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1. Introduction

1.1. The classical case

The theory of de Branges-Rovnyak spaces of analytic functions (see for in-
stance [7, 19, 20, 21]) allows us to prove Beurling-Lax type theorem in a one
complex variable framework when leaving the setting of the Hardy space. An
illustrative example is given in the following theorem. To give the statement, we
must first recall that an element of C™*™ which is both selfadjoint and unitary
is called a signature matrix. Furthermore, for « € C and f a matrix-valued
function analytic in a neighborhood of «, let R, denote the resolvent operator

at a:
f(z) = fla)
Raof(z) = —a 0 PTC (1.1)
f,(a)a Z=q.

It follows that the resolvent identity [19, Theorem I]
Ra — Rﬁ = (a - B)RaRg
holds for any function analytic in a connected neighborhood of o and .

Theorem 1.1. Let ) be an open subset of the complex plane, symmetric with
respect to the real line, and let J be a signature matriz. Let X be a reproducing
kernel Hilbert space of functions analytic in Q. Then the reproducing kernel of
X is of the form

J=T(2)JT(w)*

Kr(zw) ~i(z —w)

, (1.2)

where T is a C"*"-valued function analytic in Q, if and only if the following
two conditions are fulfilled:

1. R,X C X for all a € Q).

2. The structure identity

(Raf,9) — (f, Rag) — (a = B) (Raf, Rag) = ig(B)"J f(a) (1.3)
holds for all a, f € Q and f,g € X.



See [19, Theorems III and IV], where Q N R is assumed non-empty; this
restriction was later removed in [54] and in [11] (for the corresponding theorem
in the case of the disk, see [6]).

We remark that 7' is J-contractive, that is, T satisfies T'(z)JT'(z)* < J for
all z in the intersection of Q and the upper half-plane C,. The positivity of
the kernel (1.2) in an open subset of the upper half-plane implies that T has a
meromorphic extension to C; (and in fact, by reflection, to C \ R), for which
Krp(z,w) is still positive definite.

If we further assume that co € Q and ker R, = {0} for an arbitrary a €
Q (and henceforth, for all a € ), then the space does not contain nonzero
constants, and T is of the form

T(z)=1—iC(zI — A)~'C*J (1.4)
where

(Af)(z) =z2f(2) = lim wf(w) and Cf:wli_{noowf(w). (1.5)

w—r 00

Furthermore, the resolvent operator satisfies R, = (A — o)~ L.

In his fundamental paper [18] Beurling introduced a characterization of in-
variant subspaces under the shift operator in the Hardy space H?(D). These
subspaces are characterized as the ones of the form TH?(D), where T is an
inner function. An inner function is, by definition, an analytic function on the
unit disk such that |T(z)| < 1 for |z| < 1 and with non-tangential boundary
values (which exist almost everywhere since T is bounded) having modulus one.
Important generalizations, the vector-valued case and the infinite dimensional
case, were presented later by Lax [42] and Halmos [32], respectively.

We note that (1.3) is automatically satisfied in the Hardy space H?(C).
Therefore, applying Theorem 1.1 (restricted to subspaces of H2(C,)) on the
orthogonal complement implies the Beurling-Lax theorem, under the hypothesis
of a symmetric domain of analyticity.

1.2. Beurling theorem on Riemann surfaces

In the setting of finite bordered Riemann surfaces, several generalizations
of Beurling’s theorem were presented. Sarason, in [55], studied the invariant
subspaces of certain multiplication operators on L? in the case of the annulus.
Invariant subspaces in Hardy spaces over a finite bordered Riemann surface
were studied by Voichick [70, 71], Voichick-Zalcman [72], Hasumi [34] and Forelli
[27] in the scalar-valued case, while Abrahamse and Douglas [2] considered the
vector-valued case (see also Abrahamse [1] and Ball [12] for the closely related
interpolation problems). A dedicated investigation of invariant subspaces in
Hardy space over a multiply connected planer domain, including corresponding
operator theory and Riesz bases, was carried out by Fedorov and Pavlov [53]
and Fedorov [25, 26]. In addition to lifting the problem to the universal cover-
ing, they use extensively the representation of the domain as a finite branched
covering of the unit disk.



Neville [50, 51] and Hasumi [35, 36] obtained Beurling Lax type theorems for
certain classes of infinitely connected open Riemann surfaces. The crucial con-
dition is that any flat complex line bundle on the open Riemann surface admits
bounded holomorphic sections; such open Riemann surfaces were characterized
completely by Widom [73] and referred as Parreau-Widom type, see also [52].
Finally, we also mention the work of Kupin and Yuditskii [41], as they have
studied interpolation problems on infinitely connected open Riemann surfaces
of Parreau-Widom type.

1.8. Compact real Riemann surfaces

In the present paper we prove a counterpart of Theorem 1.1 in the setting of
compact real Riemann surface (i.e. compact Riemann surface equipped with an
anti-holomorphic involution 7); for a theorem in the finite dimensional case see
[10, Theorem 5.1]. Taking the compact real Riemann surface to be the double
of a finite bordered Riemann surface .# we obtain, as a corollary, a Beurling
Lax type characterization of invariant subspaces of a Hardy space on .¥ under
a pair of certain multiplication operators.

The counterpart of the kernel ﬁ in the compact real Riemann surface
Ol (r(w) — 2)

W[C](0)E(z, T(w))
(see [10, Section 2.4] and, up to conjugation and multiplication by a constant, [9]
and [16]), while the counterpart of the kernel Kp(z,w) is given in (3.1) below.
Here (] is the theta function with characteristic ¢ and E(-,-) is the prime form
(for more details see Section 2.1 below or [24]). Note that the kernel (1.6) is not
always positive definite on a subset of a given real Riemann surface. The case
where it is positive definite (¢ € Ty and the compact real Riemann surface is of
dividing type, see below) corresponds to the Hardy space case.

case is given by

(1.6)

K¢(z,w)

Our approach to prove de Branges type theorem (and hence Beurling Lax
type theorem) is substantially different compared to the approaches of the pa-
pers mentioned in Section 1.2. Essentially, all of these papers are using the
method of lifting the problem to the universal covering and using the classical
Beurling theorem to solve the problem. We, on the other hand, use commutative
operators vessels and operator model theory [17, 46, 68] for pairs of commuting
nonselfadjoint operators in order to build explicitly the (inner) function 7. The
function 7' (actually a multiplicative multi-valued function, i.e. a mapping of
line bundles) is then the transfer function of a commutative two-operator vessel.
The inner space of this vessel is the given reproducing kernel Hilbert space (the
orthogonal complement in H? to the invariant subspace in the case of Beurl-
ing Lax theorem) and the main operators are the compressed multiplication
operators by a pair of real meromorphic functions on the Riemann surface.

Furthermore, all the papers mentioned in Section 1.2 consider the setting of
multiplicative functions. They use a non-canonical approach in the sense it is
required to choose a measure on the boundary of the Riemann surface, resulting
in more complicated calculations. Our approach (as in [9, 10]) is to consider the



half-order multiplicative differentials setting. This approach is canonical in the
sense that no selection of a measure is required.

1.4. Structure of the paper

The paper consists of six sections besides the introduction. In Section 2,
which consists of preliminaries, we review some basic definitions and results
related to compact real Riemann surfaces. In addition, we survey the theory
of vessels associated to pairs of commutative nonselfadjoint operators. Section
3 is dedicated to present new supplementary results in realization theorem and
functional models of two-operator vessels.

The main theorem, namely the de Branges structure theorem, the counter-
part of Theorem 1.1 in the compact real Riemann surfaces setting, is presented
in Section 4. In Section 5, we specialize our results to the setting of the Hardy
space and obtain versions of Beurling’s theorem on finite bordered Riemann sur-
faces. Section 6 is dedicated to study the compressed multiplication operators
associated to a real Riemann surface and a pair of meromorphic functions. To
ease the presentation, the proof of de Branges structure theorem is given later
in Section 7.

The authors wish to thank the referee for carefully reading the manuscript
and for raising valuable suggestions to improve the original draft.

2. Preliminaries

In the preliminaries section we review some necessary background and no-
tions related to the content of this paper. In the first part we survey the compact
real Riemann surfaces and their Jacobians. The second part is dedicated to the
theory of vessels associated to pairs of commutative operators. The model space
associated to an expansive mapping between certain line bundles defined on a
compact real Riemann surface is presented in the last part.

2.1. Compact real Riemann surfaces

It is a well-known fact (see [44, 46] and Section 2.2 in the upcoming pages)
that real algebraic curves and compact real Riemann surfaces play an important
role in the theory of operators vessels. A survey of the main needed tools
(including the prime form and the Jacobian) can be found in [10, Section 2], the
descriptions of the Jacobian variety of a real curve and the real torii is in [67].
For general background, we refer the reader to [24, 30, 31, 48, 49].

A compact Riemann surface X of genus g is called real if it comes equipped
with an anti-holomorphic involution 7 : p — 7(p) from X into itself. Let Xg
be the set, assumed nonempty, of real points in X (that is the set of points
p € X such that p = 7(p)). The set Xg consists of £ > 1 disjoint connected
components homeomorphic to circles and denoted by Xg,..., Xx_1. Two cases
should be distinguished. The first, called the dividing case, is when X\ X is not
connected; then it is a union of two connected components, X_ and X;. The



second, the non-dividing case, is when X \ Xy is connected. In the non-dividing
case we set an arbitrary orientation on each of the boundary components, while
in the dividing case we set the orientations according to the choice of X (i.e.
so that Xg = Xo + ...+ Xk—_1 is the positive oriented boundary of X ).

Repeating the constructions in [4, 10, 67], we fix points p; € X; where j =
0,...,k—1 and we choose paths from pg to p; for j = 1,...,k—1, denoted by C},
which do not contain any other real points. Then the collection Agy1_p1; = X;
and Bgi1-ky; = £C; F 7(C;) where j = 1,...,k — 1, can be extended to a
canonical basis Ai,...,A4,, Bi,...,By of the homology group H;(X,Z) such
that the complex conjugation is given by T = (6 fl), where H is a g X g
symmetric matrix depending on the number k of real circles and whether we are
in the dividing case or the non-dividing case, see [10, Equations (2.7-2.8)]. Let
wi,...,wy be the corresponding normalized basis of the space of holomorphic
differential on X, where g is the genus of X, i.e. fAz- wj = ;5. The period
matrix I is defined by T';; = |, B, Wi» and IT" is symmetric and satisfies ImI" > 0.
It can be shown that the Hermitian part of I' is equal to %H and we write
['=1H+iy

One associates to X the Jacobian variety J(X) = CY9/A, where A is the
lattice defined by A = Z9 + T'Z9. The Abel-Jacobi mapping from X to J(X)
defined by )

w
Po 1

wip— : )
b0 9

is well-defined for an arbitrary base point pg € X; we take py € Xy as chosen
above in the construction of the canonical homology basis. We note that A
is invariant under complex conjugation and hence the complex conjugation is
defined on J(X). Furthermore, since we chose py € Xg, it follows that 7
and the complex conjugation are equivariant under the Abel-Jacobi map, i.e.
w(7(p)) = p(p). We extend p by linearity to divisors on X. Since by Abel-
Jacobi theorem a divisor D is equivalent to zero if and only if (D) = 0, we also
view p as defined on line bundles on X.

The corresponding theta function is given by

H(A) = Z exp (imn'Tn + 2irn'A),
nez9
and is a quasi-periodic function with respect to the lattice A, that is,
JA+m)=9(\) and I\ +TIn)=exp (—inn'Tn — 2win) J(N),
where n,m € Z9. Therefore, the theta function defines a divisor in J(X). The

theta function with characteristic a and b in RY is defined by

¥ [ “ ] (A = Y exp (in(n +a)'T(n + a) + 2in(n + a)' (A +b)).

nezI



In this paper (as in [9, 10]), we consider the framework of multiplicative half-
order differentials. In order to construct and define the half-order differentials,
we choose an atlas (V, zj)j eg on X, for which every nonempty intersection is
assumed to be simply connected. Then there exists a family of analytic square-

roots (see [37]), (\/dzj / dzi) 5 such that the following cocycle condition
e

2,9

[dz; dz; |dz
= — 2.1
dz; dzi \| dz; (2.1)

holds on V; N V; NV}, (whenever the intersection is not empty). Among the line
bundles defined by (2.1), the line bundle corresponding to —x € J(X) (where
k is the Riemann constant) plays an important role and is denoted by A. The
sections of A are referred to as half-order differentials.

For ( € J(X) we define the corresponding multipliers over the cycles A; and
X(A4;) = exp (—2mia;), X(Bj) = exp (2mib;)

where j = 1,...,9 and ( = b+ I'a where a,b € R9. The corresponding flat
unitary line bundle is denoted by L, notice that p(L¢) = ¢.

A multiplicative half-order differential corresponding to ( is a section of
L: ® A. Thus, a multiplicative half-order differential is a family of functions
( fj)j g defined on the pre-images ‘7; of V;, 7 € d, on the universal covering X
of X, satisfying
o de

=\ h@,  aevini

fi(w)

and
fi(t2) = fi(u) exp (2mi(b'm — a'n))

where 7, us are points on the universal covering such that p(us) — f(ug) =
n+I'm (i : X — CY is the lifting of p to the universal coverings and n,m € Z).
We often abuse the notation and view f; as multi-valued function on V;. We
always assume that 9(¢) # 0 which is equivalent to the fact that L ® A does
not have global holomorphic sections i.e. there is no non-trivial multiplicative
half-order differential which is globally holomorphic.

