G(t,x,y) =SV Gt x, Iyl wp) + 1V G, x, [yl 0o) .,

+/'L(()x’y)G0(ta X, |y|) + Giree(t, x, y)v 1>0, x, ye R \ {0},

which is expressed in terms of the functions (2.10) and we have added the additional argument
w4+ in G to emphasize the dependence of the parameter w in (2.10b). The function in (2.17) co-
incides with the Green’s function (1.5) mentioned in the Introduction. We prove in Theorem 2.4
below that for a proper choice of coefficients w+, (o, and w4 the function (2.17) satisfies the
differential equation (1.4a) as well as the jump condition (1.4b) for a fixed unitary matrix J. The
connection to the initial value (1.4c) is postponed to Lemma 4.2 and Theorem 4.4 in Section 4,
where the precise meaning of the integral (2.1) is clarified first.

Next we provide the coefficients w4+ and the piecewise constant functions p+ and o explic-
itly in terms of the unitary 2 x 2-matrix J in (1.4b). Note that every unitary 2 x 2-matrix can be
written in the form

_o(a —P
J=e <ﬂ &) (2.18)

with parameters ¢ € [0, 7) and «, 8 € C satisfying || + |8|> = 1. It is convenient to use

—IIP(O{), ifx,y>0,
1 —ip, ifx>0,y<0,

/1 — Re(a)? iB, ifx <0, y>0,

Im(a), ifx,y <0,
) =0, if [Re(e)] =1, (2.19b)

p&Y) = if |[Re(a)] #1, (2.19a)

the step function

1, ifx>0,
o= { 0. ifx <0,
and to distinguish the following three cases.

Case I: If Re(«) # — cos(¢), then

_ —sin(¢) £ /1 — Re(w)? () _ _w_i(
2

, ® + ), .y _ _
cos(@) + Ko@) 7 ) £0%Y), g sgn(xy)
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Case IT: If Re(or) = — cos(¢p) # —1, then w_ = ") =0 and
, @+ : :
or=cot(@). u{ =S5Oy +17Y). ug =0 — O(-ay).

Case IIL: If Re() = — cos(¢p) = —1, then o+ = >’ =0 and M(()x,y) =_1.

These three cases correspond to the rank of the matrix 7 + J on the right hand side of the
jump conditions (1.4b) or (2.21). More precisely, in Case I we have rank(I 4+ J) =2, in Case Il
we have rank(/ + J) = 1, and finally, in Case III we have rank(/ + J) = 0.

Theorem 2.4. For every fixed y € R \ {0} the Green’s function (2.17) satisfies the differential
equation

d 3>
Z_G(I,X,Y):__G(t,)ﬁy), t>O,X€R\{O}, (220)
ot 9x2

as well as the jump condition

G@,0t, )\ . LGt,0t,y)
(I—J)<G(t707y)>—z(I+J)<_%G(t’O_’y), t>0. (2.21)

Proof. Note first that the coefficients u(ix ¥ and /L(()x’y ) in the representation (2.17) of the function
G only depend on the signs of x and y. In particular, the coefficients are constant on the half lines
x > 0 and x < 0, and hence it follows from Lemma 2.2 that the function G in (2.17) is a solution
of the differential equation (2.20).

In the following we will verify that the jump condition (2.21) is satisfied. Using (2.12b),
(2.13b), and (2.14b) we find that the spatial derivative of the function G is given by

0 , 1 (xl+1yD?
B—G(t,x, y) = u:)_"}) sgn(x) <a)+A (M +w+«/it> - )e_ i
X

2‘/5 Jimt
' 1 (xl+yD?
+ 1 sgn(x) (w_A ('x' alhl +w_¢5) _ )
2\/5 iJTt
JI ( 9 sanae) (Jel + Iyl)e™ 2 4 ( >——“‘4‘”2>
-\ MU sgn(x X yi)e it X —7y)e - )
dir/ime V0 %8

For the jump condition (2.21) we have to evaluate G and (%G at x = 0%, As in (2.21) this will
be done in a vector form, where the first entry is the limit x = 0" and the second entry the limit
x =07. We have

+ 0t,y)
G(r,o+,y>> AR ( | ) p0 ( ] )
= _ A +w Vit + _ A +a)7«/ﬁ
(G(t,o—,y) p0 )i T pO ) \avin

L p 9 4 2
_ e it
2\/1.7'[[ M(()O ’y)+1
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2G@.0%.y) " B
Bxa B = 4(’)7 (L)+A ( - + a)+«/l_t>
~ G0y WO 2it
(0, y)
+ M_O_ L oA (i —|—a)_\/ﬁ>
L0 Wit
0+’ g 0+’ g 0+, f
L B e e W P 77 S OO R R
Virt \ p 0 41O ) dindine \ j 4 sgn(y) ’

and since (2.21) has to be satisfied for all y € R \ {0} it suffices to compare and match the
coefficients corresponding to the terms

[yl . ) 1 [yl
A +wiNit), ———, and ——,
<2«/it * 2/imt dit/imt

which leads to the following four equations

M(0+,y) M(()*,y)
Ay : I-D"* =iws(I+J) ?3, NP
My )

07,y
-

(Y} 0t,y) 0t,y)
+1 +u
(B):(I—J)(“O ):—2i(1+1)<“+ H* )

0, 0, 0,
M(() y)+1 M(+ y)+M£ y)

0 uY — sen(y)
© : (O>=(I+J) - :
wy Y+ sgn(y)

Since the variable y only appears as sgn(y) each equation splits up in one for y > 0 and one for
y < 0. We will consider this by writing (A+), (B), and (C) as matrix equations, where the first
column is for y > 0 and the second column for y < 0. For a shorter notation we will use the
matrices

W + e o*,0h) 0t+,07)
I N WV (O M= (" Hi (2.23)
=\1 1) T\ @0 pemen fr T o0t 0.0 | =
K K

where j € {0, £}. Note that the matrix N satisfies the identity

_(—Im(@) —ip
\/l—Re(oz)zN_< i Im(a)> (2.24)

by (2.19a) for |Re(x)| # 1 and also for |Re(a)| = 1, since then Im(e) = 8 = 0 due to |a|® +
|B)? = 1. From (2.24) and |a|? + |B]*> = 1 it immediately follows that

2 I <4mm 43Y=mmﬂ+w2_

“T-Re@?\ i Im@ [—Re@? =1 ifIRe@l#1,
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and, consequently,
(N+D(N—I)=N>-N+N—-I=N>—1=0  if|Re(a)| #1, (2.25)

to which we will refer throughout the proof. With the help of the matrices (2.23) we now rewrite
the equations (A4), (B), and (C) above in the matrix form

Ap): U =—I)My =iws(I + J)My,
B) : I =DHMo+1)==2i(I + )My +M_),
©C) :0=U+I)My+1—-2I).

Plugging in the matrix J from (2.18) and multiplying by e~'¢ these equations turn into

~ig _ 3 . —ig iy
(As): <e _ﬁ“ e,-f_&>Mi=zwi(e P “ e,-¢/i&>Mi, (2.262)
—i¢ _ 3 —i¢ _B
B) : (e _B * e—if_&)(M0+]1):—2i(e IB—HX e—i¢€_&>(M++M—)»
(2.26b)
—l¢ __
©) :0=<e ﬂ“‘ e—i¢/ia>(M°+]l_2”' (2.26¢)

In the following we will discuss the three cases above Theorem 2.4 separately and verify that in
each case with the proper choice of the coefficients w+ and 1, o the equations (A+), (B), and
(C) are satisfied, that is, the jump condition (2.21) holds.

