Chapman University

Chapman University Digital Commons

Mathematics, Physics, and Computer Science Science and Technology Faculty Articles and
Faculty Articles and Research Research
1-17-2020

A General Setting for Functions of Fueter Variables:
Differentiability, Rational Functions, Fock Module and Related
Topics

Daniel Alpay
Ismael L. Paiva

Daniele C. Struppa

Follow this and additional works at: https://digitalcommons.chapman.edu/scs_articles

6‘ Part of the Algebra Commons


https://digitalcommons.chapman.edu/
https://digitalcommons.chapman.edu/scs_articles
https://digitalcommons.chapman.edu/scs_articles
https://digitalcommons.chapman.edu/science_articles
https://digitalcommons.chapman.edu/science_articles
https://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F679&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F679&utm_medium=PDF&utm_campaign=PDFCoverPages

A General Setting for Functions of Fueter Variables: Differentiability, Rational
Functions, Fock Module and Related Topics

Comments

This is a pre-copy-editing, author-produced PDF of an article that was later accepted for publication in
Israel Journal of Mathematics, volume 236, in 2020 following peer review. The final publication may differ
and is available at Springer via https://doi.org/10.1007/s11856-020-1970-7

A free-to-read copy of the final published article is available here.

Copyright
Springer


https://doi.org/10.1007/s11856-020-1970-7
https://rdcu.be/b7eGs

arXiv:1812.07133v1 [math.FA] 18 Dec 2018

A GENERAL SETTING FOR FUNCTIONS OF FUETER VARIABLES:
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ABSTRACT. We develop some aspects of the theory of hyperholomorphic functions whose
values are taken in a Banach algebra over a field — assumed to be the real or the com-
plex numbers — and which contains the field. Notably, we consider Fueter expansions,
Gleason’s problem, the theory of hyperholomorphic rational functions, modules of Fueter
series, and related problems. Such a framework includes many familiar algebras as par-
ticular cases. The quaternions, the split quaternions, the Clifford algebras, the ternary
algebra, and the Grassmann algebra are a few examples of them.

AMS Classification: 30G35, 46C20
Keywords: Banach algebras, Fueter variables, Gleason’s problem, hyperholomorphic func-
tions

CONTENTS

Introduction

A general principle
Hyperholomorphicity of functions from K™*! into A
Fueter polynomials

Fueter series and Gleason’s problem
Hyperholomorphic rational functions
Banach modules of Fueter series
Drury-Arveson module

9. Blaschke factor

10.  Fock module

Acknowledgments

References

00 NSOt W

BERIEIEREEE =

1. INTRODUCTION

In [15], Fueter studied quaternionic-valued functions and introduced non-commuting hy-
percomplex variables which allow power series expansion of hypercomplex functions,
meaning functions that belong to the kernel of the operator D defined in (2.2)) in the
quaternionic setting. Such variables are now known as Fueter variables. In the present
work, we extend their definition to functions in the kernel of D and whose values are
taken in a Banach algebra A over a field K and which contains K. We assume K to be
either R or C.

After defining the Fueter variables in Section 2 we start studying the notion of derivative

of A-valued functions, which is followed by Fueter expansions and Gleason’s problem, the
1
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theory of rational functions, and spaces of Fueter series, which include the Drury-Arveson
space and the Fock space. Such problems have already been considered in some particular
cases — for instance, when A is the quaternionic setting, the Clifford algebra, the setting
of split quaternions, or the real ternary algebra [I, 3], 5] [6].

The central object of our study are functions
(1.1) f: A=A

To set the notation, we let ay,...,a, € A\ K be the generators of A different from the
identity element of K, i.e., ag = 1. The number of generators n is assumed to be finite,
but it could, in fact, be taken to be infinity for all computations presented here. The
only aspect that would require a deeper understanding, in this case, is the Cauchy-Fueter
operator, defined in (22]), which would become a differential operator of infinitely many
variables.

In some algebras, all “directions” are given by the elements a;, £k = 0,1,...,n. In those
algebras, there exist coefficients ;i € K, j, k,l € {0,1,...,n} such that

(1.2) ajay = Z Ciki
1=0

for every j,k € {1,...,n}. An example of such algebras is the quaternionic setting.
Denoting the complex units of the quaternions by 7, j and k, the product of two elements,
say 17 is k.

In other algebras, on the other hand, the product a;a; might result in a new “direction”.
An example of it is the real ternary algebra, which is generated by the number 1 and
an element e which is not real (nor complex). However, e? gives a new direction in such
an algebra. The quaternions themselves can also be seen as an example of such algebras
when the elements 1, ¢, and j are considered their generators. In this case, ij results in

a new direction of the algebra. This shows the quaternions explicitly as an example of a
Clifford algebra.

Then, in order to include in our study arbitrary algebras A where (I.2)) need not hold, we
introduce a set of t-uples J which are associated with all linearly independent directions
of the algebra. If for a certain j and k the product aja; gives a new direction, then
(4,k) might be an element of J and a;;x) = a;a,. Note that, in some algebras, there
might be multiple ways to build J. For instance, if a;a, = —aia;, as is the case of the
Clifford algebra, and the Grassmann algebra, either (j, k) or (k,j) should be part of 7,
not both, since they are not associated with linearly independent directions. In this case,
if (j,k) € 3, aa; = —ag k). Moreover, the direction ey = 1 is not included in J.

Instead of using the set J directly, we refer to a map from it into Z,, = {1,2,---,m},
where m is the cardinality of J. So instead of considering indexes that take value in J, they
are taken in Z,,. Moreover, to avoid confusion, we denote the “independent directions”
of A by e;, instead of a;. For instance, if we say the quaternions are generated by ay = 1,
a; =4, and ay = 7, then in our new notation: ey = ag, e; = ai, e = ag, and ez = a;as.
With the above discussion, the algebra A can be identified with the space K™*! in the
following way

(1.3) K™~ A= {a = Zakek
k=0

ao,al,...,ameK}.
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In particular, expression (LZ) can be rewritten in this general context as

m

(1.4) ejer = Z(X@)jkez,

=0

where the matrices x, belong to Km+TUx(m+1) for every ¢ € {0,1,...,m}. We call the
matrices x, the characteristic operators of the algebra A since they encode all properties
of the algebra product. One can also see each y, as a metric tensor-like object associated
with the algebra /-th direction of A. In fact, observe that for any a,b € A, if we write

m
ab = g Coeyp,
=0

equation (L4 leads to

m

(1.5) C = Z a;(Xe)jkbr = axeb
jk=1
for every ¢ € {0,1,...,m}. However, note that the operators y, are not represented by

symmetric matrices in every algebra A. Also, note that, in the above expression, the
identification between elements of A with points in K™™' — expressed by (L3]) — is being
used.