The Cauchy kernel plays an important role in this framework as it is the
analogue in the compact real Riemann surface to of the kernel ﬁ in the
upper half-plane. In the line bundle case, unlike the vector bundle case (for
explicit formulas for the Cauchy kernel in the vector valued case in genus one,

see [13]), the Cauchy kernel can be described explicitly by (see [10])

I[¢)(7(v) — u)
[¢](0)E(u, (v))

(2.2)

Here we identify the points u, 7(v) € X with the images p(u) and p(v) in J(X).

The prime form E(u,v) is a multiplicative differential of order —3 in each of

=



the variables v and v. It is defined by

Here § is a non-singular odd half-period and & is defined by (1/&2(u))? =

1 8;5] (0)w;(u), for more details see [24]. Its main property is that E(u,v) =
0 if and only if v = v, and thus it can be considered as the analogue for the
compact Riemann surface case of the difference between two numbers in C. In

terms of local coordinates, the prime form satisfies

B(u,v) = (t(v) = t(u)) + o((t(v) — t(u))?).

For more details on the prime form, we refer to [10, section 2.3] and [24, 49].

The Cauchy kernel is Hermitian (see [10, Proposition 2.8] and [67]) as long
as ¢ belongs to a disjoint union of the g-dimensional real torii, given by:

1 _
Ty:{CeJ(X):C:Zdiag(H)—F%eg_;H_g—k...—k 2leg—|—
taJm Iy +--- + iagjm Fg}, (23)
whereI';, ..., Ty are the columns of the period matrix I', a1, ..., aq_r+1 € R/2Z,

Ag—k+42, - - - 0y € R/Z and v € {0,1}¢~1. Furthermore, if X is of dividing type
and ¢ € Ty ([10, Theorem 2.1]), then automatically 9(¢) # 0 and the kernel
(2.2) is positive on X4 and negative on X_ (since £K(-,v) is the reproducing
kernel for the Hardy spaces H%(L¢ ® A, X4 ), see also Section 5 below).

The Cauchy kernels satisfy an important identity, which is referred as the
collection formula (see [9] and [10]) and is used repeatedly in the sequel. First,
it is convenient to define, using the notations from [9], the following matrices.

Definition 2.1. Let y be a meromorphic function on X of degree n with simple
poles (p(j));‘:1 and residues (—c;)7_; given in terms of some fized local coordi-
nates at the poles. Then for A1, )\2 6 C, we set

. L e9 —u®) 1\
K(A1, A2) = (M1 >‘2)<\/cTy(u(i))ﬂ[C](O)E(v(j),u(i))\/CT( (]))>w—1 (2.4)
T T EG VL))
1

(a9 — ) g
(oo = (2 TR0 B ) v )., (20

K()\l, OO) = —

where (ul’ ))J 1 and (v(]))] 1 are the n pre-images in X of A\ and Az, respec-
tively, assumed to be all distinct (it is possible to extend the kernel by continuity
to ramified fibers, but we will not consider this case in the sequel). We set
K(A1, A2) =1 for Ay = Ay by continuity.



The matrices (2.4 - 2.6) satisfy the following relations, also known as the
collection formulas ([9, Section 4]):

K()\l,OO)K(OO,)\Q) = K()\l,)\g) (27)
K(A1, A3)K (A3, A2) = K(A1, A2) (2.8)
K\ A) =1. (2.9)

An additional version of the collection formula can be found in [10, Lemma 4.1].

2.2. Commutative Vessels in Hilbert space

It is a well-known fact that the best way to study a bounded nonselfadjoint
operator is to view it as an element of an underlying colligation rather than
studying directly the operator itself. There is a deep connection between in-
variant subspaces of such an operator and factorizations of the characteristic
function of a colligation (see [22]). As soon as we consider several commuting
nonselfadjoint operators, the colligation does not carry enough structure to re-
flect the interaction between the operators. It seems, see [45, 46, 66, 68], that
the appropriate framework to study several commuting nonselfadjoint operators
is via the notion of a commutative operator vessel. In this paper we consider
the case of a pair of commuting operators, although a generalization to the case
of an n-tuple of commuting operators (and even beyond to the case of a rep-
resentation of a finite dimensional real Lie algebra) does exist, see [46, 59, 61].

A commutative two-operator vessel is a collection
V:(Al,AQ;H,(I),E;O'l,gg,’y,ﬁ)

where H (”the inner space”) and E (“the external space”) are Hilbert spaces,
and dim F' < co. The operators A; and As are bounded in H, commute (A1 Ag =
As A7) and with finite non-Hermitian rank, i.e.

LA, - A = ®*0p®, k=12, (2.10)
1

where o1 and oy are selfadjoint operators in F. Finally, v and 7 are bounded
selfadjoint operators on E which satisfy the wvessel conditions:

01PA5 — 0P AT =0, (2.11)
0'1@142 - O'Q(I)Al = A’}/'(I% (212)
i(Jl(I)(I)*UQ—UQ(I)(I)*Ul) :a—’y (213)

Equations (2.11 - 2.13) are called the input, output and linkage vessel conditions,
respectively. It is easily seen that if the colligation condition (2.10) and the
output vessel condition (2.12) are satisfied and we define -y by the linkage vessel
condition (2.13), then, the input vessel condition (2.11) holds.



The complete characteristic function (CCF) of a vessel is defined by [46,
Section 3.4],

W (&1, &0, 2) =1 —i®(& A1 + &4 — 21) 7 0% (101 + £209) (2.14)
and it satisfies the following metric properties (£1,&2 € R):

W(&1,8&2,2) (Eo) W (&1,&2,2)* = (€o) where Im(z) =0 (2.15)
W (&1,&2,2) (o)W (£1,&2,2)" > (§o) where Im(z) > 0, (2.16)

where (£0) stands for & 01 + €209. The complete characteristic function, for

fixed &1, & € C, is analytic for all z lie outside the spectrum of &1 A1 4+ £ As.

Given a commutative vessel, we define a polynomial (that we assume to be
not identically zero) of two complex variables, called the (affine) discriminant
polynomial, by

p()\l, )\2) = det(>\10'2 — )\201 + ’}/)

The associated real (affine) plane curve Cy is called the (affine) discriminant
curve associated to V. Writing the discriminant polynomial in homogeneous
form

P(vy,v1,1v2) = det(vi09 — va01 + 107),

leads to a corresponding real algebraic curve C' in P2. We always assume that
det (§101 + £202) is not identically zero, so C' is the projective closure of Cyp.

In order to continue, we set the principal subspace H C H of a vessel to be

H=\/ apape) = \/ Amayme(s),

my,ma=0 m1,m2=0

and we say that a vessel is irreducible whenever H=H.

Two vessels
(AlvAQ;Ha(I)vE;O—lva—%’%:?) and ( /17 I2;Hla(I)I7E;UlaO—27’Yaﬁ)

are said to be unitary equivalent if they share common external data (that is,
both have a common external space E and matrices o1, 09,7 and 7) and there
exists a unitary operator U from H to H’ such that

AU =UA;, A, U=UA; and 9'U=29. (2.17)
The following theorems were established by Livsic (see for instance [45, 46]).

Theorem 2.2 ([43, Theorem 2]). The polynomial p(Ay, As) vanishes on the
principal subspace of the colligation H.

As a consequence, it follows through the spectral mapping theorem that
the joint spectrum of A; and A, restricted to H lies on the curve Cy. We
recall that there are several definitions for the notion of the joint spectrum of

10



a pair of commuting operators. Here we mention the definition of Harte [33]
(Harte’s spectrum consists all points (A1, A2) € C? such that either the map z —

(g’zi:i;gi) is not left invertible or the map (32 ) — (A1 =MDz +(Aa—Xo])zo

is not right invertible) and Taylor [63]. These various definitions coincide when
the operators have compact imaginary parts, and in particular in our setting
(see [47], where it also shown that in this case (A1, A2) is in the joint spectrum
if and only if &1 A; 4 €22 is in the spectrum of {1 A1 + & As for all &1, & € C).

The discriminant polynomial can be also described in terms of the selfadjoint
matrices 01,09 and 7.

Theorem 2.3 ([44, Corollary 1]). The following equality holds:
det()\lag — )\20’1 + ’y) = det()\lag - )\20’1 + ﬁ)

Hence vio9 — 1901 + 1oy and vyo9 — V901 + 17 are (the input and output,
respectively) determinantal representations of the discriminant curve C'. Then
for each v = (v, v1,12) € C we define non-trivial subspaces of F by:

E(v) = ker(v102 — V201 + 1o7)

E(v) = ker(v109 — 901 + 197).

The complete characteristic function is a function of two independent variables
and does not admit a satisfactory factorization theory as in the single-operator
colligation case. However, we can restrict the CCF to the discriminant curve
C and to the family of subspaces €(\). More precisely, the joint characteristic
function (JCF) [46, Section 10.3],

SN =W (81,6, 6M + &M (2.18)

where A = (A1, A2) € Cp, is a map between the subspaces £(\) and E()\) Fur-
thermore, it is independent of the choice of &1,& € C when &A1 + & Ao does
not belong to the spectrum of & Ay + £,A45. As a system theory interpreta-
tion, the joint characteristic function determines the input-output relation of
the corresponding (overdetermined)two-dimensional system by yo = S(A)up,
where y € g()\) and ug € E(A) are the amplitudes of the double periodic wave
functions with frequency (A1, A2) € Cy (see [15, 68]).

In order to continue, we assume that the discriminant polynomial P(v),
defining the discriminant curve C, is an irreducible homogeneous polynomial
and we denote by X the desingularizing Riemann surface of C. It can be
shown that the dim &(v) < s where s is the multiplicity of v on C, see [46,
Prop. 10.5.1]. Therefore dim &(r) = dim &(v) = 1 for all non-singular v € C.
Therefore, in this paper, as opposed to a more general vector bundle setting,
we consider the line bundle setting. Hence, we may use the theory of theta
functions and Jacobian varieties to express concretely the Cauchy kernels, see
Section 2.1 above (for more details, see [15, 16]). We assume furthermore that
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the input and the output determinantal representations are maximal and fully
saturated as we define in the next several paragraphs allowing us to consider
line bundles on the desingularizing Riemann surface rather than line bundles on
the singular algebraic curve, see [39] in setting of determinantal representation
and [57, 58] in general.

We say that the output determinantal representation U (v) = vi09 — vo01 +
v is maximal if any point v € C satisfies dim g(u) = s. A stronger condi-
tion is as follows (see [69]). We define V() = adj[U(v)], this is a matrix of
homogeneous polynomial of degree m — 1 where m = deg (P) = dim(FE). Then
we say that the output determinantal representation is fully saturated if all the
entries of the adjoint matrix V' vanish on the adjoint divisor: (Vi,j) > Dyging for
all 7,5 = 1,...,m. Here the adjoint divisor or the divisor of singularities is given
by Dging = (m — 3)(19) — (w), where w is the meromorphic differential defined
by

w— dy, _ __dys
/o2, 9p/ox,’

i.e. w has poles at the singular points of C' and zeros of order m — 3 at infinity
(we denote by Aj, As the affine coordinates and by y1, y2 the corresponding
meromorphic functions on the desingularizing Riemann surface X). Every fully
saturated determinantal representation is maximal and the converse is true if
at each singular point of C, there are no two distinct branches with the same
tangent. As we will see below, under certain conditions, maximality (or full
saturation) of the output determinantal representation implies the maximality
(or full saturation) of the input determinantal representation (see Lemma 7.5).

(2.19)

As follows from the theory of determinantal representations (see [15, 17, 68]),
the pair of families & and € of one-dimensional vector spaces &(v) and &(v)
defined on the subset of non-singular points of C' can be lifted to a pair of line
bundles, also denoted by € and € on X, the normalization of C. We note that
up to a sign, selfadjoint determinantal representations are uniquely defined up
to Hermitian equivalence: vio9 — 1201 + 1y — p* (v10h — eol + 107 ) p, p
is non-singular, by their corresponding line bundles. Furthermore, there exist
isomorphisms (up to some twists) between the kernel bundles € and € and line
bundles of the form L ® A and LZ® A where (, E € T, for some v, see (2.3),

and 9(¢) # 0 and 9(¢) # 0. More precisely, € ® O(m — 2)(—Dsing) = L ® A
and € ® O(m — 2)(—Deging) = Ly® A
These isomorphisms can be given explicitly in terms of normalized sections

of € and &, denoted by u* and u*, respectively, as follows (see [68, Equation
2:28)):

) ﬁﬂp)ﬁ*(m, (2.20)

similarly for €. A normalized section u* is the unique, up to a constant, mero-
morphic section of € ® L—E® A with poles at the points of C' at infinity. A

12



normalized section can be explicitly described by the Cauchy kernels (and their
derivatives in the case where the poles are not simple). More explicitly, u*(p)
and u* (p) are column-vectors containing the Cauchy kernels (and possibly their
derivatives) evaluated at p and the m poles of the pair of coordinate mero-
morphic functions y; and yo on X, see (7.12) for the canonical determinantal
representation corresponding to (. We refer the reader to [16] for more details.