Case 1. Observe first that the equation (2.26c) is satisfied since uéx’y ) = sgn(xy) in this case, and

hence we conclude My =27 — 1. Next we use |«|> + |B]*> = 1 to compute

—i¢ _Z .
det ( e ’B-l- o e_i(p'i_ a ) = 2e*1¢(cos(¢) + Re(a)) £0,

where we also used the assumption Re(a) # — cos(¢) in Case I. It follows that the matrix on the
right hand side of (A1) and (B) is invertible with the inverse

(e—iqS ta B >‘1 3 e? i+ q B
B e +a) T 2(cos(¢) + Re(w)) B e ta)
and this leads to
et —B et g B
B e +a - e —a

_ —i <sin<¢> + Im() ip )
"~ cos(¢) + Re(x) —ip sin(¢) — Im(«)

—1i
N _ _ 2
c0s(@) + Re(@) (sm((])) 1 1 — Re() N),
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where in the last line we used the identity (2.24). Hence the equations (2.26a) and (2.26b) turn
into

sin(¢p) I —+/1 —Re(ax)2 N

Ay): My =—wiMy,
(A) cos(¢) + Re(a) = T oxlE
B) - sin(g) I —+/1 —Re(a)zN(M 1) = 2(Me 4 ML)
' cos(#) + Re(a) o =AM TS
Uiling the explicit form w4 = % W in (A1) and Mo =21 — 1 in (B) these equations
reduce to

(A1) v/ 1 =Re(@)?(N F )My =0,

_sin(¢) I —/1 —Re(@)?N
®) : cos(¢) + Re(a) =My +M-.

Since we treat Case I we have pu{) = — 2= (@(xy) & 7)) and from that we conclude
(OFS
Me=-22(1 £ N). (2.27)
In particular, this yields

(@4t o)+ @ —o )N _sin@)] —1-Re@?N

My +M-= 2 cos(¢) + Re(a)

which shows that equation (B) is valid. It remains to check (A4). Indeed, these equations are
obviously valid if |Re(a)| = 1 and if |Re(w)| # 1 they follow from the identities (2.25) and
(2.27).

Case II. Here we assume Re(x) = —cos(¢) # —1, which implies, in particular, ¢ # 0 and con-
sequently sin(¢) # 0. The matrices in the equations (A4), (B), and (C) in (2.26) now have the
form
e —q B _ - A —Im@) —if
< 8 g_i(p_&)_(2005(¢)—zs1n(¢))1+1< i Im(@)

= —i sin(¢)((2i cot(¢) + DI — N),

e+ —B L ((—Im(e) —ip
( B ei¢+a)__’sm(¢’)1_’< iB Im(oz))

= —isin(¢)(I + N),

where in both cases we used (2.24) and /1 — Re(a)? = sin(¢), because Re(a) = — cos(¢).
Using this in (2.26) leads to
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(Ag): (Qicot(p) + DI — N)Mx = iwx(I + N)Mx,
(B) : (Qicot(¢p) + 1) — N)(Mo+ 1) = =2i(I + N)(My + M_),
(C) : 0=+ N)(My+ 1 —2I).

Since in Case II we have M(_x‘y ) = 0, that is, M_ = 0, the equation (A_) is trivially satisfied.
Furthermore, with our choice w4 = cot(¢) the equation (A, ) reduces to

(Ay): (icot(¢p) + 1)(I — N)M, =0.

By our choice of uﬁf’y) we have My = — w7+ (I + N) as in the previous case (cf. (2.27)) and hence
we conclude together with (2.25) that equation (A ) is valid; note that we can apply (2.25) since
Re(o) # —1 by the assumption in Case II and also Re(«) = —cos(¢) # 1 as ¢ € [0, ). Next,
we observe that also equation (C) holds by (2.25) and u(()x’y ) = p®¥) — @(—xy), which gives
Mo = N — 1+ I.In order to check (B), we plug in the above values for My and M4, and obtain

B): (I+icot(@)I —N)N+1)=0,

which holds by (2.25).

Case III. Here we assume Re(a) = — cos(¢p) = —1 and hence Im(e) = 8 = ¢ = 0 follows from
the condition |a|? + |B]|*> = 1. Therefore, the equations (A1), (B), and (C) in (2.26) have the
particularly simple form

(Ay): 2M4 =0,
(B) : My+1=0,
(C):0=0,

and are all obviously satisfied by the definition of the coefficients in Case III. O
3. Special cases of generalized point interactions and their Green’s functions

In this section we consider some particular generalized point interactions and derive the ex-
plicit form of the Green’s function in these situations. As an almost trivial case we start with
the free particle in Example 3.1, discuss the well-known § and &'-interactions afterwards in Ex-
ample 3.2 and Example 3.3, respectively, and in Examples 3.4-3.6 we treat decoupled systems
with Dirichlet, Neumann, and Robin boundary conditions at the origin. In each of the examples
we first provide the corresponding matrix J for the interface conditions (1.4b) with parameters
¢,a, B asin (2.18), then we determine which of the Cases I-III above Theorem 2.4 appears, and
finally we compute the coefficients in the Green’s function (1.5) or (2.17). The special Green’s
functions in this section are known from the mathematical and physical literature.

Example 3.1 (Free particle). The wave function corresponding to a free particle is continuous
with continuous first derivative and hence at the point x = 0 we have

9 9
W(t,07) =W, 0M) and —W(,07) = —Ww(,0M), t>0.
0x 0x
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These continuity conditions are described in (1.4b) if we consider the matrix

0 1
J= ( 1 0) .
This matrix is of the form (2.18) witha =0, 8 = —i, and ¢ = % In this situation the coefficient
7™ in (2.19a) is

0, ifx,y>0,
I, ifx>0,y<0,
1, ifx<0,y>0,
0, ifx,y<0,

) = = O(—xy).

Since we are in Case II the coefficients of the corresponding Green’s function in (1.5) have the
explicit form

w_ =0, Y=o,
wop=cot(3) =0,  pf==ZEO@) +17) =0,
e =1 — O(—xy) =0.
Therefore, the Green’s function of the free particle is given by

1 _a=»?
e 4it

G, x,y)=
Y 2imt

In the next example we treat the classical §-point interaction located at the origin. Such sin-
gular potentials were studied intensively in the mathematical and physical literature; we refer the
interested reader to the standard monograph [16] for a detailed treatment and further references.
The particular Green’s function that appears below can also be found (sometimes in a slightly
different form) in the papers [34,43,49].