Also, we endow the algebra A with an involution, denoted by 1, with the following prop-
erties:

o Va,be A, (ab)! =b'al;
o Vk e KC A, kk' = kTk = |k|2.

We note that, in general, aa' is not a real (nor a complex) number and, then, it is not
always the case that aa’ = afa holds.

Because A is a Banach algebra, we also assume it has a norm N for which

(1.6) N(ab) < N(a)N(b), Va,be A.

Such a norm may or may not be induced by the involution {. However, we assume
N(a) = N(a") for every a € A.

Note that because K C A, N is also a norm in K. Therefore, without loss of generality,

we can assume N(1) = 1. Then, we can write N(k) = |k|, where |k| denotes the usual
norm of k£ in C. Moreover, observe that
(1.7) N(ka) = |k|N(a)

for every a € A.
Introduced some definitions in the algebra A, we look back at the functions f of the type
(L) and observe that, because of (IL3)), they can be identified with functions

(1.8) fK™ 5 A

In our study, we consider in particular the subset of such functions which are K-analytic
— i.e., real analytic functions if K = R or complex holomorphic functions if K = C.

Our first goal is to study the analyticity of such functions. In the case of functions f of
a complex variable z, we say f is holomorphic at a certain point a € C if the following
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notion of a derivative holds:

NN IOR 0
2\ =lim——— = e

This is the case if and only if the Cauchy-Riemann equations are satisfied at a.

However, a straightforward extension of the definition of holomorphicity to functions that
take values in other settings, i.e., the definition in terms of what is generally called a
Fréchet derivative does not always lead to interesting analytical structures.

The classic example of where such an extension “fails” is the quaternionic setting. In fact,
if f was a function of a quaternionic variable ¢ and the condition for f to be hyperholo-
morphic at a certain point a € H was

lim (f(g) — f(a)) (¢ —a)”' € H

q—a

or

lim(g —a)™ (f(¢) = f(a) € H,
then one would conclude that f is a linear function of ¢q. Because of it, one considers
different definitions to build analysis tools upon, e.g., slice hyperholomorphicity.

Nonetheless, Malonek showed in [16] that, for real Clifford algebras with n non-real gen-
erators, the idea of Fréchet derivatives could be used as a “good” definition of hyperholo-
morphicity. However, instead of seeing the function as a function of a single variable in
the algebra or, equivalently, a function of n + 1 real variables, the Fréchet derivative was
taken by considering the function as a function of n Fueter variables. With this result,
Malonek studied the so-called Fueter series in [17], i.e., power series of Fueter variables.

We now describe the content of the paper. In Section [B] we generalize Malonek’s results
on hyperholomorphicity to the algebras A we already described. In Section [d], we define
Fueter polynomials, which form the building blocks for Fueter power series expansions.
Then, in Section B, we study the convergence of such series centered at a point where the
function is hyperholomorphic. We also introduce in this section the Cauchy product at
the center of the power series, i.e., the convolution of coefficients of power series. Such
a definition is necessary since, due to the lack of commutativity, the pointwise product
of two hyperholomorphic functions is not necessarily hyperholomorphic. We emphasize
that, because the Cauchy product is defined at the center of the power series, it is center
dependent. After introducing the convolution, we discuss Gleason’s problem. In Section
6] we define and characterize hyperholomorphic rational functions, which are important
tools in analysis. Moreover, we introduce reproducing kernel Banach spaces and study
multipliers in those spaces in Section [[l As an example of such spaces, in Section {8, we
present the counterpart of the Drury-Arveson space in our setting and, in Section [d], study
Blaschke factors in such a space. As another example, we also introduce the analogous of
the Fock space in Section [I0.

Before that, we start by defining and presenting other motivations for the Fueter variables
in Section
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2. A GENERAL PRINCIPLE

Consider A-valued functions f of m + 1 K-valued variables vy, k € {0,1,---,m}, which
are of class C'! in an open subset Q of K™*!, and satisfying

(2.1) Df =0.

In the above expression, D denotes the Cauchy-Fueter or Dirac operator, which is defined
as

(2.2) D=Dy+ > eDy,
k=1
where 3
D, — —
J an7

for every j € {0,1,--- ,m}. Such functions f are called left D-hyperholomorphic, left .A-
analytic [I4, Definition 3.1 p. 119], or left monogenic [16]. The word left is used because
one can also consider functions f that belongs to the kernel of D when it acts on f from
the right. Here, because we focus on functions that satisfy (2.I]), we omit the word left
and just call them D-hyperholomorphic, A-analytic, or monogenic. The results we obtain
can be easily adapted for right D-hyperholomorphic functions.

Then, denoting v = (vo, V1, Up) € K™ we have

and so

Definition 2.1. We call the functions
(23) Ck(v) = Vi — €y, ke Zm,

the Fueter variables associated with D. They are also called total regular variables by
Delanghe [11].

Remark 2.2. In the Clifford algebra setting, one usually considers functions f of n + 1
variables in K that belong to the kernel of the Cauchy-Fueter operator

D= D(] + ZDkek

k=1
We notice that this represents particular cases of the framework presented here since those
functions f are also in the kernel of the Cauchy-Fueter operator D given by expression

@2).
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More generally, for a fixed w € €2,

%(w 41— tw) = g(vk — wy) g—i(tv +(1 - t)w)
- i(@@) - Gw) g+ (- )
holds true for every v € . Therefore,
24 F0) )= [ o fieit= kf;(ck(v) ~G) [ P+ (- e

Following Malonek’s approach for the Clifford algebra in [16], consider now ¢ = (1, (2, -+ , Gn)
and let 7™ be the set of all such vectors. Then, there is a one-to-one correspondence
between K™ and 57

K™~ 2™ = {C = (¢, 5 Gm) | G = vk — exvo; vo, vy, € K}

Because of this correspondence between those spaces, we use the notations f(v) and f({)
indistinguishably. Moreover, we often write £ = ((w) € ™.

Remark 2.3. Although it is clear that ™ C A™, observe that ™ is not an A-
submodule. In fact, ¢ belongs to 5™ for an arbitrary ¢ € ™ if and only if ¢ € K.