The joint characteristic function lifts to a holomorphic mapping of the line
bundles € and € on X on the complement of the points lying above the joint
spectrum of A; and As, in particular, in a neighborhood of the points of C'
at infinity. Under the above isomorphisms, the joint characteristic function is
translated into a mapping between flat unitary line bundles. This mapping is
called the Normalized joint characteristic function (NJCF) and is denoted in the
sequel by T'(p). An explicit relation between the two characteristic functions is
therefore given by (see [16, Section 6]):

S(p)u*(p) =u*(p)T'(p). (2.21)
We can consider also the left kernel families

&1(v) = ker;(v109 — vo01 + 1197)

&1(v) = kery(vi09 — 1901 + 107),

and their liftings, also denoted by &; and El, to line bundles on X. There
exists an isomorphism between the dual bundles of & and € and &; and &
up to an appropriate twist. More explicitly, & ® O(m — 2)(—Dging) is the
Serre dual of & ® O(m — 2)(—Dyging) (i-e. the dual tensored with the canonical

bundle K = A ® A), so that & ® O(m — 2)(—Dsing) is isomorphic to L72~® A.
The corresponding left normalized section 1w, is the unique, up to a constant,
meromorphic section of gl ® LZ® A with poles at the points of C' at infinity,
similarly for ;. We note that the duality between the left and right kernels can
be given by the inner product with respect to o = &101 + €209, so that given
u*, u;/ can be determined uniquely by

50T (0) _ @ =p)
&) —&(@)  9[0)E(q,p) X (p)(6o) 0 (p) = &dy(p),  (2.22)

where £y = £1y1 + E2y2 and Edy = £1dy; + &adys. On the other hand, since our
determinantal representations are Hermitian, if u*(p) is a normalized section,
then u”(7(p))* is a left normalized section. It follows from (2.22) that (after
multiplying u* by a constant) U, (p) = eu*(7(p))* where ¢ = %1 is the sign
of the determinantal representation alluded to above. It is easily seen that the
input and the output determinantal representations have the same sign and we
will always assume in the sequel, unless the contrary is explicitly stated, that
the determinantal representations have sign +1.
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3. Realization theorem and functional models

3.1. Realization theorem

The following fundamental realization question arises, whether for a given
line bundle mapping T there exists a commutative vessel, such that T is its
NJCF. A solution to this question is given, in the line bundle setting, by the
following realization theorem.

Theorem 3.1 ([68, Theorem 2.3], [46, Theorem 10.5.7] and [15, Theorem 3.3]).
A multiplicative function T'(p) on X with multipliers corresponding to E, ¢,
i.e. a mapping between flat unitary line bundles L; and LZ where QE eT,,
is the normalized joint characteristic function of a commutative two-operator
vessel with discriminant polynomial p(A1,\2) and mazimal input and output
determinantal representations corresponding to ¢,( € J(X) if and only if T(p)

is holomorphic at the points of C at infinity, meromorphic on X \ Xg and
satisfies T'(p)T(T(p)) = 1 and the kernel

IC)(r(e) = p) =~ 9C(r(0) —p)
Ttp )iﬁ[C](O)E(p,T(q)) @ W[C)(0)E(p,7(q)) 3.1)

s positive definite on the domain of analyticity of T.

A multiplicative function T on X which is meromorphic on X \ Xg, sat-
isfying T'(p)T(7(p)) = 1 and such that the kernel (3.1) is positive is called

(¢, ¢)-expansive.

Proposition 3.2. Let X be a compact Riemann surface of dividing type and
let (,¢ € Ty. Then T is ((,()-expansive if and only if T is expansive on Xy
(i.e |T(p)| > 1 there).

Proof: Assume that the kernel (3.1) is positive and let us choose p = ¢ € X ..
As already mentioned following (2.3), since ¢ and ¢ belong to Ty and X is of
dividing type, the Cauchy kernels are positive on X and (3.1) implies

9[¢](0) 9[C](r(p) — p)
9[¢](0) Y[¢](7(p) — p)

<|T(p), (3.2)

for p € X;. Consider the limit on the left hand side as p — gy € Xr. Assuming
qo € Xk, 7(go) — qo is equal to the k-th column of T. Since ¢,C € Ty and by the
properties of the theta function, the limit of the left hand side is equal to one.
Hence, for € > 0, a point p in X sufficiently close to the boundary Xg satisfies
|T(p)|2 > 1+ . By reflection, a point p € X_ sufficiently close to Xy satisfies
IT(p))? < ﬁ On the other hand, since the Cauchy kernels are negative on

X_, it follows similarly to (3.2) that

=~ > |T(p)|?,




for p € X_. In particular, this implies that T is analytic on X_. It then remains
to apply the maximum principle to conclude that |T'(p)| < 1 for all p € X_ and
therefore by reflection |T'(p)| > 1 for all p € X .

Conversely, let us assume that |T(p)| > 1 for p € X . Then, by reflection,
|T(p)| <1 for p e X_. In particular, T is holomorphic in X_ and the multipli-
cation by 7T is a contraction from the Hardy space H?(L;® A, X_) to the Hardy
space HZ(LE® A, X_). Since —K¢(p,q) and fKE(p, q) are the reproducing ker-
nels of H?(L¢ ® A, X_) and HQ(LZ(X) A, X_), respectively, the kernel (3.1) is
positive on X_, see for instance [23] for the classical case, and by reflection (3.1)
is positive on X;. If the domain 2 of analyticity of T' is connected then the
positivity of (3.1) on Q follows from [5, Theorem 1.1.4]. In the general case we
argue as follows.

We choose a pair of dividing functions y; and y2 on X (see Section 5) and
two selfadjoint determinantal representations that correspond to ¢ and to E ,
respectively. Then one may build a function W(¢y, &2, 2) by the restoration for-
mula, see [46, Chapter 10] and [68], so that S(A) = W (&1,&2, &M —|—£2)\2)|£()\)
and S and T are related by (2.21). We note that for any &;,& > 0 and for
any Jm(z) > 0 all the points that satisfy &1y1(p) + &y2(p) = 2z are in X4,
and hence the restoration formula implies that W (&, &2, 2) satisfies the metric
properties in (2.15) and (2.16). Then it follows from the classical theory that
W(gl’52’z)(€fgg£%’52’w)*_(50) is a positive kernel on C\ R, see for instance [23].
Finally, since T corresponds as in (2.18) and (2.21) to the restriction of W to the
curve C and to the line bundle £, we conclude that (3.1) is positive on X\ Xg. O

In the definition of (¢, {)-expansive functions, we do not need to assume a
priori that ¢ and z belong to the same torus 7,. Indeed, let us assume that
¢ € T, and ¢ € T and the kernel (3.1) is positive. Arguing as in the first part of
Proposition 3.2, we see that for a point p sufficiently close to gg € X}, (and on the

appropriate side of X with respect to the chosen orientation), M%C(]O()TE%
d —2T@=p) _ ave signs (—1)"* and (—1);’2 respectively (cf. the proof of

i[C](0) E(p,7(p))
[10, Theorem 2.10]). On the other hand, (3.1) implies that

2 Y[C]((p) —p) I[C](r(p) — p)
) i[C](0)E(p, T(p)) = W[C)(0)E(p, 7(p))

Hence the signs of the LHS and the RHS are equal, i.e. (—1)"* = (—I)Zk and
hence v, = 1.

Remark 3.3. Given ¢ and E in J(X), corresponding determinantal representa-
tions \1oo — oo+ and Aoz — Aso1 +7 are only determined up to Hermitian
equivalence, see [65, 64, 67]. However, given the normalized joint characteristic
function and the output determinantal representation Ao — Xooq +7, the input
determinantal representation \1oo — Aaoq + v is determined uniquely.
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Assume again that the poles of y1 and yo are all simple (for the case of mul-
tiple poles see Remark 6.11 below). Let A\yoly— Aoo] +7' be some determinantal
representation corresponding to (, so that

P (A1o2 — Aao1 +7)p = (Moy — Aoy +7),

with the normalized section u'*(p) satisfying pu’* (p) = u* (p).

Since S(p\¥)) = I and using (2.21), we have ﬂij(p(j)) = u;, where u; is

the residue of u* (p) at pU). We further use the notation U* = Row;=1,..n (ujx)
(similarly, we define U* and U’'*). Then, the relation between the input and
the output determinantal representations is given in terms of the values of T at
infinity:

U* =U"Ts, where Ty = Diag (T(p(j))) . (3.3)

Furthermore, using pU'™™ = U* and UXTs = UX, we conclude that the in-
put determinantal representations is uniquely determined, namely p is uniquely
determined, by the behavior of T at infinity

p=U*Ty(U™)" (3.4)

3.2. The model space

We continue the discussion about commutative vessels, by presenting the
model space associated to a commutative two—operator vessel, see also [8, 10].
For the analogue in the single operator case, the de Branges-Rovnyak operator
model, see [14, 20, 21] and [62].

Let ¢,C € J(X) satisfying 9(¢) # 0 and 19(6) # 0 such that ¢ and ¢ belong
to the same real torus T, and let T'(p) be (¢, ()-expansive function on X (see
Theorem 3.1) Then, the kernel (3.1) defines a reproducing kernel Hilbert space

denoted by H(T'). Its elements are sections of a line bundle of LZ® A that are
holomorphic on the domain of analyticity of T

We continue with the definition of the operator model in the case of simple
poles [68, Equation 3-3], i.e. when the meromorphic coordinate functions y, yo
have only simple poles on X, equivalently, the divisor (1) is supported on n
distinct points on X (see [10] and in Section 6 below for general case). The
counterpart of the operator model (1.5), denoted by MY, is defined on the
sections of the line bundle LZ® A analytic in neighborhoods of the poles of y.

It is given by

n Fpm —
MY f(u) = y(u) fu) + 3 cmf(p(7”))ﬁi~[f(]()()pE(p(m) L). (3.5)

where y is a meromorphic function on X of degree n with distinct simple poles
pM .. p™ and ¢q,. .., ¢, are the negatives of the corresponding residues. The
operator MY is in fact independent of the choice of the local coordinates at
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the poles of y used to compute the residues, this point is discussed in Section
6. Furthermore, for any pair of meromorphic functions yi,y2 € M(X), the
operators M¥! and M2 commute (see [10] and Section 6 below for the theorem
in the case of non-simple poles).

The counterpart of the resolvent operator (1.1), denoted by RY, satisfies (for
« in the neighborhood of infinity) RY = (MY — al)~" and is defined, for an «
with n distinct pre-images, by (see [68, Equation 3-4])

Y ) = flw) "L f(ul9) ﬁ[g](u(j)—u)
REf(u) = y(u) — a ; dy(uD) Y[C](0)E(u), u)’

(3.6)

where y(u)) = a for j = 1,...,n. RY is indeed the resolvent of MY by
Theorem 6.1 below, since RY = M = (in the case that y has only simple poles
a direct calculation can be done). Furthermore, the resolvent operators satisfy
the resolvent identity (see [10, Theorem 4.2])

RY — RY = (a — B)RYRY.

The model (commutative two-operator) vessel is the collection (see [68, Theorem
3.1)):
VT:(MylvMyz;j{(T)vq)Modvcn;Jl;UZvvvﬁ)a (37)

where ®yjoq is the evaluation operator at the poles of y; and yo in the case
where these poles are all simple and the output determinantal representation
is the canonical determinantal representation corresponding to ¢ (in general,
®\joq involves derivatives and the adjustment for the choice of the output de-
terminantal representation, see the proof of Theorem 3.6 in Section 6 below for
details). To define the mapping between the inner space H of a vessel to its
model space, we first consider the mapping, see [68, Equation 3-5],

b S1dy (pzuz;fzdyz(p)lg(&&’p)@ (3.8)

(E1A1 + &2As — Ey1(p) — Eaya(p)) A,

which defines a section of € (more precisely of E® O(m — 2)(—Dsing)) and is
independent of (£1,&2) € C? as long as the resolvent exists (see Proposition 3.4
below). In (3.8), h € H, p € X and w(p) is the meromorphic differential (2.19)
with zeros of order (m—3) at the points of C at infinity and poles on the divisor of
singularities. 13(51, &5, p) is the projection onto g(p) along g(p(z)) +-- 'J}Fg(p(m))
where p = pM, p@ .. p(™) are the m distinct points of the intersections of
the line &3A1 + {222 = &1y1(p) + {2y2(p) with the curve C. The projection P is
given by (see [15, Equations 2.29]):

§101 + 202
&1dy1 (p) + &2dy2(p)’

P(&1,&,p) = 0 (p)F; (p)
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where u*(p) and u;*(p) are the normalized sections and the left normalized

sections of € and &;, respectively. The mapping in (3.8) then defines a section
of LZ® A by pulling back according to the isomorphism (2.20) and hence (3.8)
becomes:

hs on(p) EUS () (€101 + E209)@ (3.9)
(6141 + & A5 — Ey1(p) — Eama(p)) LA,

Proposition 3.4. The mapping (3.9) to the model space is well defined and
does not depend on the choice of & and &s.

Proposition 3.5. The mapping to the model space (3.9) is injective if and only
if the vessel is irreducible.

Theorem 3.6. Let V be an irreducible commutative two-operator vessel. Then
V is unitary equivalent to the model vessel Vr (3.7).

Since the proofs of those statements in [68] are rather sketchy, we present
the comprehensive proofs of Proposition 3.4 and Proposition 3.5 in this section
and the proof of Theorem 3.6 in Section 6 below. Notice that given a ({,()-
expansive function 7', we can construct the model vessel in (3.7), by taking
A0 — Aaoy + 7 any determinantal representation corresponding to E (in par-
ticular, for the case of simple poles we can take the canonical determinantal
representation constructed explicitly in [16], see Steps 1 & 2 of the proof of
Theorem 4.4 in Section 7), and then computing the corresponding input deter-
minantal representation A\jo2 — A201 + v as in Remark 3.3 and Remark 6.11.

We note that two vessels sharing the same ”external data” and the same
characteristic functions are unitarily equivalent to the same model vessel Vp
(3.7). Thus, we may conclude the following result.

Corollary 3.7. Any two irreducible vessels with the same E, o1,09,7 and 5
are unitarily equivalent if and only if the pair of the associated normalized joint
characteristic functions are equal.

Corollary 3.7 has been proved in [46] by a substantially different method
using the restoration formula.