Example 3.2 (§-potential). We consider the standard §-interaction of strength 2c € R \ {0} lo-
cated at the point x = 0. This situation is described by the formal Schrédinger equation

9 92
W x) = (— v +2c5(x)>\ll(t,x), t>0,xeR,

and is made mathematically rigorous in the form

d 32
iglll(t,x):—a—lell(t,x), t>0,xeR\{0},

W(r,07) = W(r,07), t>0, (3.1a)

P 3
—W(,0T) — — W, 07) =2cW(t, 0F), t>0. (3.1b)
ox 0x
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The jump condition (3.12)—(3.1b) is realized in (1.4b) by using the matrix

J= ! <? i).
1—c\1! ¢

In fact, with this choice of J and multiplication by (c — i) the condition (1.4b) reads as

2e—i i wi,0h)\ (1 1\ [ £wr.0H)
i 2e—i )\ w@,0)) 1 1)\ —2yi,00) )

or, more explicitely, we have the two equations

Qc— DY, 0M) +iv@E, 07) = i\Il(t, 0 — i\Il(t, 07),
0x 0x

W@, 0N+ 2c — )W, 07) = i\If(t, 0 — i\IJ(t, 07).
0x ax

By subtracting these equations from each other we first conclude (3.1a) and adding the equations
leads to (3.1b). In order to write the matrix J in the form (2.18) we choose ¢ € (0, ) such that
cot(¢) = c. Next we set « = — cos(¢) and 8 = —i sin(¢). It follows, in particular, that

cos(¢) = 1:_2 and sin(¢) = 11+2,
C v C

and therefore

i} o —B _; c i _
A3 2)-r ()

Plugging these values in (2.19a) gives

0, ifx,y>0,
1, ifx>0,y<0
@y _ )L <0, _ o0
n 11, ifx<0,y>0,_®( xy),
0, ifx,y<O,

and since we are in Case II the coefficients of the Green’s function are

w_=0, Y =0

’

(x

) 4 c
w4 = cot(¢) =c, ui = —§(®(xy) + O(—xy)) = ~5
p& = O(—xy) — O(—xy) =0.

With these quantities we conclude from (1.5) that the Green’s function of the §-potential is given
by

(xl+1yD? 1 G—y)?
G(tsx’)’)=—£1\<|x'+|y|+c«/ﬁ>elm+ e dr
2\ i 2/
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The §’-interaction in the next example is another popular singular potential that appears in
various situations.

Example 3.3 (8'-potential). Now consider the &-interaction of strength % € R\ {0} located at
the point x = 0. Formally one then deals with the Schrodinger equation

9 Wi ( >, 5())\11(; ), t>0 xeR
— X) = X X > X
lat s 32 s s

which in a mathematically rigorous form reads as

2

0 0
ia\ll(t,x)z—m\l’(t,x), t>0,x€R\{0},
0 i a _
— Y, 0") = —w(,07), t >0,
0x 0x
+ _ 20
U, 0") —W(,07) = ——W(,0), t>0.
cox

One verifies in a similar way as in the previous example that the jump conditions are realized in
(1.4b) by using the matrix
- ( P ) :
1—c \ —¢C 4

This matrix is of the form (2.18) if we choose ¢ € (0, 7) \ {%} such that tan(¢) = —c and set
o = cos(¢) and B = —i sin(¢). The coefficient n*>Y) in (2.19a) then becomes

0, ifx,y>0,
5 1, ifx>0,y<0
ay_ b Y <Y o
U= ifx <0, y=0, =0
0, ifx,y<0,

and since we are in Case I the coefficients of the Green’s function are

c c sgn(xy)
C=—un@)=c. u = =5(06y) —O(—xy) = -2,
wt+ =0, u =0,
(x »)

= sgn(xy).

It follows that the Green’s function of the §’-potential is given by

+ (xl+yD?
G(t,x,y)z—ng;(xy)A(pCZ'\/_lyl+\/_) i

_ (\X\+‘|,V|)2 _ (x—:v)z
sgn(xy)e it 4 e dir .
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Now we turn to generalized point interactions that lead to decoupled systems. In the following
examples we discuss Dirichlet, Neumann, and Robin boundary conditions at the origin; for a
characterization of all decoupled systems see also Example 5.4.

Example 3.4 (Dirichlet boundary conditions). We consider the free Schrodinger equation on the
two half lines R \ {0} with Dirichlet boundary conditions

0 02
IE\I/(t,x)=—W\I/(t,x), t>0,xeR\{0},

W, 0T =W, 07) =0, t>0.

These boundary conditions are realized in (1.4b) by using the matrix

-1 0
]:(0 _1>, 3.2)

that is, we have ¢ =0, « = —1, and 8 = 0 in (2.18), and hence Case III applies. The coefficients
of the Green’s function are given by

we=0, pf=0, and u{=-1,
and lead to
G ) 1 ( _<x4—,v)2 _(xIIyI)2> (33)
, X, Y) = 4 it —e it . .
2/imt

Example 3.5 (Neumann boundary conditions). We consider the free Schrodinger equation on the
two half lines R \ {0} with Neumann boundary conditions

0 02
IE\I/(t,x)=—m\I/(t,x), t>0,xeR\{0},

0 0
—U(t,0M) = —Ww(,07) =0, t>0.
0x 0x

These boundary conditions are realized in (1.4b) by using the matrix

10
=0 1)

that is, we have ¢ =0, « = 1, and 8 =0 in (2.18), and hence Case I applies. The coefficients of
the Green’s function are given by

we=0, uP=0, and uf™Y =sgn(xy),

and lead to

1 =2 _ (xlElyn?
G(t,x,y)= e Hr +sgn(xy)e dir .
2/imt
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In the next example we consider Robin boundary conditions at the origin. The Neumann
boundary conditions in Example 3.5 are contained as a special case and the Dirichlet boundary
conditions in Example 3.4 formally appear as a limit; cf. Remark 3.7.

Example 3.6 (Robin boundary conditions). We consider the free Schrodinger equation on the
two half lines R \ {0} with Robin boundary conditions

9 92
iE\IJ(t,x)z——axz‘-IJ(t,x), t>0, xeR\{0},
9
— (¢, 0N =a W, 0h), t >0,
0x
9 _ _
— Y, 07)=bW(,07), t>0,
0x

for some a, b € R; note that the minus sign for the derivative at x = 0~ on the right hand side of
(1.4b) is omitted here. These boundary conditions are realized in (1.4b) by using the matrix

ita g
J:(!-a ib), (3.4
0 =5
which is of the form (2.18) with
® ) (1 —ia)(1 —ib) 5=0
a=sgn(b —a)—————, =0,
s V1 +a%/1+b?
and ¢ € [0, ) chosen such that
: 1—ia)(1+ib
e'¢=sgn(b—a)( ia)(1+1ib)

VI+a2J/1+p2

where we use sgn(0) = 1. One verifies that Case I applies and a (more technical) computation
finally leads to the Green’s function

G(t,x,y)= (—a OX)OH)A (% —I—aVit)
i
+hO(—x)O(=y)A (% - b«/it)) o~ (3.5)
i

1 _ (al+yD? _@-»?
: sgn(xy)e™ 4t e Hr |,

it

Remark 3.7. It is clear that for a = b = 0 the boundary condition and Green’s function in Ex-
ample 3.6 reduce to those in Example 3.5. Moreover, also the boundary condition and Green’s
function for the Dirichlet decoupling in Example 3.4 can be recovered from Example 3.6. In fact,
for a — oo and b — —oo the matrix J in (3.4) tends to the one in (3.2) and using Lemma 2.1 (iv)
one obtains the asymptotics
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1 1
A<7|x|+|y| +a\/ﬁ>~ and A(LH_|y| —bx/ﬁ>~7
2V/it avint 2/it —bint

in (3.5), which then lead to the Green’s function (3.3).