As a consequence, we have that the product of two D-hyperholomorphic functions need
not be D-hyperholomorphic. For instance, if f(v) = (;(; where j, k € Z,,, we have

2
CiCk = VUL — €UV — exUV; + €€,V

and, then,
(2.5) D(GiGk) = lej. ex] vg,
where [e;, ex] = eje, — ere; is the commutator of e; and ej. Expression (2.5) does not

vanish in general since e; and e, might not commute. However, it follows from (2.1
that D((;C, + Ck(j) = 0. More generally, as we will see in the next section, symmetrized
products of the Fueter variables (and, in particular, powers of a single variable) are D-
hyperholomorphic. Examples of algebras where expression (2.1) is different from zero
include the quaternions, the split quaternions and the Grassmann algebra — the latter
will be studied in more details in a future work.

We will denote by

(2.6) (Ru(w)f)(v) = /0 %(tv+(1—t)w)dt,

where w € () is a fixed element, the backward-shift operator centered at w. Then, equation

(24) becomes
(2.7) () = flw) =D () = Ge(w))(Ri(w) ) (v).

k=1
Moreover, we note that

(Ruw)f)(w) = 5w).
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Remark 2.4. Sometimes, we denote the backward-shift operator (Ry(w)f)(v) defined in

2.9) by (Rx(£)1)(C)-

If a restriction to C?(£2) functions is made, then Ry (w) f(v) is D-hyperholomorphic. More-
over, if f belongs to CP(2) for some p € N, the process given by (2.5) can be iterated p
times, generating the so-called Fueter polynomials, which is the object of study of Sec-
tion @ In particular, C*°(Q)) functions give origin to Fueter series. Even then, we note
that each of the individual pointwise products ((x(v) — (p(w))(Re(w) f)(v) in (ﬂ) do not
need to be D-hyperholomorphic. Their sum, however, which is equal to f(v) — f(w), is
D-hyperholomorphic.

3. HYPERHOLOMORPHICITY OF FUNCTIONS FROM K™*! INTO A

In this section, we show how Malonek’s work in [I6] generalizes from the Clifford algebra
to a more general scenario. The calculations follow the arguments in that paper.

We start by endowing the algebra A™ with the Hermitian form

(3.1) 6,80 = D&l
k=1
which in general is A-valued.
Defining
b =(0,---,0,1,0---.,0) € ™ k €Ly
and

ho=—(e1, -+ ,en) € ™,

it follows that an arbitrary element ( € 7" can be written as

(3:2) ¢=> vibs.
k=0

Moreover,

for every k € Z,, and

Cbo :—Uozek kaek

Remark 3.1. Note that if u € A™, then there exist coefficients u;, € A, k € Z,, such

that
k=1

In this sense, the set {hx}rez,, is a canonical basis for A™.

Because of the above remark, instead of using the induced norm

1/2
N([¢.¢)" = (Z <kck>
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in A™, we define

m 1/2
(3-4) ISl 4m = (ZN([C,%]A)Q) :

Remark 3.2. Expression ([8.2) can only be written because of the embedding of ™ in
A™. As a matter of fact, observe that even though (B.:2)) holds, (yhy & ™ in general.
This is a different way to see the discussion in Remark 2.3

Denote by Z(A™, A) the set of all A-linear operators from A™ into A. We recall that
L € £ is said to be A-linear from the left if

L(au+ bv) = aL(u) + bL(v)
for every a,b € A and u,v € A™. Because (3.2)) holds, it follows that L € £ ("™, A) is
A-linear from the left if

L(aC +b€) = aL(¢) + bL(E)
and, moreover, there exist constants Ay € A, k € Z,,, such that L is uniquely character-
ized by

Remark 3.3. A similar construction can be made for operators that are A-linear from
the right.

Next, we present the definition of a differentiable function from an open subset of 7™
into A.

Definition 3.4. Let f be a continuous map from an open set Q € ™ into A. Then,

f s said to be left hyperholomorphic if it has a Fréchet derivative, i.e., if there exists an
A-linear from the left linear map L € L (™, A) such that

(3.6) lim N (f(€+AQ) — f(§) — L(A]))

=0
A¢=0 IAC] 4

for every &£ € Q.
Proposition 3.5. If f is left hyperholomorphic, then the linear map L in (B6) is unique.

Proof. Equations ([3.3]) and (B.6]) imply that
fE+AQ) — f(§) = AGAL + -+ + Al A + o || AL

A'rn ) )
where

lim M = 0.
A0 || AC| gm
O

Theorem 3.6. Let [ be a K-analytic function. Then, f is left hyperholomorphic if and
only if it is (left) D-hyperholomorphic.

Proof. The fact that f is K-analytic leads to

B JC+A0 = 1O = MO = duogl + Aun gLk a2 o)
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with

. o(]Av])
Alzl)rgo |Av|

Note that the order of the products in the right-hand side of (8.7)) does not matter here.
Now, consider the variable substitution vy = {, and

vp = Coer +Cp k€ Zp.
Then, equation (3.7)) implies that

= 0.

Af(Q) = A (Dof+Z€kaf> + ZACkaf+O(||AC||Am)
k=1 k=1

= A{Df + A Vo] f+ o] AC|

where V,, = > 7" | Dihy. Comparing the above expression with (3.5), we conclude that f
is hyperholomorphic if and only if Df =0, i.e., f is D-hyperholomorphic. 0

Corollary 3.7. The differential of f is given by
df =dGDf +[d¢, V] f.
Corollary 3.8. If f is D-hyperholomorphic from the left and from the right, then

"9
df = 28—1{; X dCy,
1

where x denotes the symmetrized product, which is defined next — see equation ([A.1]).

A'rn ) )

4. FUETER POLYNOMIALS

Generalizing classical cases, the Fueter variables generate polynomials which are hyper-
holomophic. They are called Fueter polynomials.

We recall that in a non-commutative algebra A, the symmetrized productofay,...,ay € A
is defined by
1
(4.1) a1 X g X -+ Xay = ﬁ Z As(1)Ao(2) * * * Ao(N),
geSN

where the sum is over the set Sy of all permutations on N indexes. It is worth mentioning
that such a product is used in quantum mechanics for fermionic systems. Also, observe
that, in general, the product x is non-associative, i.e.,

(axb)xc#ax(bxc).