Proof of Propostion 3.4: We have to show that (3.8) is independent of the
choice of &1, &5 as long as the resolvent exists. That is, we show that

uX (p) (€101 + E209)D(E1 AL + E2As — E1y1(p) — Eaya(p)) !
= (p)(mo1 + 1202)®(Mm AL + 12 A2 — myr(p) — m2y2(p)) .

Let us multiply on the right by the invertible operator

(6141 + &A2 — E1y1(p) — S2y2(p)) (M Ar + m242 — my1(p) — n2y2(p)),
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we obtain that the equality to be verified is

u”(p)(&1o1 + §202)@(m Ay + 2 A2 — my1(p) — n2y2(p))
=u*(p)(mo1 + 1202)P(&1 A1 + 242 — &1 (p) — S212(p)).

After opening the parentheses and cancelling equal terms this becomes

u*(p) (€1m201P Ay + Eomoa® A — E1m2y2(p)o1® — Eamiyr (p)o2®)
=u*(p) (Mm&o1PAs + n2&102PA;T — m&ay2(p)o1® — n2&1y1 (p)o2®) .

Taking everything to the left hand side we obtain that we have to verify the
equality

(E1m2 — Lam)u™ (p) (01P Ay — 02 A — y2(p)o1® + y1(p)o2®) = 0.

Using the output vessel condition the left hand side equals

(E1m2 — Eam)u™ (p) (3P — y2(p)o1® + y1(p)o2®P)
= (&m2 — &am)u™(p) (7 — y2(p)o1 + y1(p)o2) @,

and this is of course zero by the definition of u* (p). O

Proof of Propostion 3.5: If h L H then clearly ®(£1 A1 +& A —21)"th =0
for all z & spec(&1 41 4 &242), e.g., by expanding Taylor series in z around oo.
Therefore ¢, = 0.

Assume conversely that ¢, =0, i.e.,

P(&1,&,p) (6141 + EaAy — E1y1(p) — Ea12(p)) " th = 0.

We proceed now as with the restoration formula for the complete characteristic
function [46, Section 10]. For any &1, &s, z such that the line &A1 + &Xo = 2
intersects C' in n distinct affine points, we have

Z ﬁ(€17£27p)21a
pEX : {1y1(p)+E2y2(p)=2
and we conclude that if z & spec(&1 41 + €2A2) then
D(E1 A1 + &2 Ay — 21)Th = > P(&1,&2,p)®x

pEX: §1y1(p)+E2y2(p)=2
((&1A1 + &42 — &y (p) — Laya(p)) Th = 0.

So if det (€101 +&202) # 0 (this guarantees that the line £ y1 +&2y2 = z does not
intersect C' at infinity), then ® (&3 Ay +&As—2I)~1h = 0 for 2 in a neighborhood
of 0o, and from the power series expansion ®(£1 A1 +&2A42)™h = 0 for all n, i.e.,
h J_ \/§=0((§1A1 —+ ggAg)*)m(p*(E) But

H= \/ ((E1A1 +&A2) )" O*(E),

m=0
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since det(&101 4 &202) # 0. This is a corollary of [46, Proposition 10.4.1]. So
h 1l H.

To summarize, ¢, = 0 if and only if h L H. Therefore h pp, is injective
if and only if the vessel is irreducible. O

4. Statement of the structure theorem

Before stating the main result of this section, the counterpart of Theorem
1.1, we fix some notations and conventions which are used in the upcoming
sections.

Notation 4.1. Let y; and y2 be real (i.e. satisfying y(p) = y(7(p))) meromor-
phic functions of degrees n1 and ne, respectively, generating M(X) (the field of
meromorphic functions on X ). Then

(A1) For o and B in C and k = 1,2, we denote the ny pre-images on X under

yr of a and B, assumed to be all distinct, by (w,(cl)) * and (v,(:)) * .
1=1 t=1

(A2) In the case where y1 and yo have only simple poles, we denote by (plgj)) ’

the ng poles of yr where k =1,2.

(A3) We denote by 7 : p — (y1(p), y2(p)) the corresponding birational embedding
of X as an irreducible affine algebraic curve Cy C C2. Its projective closure
is denoted by C' C P2. Notice that m : X — C' is the normalization of C.

An important property of the model operator is given in the following lemma.

Lemma 4.2. Let X be a compact real Riemann surface and let y be a mero-
morphic function on X. Let X be a reproducing kernel Hilbert space of sections
of LE® A (where ¢ € T, ) analytic in an open and connected set Q0 containing

the poles of y which is invariant under MY. Then the model operator MY is
bounded on X.

Proof: Since in a reproducing kernel Hilbert space, strong (or even weak) con-
vergence implies pointwise convergence, we see that the operator MY is closed.
Hence, since MV is closed and everywhere defined, then, by the closed graph
theorem, MY is bounded. O

We notice the following lemma is presented in [10] in the case where X is finite
dimensional. This result determines under which conditions RY is the resolvent
of the model operator MY. Since the model operator is bounded (Lemma 4.2)
it follows that the resolvent exists in a neighborhood of infinity and hence we
may state the following result.
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Lemma 4.3 ([10, Section 4]). Let Q C X be an open and connected set con-
taining the poles of a meromorphic function y. Let X be a reproducing kernel
Hilbert space of sections of LZ®A analytic in Q. Then, for a in a neighborhood
of infinity and f € X, RYf and MY f are well-defined analytic sections in ).
Furthermore, if X is invariant under MY then X is invariant under RY, and

under this condition
RY = (MY —al)™!

In particular, the kernel of the resolvent operator is trivial, i.e. ker RY = {0}.

We notice also that a simple calculation (see the proof of Step 6 of Theorem
4.4 in Section 7) shows that if X is invariant under RZO then it is unvariant
under RY, for « in a neighborhood of a®.

The main result is presented in Theorem 4.7 below. To prove Theorem 4.7,
we first state a simpler result in Theorem 4.4. It contains the counterpart of the
7if” part of Theorem 1.1 under the assumption that the meromorphic functions
y1(+) and y2(-) have only simple poles. This assumption is dropped later in
Theorem 4.7. In these statements, recall again that 7, are the real torii given
n (2.3).

Theorem 4.4. Let X be a compact real Riemann surface and let X be a repro-
ducing kernel Hilbert space of sections of LZ® A ( where { € T,) analytic in

an open and connected set ). We pick two meromorphic functions, y1 and ys,
with simple poles generating M(X), such that Q contains the points above the
singular points of C' and the poles of y1 and ys. Furthermore, assume that for
some a,f € C in the neighborhood of infinity such that o # B and such that
their n pre-images lie within ), the following conditions hold:

(i) X is invariant under MY* and MY2.

(ii) For every choice of f,g € X it holds that

(RYfg) — <f,R,‘7ékg> —(a—p) <Ry’“f, Ryk >
O f®)g®) VG — ()

i(a—f (4.1)
521 dyi (w®)dy, () [T (0) E(w®, r(v(®))
Then the reproducing kernel of X is of the form
Kx(p,q) = T(p)Kc(p, )T(0)" — K(p,q) (4.2)

for some ¢ € T,, and where T(-) is a (¢, z)-empansive line bundles mapping.

Remark 4.5. It easily seen that the structure identity does not depend on the
choice of the local coordinates: each summand on the right hand side of (4.1)

is well defined since C~€ T, and hence Z—|— Z = K + K and since the transition
functions of the line bundle defining A were chosen to be symmetric.
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Remark 4.6. One may further consider the structure identity (4.1) when a =
B. Then, the right hand side of (4.1) is interpreted as the limit. Unless specifi-
cally stated otherwise, this case is not considered below.

The comprehensive counterpart (removing the simple poles assumption and
adding the converse statement) of Theorem 1.1, in the setting of compact real
Riemann surfaces, is given below.

Theorem 4.7. Let X be a compact real Riemann surface and let X be a repro-
ducing kernel Hilbert space of sections of LZ® A (where ¢ €T,).

(a) Assume that the elements of X are analytic in an open and connected set
Q. Let y1 and y2 be two meromorphic functions generating M(X), such
that Q0 contains the points above the singular points of C' and contains
the pre-images under (y1,y2)of some (8%,89) € R2.  Furthermore, we
assume that X is invariant under R%}l) and R%’;g, and for some ay, B € C

in a neighborhood of B2, such that ay,Br # BY, ar # Bk, k = 1,2, the
structure identity (4.1) holds. Then, the reproducing kernel of X is of the
form

Kx(p,q) = T(p)Kc(p, )T(a)" — Kx(p,q) (4.3)

for some ¢ € T,, and where T(-) is a ((, {)-expansive line bundles mapping.

(b) Conversely, let T be a (¢, ()-expansive mapping and assume that X has
a reproducing kernel of the form (4.3). Then all the elements of X are
analytic on Qp (the region of reqularity of T'). Furthermore, for any y(-),
a real meromorphic function on X such that all its poles are contained in
Qr, X is MY—invariant and the structure identity (4.1) holds. *

Note that Theorem 4.7 shows in fact that if the kernel (4.3) is positive, then
T admits a meromorphic extension to X \ Xg, see Section 7.

In the finite dimensional case, it has been proved [10, Section 3] that T'(-)
has the form of a finite Blaschke product on a compact Riemann surface, that
is, a finite product of the Blaschke factors

E(u,a

bo(u) = Fu a; exp (—2m(a —a)'Yu).

The proofs of Theorems 4.4 and 4.7 are presented in Section 7. We now give
the outline of the "only if” part of the proof of Theorem 4.4. We start with the
observation that by Lemma 4.3 the kernels of the operators RY' and R%Z are
trivial and we have

Ry = (M¥ —aD)™, Ry = (M-I (4.4)

3 A sign difference between the characteristic functions (1.4) and (2.14), causes a difference
in the statements of Theorem 1.1 and Theorem 4.7.
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Then one proceeds as follows: we start by presenting and constructing a natural
two-operator vessel embedding the operators MY* and MY? and then we follow
the next steps:

(Step 1) Prove that the colligation conditions for M¥* and MY2 are equivalent to
the structure identities for y; and ys, respectively.

(Step 2) Show that the output vessel condition holds.
(Step 3) Construct the matrix v such that the input vessel condition holds.

(Step 4) Prove that, in our setting, the mapping (3.9), between the inner space of
the vessel to the model space, is the identity mapping.

(Step 5) Present the reproducing kernel in terms of the joint characteristic function.

(Step 6) Show that the input and output determinantal representations are fully
saturated.

(Step 7) Conclude, by the reproducing kernel Hilbert space properties, that the
reproducing kernel has the desired structure (4.2).

5. Subspaces of H? and a version of Beurling’s Theorem

In this section, we present three versions of Beurling’s theorem on finite
bordered Riemann surfaces. For a short survey and related previous results, see
Section 1.2.

Let . be an open Riemann surface so that . U 9.¥ is a finite bordered
Riemann surface of genus gs whose boundary consists of & > 1 connected
components, denoted by Xj,..., Xg_1. The double of .¥ is a compact Rie-
mann surface X with a natural antiholomorphic involution 7, turning X into a
compact real Riemann surface of genus g = 29 + k — 1. The boundary 0.
coincides with the set of fixed points of 7 on X (denoted by Xg). Furthermore,
X is a compact real Riemann surface of dividing type since X \ Xgr contains
two connected components X_ = .% and X,. *

As discussed in [9, Section 2], in a more general context, a flat unitary line
bundle on . U 0.¥ can be uniquely extended to a flat unitary line bundle on

X such that certain symmetry properties are fulfilled, more precisely, to a line
bundle LE where ¢ € Tp.

Let now LZ where Z € Ty be a flat unitary line bundle on X and let A

be a square root of the canonical line bundle as in Section 2.1. Then, the
corresponding Hardy space consists essentially of sections of the line bundle

4The usual convention is Xy = ., but X_ = . is more convenient for us since with
our choice of notation the characteristic function is contractive in the lower half plane, cf.
Footnote 3.
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LZ® A analytic on . and satisfying (in the sense of non tangential boundary
values)

k—1
;0 /X FCRIDEES

it becomes a Hilbert space equipped with the inner product

k—1
(f,9) =27Tj2=:0/xjg(p) f(p).

See [9] for the precise definitions. Following the classical modification of the
inner product in H?, also here, for the sake of simplicity, the inner product is
I (r(w)—u)
i0[¢](0) E(uld),7(w))
multiplied by % (asin [9]). To simplify notations, we set H&% = H? (LZ®A, X).

multiplied by 27 and hence the reproducing kernel is — and not

Before turning to the main theorem, let us recall the definition of dividing
functions on a compact real Riemann surface.

Definition 5.1. A real meromorphic function y on a compact real Riemann
surface X is dividing if u € Xg if and only if y(u) € R.

It is easy to see that if y is a dividing function on a compact real Riemann
surface X, then X is of dividing type and y maps X onto either the upper or
the lower half-plane; we will always assume that y(X;) = C;. A known result
regarding dividing functions is presented below. However, we note that only the
first part is used in the sequel.

Proposition 5.2 ([3, 4], [25, 26] and [60, Proposition 5.2]). Let y be a divid-
ing function on X. Then y has only real simple poles and simple zeros and
its residues at the poles, with respect to a real local coordinate with positive
orientation, are negative. Conversely, if X is of dividing type and y is a real
meromorphic function on X with simple real poles and negative residues with
respect to positive real local coordinate, then y is dividing.

For more information about dividing functions, see also [29]. In particular,
for any compact Riemann surface X of dividing type, there always exists a pair
of dividing functions that generates M(X), see also [40] for a far reaching high
dimensional generalization.

We now turn to state the first version of Beurling’s theorem on finite bor-
dered Riemann surfaces.