4. Solution of the Schrodinger equation with a generalized point interaction

In this section we continue the theme from Section 2, where in Theorem 2.4 it was already
shown that the Green’s function (1.5) satisfies the Schrodinger equation (2.20) and the jump
condition (2.21) that represents the generalized point interaction at the origin. Now we turn our
attention to the initial value (1.4c). This missing part will be provided in Theorem 4.4 below.
However, the main technical issue here is to make sense of the integral (1.6). Since we want to
consider, e.g., plane waves F(x) = ¢’** as initial conditions, we have to deal with integrands
that are not absolutely integrable. For this purpose the so-called Fresnel integral, discussed in
Lemma 4.1, will be useful. The resulting representation of the integral then also ensures, in a
mathematical rigorous way, that the properties (2.20) and (2.21) of the Green’s function G carry
over to the respective properties (1.4a) and (1.4b) of the wave function W.

Lemma 4.1 (Fresnel integral). Let f : Q@ — C be holomorphic on an open set Q2 C C which
contains the sector

Sy :={z€eC:0<Arg(z) <a} “.1)
for some a € (0, %), and assume that f satisfies the estimate

1f@) < Ae—s™E  ce5,, (4.2)

for some A >0 and ¢ > 0. Then we get

R o0
lim. / FO)dy = e / Flye®)dy. “3)
0 0

where the integral on the right hand side is absolutely convergent.

Proof. For simplicity we will write k = tan(«) > 0. For every R > 0 we consider the integration
path

v =1{y:0=y<R}, -

v i={R+iy:0<y<kR}, T2

Y3 = {yei“:OfySRm}.

o Re(z)
7 R

Y

Since f is holomorphic, Cauchy’s theorem yields
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R
/f()’)dy=/f(z)dz=—/f(z)dz—i—/f(z)dz
0 4! V2 V3

kR RV1+42
=—iff(R+iy)dy+ef“ / f(ye'™)dy.
0 0

(4.4)

From the estimate (4.2) we obtain

kR
‘—iff(R+iy)dy 7eR
0

o
, A
§A/e‘28R>’dy=——>0, R — oo,
0

and thus in the limit R — oo we conclude from (4.4)
R R
lim / Ff()dy =€ lim / F(ye')dy.
R—o0 R—o00
0 0

The estimate | f(ye!®)| < Ae™¢ Si“(z‘x)yz, y > 0, implies that the integral on the right hand side is
absolutely convergent and hence the identity (4.3) follows. O

In the next lemma we define functions Wo, Wy, and Wge. that are closely related to the func-
tions Go, G1, and Gyree in (2.10), which will then lead to a solution of the Schrodinger equation
(1.4) in Theorem 4.4 below.

Lemma 4.2, Let F : Q — C be holomorphic on an open set Q C C which contains the sector
So from (4.1) for some o € (0, %), and assume that F satisfies the estimate

|F(2)] < AeBIm@, 7€ Sy, 4.5)

for some A, B > 0. For every fixedt > 0, x € R\ {0} we consider the functions

[ee]

W, x; F)= [ G, x,y)F(y)dy, j €1{0, 1, free}. (4.6)
0

Then the following assertions hold:

(1) The integral on the right hand side in (4.6) exists as the improper Riemann integral

00 R
/Gj(t,x, VF(y)dy = Rli_)moo/ Gt,x,y)F(y)dy, “@.7
0 0

and the functions V;, j € {0, 1, free}, admit the absolutely integrable representation
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o
W(t,x; F) = e / Gj(t,x,ye')F(ye'*)dy,  jel0,1, free}. 4.8)
0
(ii) The functions ¥, j € {0, 1, free}, in (4.6) are solutions of the differential equation
: a . 82 .
lalllj(t,x,F)z—ﬁ\I/j(t,x,F), t>0,xeR\{0}. 4.9)

(iii) The functions ¥, j € {0, 1, free}, in (4.6) admit the initial values
Wo (0T, x; F) =W (0", x; F) =0, x eR\ {0}, (4.10)

and

F(x), ifx>0,

0, ifx <O. (.11

q’free(0+7X; F)= {

Proof. (i) This assertion is a direct consequence of Lemma 4.1 if we verify that the functions
vy Gji(t,x,y)F(y), j €{0, 1, free}, satisfy an estimate of the form (4.2). In fact, the estimates
(2.16) together with the assumption (4.5) leads to the bounds

Im(z?) Lx|
|G(t.x.2)F ()] < Acj(nye™ 5 TEHME -z, 4.12)

Since for every z € S, we have Im(z) < tan(«) Re(z), and hence Im(z?) > tanz(a) Im(z)2, the
exponent in (4.12) can be further estimated by

Im(z?)
4¢

Im(z»)  Im(z)?
8t  4ttan(e)

+ (B + M) Im(2).

x|
B —)I <_
+( + 5, ) Im() < >

Taking into account that a polynomial of the form —a Im(z)? 4+ bIm(z) with a > 0, b € R, is
bounded from above by %, we find

Im(z?) Im(z?)
4¢

n (B—i—%)lm(z)f— +t(B+—|>2tan(a), (4.13)

|x
2t
and thus (4.12) can be estimated by

)

Im(z
8r

1X142 ¢,
|G (t,x, ) F @) < Ac;(t)e! B3 1an(@) o= 2€ S,

This shows that (4.2) indeed holds in the present context and the integral (4.6) exists in the form
(4.7) and admits the absolutely integrable representation (4.8).

(il)) Now we show that the functions Wy, Wi, and Wy satisfy the differential equation (4.9).
Since we have already shown in Lemma 2.2 that Go, G, and Gee solve (2.11), it remains to
interchange the integral and the derivatives in the representation (4.8). We verify this property
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for the time derivative of G¢ and leave the analogous arguments for the spatial derivatives and
the functions G and Gy, to the reader. Note that from (2.12a) with z = ye'® one obtains

2 y2 sin(2a x|y sin(a
1 <1+ (lx1+1yD )e_%_\ [sinte)

Gt
Oxye) 4t /mt 2t

E

and hence together with (4.5)

2 ) .
(Ix[+1yD )e,m,wwm@

Gt lO(F i (1
ot, x,ye")F(ye™)| < 4\/_+ >

&

22 sin(2a) . o . . .
The term e~ % — now ensures the integrability of the right hand side. Since all terms are

continuous functions in ¢, we can also choose an integrable upper bound, which is locally uniform
in t. Hence, by classical theorems for Lebesgue integral (see, e.g., [52]) the time derivative of
Wy (¢, x; F) exists and is given by

o0
9 . P . .
D ot x: Fy =@ / D Gott.x, ye ™) F(ye®)dy.
ot ot

0

Similar arguments also apply to the other eight derivatives in (2.12), (2.13), and (2.14), and we
conclude for every j € {0, 1, free}

o
0 . B ) .
E\Pj(t,x;F)ze’“/EGj(t,x,ye’“)F(ye'“)dy, (4.14a)
0
0 T 0
—W(t,x; F) = e [ —G(t,x, ye'*)F (ye'*)dy, (4.14b)
ox ox
0
32 32
Py 5Vt x; F)=¢" /8 5Gj(t,x, yel¥)F(ye'®)dy. (4.14¢)
0

As was already mentioned the functions G solve (2.11) and hence it follows that the functions
W satisfy (4.9).