Moreover, if A is commutative, the symmetrized product reduces to the regular product.
Furthermore, as pointed out by Malonek in [I7], for every k € N

k!
(4.2) (a1 + - +ay) = Z aao‘,
aENg;
|a|=k
where a® = a' x -+ x ay.
Proposition 4.1. Let « = (aq, -+ ,ay,) € N™. The symmetrized product of the terms

ok, k € Zy,, simply denoted by (%, is hyperholomorphic.
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Proof. For this proof, we use the same method that appears in [10, [15], which was also
used in [3] in the setting of split quaternions. We start rewriting (* as

Z Z Z Co(1) " * Co(k=1)CuCo(k+1) * * * Co(lal)»

O’ES‘Q‘ u= 1k€Z‘a‘
o(k)=u

where |a| denotes the sum of the components of a and Zj, = {1,2,...,|a|}. Therefore,

- Z Z Z €uGo(1) = Co(k—1)Co(k+1) " ** Co(la) —

0E€S|q| =1 k€Z|o;
o(k)=u

ST Y oGty

0ES|q u=1 k‘EZ‘a‘;
o(k)=u

Hence,

UOD(COC) = Z Z Z 'erugcr(l) C (k—1 Ccr(k—l—l Ccr(\a|

O'ES‘Q‘ u=1 kEZ‘Q‘;
o(k)=u

B Z Z Z Co(1) * Co(k—1)€uV0Co(k+1) * * * Co(lal)

O'ES‘Q‘ u=1 kEZ‘Q‘;
o(k)=u

= D> (woew — vu 1) o(t) -+ Cothm1)Cothr) ** * Collal) —

0E€S|q| u=1 k€Z|o;
o(k)=u

_ Z Z Z Co(1) ** Coth—1) (€00 — Vu + V) Cok1) * * * Co(lal)

0ES || u=1 k€EZ|y;
o(k)=u

- Z Z Z Culo(1) * * * Coth=1)Co(k+1) * * * Callal) —

0ES|q u=1 k‘EZ‘a‘;
o(k)=u

+ > Z D oy Cote1)Culoren) -+ Collal

0ES o u=1 kEZ |45
o(k)=u

=0
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since the sum is made on all the permutations and

D> D vl Cotk oty - Coah =

O’ES‘Q‘ u=1 kGZ‘a‘;
o(k)=u

Z Z Z Co(1) * * * Co(k—1) UuCo k+1) Co(|a‘).

O’ES‘Q‘ u= 1k€Z‘a‘
o(k)=u

With the above proposition, our next result on Fueter polynomials follows trivially.

Corollary 4.2. Any Fueter polynomial is hyperholomorphic. In particular, (( — &)® is
hyperholomorphic for every a € N and constant § € ™.

With the discussion presented in this section so far, it is clear that symmetrized products
of Fueter variables are fundamental for the construction of a hyperholomorphic Fueter
polynomial. Now, we note that such a product also appear naturally in an expansion of
K-analytic functions by repeatedly iterating the backward-shift operator. As an example,

observe that applying (2.7) to (Rx(£)f)(C) gives
@ 0
SEDNCE @)a—i(@

+ZZ (G —&)(G — &) + (G — &) (G — &) (RUEORHE) N(Q),

k=1 1<j<k

where f is assumed to be of class C?(2). Note that Ry(§)R;(€) = R;(£)Rk(§) for every
.k € Do,

More generally, let R(£)* = R1(£)* Ro(£)*? -+ Ry (€)*™. Then,

ol
RO = L [ [ [ g
1 o2
~ alov vj(g)’

where Ov® = Ov{*0vy? - - - Ovem. As a consequence, we can write for every function f of

class CP(§2)

o]
w3 fO=f0+ Y -9 o+ Y o ren©
i &

5. FUETER SERIES AND GLEASON’S PROBLEM

At this stage, we restrict our study to hyperholomorphic functions, which were defined
in Section [3] i.e., functions which are K-analytic and belong to the kernel of the Cauchy-
Fueter operator. We note that in some settings every hyperholomorphic function is auto-
matically K-analytic — this is true, for instance, for elliptic systems.
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Our concern now is with the result of successive iterations of R(§) to a function f, as
started in (€3]). Such a process leads, at least formally, to the Fueter series

(5.1) FQ)= > (€= fald).
aeNg®
Our question is whether such a series converges in an open neighborhood of €.

In order to set the notation for the theorem that answers such a question, recall that if a
function f that takes value in K™! is K-analytic in a neighborhood Q(w) of a point w,
then the power series

(5.2) f)= 3 (v—w)falw),

where

|ot]
(5.3 fulw) =~ 2 (w),

converges for every v € (w), i.e., there exist K > 0 and strictly positive numbers
r1,- -+, Ty such that

(5.4) N(fa) <

K K
Also, let oy, , 0, be strictly positive numbers such that o, < 7y, k € Z,, and recall
that we are denoting by ¢ the element in 7™ that corresponds to the point w € K™*!,
Following [17], we define

U(o) ={C €A™ | NG — &) < op, k € Ly} CH™.

A last notation remark before the presentation of the theorem, we note that whenever «
takes value in Ni*, the coefficient f, refers to f(o ), where (0, ) € Ny, With that set,
we state a theorem on the convergence of Fueter series.

Theorem 5.1. Let f given by (5.2) be D-hyperholomorphic in a neighborhood of w €
K™+, Then, the Fueter series given by (5.1]) converges absolutely for every ¢ € (o).

Proof. We start by observing that (5.I]) and

FO=Y> (€=9fal®),

k=0 aeN;
o=k

at least formally, are both “natural” representations of power series with Fueter variables.
On the one hand, however, they generally have different domains of convergence. Such a
remark is important, for instance, if A is the Clifford algebra [9]. On the other hand, if
one considers the domain % (o), the two expressions, if they converge, coincide because

(5.5) N((C - €)% < [ NG — &)™ <0 <
k=1
and, as a consequence,

NS €97 | = X 0N (fale) <K Y (7)) <o

aENg a€ENy a€ENg
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where we have used expression (5.4). Hence, (5.]) converges absolutely in the the domain

Ulo). O

Before presenting the next result, we just define elements ¢, € N* whose j-th entries are
characterized by

(Lk)j = Ojk, ]71{: € Zm~

Proposition 5.2. Let f be given by (B.). Moreover, let Ri(w) be given by (2.6) and
C(w) =¢&. Then,

Qg

aeNgY;
a>iy

(C(v) = &) fa

Proof. The proof is a generalization of the one presented for the quaternions in [5]. First,
note that
AN

Tk(v) = ap(C(v) — §)* ™.