Theorem 5.3 (Beurling’s Theorem for Finite bordered Riemann surfaces: ver-
sion I). Let . be a finite bordered Riemann surface and let X be its double.
Let ¢ € Tp, let HCE be the corresponding Hardy space on X_ and let y; and yo

be dividing functions on X generating M(X). Furthermore, assume that for
HC H»C% the following conditions hold:
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1. H is a closed subspace of H2 and is invariant under the multiplication

operators M 2 and M - for every a in the lower half-plane C_.
()= v20) =

2. The elements of H* (the orthogonal complement of H) have analytic ex-
tensions with bounded point evaluations in a connected neighborhood of the
poles of y1 and ya and of the pre-images of the singular points of C (see
Notation 4.1 (A3)).

Then H is of the form
H =THE,

where T is a (¢, {)-inner function for some ¢ € Tp.

Notice that by Proposition 3.2, ¢, E € Tp implies that if T is (¢, z )-expansive
on X then it is contractive on X_ = .% and thus admits non-tangential bound-
ary values almost everywhere on Xy = 0.. We say that T is ((, E )-inner if the
non-tangential boundary value is of absolute value one almost everywhere on

0.7.

We note that the operator My denotes the conventional multiplication oper-
ator by a function f while MY, as before, denotes the model operator. Further-

more, for a € C_ and y a dividing function, the operator M - is well-defined
y(u)—a
1

on H2. This follows since @ € C; and therefore the function JG—= s mero-

morphic on X and analytic in . U 0.. Hence, M__1 _ is bounded and sends
H2 to H2.
¢ ¢

v(w)—o

Before heading to the proof, we present several preliminary results. Our
first goal is to show that the structure identity (4.1) holds for all elements in
HZ_% We start with the following result and we recall the proof for the sake of

completeness.

Lemma 5.4 ([10, Theorem 4.3]). Let oo € C have n distinct pre-images with

respect to a real meromorphic function y and let ¢ € J(X) such that 9(5) #0.
Then the Cauchy kernels KZ(-,w) are the eigenvectors of the resolvent operator
1

g o
RY with eigenvalues e

Proof: We apply the resolvent operator RY (3.6) on KE(~,w). Then, a direct
computation, using the collection formula [10, Lemma 4.1], yields the following
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identity

_ K (v, w) - z”: Kz(u(j),w) D) (u) — v)

¢ y) —a  dy(u) 9[C)0)E(ul),v)
Fow) ags 1 dlder) —u®)  ofded) o

yw)—a i dy(u) 9[C)(0)E(r(w), u@) 9[C](0)E(u), v)
K w) - i) - v) ( L )

y(w) —a [0 E(r(w),v) \¥(v) —a  ylw)-a

Kx(v,w 1 1
=< — K~(v,w — =
Cy(v) - KC(’ ) y(v) —a y(w)—a)

1

ECEC

O
Using the preceding lemma, we may conclude and prove that the structure
identity holds on a dense subset of Hfg

Lemma 5.5. Let o, € C_. Then the structure identity (4.1) holds on the
linear span of Cauchy kernels inside H?

Proof: Since y is dividing, it maps Xy to C; and X_ to C_. Thus, for
a, B € C_, their pre-images are in X_. Hence, for all f € H?, RY f and R%f
are well-defined analytic sections of LZ® Aon X_.

It is enough to verify that (4.1) holds on a pair of (minus) kernels functions
flu) = KE(U’ v) and g(u) = Kz{u, v), where w,v € X_. Then, starting with the
left hand side of (4.1) and using Lemma 5.4, we compute separately the three
components. The first two components, using Lemma 5.4, are given by:

<RgKZ(u,w)7KZ(u,v)> = y(u;l_a <KZ(u,w), —Kz(u,v)> (5.1)
~1
= K+(v,w),
y(w) -« e
and similarly,
<KE(u,w),R%KE(u,U)> = y(v)l—ﬁKZ(U’ w). (5.2)

The third element, applying Lemma 5.4 once again, is

(o = B) (R4 K {u, w), RYKA(u,v)) :y(‘:)f}a (Kz(u,w), RYK A, 0)) (53)

(o~ B)K(v,w)

(y(w) = @) (y(v) = B)
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Summing all three components together, (5.1), (5.2) and (5.3), one may con-
clude:

(RLfg) = (£ RYa) — (a—B) (RLS, Rig) = (5.4)

=~ Kg{o,w) (1 I )
yw —a  y0) B (yw) - a)yv) - B)

oy —yw)

(y(w) — a)(y(v) — )

On the other hand, the right hand side (we use the notation RHS) of (4.1) can
be simplified by using [10, Lemma 4.1] twice. The first part of the calculation

is:

=— KE(’U, w)

_ & K w) Ko, 0) I (w® — r(v®))

RHS =i(a — B < < i
( )Z dy(w®)dy(w®) IO Ew®, r(v))

N K~< v, ”>i a-B IQrw) —w®) 9w - re®))
ay(0®) = dy(w®) 9CI(0)E(r(w), w) DC)(0) E(w®d, 7(v(0))

t=1 =1

. B 1 1 n KC 1;(071)) —
=i(a = f) (5 R ) Z < dy(v(®) )Kg(w,r(v( )))

—a ylw)—«

1
_; a=B Ve~ 1 9w —v®)  9E®—w)
(1 ) - a) ; dy(v®) 9[C](0) E(r(v), v®) 9[C](0) E(v®, w)

(5.5)
Using the collection formula once again, we have the following equality

Z”: I (r(v) —v®) W[ — w)

= dy(0) 9[C(0)E(r(v),0®) 9[C)(0) E <v<t w)

Ly Ylrt) — w) ( )

W[C](0)E(w,7(v)) \y(w
1 1

__Z<y(w)—[3_y(v)—ﬁ>KE(U’w) (5.6)

=1 a—p ) ! — 1 ~(v,w
it = <1+m—a> <y(w>—@ y<v>—6>K<(’ )




as in (5.4). O

Moreover, using Lemma 5.5, we show below that the operator RY is a
bounded operator on H?

Lemma 5.6. Let « € C_ and let y be a dividing function. Then the resolvent
operator RY is a well-defined bounded operator on H»C%

Proof: Using Lemma 5.5, the structure identity (4.1) holds for any linear com-
bination of Cauchy kernels. We use the structure identity in order to prove the
boundedness of RY. In (4.1), we choose f = g to be a linear combination of
Cauchy kernels and we set 8 = a € C_. Then we have:

Im (RLS,f) = Tm(a) |RESI® = (5.7)

S fD)f®) 19~[Z](v(1>—7(v(t)))
5= dy(0®)dy(e) I (O0) E@D, 7(v0))

iJm ()

The right hand side of Equation (5.7), in view of Remark 4.5, does not depend
on the local coordinates choice. As a result, we deduce from (5.7) the following
inequality:

IRESI? < Co IREFI IfI + Dall £, (5.8)
for some constants C\, and D, (depending only on «); we use here the fact that
the point evaluations on H»C% are bounded. The inequality (5.8) is true for any
f in a dense subset of H2. Hence, dividing by ||f||*> and taking the supremum

over f implies that the operator RY is bounded on this dense subspace and
therefore extends to a bounded operator on H2. We denote the extension by T

and we see that T f(p) = RY f(p) for all f € H? and all p € X_ again by the

boundedness of the point evaluations.
O

Combining the last two results, Lemma 5.5 and Lemma 5.6, we conclude that
since RY, is bounded and since the structure identity holds on a dense subset,
the structure identity holds in HCE

Corollary 5.7. Let o, € C_ and let y be a dividing function on a compact
real Riemann surface X. Then the structure identity (4.1) holds in H&%

The link between RY-invariant subspaces and subspaces which are invariant
under multiplication operators is illustrated in the following lemma.

Lemma 5.8. Let J( be a subspace 0fH§ and o € C_. Then H is RY -invariant if

and only if the orthogonal complement HL is invariant under the multiplication
by ———.
y(-)—
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Proof: Since RY is bounded by Lemma 5.6, it is sufficient to prove that
(RU*f=M L f for fin H?’ where M is the multiplication operator. One

y()—o

may obtain the following

<KZ(~, v), RUK(, w)>

(L) Ke0), —Kw)  (5.9)
=~ ((RY)" K{v) (w).

On the other hand, using Lemma 5.4, we have

1
(et o), By w) = - <K5<"”>’ _y(u,)_aK?("“’)>
1
- —WKZ(UJ,U). (5.10)

Hence, combining (5.9) and (5.10) yields the desired result for f = Kz'(',v), a

(minus) kernel function, and hence for all f in HZ% 0

To apply Theorem 4.4, one needs to show that the structure identity holds
also on 0.% in a neighborhood of the poles of y; and ys. This point is proved
in Lemma 5.9 below.

Lemma 5.9. Let X be a compact real Riemann surface of dividing type, let
y(+) be a dividing function on X and let H»?v be the Hardy space corresponding to

EE To. Furthermore, we assume that H is a closed subspace which is invariant
under M__1 _ where o € C_ and the elements of H* have analytic extensions

y(u)—a

in a neighborhood of the poles of y(-). Then:

1. The subspace H* is RY, -invariant for any g € R in a neighborhood of
infinity.

2. The structure identity may be extended to oy # Bo in R in a neighborhood
of infinity (see Remark 4.6, for the case where ag = By € R).

Proof: We fix ag € R and let f be an element of H2 that has an analytic

continuation in the neighborhood of the poles of y and of the fiber of y above
ap, so that RY f is a well defined analytic section of LZ® A on X_. First,

we show explicitly that RY f belongs to HE. The strategy is to divide the

integration path Xg(¢) (a contour approximating Xg, see [9] for the precise
details) into two parts. The first is over the set of arcs near the pre-images
of ap (where f can be continued analytically). We denote the first integration
path by Xz°(e). The second path, Xg°(e)¢ 2o Xr(e)\Xg°(¢), is contained in a

compact set where 7 (u)17a0 can be bounded. Namely, we examine

sup/ |Rfmf|2+sup/ |Rzof|2. (5.11)
>0 J X0 (e) e>0 /X0 (e)e
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We note that since f has analytic continuation in a neighborhood of the fiber
above ag, RY f is holomorphic on this neighborhood and hence, in particular,
continuous there. Thus the first summand is bounded.
1
On X2°(e), y=as
the second summand of (5.11) becomes

is bounded from above by some constant 0 < M and

n (J) ’LL)

SUP/ Ry f —su/ _UGIYM T )
2 Jxzoior I = X0y |y(u) — z:: g E(ué”,u)

2

2 n () ’

U Y] (u U

<sup / f(_) + / ZML@)
>0 |\ xgoee [y(w) —ao X0 | 90 EWS  u)

2
" 9 —w)
< M + hy— ;
o0 / %)L 2l /x;ws)c g T0[C)0)E(u, )

(5.12)

where the coefficients (hj);l:1 depend on the pre-images of . The statement

9] (ug” —u)
HIOECT 0
compact set containing Xg°(e)¢. Thus, f € H* implies that RY, f belongs to
HZ.

follows since f belongs to H»?v and furthermore is bounded on a

In order to continue and conclude that 3 is invariant under Ry, , we fix
a sequence (a])] 1 € C_ converging to ap € R in a neighborhood of infinity
and we show that RY f converges to RY f in norm. Also here, we divide the
integration path, now on Xg, into two parts:

i (12 = RSl = i [ 800 2SO+

lim |RY, f(u) — RY f(w)]>.  (5.13)

71— 00 X];:O (O)c

The second summand tends to zero due to a similar analysis as in (5.12). To
show that the first summand also vanishes, we note that in general, for any
section f analytic on a neighborhood U of the fiber of y over aq (assuming the
fiber is unramified), (RY f)(p) is jointly analytic in (o, p) € {la — ap| < e} x U
(for sufficiently small €). The analyticity in p follows immediately from the
definition of RY. The analyticity in « follows by the following argument. We
examine (RYf)(p) as a function of «, where p = py is fixed. The first term in

(RY f)(po), that is y(J;(Up)"_)a, is meromorphic with a simple pole at a = y(po).
On the other hand, also the second term, containing the summation of the

Cauchy kernels, has a simple pole at « = y(pp). Furthermore, both terms have
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the same residue at the simple pole y(pg) and hence their subtraction yields a
holomorphic function of a. It then remains to apply the Hartog’s Theorem, see
for instance [38, Theorem 2.2.8], to conclude the local joint-analyticity property
of (RY.f)(p)-

As a consequence, RY, f(p) converges to RY, f(p) uniformly in p on a neigh-

borhood of each u(()j) in the fiber over ag, in particular on a small arc of

the boundary near u(j ) and so the second limit in (5.13) is also zero. Hence
|RY, f—RY f||H2 converges to zero, i.e., RY_f converges to RY, f in H2 Since

we know that for any f € Ht, RY e HL for all i € N, we conclude that
v fext
To show that (2) holds, we choose a sequence (3;)jeny C C_ converging to
Bo € R in a neighborhood of infinity such that ag # 5y. According to Lemma
5.7, the structure identity (4.1) holds for any pair of elements of the sequences
(oj)jen and (B;);en. Considering j — oo, we obtain the following identity:

Jim (B2, 1.9) = (F.R,9) ~ (0~ ) (RY, £. Ry g)) =

lim |4 - B) i f( w(l) (U;t)) ﬁ[a(w](,l) _ T(U;t)))
j—o0 J I,t=1 dyk wj(l))dyk(v(t)) ﬁ[C](O)E(U)j(l),T(UY)))

(5.14)

The limit on the right hand side exists due to the analytic continuation to
neighborhoods of the fibers over ag and fy. Since RY  converges to RY  and
R"éj converges to R%O in the operator norm, the limit on the left hand side
coincides with the corresponding value for the operators RY, =~ and R%O.