(iii) To check the initial conditions (4.10) for Wy and W, we plug in the estimates (2.15a) and
(4.5) into the representation (4.8). This yields

o0
2 sina) XN
Wi, x; F)| SACj(t)/‘/’JTHB*f)ysm(a)dy

ch(t)\/_ x| tan(c) N
Jsnow ((2\/_ B«/;) > )—)O, t— 0",

(4.15)
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for j € {0, 1}, where we have used the integral (2.7a) in the second line; the convergence follows
from the asymptotics (2.6) and the fact that c; (t)+/t is bounded (for the precise form of the
constants see Lemma 2.3). For the initial value of Wge. we distinguish two cases. For x < 0 we
use the estimate (2.15b) and get the same convergence as in (4.15). The remaining case x > 0 is
more involved. Here we split up the integral (4.6) into

2x o9
1 —y)? —p?
Whee(t, x; F) = -/Ae* dir F(y)d +/e7 i F(y)dy|. 4.16
ree ( ) W J ndy 2 dy (4.16)
X

. . . 2 .
In the first integral we use the derivative diz erf(z) = %e’z of the error function, as well as
integration by parts, to get

2x

1 [d
sz dy=—= | —erf F(y)d
2_ E (»dy ZO/dye (2«/5) (»ndy

2x
1 X
[ fl —— | F f FQ2 f F’
e (NE) ) —er <2ﬁ) (x>+0/er<2W) ()dy

Using lim,_, o+ erf (ZL\/E) =sgn(£), £ € R, and the dominated convergence theorem we get

2x
1 , _
lim J— S F(y)dy = 3 For+Feo+ / sgn(x — ' ()dy | = F).
0

In the second integral in (4.16) we substitute y — y + 2x and obtain

F Mdy =

F(y +2x)dy.

2\/F J_

This is the same integral as the one for Wy, with the initial function F (- + 2x) instead of F.
Consequently, this integral also vanishes in the limit # — 0T. Thus, we have also shown the
initial condition (4.11) for Wee. O

As the last preparatory statement we prove the following lemma about the representation of
the functions Wy, W1, and Weee at the support of the singular interaction x = 0=,

Lemma 4.3. Let F : Q — C be holomorphic on an open set Q2 € C which contains the sector
Sy from (4.1) for some o € (0, Z), and assume that F satisfies the estimate

|F(2)] < AeBIm@, 7€ Sy, 4.17)
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forsome A, B > 0. Then for the functions ¥}, j € {0, 1, free}, from (4.6) and their spatial deriva-
tives we are allowed to carry the limit x — 07 inside the integral

o0
W;(t,0%; F) =/Gj(r,0i,y>F<y)dy, (4.18a)
0

]

d 0
05 F) = [ 516,005 FOy, (4.18b)
0x 0x

0

where, similar to (4.7), the integrals exist as improper Riemann integrals fooo = Rlim fOR.
— 00
Proof. For the function W; in the representation (4.8) we have the estimate

yz si

229 1y B+ 51 sin). (4.19)

|G j(t, x, ye' ) F(ye')| < Acj(t)e™

which follows from the assumption (4.17) on F and (2.16). Since this upper bound is continuous
in x, we can choose it to be uniform for all x in a neighbourhood of 0. Now we can use the
dominated convergence theorem in (4.8) to get the absolutely integrable representation

o
(1,0 F) = e / G(t,0%, ye'*)F(ye'*)dy. (4.20)
0

Once more from (4.17) and (2.16) we get the estimate

G (1,05, ) F(2)| < Acj(r)e™ "5 +BImD e,
The estimate (4.13) for x = 0 allows to further estimate the integrand by

Im(zz)

G (1,05, D) F(2)| < Acj(t)e™ 5 TB @@ 2eg, “.21)

This estimate shows, in particular, that the assumption (4.2) of Lemma 4.1 is satisfied and hence
we can use (4.3) to rewrite the absolutely integrable representation (4.20) into the improper
Riemann integral (4.18a).

The same argument applies also to the spatial derivative in (4.14b). Here, the explicit repre-
sentations (2.12b), (2.13b), and (2.14b) lead to a similar estimates as in (2.16), and consequently
also to estimates of the form (4.19) and (4.21). O

The next theorem is the main result of this section, where a solution W of the Schrodinger
equation (1.4) is obtained by assembling the components W; from (4.6) based on the structure
of the Green’s function in (2.17). Besides the four parts of the Green’s function we also have
to consider that now integrals over R appear, whereas the integrals in (4.6) are only over the
positive half line (0, 00).
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Theorem 4.4. Let F : 2 — C be holomorphic on an open set Q € C which contains the double

sector
SeU(=Sy)={z€C:Arg(z) €[0,a]U [, 7 + ]}
for some o € (0, %), and assume that F satisfies the estimate
[F@)] < AP 2 e 8, U (=50,

for some A, B > 0. Let G be the Green’s function in (1.5) or (2.17). Then the function

\Il(t,x;F):/G(t,x,y)F(y)dy, t>0, xeR\{0},
R

exists as an improper Riemann integral of the form

0 R
/G(t,x,y)F(y)dy = lim /G(t,x,y)F(y)dy-F lim /G(t,x,y)F(y)dy
R]—)OO R2~>OO
R —R 0

and V is a solution of the Schrodinger equation (1.4).
Proof. For y > 0 the Green’s function (2.17) can be written as

(x,07)

(Vhs (Vs
G(t,x,y)=u(+x’ 'Gi(t,x, y; ) + )Gl(t,x,y;w_)+ﬂo Go(t, x,y)

+ Giree(t, X, y).

Hence we conclude from Lemma 4.2 (i) that the limit

Ry
lim [ G@t.x. DFOdy = pu$ 0 W xiog, F) + 100 (1 xs w-, F)
Ry—o00
0
x.0") . .
+ g Wo(r, x; F) + Wtree (1, x; F)

exists. Moreover, for y > 0 we also have

(x,07)

(4.22)

(4.23)

(4.24)

(4.25)

0~ 0~
G(t,x,—y)=uﬁf’ Gt x, y; 0p) + 1 )G1(t,x,y;w_)+u0 Go(t, x, y)

+ Gtree(t, =X, y),

where we have used Gfee(?, X, —y) = Gree(?, —x, ), a direct consequence of (2.10c). Again

from Lemma 4.2 (i) we conclude that also the limit
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0 R
im [ G(t.x.y)F(»)dy= lim / G(t.x. —y) F(y)dy
Ri—o0
0

Ri—o0
—R|

= u(f’of)%(t,x; wi, F)+ 100, x 0, F)

+ M(()x,O_)

Wo(t, x; F) + Wriee(t, —x; F)

exists. Here we have used the mirrored function F (z) := F(—z), which also satisfies the assump-
tion (4.5), since (4.23) holds on the double sector S, U (—Sg). This leads to the existence of the
function W in (4.24) in the sense of (4.25), and also shows that it can be decomposed into

Wi, x: F) = 00 (1 xs oy, ) + 15000 (x4, F)

(x,07) = (x,07)
+u” Wit x;o_, F)+u- v (t,x;w_, F
iz 1( )+ 1( ) 4.26)

- ~ +
+ 10 ot x5 )+ gt Wt x: F)

+ Wepee (1, —x; ﬁ) + Wee (7, x; F).