Therefore,

Ri(€)(C =€) =

since ((tv + (1 — t)w) = t¢(v) + (1 — t)¢&.
The above proves the proposition and justifies the name backward-shift operator given to

Ry (€). ]

Definition 5.3. We define for o, € Ni' and u,v in the algebra A, the Cauchy (or
convolution) product at & € ™ by

(5.6) (€=U (¢ =& v= (- uv

Remark 5.4. In the quaternionic setting, the Cauchy product at the origin can be defined
using the Cauchy-Kowaleskaya theorem (see [19]), and is then called Cauchy-Kowalweskay
product. It can also be applied to functions that are not necessarily hyperholomorphic at
the origin. The principle of the Cauchy-Kowaleskaya product is the following. The real
components of a quaternionic valued function f such that Depf = 0 satisfy a set of linear
partial differential equations to which the Cauchy-Kovalesvkaya theorem is applicable.
The solution to this system is uniquely determined by the initial condition f(0, z1, z9, x3),
and the Cauchy-Kovaleskaya product of f and g is defined by the pointwise product of the
initial conditions f(0,z1,xe,3)g(0,x1, 2, z3). In the case of Fueter series, the Cauchy-
Kovaleskaya is, in fact, not needed.
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Now, we extend the product ©, and the ®.-inverse for power series. Remembering that
§ = C(w), let
FO= (=% and g(Q)= Y ((— &)

aeNm aeNm
Setting vy = wy, we obtain power series in vy, —wy, k € Z,,, with coefficients in the algebra
A, ie.,
flwe,vi,. .. ) = Z (v—w)*fs and g(wo,vi,...,Un) = Z (v —w)%gq.
aeNg aeN{

Observe that now the coefficients f, (and g,) commute with the variables. We consider,

then, the product f(wq,v1,...,vm)g(we, v, ..., vy) and write it as
fwo,v1, .oy Um)g(wo, V1, .oy Up) = Z (v —w)haq,
aeNg
where
(5.7) ha = Y farby.
YENGY;
a—y>0

With that, we define
(f@eg)) =D (€= ha

aeNg
Now, assume fy € A is invertible. Then, in a neighborhood of w in  C K™, we have
(f(wo,v1,- oy v) =Y (0 —w)*d,
a€eNg
for some coefficients d, € A. We set
(5.8) FE0) = ) (=€)
aeNg®

This is well defined since the coefficients f, (and hence d,) are uniquely determined by
f.
An important fact is that the Cauchy product in the way we defined is dependent on
the center of the power series (or of the polynomials). As an example, consider the
quaternionic setting, where e; = i, eo = j, and e3 = k. The polynomial P(¢) = (?j can
be seen as P = p; @, p2, where p1(¢) = (1k and py(¢) = (1i. However, p; and py can also
be rewritten with a center at £ such that &, = ey, k € Z3. In fact,

pi(Q) = (G —i)k—j and pa(Q) = (G —i)i— 1.
The convolution of p; and py at this center is, then,

Q(C) = (1 ©ep2)(C) = (G —0)%) +j = (T — 2Gik

since (7 and ¢ commute. Hence, P # @, i.e., the convolution of p; and p, at the origin is
different from their convolution at &.

We also observe that the right-hand side Cauchy product can be defined as

(fOlfaz) =) hal¢ =€),

aeNy
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where

= > L= 9O =Y gal¢ - 9"

a€Nm aeNm
and the coefficients h,, are once again given by (5.7)).
We now introduce Gleason’s problem.

Problem 5.5. Given a hyperholomorphic function f with domain given by %/ (o), find
functions g1, -+, gm Such that

Z Gk — &) ¢ gr(C)
h=1

for every ¢ € U(o).

Observe that expression (2.7)) is a solution to this problem with the pointwise product —
instead of the ®-product. The disadvantage of the poinwise product is that, as already
discussed, it is not necessary hyperholomorphic. However, (2.7) is usefull for us here, since
it shows that g, = Ri(§)f, k € Z,, is a solution to Problem [.5 In fact, for every ¢ such
that vg = wy, the ®,-product coincides with the pointwise product and Gleason’s problem
(BH) becomes equivalent to find solutions of (Z7T). In turn, this fact allows writing in

general
m

F(Q) = F(&) =D (G — &) @ (Ru(O)(Q).
k=1
Now, we show that those are not all the solutions to the problem. Let G denote the space
of functions f € G for which exist g1, g2, -, gm € G that solve Gleason’s problem. The
space G is said to be resolvent-invariant. Moreover, let Z be the space of Ry (§)-invariant
functions, called backward-shift-invariant, i.e., the space for which gy = Ry(£)f. Our next
results aim to prove that % ; G. We allow, in general, the functions to be matrix-valued.
First, we characterize the elements of G with the following proposition.

Proposition 5.6. A function f belongs to a finite-dimensional resolvent-invariant space
G if and only if it can be spanned by the columns of a matriz-valued function of the type

(5.9) G(¢) = G(§) ©c <I (= €k)Ak) ,

k=1
where Ay, k € Z,,, are constant matrices with entries in A.

Proof. Let G be a matrix-valued hyperholomorphic function whose columns form a basis
of G and f € G. Then, by definition, there exist a constant column matrix 1 with entries
in A such that f = Gn and functions g, ..., g, € G such that

m

FO) = F(€) =D (G — &) e gi(€)-

k=1
Moreover, there exist constant matrices Ay, k € Z,,, such that g, = GAgn. Hence, the
above expression can be rewritten as

[G(C) — G(§)]n () Oc Z Gk — k) Arm,
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which implies that G is given by (5.9).
Conversely, assuming G is given by (5.9) and f = Gn, where 7 is a constant column
matrix with entries in A. Then, because

G =G (I D (G -&)A )

we have
m —O¢
FO—f&) = (I > (G —&)A ) n—G(&)n
k=1
= GO ( I=) (G- &)A ))
k=1
= ) (G — &) © GAgn,
k=1
i.e., there exist functions g, = GAxn € G which solves Gleason’s problem for f. OJ

Now, we show that backward-shift-invariant functions are a particular type of resolvent-
invariant functions.

Corollary 5.7. A function f belongs to a finite-dimensional backward-shift invariant
space Z if and only it can be spanned by the columns of a matriz-valued function G given
by (B9) where the matrices Ay, k € Zy,, commute among themselves.

Proof. Because we already know that g, = Ry (&) f is a solution to Gleason’s problem, we
can use the fact that # C G. Then, let f € Z be given by f = Gn, where G is of the
form (59), and 7 is a constant column matrix with entries in A. Hence, our goal is to
show that the constant matrices Ay, k € Z,,, in the definition of G are commutative.
From the proof of Proposition [5.6] we know that g, = GAxn Ry (§)f € G. Therefore, we
must have Ry ({)G = GAi. Now, because the operators Ry (§) commute, R ()R, (£)G =
R;(&)Ri(§)G and, then, A A; = A; Ay for every k, j € Z,,, as we wanted to show.
Conversely, let f be spanned by the columns of G given by (5.9) with the constant matrices
Ay being commutative. Let, moreover, n be a constant column matrix with entries in A
such that f = Gmn. Then, our goal is to show that the solutions g, = G Axn to Gleason’s
problem can be expressed as gx = Ry (£)f.