To complete the proof, by continuity, the limit on the right hand side of
(5.14) exists also for ag = fp € R, and we take the expression on the right hand
side as its definition, see Remark 4.6. O

As we have gathered all the required preliminary results, we may present
the proof of the first version of Beurling’s theorem.

Proof of Theorem 5.3: Let y;(-) and y»(+), as in the statement, be dividing
functions on X. Thus, using Proposition 5.2, the poles of y; and y- are real and
simple.

Applying Lemma 5.8, the assumption that J is invariant under the multipli-

cation operators M__1__ and M__1__ is translated to: J( is invariant under
y1(u)—o yo(u)—B

the operators RY' and Ri’f where o, € C_. By Corollary 5.7, the structure
identity automatically holds in HE% for all o, 3 € C_.

By assumption, the elements of H have analytic extensions with bounded
point evaluations to a (connected) neigborhood of the poles of y; and y» and
of the preimages of the singular points of C. Then, using Lemma 5.9, H* is
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invariant under the bounded operator RY* where o € R in a neighborhood of
infinity. Furthermore, the structure identity can be extended to o, € R in a
neighborhood of infinity.

Combining all the observations above, we can apply Theorem 4.7 to the
orthogonal complement H+. Thus, H* is a reproducing kernel Hilbert space
with reproducing kernel of the form

Ky (p:a) = T(0)Kc(p,9)T(0)" = Kp, 9),

where T is ((,()-expansive function for some ¢ € Ty. By Proposition 3.2, T is
contractive on X_, and since —K, and _KZ are the reproducing kernels of H, g

and of HZ%, respectively, it follows by the general theory of reproducing kernel
spaces, see [21, 56], that H* is contractively included in HZ% and its generalized
orthogonal complement is TH, C2 which is likewise contractively included in H?

with respect to the range norm. On the other hand, we know that H* is isomet-
rically included in HZ% therefore so is its generalized orthogonal complement, and

hence the multiplication by T is an isometry from HZ to H% and so T is inner. 0]

The natural condition for a Beurling Lax theorem using de Branges structure
theorem, see [56], is to assume that the invariant subspace is a contractively
included subspace of the Hardy space. However, in our approach, we note that
the structure identity does not automatically hold in a contructively included
subspace of the Hardy space and Lemma 5.8 does not hold either when replacing
H* by the Brangesian generalized orthogonal complement. Thus, we add these
assumptions in order to state a Beurling’s theorem when 7T is contractive instead
of inner.

Theorem 5.10 (Beurling’s Theorem for Finite bordered Riemann surfaces:
version II). Let . be a finite bordered Riemann surface where X is its double
and let y1 and yo be dividing real meromorphic functions generating M(X). Let
H be a contractively included subspace of the Hardy space HZ% on . = X_ such

that its generalized orthogonal complement K is invariant under RY' and RY?
for all Jm () < 0 and the structure identity holds in HI. Furthermore, we
assume that the elements of K have analytic extensions with bounded point
evaluations to a connected neigborhood of the poles of y1 and yo and of the
preimages of the singular points of C. Then H is of the form

H =THE,

for some (¢, ¢)-contractive mapping T .

The Beurling’s theorems in [26] and [72] assume that H is invariant under
all multiplication operators belonging to some algebra of functions (in [72],
the collection of functions analytic inside a multiply connected domain R and
continuous in R). Hence, we are motivated to formulate the following version
of Beurling’s theorem.
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Corollary 5.11 (Beurling’s Theorem for Finite bordered Riemann surfaces:
version ITI). Let . be a finite bordered Riemann surface and let X be its double.
Let H be a closed subspace of the Hardy space H»C% on & = X_ corresponding

to Ee To such that the following conditions hold:

1. H is invariant under the multiplication operators by all functions in the
algebra of functions analytic in . and continuous on ¥ U 0.7 .

2. The elements of H* have analytic extensions with bounded point evalua-
tions in an open neigborhood of a relatively open set U C 0.7 .

8. There exists a pair of dividing functions y, and yo such that their poles
and the pre-images of the singular points of the corresponding algebraic
curve belong to U.

Then H is of the form

H =THE,
where T is a (C, Z)—inner function for some ¢ € Ty.
Proof: The functions fi(u) = m and fa(u) = yz(ul)—ﬁ (where o, 8 € C_)

are analytic in . and continuous on . U 0.%. Therefore, by assumption, H is
invariant under the multiplications by f; and fs. It remains to apply Theorem
5.3. O

We note that every dividing function has poles on every boundary component
and hence a necessary condition is that UNX; # () for j = 0,..., k. It is plausible
to assume that it is a sufficient condition for the existence of the required pair
of dividing functions, see [25] for related results in the case of planar domains.

6. Compressed multiplication operators on compact real Riemann
surfaces

We begin by giving an alternative definition of the compressed multiplication
operator MY which is applicable also when y has arbitrary poles. Let S be a
finite set of points in X. We denote by MS(LZ@) A) the vector space of germs

of meromorphic sections of LZ® A in a neighborhood of 8§ and with poles only
in 8. Then, we consider the decomposition

Ms(Lz @A) =Ms + (L@ A) @& Ms,—(Lz @ A),

where MS’+(LZ® A) denotes the set of germs of holomorphic sections of LZ® A
in a neighborhood of 8§ while MS,—(LZ@’ A) is the set of global meromorphic
sections of LZ® A with poles in 8. This decomposition is indeed a direct sum
decomposition, since by assumption LZ® A has no global non-zero holomorphic
section and therefore

M57+(Lz® A)N M&_(Lz(@ A) = {0}.
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The sum of the two subspaces equals all of Mg (LZ@) A) since there exist global
meromorphic sections with any prescribed principal parts, see (6.2) below. For
feMs (LZ® A) we write the corresponding decomposition as fi + f_. We fix

a real meromorphic function y such that all the poles of y belong to 8§ and we
define

MY MgﬂL — MS)JF
f(p) = (y(p)f(p))+-

In other words, MY is given by

(MY f)(u) = y(u) f(u) + cf(u).

Here f is a holomorphic section of LZ® A in a neighborhood of 8 and cy is the

unique global meromorphic section with divisor of poles contained in the divisor
of poles of y, such that y(u) f(u) + cf(u) is analytic at the poles of y.

It follows immediately from the properties of the Cauchy kernel that in the
case when y has only simple poles the new definition of MY coincides with the
definition of the model operator in (3.5). It also follows that we can write the
model operator when y has also non-simple poles as

FUE™) e ()
am’_jmKE (u, T(p*™)), (6.1)

where the set of the poles of y and their orders are given by (p(m))nm:1 and
s™"™ . respectively, and where a,, _; is the —j-th Laurent coefficient of y at
(8™ )1, T€SP v, - j y

p(™) (see also [10, Equation 4.21]). Here (and in the rest of this section) we use

the notation "

def & G

= — —KY"(u,w), 6.2
ou ow' ¢ ( ) (6:2)

where the derivatives are computed with respect to some local coordinates (in

coordinate free terms, this is a higher order connection for the corresponding line

Kg’l) (u, w)

bundles). In particular, Kéo’l)(~7 w) is a global meromorphic section of LZ® A

which has a pole of order [+1 at 7(w) with the principal part, in terms of a local

coordinate ¢ centered at 7(w) used to compute the derivative in (6.2), given by
1!
—

In order to prove Theorem 6.2 below, we first present some preliminary re-
sults. The next important result appeared partially in [10, Theorem 4.10]. Here,
we present a more general statement with a comprehensive and an alternative
proof.

Theorem 6.1. Let 8 be a finite set of points on X and let A be the algebra
of meromorphic functions on X whose poles are contained in 8. The mapping
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y — MY, where y is a meromorphic function on X whose poles are contained
in 8, is an algebra homomorphism from A into the algebra of linear operators
on the vector space MS’+(LZ® A).

In other words, for a two-variables polynomial g(x1,x2) and pair of mero-
morphic functions y1 and yo with poles in 8, the model operator satisfies

MIW1v2) — g(MYr, MY2).
In particular, MY1Y2 = MY MY2 and MY*T92 = MY 4 MY,

Proof of Theorem 6.1: Let f = f; be an element in MS’+(LZ® A), then,
by definition, M¥17¥2 f = MY f+ MY2 f. We set MV'MY2f =h, = (hy +h_)4
and we show that hy = MY1¥2f. We also set ys - f+ = g+ + g— and then we
have

=y1(p) (v2(p) f(p) — 9-(p)) — h—(p),

and hence

y1(p)y2(p
However, h_(p) + y1(p)
0 (yl( Jy2(p)f(p )) =

The main result in this section is given in the next theorem.

)F () = he(p) + (h—(p) + y1(p)g—(p))-

p)g—(p) is a global meromorphic section with poles in 8,
hy(p) and M¥1¥2 f = h follows. O

Theorem 6.2. Let y; and y2 be a pair of meromorphic functions on a compact
real Riemann surface X. Let us assume that the structure identity, given in
(4.1), holds in a reproducing kernel Hilbert space X for a pair of meromorphic
functions y1 and yo. Then, the structure identity holds for all functions in the
algebra of meromorphic functions generated by y1 and ys.

We start with the following technical result required later in the proof of
Proposition 6.6.

Lemma 6.3. Let a,b,d € N such that 0 < a,b < d and let cq,...,cq be a
sequence of real numbers such that co # 0. Then, the equality

d—1—a ; d— q q+t—1, d—t
Cd—(jtat1) OIFP Z qu z Yy

lim : . =0pq 6.3
z,y—0 = b']' oxJ 8yb ZZZO Cp.'L' Zp:() prp b7 ( )
holds, where & stands for the Kronecker delta.
Proof: Along the proof, we use the notations f(z) def Zp 0 Cp?,
det 1 d" 1 def “
= ——— d h = —n).
el |, ] 3 gllgtn =)
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According to Leibniz product rule, the following identity holds

. 5i+b Z Leq Ef:_f gatt—lyd—t B i i j'g [1]
z,y—0 OzI OyP f(z) f(y) k=0 l:o -0t =0

li—k)+(b—1) 424

lim ———— ) gdtt =t
z,y—0 Jxd—koyb—!

)
t=1

(6.4)
The two-variable polynomial in the numerator on the LHS of (6.4) has zero
coefficients for all monomials of combined degree less than d — 1, and the same

is therefore true after multiplying it by the Taylor series of m Hence, all

mixed derivatives of orders j and b such that j + b < d — 1 are zero. Since the
outer sum on the LHS of (6.3) is summed up to d — 1 — a, the LHS of (6.3) is
zero whenever b < a.

We move to consider the case where a < b. First, we note that

d—1 k)+(b-1) ¢
S §l—R+( )Zf““dt
‘ 0 Dai— kyb—L

q:
(=IO =DleG-ry+-1-@-1) d—1<(G—k) +(0-1),
0 otherwise.

Here we repeat the same argument (as used in the b < a case), we note that
if j < d—-0b—1, the mixed derivatives on the LHS of (6.4) are again zero.
Whenever d — 1 < b+ j, the RHS of (6.4) becomes

. :bu pu-m+o-n &L 4
RHS:J;EOZZ 1) Dzi—F bl Zcqzxq Yy
k=0 1=0 q=0 t=1

Jj+b—d+1 s

> dlgls — Ublglllcib-ar1-s-
s=0 =0

The last equality is the result of setting s 4f k + 1. It follows from the last
observation that the LHS of (6.3) can be rewritten as follows (we just set j' =
d—1—-a—j,b=b—aand m="V —j):

d—l—a J+b—d+1 s
LHS = Z Cd—j—a-1 Z Cjtb—dtl—s Z gls — gll]
j=d—1-b 5=0 =0
b—a b—a—j’
= Z beafj’fscj’h[s]
j’'=0 s=0
b b
= h[s] Z Crm—sCb/ —m, - (65)
s=0 m=s
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We note that h[s] is just the s-Taylor coefficient at zero of ﬁﬁ (recall that

¢o # 0). On the other hand, er)r/z:s Cm—sCh—m 18 the (b — s)-Taylor coefficient
at zero of f(z)f(z). Hence, (6.5) is the b’-Taylor coeflicient at zero of the mul-
tiplication of f(x)f(x) and -1~ +%~. The ¥'-Taylor coefficient of the function

@) fl@)
identically equal to one is clearly equal to zero whenever ¥’ > 0, or equivalently,
when b > a and equal to 1 if & = 0 or b = a. Hence the claim follows. O

In the next proposition we will show that the structure identity is equivalent
to an appropriate colligation condition for the model operator. To identify
exactly the matrix appearing on the right hand side of the colligation condition,
we will need the following two technical remarks.

Remark 6.4. For each component X; where 0 < i < k — 1, one may attach
a sign (=1)" with p; = 0 or pu; = 1 as a sign of an appropriate differential
(if in addition X is of dividing type and Xg is given the natural orientation,
then p; = 0 for all i). Then, for any [ € f/&'@ A, where Z e T, and for
any p € X; we have f(r(p) = (=1)*1"i f(p) (we set vy = 0). Furthermore,
sign Kg(q, q) = (=1)*t¥i where q is close to X; on the positive side with respect
to the chosen orientation. For more details we refer to [10, Section 2].

Remark 6.5. Let y(p) be a real meromorphic function with n poles of order
st,...,s™. Then, the poles of y are either real or appear as conjugate pairs
(recall that our compact real Riemann surface X is not necessarily of dividing
type and y is not necessarily dividing). We denote by (p(’”)):zl the real poles,

and by (p(r))::ifl the m pairs of non-real poles (n =r + 2m).