Due to (4.9) the functions Wy, W1, and Wge are solutions of the differential equation, and so is
its linear combination W a solution of (1.4a). Note, that the coefficients w+ and p only depend
on the sign of x and hence do not influence the differential equation. Moreover, although the term
Weree (f, —X, F ) depends on the variable —x, this function also solves (1.4a) since the x-derivative
is of second order.

In order to check the jump condition (1.4b) we notice that by Lemma 4.3 we are allowed to
carry the limit x — 0% inside the integral. Hence we get the representations

Wt 0% F) = / G (1. 0%, y)F(y)dy.
R

0 + J +
—V(#, 05 F)= | —G(t, 07, y)F(y)dy,
0x 0x

R

also for the linear combination. Again, note that the negative x argument of Wy (f, —x; F )
does not matter, since Gee(t, 07, ¥) = Grree(t, 07, y) by definition (2.10c). Since G satisfies
the jump condition (2.21), the function W satisfies the jump condition (1.4b). Finally, the initial
values (4.10) and (4.11) imply the initial condition (1.4c) of the wave function ¥. 0O

In preparation for the analysis of superoscillations in the next section we will now briefly dis-
cuss convergent sequences of initial conditions (F},),, and the convergence of the corresponding
solutions (W(z, x; F},)), of the Schrodinger equation (1.4). As before we shall first deal with the
functions ¥, j € {0, 1, free}, in (4.6) and assemble these components afterwards to the whole
wave function W; cf. (4.26) in the proof of Theorem 4.4.

Lemma 4.5. Let F, F, : Q@ — C, n € Ny, be holomorphic on an open set 2 C C which contains
the sector S, from (4.1) for some a € (0, %), and assume that for some A, B > 0 and A,, B, >0,

n € Ny, the exponential bounds (4.5) hold. If the sequence (Fy), converges as
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lim sup |F,(z) — F(2)|e <=0 4.27)
n—>oo

7€S8y

for some C > 0, then also the corresponding wave functions W, j € {0, 1, free}, in (4.6) converge
as

nl;rgo Wi(t,x; Fp) =Vt x; F), j €{0, 1, free}, (4.28)
uniformly on compact subsets of (0, 0c0) x R.
Proof. First of all, we have the estimate
|Fu(2) — F(2)| < Cpe©, 7€ Sy,

where C, := Supcs, |Fn(z) — F(z)|e‘c|z|. Using the representation (4.8), this inequality to-
gether with the estimate (2.16) of the Green’s function, leads to

|W;(t, x5 Fp) — W (t,x; F)| = ‘/Gj(t,x,yem)(Fn(yeia) - F(yei“))dy‘
0

o
2. .
_ y“sina) | |x]ysin(a)
gcnc,(t)fe Tz ¢Ddy
0

_c cj(t)\/HA(_ |x|v/tan(e) CJt )
" /sinCa) 272t /sinQa)/’

where in the last line we have used the integral (2.7a). Since the right hand side of this inequality
is continuous in ¢ € (0,00) and x € R, and we have C,, — 0 by the assumption (4.27), the
uniform convergence (4.28) on compact subsets of (0, co) x R follows. O

Lemma 4.5 now leads to the following theorem, which is an important ingredient in the next
section.

Theorem 4.6. Let F, F,, : Q@ — C, n € Ny, be holomorphic on an open set Q2 C C which contains
the double sector Sy, U (—Sy) from (4.22) for some o € (0, %), and assume that for some A, B > 0
and A,, B, > 0, n € Ny, the exponential bounds (4.23) hold. If the sequence (F,), converges as

lim  sup |Fu(z) — F(2)|le k=0 (4.29)

N0 7Sy U(—Se)

for some C > 0, then also the corresponding wave functions WV in (4.24) converge as

lim Wz, x; F,) =V¥(t, x; F), (4.30)

n— oo

uniformly on compact subsets of (0, 0c0) x R.
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Proof. It is clear that the convergence (4.29) of the functions F,, n € Ny, implies the same
convergence of the mirrored functions Fn (z) = Fy(—2), n € Ny, and F (z) = F(—2z). Since the
function W can be decomposed in the form (4.26), the convergence (4.30) follows immediately
from Lemma 4.5. O

5. Superoscillatory initial data and plane wave asymptotics

In this section we allow superoscillatory functions as initial data in the Schrodinger equation
(1.4) and we show that the corresponding solutions converge uniformly on compact sets. To
discuss the oscillatory properties of these solutions we study the long time asymptotics of the
plane wave solution in Theorem 5.5 and Remark 5.7, where the expected oscillatory behaviour
and also possible stationary terms, reflecting negative bound states of the singular potential, are
identified.

Superoscillating functions are band-limited functions that can oscillate faster than their fastest
Fourier component. This is made precise in the next definition.

Definition 5.1 (Superoscillations). A generalized Fourier sequence is a sequence of functions
(Fu)n, n € Np, of the form

n
Fu(x) =) cjm)e®i™r  xeR, (5.1)
j=0
with kj(n) e R and cj(n) € C, j € {0,...,n}. A generalized Fourier sequence (F,), is said to

be superoscillating, if:
(i) There exists some k € R such that

sup |kj(n)| < |k|.
neNy, j€{0,...,n}

(ii) There exists a compact subset K C R, called superoscillation set, such that

lim sup |F,(x) — ¢/**| =0. (5.2)
n—)OOXEK

In the next corollary, which is a simple consequence of Theorem 4.6, it will be shown that su-
peroscillating initial data (F},), (with a slightly stronger convergence property) leads to solutions
(\W(t, x; Fy)), that converge on compact subsets for all times ¢ > 0. We mention that the charac-
teristic superoscillatory behaviour of the functions (F},), is on a compact set K in (5.2), but this
is not enough to ensure the same convergence for the sequence of solutions (W(t, x; F;,)),. As
the functions (5.1) admit entire extensions to the whole complex plane,

Fu)=) cjme®i™= zeC, (5.3)
j=0

a fact that is also important for several considerations related with the so-called supershift prop-
erty, it is meaningful to assume the stronger convergence
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lim sup |F,(z) — e**|e €1 =0 (5.4)
n—>00 .

for some C > 0. Note, that in our standard example of superoscillating functions in (1.7) one
indeed has this kind of uniform convergence; cf. [37, Theorem 2.1] and [8] for more details.

Corollary 5.2 (Stability of superoscillations). Let the sequence (F),, n € Ny, be superoscil-
lating in the sense of Definition 5.1 and assume, in addition, that their entire extensions (5.3)
converge as in (5.4) for some C > 0. Then also the corresponding solutions of (1.4) converge as

lim W(t, x; F,) = Y(t, x; eik'),
n—oQ
uniformly on compact subsets of (0, 0c0) x R.

Proof. In order to apply Theorem 4.6, we first note that (5.3) implies the estimate

n n
IFa@| <Y lejm)]eReRimD <3 e m) |k WIM@I -z e C.
j=0 j=0

Together with the convergence (5.4) this shows that the functions F;, satisfy the assumptions of
Theorem 4.6 for any o € (0, %), and hence the statement follows. O

To analyse the oscillatory behaviour of the functions W(¢, x; F;,) and W(t, x; e”“) in Corol-
lary 5.2 it is useful to compute the explicit form of the plane wave solution W(z, x; ¢/**) and to
provide its long time asymptotics.