First, observe that the commutativity of the matrices A, allows us to write G as

0= Y 2 —graga

aeNy

where A% = AJ'A5? -+ - A%, Then, using Proposition [5.2]

RONQ = ¥ - grraoan
= X —(('j '__Lkl)) (¢ = &)™ *G(EA ™ A

a>uy
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= G(()Arn
= 9k(§)7

as we wanted to show. O

Remark 5.8. Before we go to the next section, observe that if f € G, there exists a
constant column matrix 7 with entries in A such that f = G7, where G is given by (5.9)).
Also, f admits solutions to Gleason’s problem, which are given by g = G Axn. Then,

FQ) = FO+GC) @Y (G — &) Arn

m —O¢ m
= (&) +G(&) © (I > (G- @)z@) ®e (G — &) Awn.
k=1 k=1
The above expression characterizes a hyperholomorphic rational function, the topic of our
next section.

6. HYPERHOLOMORPHIC RATIONAL FUNCTIONS

Rational functions are, on the one hand, simply quotients of polynomials. On the other
hand, they are a fundamental player in many areas of analysis and other related topics.
In this section, we study hyperholomorphic rational functions or rational functions of
Fueter variables. Our focus is, in particular, the rational functions which are analytic in
a neighborhood a fixed & € . From the theory of linear systems, we know that such
rational functions can be written in the following form

(6.1) R(()=D+C o, (I > (G- §k)z4k> O¢ (Z(Ck - §k)Bk> )

k=1 k=1
where Ay, B,,C and D, k € Z,,, are matrices of appropriate sizes with entries in A.
Expression (6.1]) is called a realization of R.

Observe that expression (G.I]) is trivially a ratio, with respect to the ®-product, of Fueter
polynomials. The main goal of the next results we present in the sequel is to prove
the converse, i.e., to show that every rational function analytic at the origin admits a
realization (6.0I). We start by showing that the inverse of a function that is invertible at
the origin and whose realization is given by also admits a realization.

Proposition 6.1. Assume that D in (6.1]) is invertible. Then,

(6.2) R(()™® =D —-D7'C o, (I — Z(Ck - @)AE) o} (Z(Ck - §k>Bk> D,

k=1
where

(6.3) A = A, — B.D'C.

Proof. The proof follows in a similar way to the one presented for the quaternions in [5]
and for the Grassmann algebra in [4]. Note that

- (I > (& —@)Ak) ©¢ G(¢) © (I (= @)AE) -

k=1 k=1

R(C) OF R(O_l =I1-C O¢




18 D. ALPAY, I. L. PAIVA, AND D. C. STRUPPA

- <I - (G- £k>AE) + <I - (G- §k)f4k)

k=1 k=1
where
G(¢) = <Z(Ck - €k)Bk> D7'C =) (G — &) (A — A7)
k=1 k=1
= (I - (G- &)AE> - (I > (G- fk)Ak> :
k=1 k=1
Therefore,
R(() @ R(() ™ =1,

as we wanted to show. O

Proposition 6.2. Let

k=1 k=1
where u = 1,2, be two realizations of rational functions with compatible sizes. Then, for
k € Z,,
(1) a realization of Ry(¢) ®¢ Ra(C) is given by
(6.5)

A — ((Aol)k (1?2)21)52) . Bi= <(?g:)f2) . C=(Cy DiCy), D=DDy;

(2) a realization of Ri(¢) + R2(C) is given by

(6.6) Ay — ((Al)’f O)k), By = ((Bl)k), C=(Cy Cy), D=D +Dy

0 (4 (Ba
(3) a realization of (R1(¢) R2(C)) is given by
(6.7)
_ (e 0 _(B)e 0 - B |
Ak_( 0" (AQ)k)’ B’“‘( 0 (Bz)k)’ C=(C Cy), D= (D Dy);

(4) a realization of (g;gg) is given by

(6.5) Aﬁ((AS)’“ (A(l)k)’ B’“:Ggﬁi)’ C:(COI 82), D:@;)'

Similarly to the proof of Proposition 6.1, the proof of the above proposition follows like
the one for the classical case. It is, then, omitted here.

With the results presented until now, we already know that the ©.-inverse of a realization
and that the ®.-product of the two realizations admit a realization themselves (Propo-
sition and the first part of Proposition [6.2)). Therefore, we only need to show that
every Fueter polynomial admits a realization to conclude that every rational function with
Fueter variables analytic at the origin admits a realization (6.1I).

Proposition 6.3. Any Fueter polynomial admits a realization.

Oc <Z(Ck - §k)Bk> D7,
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Proof. In view of Proposition [6.2], it suffices to prove that constant terms and terms of the
form (¢ — & )M, k € Z,,, admit realizations. But this is clear. Indeed, a constant matrix
M corresponds to the realization A; = B =C =0 and D = M, j € Z,,. Moreover, the
function (¢ — &) M corresponds to C = M, A; =D =0, Bj = 01N, J € L, O

Thus the following theorem has been proved:

Theorem 6.4. Let R be a function of Fueter variables analytic at the origin. Then, R is
rational if and only if it admits a realization given by (G.1I).

With the next theorem, we present two more characterizations of rational functions.

Theorem 6.5. Assume R is a function of Fueter variables analytic at the origin. Then,
R is rational if and only if
(1) its Taylor coefficients are given by

D if o] =0
6.9 Ta = a a—t . )
o { B g e, if 21
where a € Ni' and A* = A" x -+ x AZm;

(2) there exists a finite-dimensional resolvent-invariant space G such that Gleason’s prob-
lem is solvable for every f = Rn € G, where n is a constant column matriz with entries

mn A.

Proof. The proof of (1) follows from direct computation since R is rational if and only if

m —O¢ m
R() = D+Co; (I > (G- fk)Ak> Oc (Z(Ck - fk)Bk)

k=1 k=1

= o+ [ X e groar (ch—fk )

aeNp k
_ D+Z 3 |O“ (¢ — e)0Ca, A B,
k=1 aesm
= Z (€ =&)"Ta,
aeNg®

where r, is given by (6.9]).

The proof for one direction of (2) is already given in Remark [5.8] where it was shown that
every f in a finite-dimensional G admits a realization. For the converse, we assume R is
rational, and there exists n such that f = Rn. Then,

f(€) = f(§) =C 0 <I (= €k)Ak) OF (Z(Ck - fk)Bk) U

k=1 k=1
and, moreover,

m —O¢
g =C O (I - Z(Ck - fk)Ak> Bn

k=1
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solves Gleason’s problem in a space G generated by the columns of a function of the type

G.9). O

7. BANACH MODULES OF FUETER SERIES

Let ¢ = (Ca)aes, be a family of non-null real numbers. The case where some of the
coefficients ¢, are zero is easily adapted.