Proposition 6.6. Let y be a real meromorphic function on a compact real
Riemann surface X. Let X be a reproducing kernel Hilbert space of section of
LZ®A which is invariant under the operators RY,, R% and MY for fixed o, 5 € C.
Then the structure identity (4.1) is equivalent to the colligation condition (2.10)
for the operator MY. Here ® = ®,, is the evaluation operator that maps a section
f holomorphic at the poles of y to the values of f and its Taylor coefficients of
order up to s" — 1 at p\") wherer =1,...,n. o = oy s defined by

Pl

r+2
Oy = P9+1 PO 5 (66)

0 Pr+2m
prt2m-1 0

where P" are upper-skew-triangular Hankel matrices (Hankel matrices with zero
entries below the main skew-diagonal) of sizes s where the (v, d)-entry (where
7,0=0,...,8" =1 and v+ < s") is equal to minus the corresponding Laurent
coefficients a, _( 4541y of y at the pole p"), see (6.8), with PY,..., P further
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multiplied by (—1)*1"i see Remark 6.4, depending on the component X; con-
taining the corresponding real pole.

Proof: First, using the notation in (6.2), let us consider the following version
of the collection formula °

i(y(v) = y(r(w)) Kx(v,w) =
n o KO0, r(™) KOO (p),w)
¢

> A s— . (6.7)

!
r=18,y=0

~!

Here A = Diag,_; ., [Arys], 520 o1 is a block diagonal matrix (we will
also write A, to indicate the dependence on the meromorphic function y when-
ever needed for clarity) with entries defined by (6.10) below.

To see that (6.7) holds, we fix w = wy € X, such that wy ¢ P(y) and
y(wp) has n distinct pre-images. Then, both sides of (6.7) are meromorphic
sections of LE® A in v. Furthermore, both sides of (6.7) have poles at (p(™)"_,

of orders (s")I_,, respectively, and the additional singularity on the left hand
side at v = 7(wp) is removable. We set the entries of A to be the negative
Laurent coefficients of y at (p("))?_; such that both sides of (6.7) share the
same principal parts. More precisely, we use a local parameter t, centered at
p("). We assume for later purposes that ¢, is real on X; and compatible with
the chosen orientation if p(") € X; is a real pole, and that the local coordinates
centered at complex conjugate poles are complex conjugate to each other. Then,
the expansion of y(-) at p") is given by

Y(v) = ar_ort, (V)7 F . ap e (0) T 4 (6.8)
while the expansion of the Cauchy kernel Kz(p(r), wy) is

oo

~(v, wp) Z KY O) ™) wo)ty (v).

:0

Hence, the Laurent coefficient of ¢,.(v)~" (where 0 < [ < s™) of the LHS of (6.7)
is
s"—1

Z%,—(m) 7l (j’ '™, wo). (6.9)

7=0
To get the coefficient of ¢,.(v)~! on the RHS of (6.7), we recall that Kéo’"’)

has a pole of order v + 1 at 7(p(")) with principal part —ﬁ (see remark

5 We note that this generalization of the collection formula is written in terms of the
Hermitian Cauchy kernel and not in terms of the non-Hermitian kernel as in Definition 2.1
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above). We therefore set 7 = [ — 1 and obtain that the coefficient of ¢,.(v) ™" on
the RHS of (6.7) is

o KEV00,w)
P Ay
6=0 '

To match this to (6.9), we take j = 0. We see that we need A,.,; = 0 for
j>s"—1, ie, for v+ > s" — 1, ie., the s" x s" matrix [Ar;%g]f;gzlo is skew-
upper-triangular where for the elements on or above the main skew diagonal we
obtain i%ar—(y+5+1) = %!Ar;%g yielding finally

Ay, — 0 Y+ §< s,
Y0 = ooty . (6.10)
0, otherwise.

Since, by assumption, there are no non-zero global holomorphic sections, we
may conclude that (6.7) holds for any v € X.

It is convenient to use the following notations (see Lemma 4.3)
F=(MY—al)™'f and G=(MY-pBI)ly.

Recall that using (4.4), F' and G are the images of resolvent operators acting
on f and g, respectively. Thus, the left hand side of the structure identity (4.1)
can then be rewritten as

(MY — o)~ f,g) = (f, (MY = BI)"'g) —
(a=B) (MY —al)~'f, (MY — BI)"'g)
=((MY — BI)™* (MY)* — MY) (MY —al)"" f,g)
— ((MY)* = MY)F,G). (6.11)

We then substitute (6.7) (with v = 7(v®) and w = 7(w®)) and (6.11) on the
LHS and RHS of structure identity (4.1) (multiplied by (—1)), respectively, and
we get the expression

g(v®)
dy(v(®)

w®
P (), )

(MY = (M) VRG) = (= B) D o

n s'—1 n w(l)
=—iy >, (Z dfy((w(l))) Kéé’o) (P(T)aT(w(l)))>

0 n O (1 (®) () @
161 (ZKE (r(®), 7(p ))dy@m))'
(6.12)

Noting that y(w®) = a, the evaluation of f at w®) in terms of F' (an equivalent
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formula ties G and g) may be written as (see (6.1)):

Flw) =(MY — a) ( )

—k) (p(m)
LSS u—k <(zf )> KD w0, 7 (pm)).

m=1 k=1 j=k

We write the first inner sum on the right hand side of (6.12), as follows:

= fw® B (pm)
; dy(w<l> KW = Z ZZ“’" - %

m=1k=1j=k

n KOV (0, r(w®) KLY ), r(p0m)

g ; dy(w®)
(6.13)

Differentiating the collection formula for the function y(.)%a, with simple poles

w® | § times with respect to v and k — 1 times with respect to w leads to

n KO (0, () KEH (@b, 7 (w))
E ey B

o POtk 1 1
oot <y(v) —a yw) - a) Kv, m(w)). (6.14)

Therefore, the inner sum in (6.13) vanishes whenever p() # p("™). Furthermore,
we change the summation indices to be 5/ = j —k and k¥’ = k — 1 and the RHS
of (6.13) becomes

sT—1—j

s"—1
. FU)(pry* Gy, — (5’ +1+K")
Z Z r6) Z Sroi) (6.15)
i'=0 =0
. K(50)(p(7"),T(w(l)))Kio’k/)(w(l),T(p(T)))
¢
; dy(w®)

Evaluating the RHS of (6.14) at 7(w) = v = p"), using the local parameter t,
centered at p(") (notice that since v, k' < s” — 1 we can omit higher order terms
in ¢t(v) and t(w)), leads to

ot 1 ( t(v)*"
Ot(v)00t(w)¥ tp(w) — tr(v) \ r —sr + ... + (ar0 — @)t (V)"

Ar—sr + ...+ (arp — @)ty (w)*" ) t)=0"
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Thus, (6.14) becomes

§ Kéé 0)(p(r) r(w (l)))KéO,k')(w(l)7T(p(r))) . Ho+k
Z dy(w®) o (3 (0)2 0t (w)*

S r—p Sz br(w)* T (v)

(ar,—sr + ..o+ (aro — @)t (W) )(ar —sr + ... + (@ro — Oé)tr(v)sr))tt((v)):%.

(6.16)

Substituting (6.16) in the RHS of (6.15) leads to

s"—1 i’ sT—1—j' /
Z F(] )(p(r)) Zj ar,_(j/+k/+1) 66+k
= 4'! fr k! Ot(v)0ot(w)¥

Zﬂ 1 0r,— Zn 0 ( )S 7ﬁ+ntT(rU)srilin

(ar,—sr + ...+ (aro — )t (W) )(ar —sr + ... + (ar,0 — @)t (V)5") tt(('u))i([))

(6.17)

?

and, by applying Lemma 6.3 to the inner sum in (6.17) (with d = s", a = j/,
b=46,c =a,. ), weconclude that (6.15) is just equal to F(®) (p(")). Similarly,
for the second inner sum in (6.12), we have

U(t)

n t
KO ) (o) L)

,7) (t) (r)
Z K T dy(v(®)

:G”KNP”D.

Finally, we move back to evaluate (6.12) and we summarize:

GO p<r> FO ()
(MY — (M¥)")F, G) :_ZZZZ Am,éT

r=1~=0§=0
=—i®y(G)" Per (y) Ay‘I’y(F )
=i®,(G)* o, O, (F).

Here ®, returns for each pole p") of y the first s” — 1 Taylor coefficients, more
precisely,

M)
O, fr Q,OI,H J_OCOL_I s (6.18)

Moreover, the matrix o, is equal to —A, (defined in (6.10)) up to the blocks
permutation corresponding to conjugate poles of a real meromorphic function
y and up to the signs associated to each boundary component, see Remark 6.4.
We denote the corresponding signed permutation matrix by

Per () (7 3, ) (6.19)
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where

0 Iry2
Ir+1 O
R, = Diag (-1)"»"1,), C,= - ;
j:1,..‘,r 0 Is"+2m
Irqom—1 0
and where i; is defined by pl) e X, (]

We note that the matrix o, is selfadjoint. It is an immediate consequence
of the assumption that y is real (and hence the Laurent coefficients of y, with
appropriate choice of local coordinates, are real at real points and conjugate to
each other at complex conjugate points).

In the upcoming proofs we extensively use the following notation.

Notation 6.7. We denote by P(yx) the set of poles of yi, we set n = |P(yx)|
for k=1,2 and n = |P(y1) UP(y2)|. The set of poles is denoted by (p(m)):pl
and we denote by s} the order of yj, at a pole p™ (we set syt =0 when pm) ¢
Pyr)), for k =1,2 and m = 1,...,n. Furthermore, we denote the cumulative
order of a pole by s™ = sT* + s5* and the maximum by §™ = max(sT?, s5*).

The operators ®11, Poo, P12 and 612 return the Taylor coefficients of a sec-
tion f of LZ®A at the poles of P(y1) NP(y2)¢, P(y2) NP(y1)¢, P(y1) NP(y2) and
P(y1) N P(y2), up to orders of sf* — 1, s§* — 1, s™ — 1 and s™ — 1, respectively.
@f(m), @S(M) and q)f;m) return the first s7*, s5* and s™ Taylor coefficients of f
at p{™) | respectively.

The block matrix KE{Pl, Py) is defined by

k1,k m m
K’E/ 1 2)(p§ 1)7T(pé 2))) (ml) (mZ)
T . p1 ) €P(yr) and py € Pya),

k17k2 mi,msa

wheremy =1,...,n1, k1 =0,...,8"" =1, mg=1,...,n2, k=0,...,852 — 1.
Similarly, we define the row vector Kz(u,Pg):

Jk m
KOO rp™)
Kz(u,Pg): Row Row . vy € Plye).

m=L,...,n¢ k=0,...,s7"—1 k!

() (ma) KR (p{m) r(p(2)))
For the case p; ' = py */, we replace

Ty kgl mn KZ’(PlaPQ) by
the coefficient of t1,m, (w)k1, where t1 m, (u) is the corresponding local coordinate,

KO (w7 (p{"2)))

in the Laurent series of —< (ma),

at py

Remark 6.8. Using Notation 6.7, the model operator (6.1) can be written in
the following form

MY f(u) = yr(u) f(u) + K (u, Pr) Ay, By, (f), (6.20)

k2!
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where Ay, is the block diagonal matriz with upper-skew-triangular Hankel blocks
given by (6.10).

Proof of Theorem 6.2: Using Proposition 6.6, it is sufficient to prove that
for an arbitrary two-variables polynomial g(x1, x2) with real coefficients and the
meromorphic function z = g(y1,ys2), the operator M* satisfies the appropriate
colligation condition. It is enough to show that if the colligation condition holds
for M¥* and MY? then it holds for MYt 4+ M¥2 and MY MY2. We let @, = @, ,
see (6.18), and oy, = gy, , see (6.6).

First, by summing the colligation conditions for M¥* and MY2, we simply
have

MY+ MY2 — MY — MY = i®%01®) + iDf0a®y = id*od,

where & = &, @612@@22, see Notation 6.7, and o = 011 D012 D 0a2. The block
diagonal matrices 017 and 032 contain the blocks corresponding to the Laurent
coefficients of y; and y2 at the poles in P(y1) N P(y2)¢ and P(y2) N P(y1)C,
respectively. The matrix 012 contains the summation of the Laurent coefficients
of y; and y, at the joint poles. As for the case where a joint pole does not
belong to P(y; +y2) or its order is less than 8™ for y; + yo, then the matrix 712
will contain zeros at the corresponding entries. Thus, the colligation condition
for MY+TY2 follows.

Our next aim is to show that the colligation condition for M¥1¥2 holds with
Oyrys &S constructed in (6.6) and so we first examine the block entries oy, y,,

more precisely the Hankel matrix A, ,,, corresponding to the pole (") see
(6.10). Tts (v, d)-entry is

k+s”

Ay yorirs = D Qlp—ar1j02 sk, V+0 <5, (6.21)
i=0

where k = —(y+d + 1) and a;,. and ag,,. are the Laurent coefficients of y;
and yo respectively at p("). Then one may show that (6.21) becomes

T
r T
Ayyor = <Ay1vTYT2> 4 <Ay2vT¥1> , (6.22)

where Y7 and Y, are Toeplitz matrices of sizes s5 x s and s] x s”, respectively,
given by

Qgrn—g5 Sp=>0—
- { Z,T,’y 5 /¢ = fy (6 23)

0 sy <d—v

(the entries of the first and the second matrix products on the right hand side
of (6.22) correspond to the index j < s] —y —1 and to j > sT — 7 in (6.21),
respectively).