Proposition 5.3. For every k € R the solution of the Schrodinger equation (1.4) with initial con-
dition F(x) = '** is given by

) M(x,OJr) M(x,OJr) M(X,Oﬂ 2 x|
i, ety = H— 4 = 4 00 e—mA( —ikﬁ)
o+ +ik  w_+ik 2 2./it
(x,07) (x,07) (x,07) 2
e S S i e—mA( x| +ik«/5)
wr —ik  w_ —ik 2 2./t (5.5)
(x,07) (x,01)
/’L' i )(2
St e e A (S i)
ok wj—ik  wj+ik 2Vit
+eikx—ik2t

using the coefficients (o, u+, and w+ from Theorem 2.4. In the special case k = 0 this formula

£
is understood in the sense that u&x’o )/a)j =0, whenever w; = 0.

Proof. We start by calculating the functions Wi, x, e'**) for j € {0, 1, free} from (4.6). Since
the holomorphic continuation F(z) = ¢'*¢ of the initial condition satisfies the assumption (4.5)
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for the special choice o = 7, we can use the absolutely convergent integral representation (4.8).
For the functions Wy and Vg we now use the integral identity (2.7a) to get

o
1 D 1«2 x|
Wol(t, x; ek :—/e i etVigy — 4ifA( :Fik\/it),
( ) 2/mt Y 2 24/it
0
as well as
1 K 2 1
; =y . - 2 —x
Wiee (£, x; K :—/e——m eEVig :—e—mz\< ik\/it).
tree( ) W7 J y 3 Wi +

For the function W we use the integral (2.7b) to get, at least for @ and k not both vanishing, the
explicit solution

U (1, x; 0, ei’k \/_/ |x| +y«/_ «/ﬁ)e‘weﬂk%ﬁd}’

zcj::z'[k( (2f$lk\/—> (2|:;|7z it))'

For the special case w = k = 0 the second integral in (2.7b) gives
_ x4y 2
Wi, x: 0, 1)_J/ |x| +y‘[) s e MNPV <ﬂ>g—m;
2/t

here, however, the precise value of the integral is not needed since ,ui.x’y )= 0, j = %, whenever

w; =0 in Cases I-III in Theorem 2.4, and thus the corresponding term in the decomposition
(4.26) is absent. Assembling now all these terms as in the decomposition (4.26) and using the
identity (2.4) for the terms involving W gives (5.5). O

In the next example we provide an explicit form of the solution W(z, x; ey in (5.5) for
decoupled systems, that is, separated interface (or boundary) conditions at the origin.

Example 5.4. Observe first that the interface conditions in (1.4b) decouple (separate) if and
only if the matrix J is of diagonal form, i.e. B = 0 in (2.18). Furthermore, since in general
la|? 4+ |B|? = 1 it follows that the interaction depends only on ¢ in (2.18) and Arg(«). In this
situation the wave function of the negative half line does not interact with the wave function on
the positive half line, and this property is also manifested in the plane wave solution (5.5). In
fact, for decoupled systems a technical computation shows that the solution admits the form

W, (t,x; %), ifx >0,

lI/t,x;eik' = .
( ) W_(t,x; %), ifx <0,

(5.6)
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where W depend only on the coefficients

¢ =+ Arg(a)).

‘= tan (
Y+ 2

Here the functions W are explicitely given by

.. 12 yr ik | x| s x| e
Wy (t,x; ek )y =—¢ ( - A( :Flk\/ll) —A( :I:llet)
2 —yx ik \2./it 2./it
Y+ a2 x| - jkx—ik%t
—— ¢ 4itA< — i«/lt)—i—e’ et
v+ Fik NI

in the case Y4 = oo and/or y_ = oo (that is, ¢ + Arg(e) = w and/or ¢ — Arg(e) = ) this is
understood in the sense that

o £ik 1 d e A( ] ooﬁ) 0
_— == an — 1 =0.
—o00+ik oo Fik 2.0t

In the next theorem the long time asymptotics of the plane wave solution in Proposition 5.3
is found. While the exponentially decaying ¢®/*|-terms in (5.7) and (5.8) are due to negative
bound states (see Remark 5.7), the oscillating terms % and ¢'**! in the first line of (5.7), or
their absence in (5.8), show that the solution W(¢, x; ¢’ k- ) oscillates with frequency k. Therefore,
roughly speaking, the sequence (\W(z, x; Fy,)), shows the characteristic superoscillatory prop-
erty since the functions W(z, x; F,) oscillate with the frequencies k;(n) and the limit function
W(t, x; 'k oscillates with the larger frequency k.

Theorem 5.5. For every k € R \ {0} the solution of the Schrédinger equation (1.4) with initial
condition F(x) = ¢'** admits the long time asymptotics

(x,—k) (x,—k) (x,—k)
Ky M Ho ) il —ik%

‘-If(t,x; eik') zeikxfikzt ) <

wy —ilk]  w_ —ilk| 2
M(x,O_) (x,0M) R 1 5.7
J J wjlx|+iwst
— — + — | 20(—wj)e™ j +(9<—),
2 wj—ik  w;+ik (=) Jt

as t — 00, using the coefficients o, i+, and wx from Theorem 2.4. Moreover, for k =0 we get
the similar expansion

(x,O*) (x,07) (x,O*) x,07) (x,07) (x,07)
(l‘, : 1 ) M M M M /‘1“0 /‘1“0
w4 w_ 2

- (5.8)
H';x )+M§'x : o;|x|+iwlt 1

Y 20wy +O(—),
j=* @i Vi

+1

(x,0%)

as t — 00. The formula (5.8) is understood in the sense that (i ;

Jwj =0, whenever w; =0.
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Proof. In the explicit solution (5.5) we can use the asymptotic expansion (2.6) of the function
A, to get for every k, w; € R\ {0}

x| . 5 (2L ik /i7)? 1
— N _
A(zﬁizkﬁ) 20 (+k)e'z +O(ﬁ>’ as £ — 00,
x| . i ]
A(Z\/E+wj«/;)=2®(—wj)e(2ﬁ ©jVit) +(’)(\—/;>, ast — 00.

=+
Note, that all the terms in (5.5) with w; = 0 vanish since in this case also ,u(.x’o ) =0 by its
definition in Theorem 2.4. Hence we can use the above asymptotics to get the long time behaviour

ik s 0D “(()x’0+> ik |x|—ik2
W(t, x; ") = - 20 (—k)etklxI=ikt
G =\ vk Ttk 2 (=he

+

L0~ 0~ L0~
ule0) N 0 e
wr —ik | w_—ik 2

) 2®(k)eik|x\—ik2l

M(x 07) (x,0M)
¥ e
- E / L |20 (—w))e® HIFe)!
— zk wj+ik

. . 1
+elkx—lk2t +O(7)’ as t — 00,
t

which easily simplifies to (5.7). For k = 0 we get from (5.5) the representation

(x,01) (x,07) (x,0™) (x,07) (x 0h) (xO )
+ _ + _ + x2 X
wit,x 1) = 2= S o L E e—mA( al )
on w_ 2 2./it
(x,07) (x,0M)
M I’L x2 X
_Z Lyl A &l +oj/ir) +1.
wj 2t
2n+1

Using the Taylor series erf(z) = we get the asymptotics

f Z n'(2n+1)Z

_4_'2A< x| ) 1 f( ] ) 1+O< ! )

e it = — er = — ).
2./it 2\/it Vi
Hence the wave function W(z, x; 1) reduces to (5.8) in the limit r — co. O

Example 5.6. In the same setting as in Example 5.4 one can compute the long time asymptotics
(5.7) and (5.8) for decoupled systems. For k # 0 we obtain the wave function
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_ —ilk . .
V—sgn(k) | | e—zkx>e—zk2t

W, x: %) :@(—kx)(eikx + :
—V—sgn(k) —1 k]|

2 .
+O(—yy)O(x) Lt pyetivis
Y+ — ik

2y_ 2 1
O(—y_)O(— Y—x+iyZt ol—
Oy )00 e +(ﬁ)

and for kK = 0 we find the representation

. . 1
W(t, x; 1) = 20(—y4)O(x)e VY P 4 2@ (—y_)@(—x)e? "+ 4 o(ﬁ).