We, then, set
_ ¢ (&)

(7.1) Ke(¢,6) = > 0

aeNg
assuming that the set

N 2c
Qe)=¢enrm™| > %<oo
aENy @

is an open neighborhood of the origin in 777™.

Let ]/OV(C) denote the module of functions f(() = ZaeNgn ¢ f, with coefficients f, € A
such that
1/2

(7.2) IFl = D lealN(fa))* | < o0,

aeNg

Remark 7.1. For convenience, we only consider power series centered at the origin hereby.
However, one can easily reproduce the results presented in this and in the following
sections for power series centered at a different point. Because of this choice, we simply
write ® instead of ®,, and Ry instead of Ry (0).

Proposition 7.2. The formula (T2)) defines a norm in VOV(C)

Proof. First, observe that for every a € A,

1/2

(7.3) lafl = D leal(N(af))* | < N(@)|f].

aeNg?
However, if we restrict ourselves to k € K C A,

BN = TR
where we have used (7). Moreover,
1/2
IF1=0 = [ > lealN(f))*| =0
aeNg

= fo=0,Va e N[
= f=0.
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Finally, if g(¢) = ZaeNgn (“ga belongs to W(c),

If+9I7 = D leal(N(fa+ ga))?

aeNg?

S Jeal IN(fa) + N(ga)?

aeNg?

Z |Ca| 2 4 2N (fa)N(ga) + N(ga)2]

aeNg®

LA+ 201 gl + llgl®
(L1 + gl

IN

IN

VARPVAN

O

The next result is to be compared, for instance, to the one presented for the split-
quaternions in [3].

Proposition 7.3. Let f and g be two elements of VOV (c) — with g(¢) = ZaeN(T (“Ya-
Then, the Hermitian form

(7.4) f9) =) caghta

aeNy

converges in A and we have

(7.5) N([f,g) < 1£ - Nall-
Proof. The proof follows directly from Cauchy-Schwartz:

N((f,9) < > leal N(fa)N(ga)

aeNg
1/2 1/2
< | 3 JealN (1) N JealN(ga)?
aeNg® aeN{
< I Tlgl

O

Remark 7.4. If A does not have zero divisors, the results presented by Paschke in [18§]
can be applied to our study since the form satisfies the conditions to be what is defined
as an A-valued inner product. We, however, want to study a more generic scenario in
this work and allow A to have zero divisors.

Proposition 7.5. With the Hermitian form (7.4, )/i/(c) admits the reproducing kernel
K. given by (1)), i.e.,

(7.6) [F(), Ko, €)b] = 0T (€)
for every b € A.
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Proof. By definition,

O K = 3 e (b*i—a) 2

aENy @

= bty e
aEND
= Wf(E).
0]

A priori, the module W(c) is not complete. By a general theorem on metric spaces, it has
a completion to a Banach space, which is unique up to a metric space (Banach space?)

isometry. In view of ({Z@l), we now prove that Vi}(c) has a uniquely defined completion
which is a module of functions. The argument follows a known argument in the theory
of reproducing kernel Hilbert spaces. As in that case, we consider the vector module of

Cauchy sequences in ]/i)(c), and say that two such sequences (f,,) and (g,) are equivalent
if

nh_{go ||fn - gn” =0
This is indeed an equivalence relation, and we denote by CS the quotient module. Still
like the classical case, the formula

(7.7) | £ 11 = Tim (|l

where (f,,) belongs to the equivalence class f does not depend on the given representative
in the equivalence class, and defines a norm on CS. It now follows from (7.4]) and (7.0
that for f € CS the limit

(7.9 b (w) = Jim b1 ()

exists in the topology of A and does not depend on the given representative of the equiv-
alence class.

We denote by W(c) the representation of CS as a module of functions. We, then, have
the following result:

Theorem 7.6. The space W(c) endowed with the norm (7)) is a Banach module, in
which VOV(C) is naturally embedded in a dense way. Moreover, (.6 holds in W(c).

Remark 7.7. If for certain algebra the form (7.4) is such that [f, f] > 0, i.e., it is a
positive real number for every f in W(c), then W(c) is a Hilbert module. If on the
other hand [f, f] is a real number for every f € W(c) but it is also negative to some f,
then W(c) is a Potryagin or a Krein module. For example, the Banach module of power
series associated with modules with positive coefficients ¢, when the algebra A is the
quaternionic algebra is a Hilbert space; Pontryagin or Krein modules, on the other hand,
are what appear in the case of the split quaternions. For information on Pontryagin and
Krein spaces; see, e.g., [7, 8, [12].

Now, we want to start studying operators in W(c) and their adjoint with respect to the
Hermitian form (Z4]). First, we present the following preliminary result.
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Proposition 7.8. Let g € W(c) such that

(7.9) [f,9] =0
for every f € W(c). Then, g = 0. Analogously, if for a fized g € W(c) expression ([.9)
holds for every f € W(c), then f = 0.

Proof. Note that for every o € Ny

(€%, 9] = cagl
Because ¢, € R is a positive number, expression (7.9)) implies that g, = 0. Then, g = 0.
This also proves the analogous result. Just observe that

[f,9)= (g, D"
0

The uniqueness of the adjoint of operators O in W(c) follows directly form the above
result, as we present next.

Proposition 7.9. Let O be an operator in W(c) and assume that it admits an adjoint,
.e., there exists A which is characterized by

[Af, 9] = [f, Og]
for every f,g € W(c) for which the term on the right-hand side converges. Then, A is
unique, and we denote A = O*.

Proof. Suppose O admits two adjoints, say A; and As. Then, note that for every f,g €
W(c)
[Avf = Ao f, gl = [Arf. g] = [Azf, 9] = [f. Og] = [f, Og] = 0.
Therefore, by Proposition [{.8], we conclude that
Arf —Asf =0
for every f € W(c), which implies that A; = A,. O

Now, we present at least one condition for the existence of the adjoint of a certain operator

0. To do so, we first need to introduce some definitions and to explore more the structure
of the module W(c).

First, observe that

m

=D caghfa=> | D casixefa | e

aENG (=0 \ aeNy

where we have used the characteristic operators of the algebra A defined in (LH). We,
then, identify K-valued inner product structures in certain spaces — denoted by &C(c) —
and define

(7.10) (f. D) = D CatibXefa

aeNy

Observe that each Cy(c) constitutes, in general, a Krein space, which includes, in partic-
ular, Pontryagin and Hilbert spaces. What determines if it ends up being a Hilbert space
or a Krein space is the coefficients ¢, together with the characteristic operator y,.
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Now, let us define a contractive operator. First, we introduce the notion of positivity
in A. Such a notion can be naturally given by stating that the quadratic form aa' is
non-negative for every a € A and writing

aal > 0.

Such a definition does not always imply real positivity even if aal is a real number. For
example, it can be a negative real number in the setting of the split-quaternions.

Definition 7.10. An operator O in W(c) is said to be a contraction if
Of,0f] 2 f, f]
for every f € W(c).

Proposition 7.11. If the operator O is bounded in every Ky(c), then it admits an adjoint
in W(c).

Proof. Since O is bounded in every K, (c), then in each of such spaces it admits an adjoint,
i.e., there exists an operator A, such that

(7.11) (Of, 9>;ce(c) = (/, Aég>1cg(c)'

Let us now show that the existence of such an adjoint in every K;(c) implies the existence
of an adjoint in W(c). First, observe that

(OF, 9>;ce(c) = xOf, 9]
and

(f, Ag), o) = xef  Augl -
The above two expressions together with (.11]) lead to

[XéOfa g] = [f> XZAZg] )

which, in turn, implies that

Of,g] = [f, (Z eb@&) g
k=0

Then, using the definition of the adjoint operator, we conclude that

0" =) elxi A
k=0
[

An operator that plays an important role in spaces of power series is the multiplication
operator. We, then, define the analogous of this operator in our setting.

Let M¢,, k € Z,,, denote the ®-multiplication operator by (g, i.e., if f belongs to W(c),
then
(7.12) M [ =GO f

Such an operator is further explored in particular examples of Banach modules of Fueter
series in the next sections.
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Before, we generalize it in the following way: let s be a Fueter series which belongs to
some Banach module of Fueter series. Moreover, let W(c) and W(d) be two Banach
modules of Fueter series. Then, the multiplier M, : W(c) — W(d) is defined as

Msf =50 [,
where f € W(c) and g =s© f € W(d).
Proposition 7.12. The following holds in W(c):
) *® s(¢))Er
M Ea( b1, Bl bl = 0 | S0 2O

&
aENy @

where by, by € A.
Proof. This follows from a simple computation since

[M:Kd('ag)blaKC('>C)b2]W(c) = [Kd('ag)blﬁMsKC("<)62]W(d)
= (150 Kel-Obo Kal- Ol

= (s @ Kel&. )’
T
bl Zf(CO‘Cz—S(C))T by

aeNy

b} E:(@CW@»g b

Ca

1-
aeNy

8. DRURY-ARVESON MODULE

In this section, we will study a particular case of a reproducing kernel module which has
its coefficients ¢, given by
a!

"l

i.e., the module W(c) with reproducing kernel

Ca

|
(5.1) Ke(c.6)= 30 12 ey
aeNp
and Hermitian form |
IED ﬁglfm

aeNg?

which is called the Drury-Arveson module.

Proposition 8.1. For every k € Z,,, the operator M, is a contraction from W(c) into
itself.
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Proof. The proof follows from a direct computation. For every f € WW(c), it holds that
Moo Mefl = 30 [0 G ]

aeNg

B (4 u)!
- Z (ol + /el

Observe that
la] — ay

o +1 —
for every a € N and, then, it admits a non-negative square root. Therefore, writing

Calla] — ai)

dy, =
la] + 1

we conclude that

[fuf]_[MCkvaCkf] = Z |a|_akcaf;r¢fa

as we wanted to show. O

Proposition 8.2. For every k € Zy,, the adjoint of M, s the backward-shift operator
Rk, i.e.,

[Rif, 9] = [f, M¢.d]
for every f,g € W(c).

Proof. The proof is similar to the one for the quaternions seen in [5]. First, observe that
VB € Ni* and o € N such that o > 1, k € Z,,, we have

RQ>B:|: abk76:| Mabk
(R ) = [ = T e
Finally, if g is such that £, = 0,

[nga’cﬂ} —0= [Ca’<5+Lk} _ [ga’MCkgﬁ} ]

¢, ¢

O

Already preparing for the next section, let C' be the operator of evaluation at the origin,
i.e., Cf = f(0) for every f € W(c). Then, the identity

(8.2) I—=> M Mg =C*C

kEZm

holds.
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9. BLASCHKE FACTOR

We denoted the transpose of € = (§4 & -+ &n) by
%
o |
g

For every £ such that ||¢]
written as

am < 1, where the norm in A™ was defined in (3.4) and can be

m 1/2
1€]] g = <Z N<§k>2> ,
we define the Blaschke factor B as .
Be=(1-¢)"0(1-¢) "0 (-0 -7
Proposition 9.1. The following identity holds in the Drury-Arveson module W(c):
I —BeB: = (1— €)Y (I — McMg) ™ C*C (I — McMg) T (1 — ge)V2.

Proof. The proof follows the one presented in [2] and [5]. First, observe that, because
[€]| 4m < 1, the operators I — M Mg and I — MM, are self-adjoint and contractive,
their square root — and the inverse of their square root — exist.

Defining the Halmos extension of —M according to [13]

2= ( (1= MMM (1= MiMg) )
—Mg (I = MMp) (1 = MeMe)

Ty (e 0
J = ,
< 0 _IW(C)"” )

HIH =H"TH = J.

and setting

the following holds:

Then, using (82,
c'C = I - MM

— U MC)J(Afl )

¢
= (I MC)HJH*</\{1C>

- )"
o no(3)
= A — AT,
where "
X = (I = MMg) (I = MeMg)
and

Xy = (Me = Mg) (I = MiMe) ™2,
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The proposition follows directly from the above expression. O

10. FOCK MODULE

In this section, we study the Fock module, which is the particular module of power series
W(c) for which ¢, = a!. Therefore, its reproducing kernel is

1 (07 (e}
Ke(G6) = ) —¢ (€
aeN’(’)?L
and it is endowed with the Hermitian form
[f9]= > alglfa
aeNm

Before presenting a result on the ®-multiplication operator, we define the derivative op-
erator Oy in the following way

Ocf = k(™™ fa
aeN’(’)ﬂ
With that, the following result, which is analogous of a result in the classical Fock space,
holds in our generalized setting.

Proposition 10.1. For every k € Z,,, the adjoint of M, in the Fock module W(c) is
the derivative operator, i.e.,

[ak.fa g] = [f>MCkg]
for every f,g € W(c).

Proof. This follows from a direct computation. Let o, 8 € NJ'. Then,
[akcaa <5:| = [akca_bk> CB]

= (Oé — Lk)' (62 50{_%’5

- a! 5075—"_['16
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