Again, similar as in Example 5.4, if y4 = oo and/or y_ = oo are infinite (that is, ¢ + Arg(e) =7
and/or ¢ — Arg(a) = ) this is understood in the sense that

oo —i|k|
—=—1 and B(—00) :=0.
—o0 — k|

Remark 5.7. We note that the ¢®i!¥!-terms, j = &, in the asymptotics in (5.7) and (5.8) cor-
respond to negative bound states of the underlying self-adjoint Schrodinger operator. In fact, a
bound state corresponding to the eigenvalue (energy) E € R is a function ¥ € LZ(R) which
satisfies

82
—mw(x)zEw(x), x e R\ {0}, (5.9a)
(VO . Ly 0"
I J)<W(O_)>_Z(I+J)<—%Iﬂ(0_) . (5.9b)

In order to get a non-trivial L>-solution of the differential equation (5.92) we need E < 0; in this
case the general solution is given by

Ae*V—E x>0,

BeVE, x <0,

1//(X)={

for some constants A, B € C. Plugging the limits 1/ (0%) and %W(Oi) into the jump condition
leads to the linear system of equations

(I—J)<2>:—i\/—E(I+J)(2>. (5.10)

A direct calculation using the matrix (2.18) and the property |«|> 4 |8]> = 1 of the matrix entries
shows
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Re(a) = cos(¢) Re(a) = — cos(¢)

w >0 w4+ <0

w+<0,w,20

0

-1 1 Re(a)

Fig. 1. Possible negative eigenvalues w+ < O of the Schrodinger operator depending on the choice of ¢ € [0, ) and
Re(a) € [—1, 1] in the matrix J. The continuous/dashed lines illustrate boundaries that do/don’t belong to the parameter
regions. Case III in Theorem 2.4 corresponds to the left lower corner (—1, 0), Case II is depicted by the curve Re(o) =
—cos(¢), and the remaining points constitute Case I.

det((I —J)+iv/—E(I+ 1))
:det((l—aei¢ Bei? )_i_iﬁ(l—i—ozeiq’ —Be'? >>

—Bel? 1 —ae? | T
= (1 —2Re(@)e® +¢%9) +2i(1 — #?)V—E — (1 + 2Re(@)e’® + ¥¢) (V=E)’
— 2ef¢<(cos(¢) — Re()) + 2sin(¢)v/—E — (cos(¢) + Re(a))(«/—E)z)

and for E < 0 this determinant vanishes if and only if

i — 2

SE- {“‘”2;— V1 oRel@? | Re(w) # —cos(@).
—cot(¢), Re(a) = —cos(¢) # —1.

When comparing with the three different cases in Theorem 2.4 we see that /—E = —w+ with

w+ < 0in Case I and v/—E = —w, with w; <0 in Case II lead to negative eigenvalues. More

precisely, if w := w; = w_ < 0, then E = —w? is an eigenvalue of multiplicity two with linear

independent eigenfunctions

Y1) =e“ and ¥ (x) = sgn(x)e®*. (5.11)

If wy # w_, then each wi < 0 leads to an eigenvalue Ey = —wi of multiplicity one with
corresponding eigenfunction

(5.12)

. (1 _ Im(B) + sgn(x) (Im(a) + i Re(ﬂ))) Josi,

V1 —Re(x)?

we leave it to the reader to check that the function in (5.11) and (5.12) satisfy the interface
condition (5.10).

We conclude this section with an example illustrating Proposition 5.3 and Theorem 5.5 for
the important special case of § and §’-potentials; cf. [2, Theorem 3.2].
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Example 5.8. Using the coefficients pg, 4, and w4 from Example 3.2 and Example 3.3 it
follows that for k € R the plane wave solutions for the § and §’-interaction are given by

\ll,g(t,x;eik')=<— ¢ A( al —zk«/ﬁ) 2(c—zk)A( ] —Hkx/_)

2c+ik) \2/ir Vit
C2 ( |x | t) lkX7ik2t
A+ k2 ’
ksgn() (| | ksgn(x) [ I ©-13)
ik- sgn(x X iksgn(x X
Wy (1, x; €' :(l A( _ k\/_) A( —i—lk\/_)
o ) 2(c+ik) \24/it 20c—ik) \2/ir
ikcsgn(x) |x| X_ ik
— A( ) b ekx—i t.
6‘2 + k2 2\/— + C\/_
For k € R \ {0} in the attractive case ¢ < 0 their asymptotics as t — oo are
Ws(t, x; ey = eIkt (eikx _ < eiIkX> L ’ c\x|+zct+0( 1 )
k] ’ - o k 2+k2 t
¢~ ‘ Vi (5.14)

Wy (1, x; ¢k ) = e~ 1K (e”‘" + M(gil’“) _ 2icksgn(x)

k| 2 k2 et 4 O(i
Cc—1 C

7)

and for k € R\ {0} in the repulsive case ¢ > 0 the asymptotics of the plane wave solutions as
t — oo are

. ) . . 1
Wyt x; ) = I (b - ) o),
st,x;e")=e e c—i|k|e + 7

ik =ikt ke, Thsgn(x) oilkxl
W (t,x; e )=e <e + —F Ty +O(ﬁ>

(5.15)

In the attractive case ¢ < 0 the time evolutions

22
2+k2

2ick
etczteC\xl and Yy (x) = _czl—i_—ckzewzt sgn(x)e

clx|

Ys(x) =

of the eigenfunctions e¢*! and sgn(x)e™! (see also (5.11)) appear in (5.14); this is in accordance
with Remark 5.7, see also Example 3.2 and Example 3.3. The function 15 represents the damped
wave that interacts with the §-potential well (and similarly for ¥s). In fact, the exponential
damping e*! in space, as well as the oscillations el in time, depend on c. In the repulsive
case ¢ > 0 equation (5.15) shows that for large times the wave keeps oscillating as e”'kzt, as
the free wave does, but with a different complex prefactor, which means a different amplitude as
well as a phase shift. Moreover, in the formulas (5.13) also the resonance frequencies k = +ic
appear, where the plane wave solutions have singularities. These observations are in accordance
with the spectral theory results for the corresponding self-adjoint Schrédinger operators in [16,

Chapter 1.3.1, Theorem 3.1.4 and below].
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