Moving on to examine MY1¥2 = MY1MY2 one can show, using the com-
mutativity of MY and MY2 and the colligation conditions associated to y1ys
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(Proposition 6.6), the following
1
g(<My1My2f,g> _ <f7My1My2g))
1
= (@M, ®1g) + = (M f, MY g) = (f, M"' M"g))

= (0121 M* f, @19) + %(<My2f, MY g) = (f, M¥M" g))
= <O’1‘b1My2f, (I)lg> + <O’2(I)2f7 ®2Mylg> . (624)

For the sake of simplicity, we first assume that P(y1) N P(y2) = 0. It follows
that the expression in (6.24), using the matrix representations as presented in
(6.20), becomes

ST, g) — (M7 Mv2g) ) =
=®(g)"01 (<I>1(y2 )+ iKg(PhP?)Ayz‘I)z(f)) +

(@201 -9)" — i91(9) A K P, 1)) 02®a(f), (6:25)

where KE’(P27 Py) is defined similarly to KZ(Pl, Py).

We now show that two of the terms in (6.25) vanish. Using the hermi-
tian structure of the Cauchy kernels, we have KZ(PQ, P)* = K'Cv(T(Pl), T(P2)),
where the last matrix is again similarly defined. Furthermore, using the signed

permutation matrices corresponding to real and complex conjugate poles, see
(6.19), we have:

UlKE(P17P2)A-y2 — AleE(T(P1)7T(P2))O'2 =
Ule(Pl,Pg)Ayz - AZI Per (yl) KZ(P17P2) Per (yg) g9 = O, (626)

since o, = — Per (yx) Ay, = —Aj, Per (yi), see Proposition 6.6.

For the remaining two terms in (6.25), since we assumed that P(y1) N
P(yz) = 0, it follows from (6.22) that for all p(") € P(y1), Ay yor = Ay, rYe
and the matrix Y5 is a square lower-triangular Toeplitz matrix consisting of
1,0y +501,rs7—1. The k-th Taylor coefficient (0<k<s" =s7) ofyof at ()
is equal to Z?:o agmk_jw

®1(y2f) = Diag (Y3) P1(f),
p(MeP(y1)

. Then we may write

and similarly for ®a(y; f), and (6.25) becomes
1
(MM 1 ) — {7, 9 Mveg) )
=®1(g)"01 Diag Y7 ®1(f) + P2(g)*( Diag Y{)"02Pa(f)

p(MeP(y1) p(MEP(y2)
_ * 91 Diagp(T)Eﬂ’(m)(Y;) 0
=(01 ® P2)(9) ( 0 72 Diag, 1)y, (7)) (21 P2)()

:(I)ylyz (g)*aywz (I)ylyz (f)
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Notice that when passing from the second line to the third line, we have used
the block diagonal structure of the matrices o, with the selfadjoint diagonal
blocks at the real poles and the selfadjoint 2 x 2 off diagonal block matrices
at the complex conjugate poles, see (6.6). Notice also that in the case where
y1 has a pole at p{™) and y, has a zero at p(") (or vice versa), so that the
order of the pole of y1ys at p(") is less than s”, the main skew diagonal (and
possibly some higher skew diagonals) of the Hankel matrix A, , Y5 will be zero
since in the Toeplitz matrix Yy the main diagonal (and possibly some lower
diagonals) will be zero. It follows that we can omit these zero entries and the

FED (M) g™ (™
correspondlng entries (p ) S,(I,) ) (and possibly some lower derivatives)

n (&1 @ B2)(f), (P16 <I>2) )7 so that the equality between the third and the
fourth lines in the above calculation still holds.

For the case of a pair of meromorphic functions with common poles, it follows
from the block diagonal structure of the matrices o that it is enough to verify
the colligation condition for a single pole (or a pair of complex conjugate poles)
and that the previous argument still holds for p(™) € P(y;) N P(y2)¢ and for
p) € P(ya) N P(y1)¢. In order to examine (szm M2 f for p") € P(y1) N P(y1),
we first evaluate the k-th Taylor coefficient of M¥2 f(u) (k < s}) at p(™). We
consider the expansions of ya(u), f(u), and K(Ol 1)(u,T(p(’“))) using the local

coordinate t,(u) centered at p(") and then

dkf 1 sy sh G/QT—jf(J (tr(u)) (0,1-1)

£ = 0

T 7 | vt +z;; o Ko@)
sy+k sy Sh

f‘j)(p(’")) K a5 FID (W) [ 0a) \
—Zaww T “;; z(j—l)!(lfl)! (K~Ol (u, 7(p! ))>)

:[a2,r,ka--->a2,r,—sga 07"'a0 ]©1102 (f)+

;. Row
Zl ,O,€2(l—1)

where (K(Ol 1)(u (p ))))k denotes the k-th Laurent coefficient and @f;)(f)

consists of the Taylor coefficients of f up to order s” — 1 since k varies between
0 and s] — 1. The first row matrix appearing on the last right hand side is the
row number k of the Toeplitz matrix Yy (here Y is not a square matrix since
s™ #£ 0, see (6.23)) whereas the second row matrix is the same row of the block

KZ(Pl(T), Pz(r)) in Kz(Pl7 P,) corresponding to p; = pa = p("), see Notation 6.7,
and then we have:

d¢ 1
Y2 £ y2
@ = rm000h s ( OLREAY )|t(u>=o>

=y b, (f) +iKA(P{", P{") Ay, 98 (f).
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Similarly, we have
() rap(™ . r r ()
B (MY g) = Y By (g) +iKAPy” P Ay, @7 (f).

If p(") is a real pole, we substitute the last two equalities on the right hand
side of the last line of (6.24), repeat the same argument as in (6.25)—(6.26) to
see that two of the terms vanish, and for the remaining two terms we have up

o ™
multiplication by —(—1)#i»t¥ir (we expand naturally ] and ®  to ®7,")

(r) ()

* r ™ 2 * T\* A ¥
(9)" Ay, Y35, (f) + @55 (9)" (Y1) AJ, .25 (f)

~ofy 0 ((28) + (O1)7P5 o)) o)

OsgxsT

oy

The sum in parentheses is exactly the matrix A,,,, r, see (6.22) above, so that
we obtain the diagonal block corresponding to p{™ in Oy,y, Of the colligation
condition for M¥1¥2. The calculation for the case of a pair complex conjugate
poles is similar. O

To conclude this section, we present the proof of Theorem 3.6, but first we
present a short technical lemma.

Lemma 6.9. Let G be an s x s upper-skew-triangular Hankel matriz (a Hankel
matriz with zero entries below the main skew-diagonal)

Gi7€:gi+€+la 0§€7i<87 Zb—"_£<87
where gs # 0. Then, the inverse of G is a lower-skew-triangular Hankel matriz
which is given by
di+£+1 1

G71 L= - .
( )zl dxiti+1 (Z + 0+ 1)'9(3}) =0

0</ti<s, L+i>s—1,

where g(x) = > i_, iz~ " + g1(x) for any g1(x) analytic at zero.

Proof: Let us denote the lower-skew-triangular Hankel matrix given in the
lemma by F'. Then for a < [ (otherwise, the entry is zero) we have

s—a—1 B—a
(GF)O[,g = Z Ga,iFi,ﬁ = Z Ga,sfﬂ%»ilesfﬁJrifl,ﬁ
i=s—f—1 i=0

— dst 1
- ; 9= (0~0-0) gt (5 1 1)l (2)

=0

which is the (8 — «)-th Laurent coefficient of the multiplication of g(z) b

1
Y 9(z)
and hence equal to 03 4. O
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Proof of Theorem 3.6: To prove the validity of the right most equality in
(2.17), we first define the unitary mapping U by (3.9). Therefore, we have

U: h—on(p) =0 (p)(€o)P(EA - Ey(p)~'h,

where €0, £A and £y(p) stand for £101 +&x09, 1 A1+E2 A and &1y1(p) +E2y2(p),
respectively. We fix an arbitrary element h € H, we consider a local coordinate
t;(u) centered at pi¥) € P(y;) U P(yo) and we fix (&1, &) such that &y(p) has a
pole of order &7 at pU¥) for all j (see Notation 6.7; notice that this is equivalent
to £o being invertible). Then the operator valued function (€4 — £y(p))~! has

a zero of order &/ at p¥) with the &7,...,28" — 1 Taylor chfﬁcients equ_al to
those of %IH. We recall that 0, (p) has a pole at (p\9)) of order &7. Tt

follows that ¢y (p) is analytic at the poles of {y. Let @y (p) be the vector
of the Taylor coefficients of ¢y, (p) at the poles of £y(p) as before (6.18). Then,
applying Lemma 6.9 to £y at each of the poles p'¥), we have that

Deyon(p) = —Ag U (E0)@h. (6.27)

Here Ag, is the block diagonal matrix (6.10) with upper-skew-triangular Hankel
blocks consisting of the coefficients of the singular parts of {y(p) and U} denotes
the n x n matrix with rows the coefficients of the principal parts of u;(p), that
is,
U = Col Col (W))(j.—)- 6.28

L =1, Py UP ()] k:1,..4,§j( R (6.28)
where (-)(; _) denotes the —k Laurent coefficient at p¥/). It follows from (6.27)
that ®h = @Mod(@h)y where

Prod = _(50)_1(ﬁlx)_1A§yq>£y' (6.29)

In particular, when y; and yo have simple poles and one considers the canonical
determinantal representation constructed explicitly in [16], see Steps 1 & 2 of
the proof of Theorem 4.4 in Section 7, we have (j‘lX = Per (y1,y2) (see (7.12)),
&0 = —Per (y1,y2) A¢y and hence ®yroq = Pgy; for the general case, see Remark
6.10 below. We note that ®pjoq in (6.29) does not depend on the selection of
(&1,&2) since (3.8) does not depend on (£1,&2), see Lemma 3.4.

To verify the validity of the two remaining identities in (2.17), we illustrate
and continue the calculation for the operator A; and the direction & = (1,0)
(we can always assume by a linear change of variables that oy is invertible and
s7 = & for all j):

X
u,

=0, (p)o1®(A1 —y1(p)) " A1

=0 (p)o1® (A1 — y1(p)) ™" (A1 = y1(p) +31(p) b
=y1(p)en(p) + U/ (p)o1 Ph. (6.30)

Substituting (6.27) where { = (1,0) shows that the second summand on the

right hand side of (6.30) equals —u, (p)(U;*)"tA,, @y, ¢n. However it follows

©AR(D)

47



from the definition of U* that @)X (p) and —z'KZ(p, Py)U have the same poles

and the same principal parts. Since these are row vectors with entries sections
of LZ® A and since LZ® A has no global holomorphic sections it follows that

0 (p) = —iKz(p, P)U). (6.31)

Therefore the second summand on the right hand side of (6.30) equals iKE(p, P)A,, D, ¢,
and this leads to

va:n(P) = y1(p)en(p) + iK(p, Pr) Ay, By, -

This is, see (6.20), the definition of the model operator M¥! ), corresponding
to Y-

Finally, it remains to show that the Hilbert space H(T) = {@p : h € H}
with the inner product inherited form H, is a reproducing kernel Hilbert space
with the reproducing kernel (3.1).

We use the properties of the characteristic functions of the vessel V. Since
u(p) = u*(r(p))*, (2.21) and (2.18), together with T'(p)T(7(p))* = 1 and
(2.15), imply that

T(p)u) (p) = 6 (p)EaW (&1, &2, Ey(p)) (Eo)

Together with an identity which is presented in the next section, see (7.23)
below, and (2.22) applied to both the input and the output determinantal rep-
resentations, this yields the following

Kr(p,q) =T(p)Kc(p, )T (q)" — K(p,q)
Ty (p) o) () T(9)*  u/f (p)(ﬁa)fizx( )*
—i(¢y(p) — €y(q)) —i(¢y(p) — €y(q))
§oW (&1, &2, Ey(p)) (o) " W (&1, &2, Eu(9))* £J—£JGX(q)*
—i(y(p) — €y(0)) l
=0, (p)(E0)P(EA — Ey(p)) (€A — €y(q)) "™ (E0) 0 (9)".

Thus, we may conclude that

(on(p), K1 (P, )¢y = (hs (EA — €y(q)) T 0" (€0) 0 (0)")
=1, (¢)(§0)P(EA — Ey(q))~'h
=on(q)-

=u; " (p)

Remark 6.10. Let us define analogously to (6.28)

U* = Row Row (W) _p),
S O 9 ey o, (B G
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then it follows as in (6.31) that
u” (p) = ZUXKZ(Php)a

where the column vector KE(Pl,p) is defined similarly to Notation (6.7). Plug-
ging (6.31) and the last equality into the first identity of (2.22), and compar-
ing to (6.7), which can be rewritten as Kz(p, Pl)AgyKE(Pl,T(q)) = i(&y(p) —
§y(0)) K(p, q), yields then —UXEoU* = Agy. It follows that (€0) " (U)' Agy =
—U* and then finally it follows from (6.29) that ®req = (UX)Pey.

Remark 6.11. Using the notations introduced above, my may generalized Re-
mark 3.3 for the general case of not necessarily simple poles. In general, the
joint characteristic function S satisfies the property that S(p) — I has zero at
pY) of order 57 (this is referred to as equal to identity at infinity, see [46] and
the remark in [15, p. 280]). Then, we consider a block diagonal matriz where
the j-th block is a lower triangular Toeplitz matriz with the (a, B)-entry equal
to the Taylor coefficient T o—p of T at p) (1 < B <a<é). Denoting this
matriz by T and analyzing the power series expansion of (2.21) at each of
the poles p\9), it follows that the equalities in (3.3) and (3.4) still hold (see [46,
Proposition 11.2.2], for a particular case).

7. Proof of the structure theorem

As mentioned in Section 4, our strategy to prove Theorem 4.4 is to embed
the operators MY and MY? in a commutative two-operator vessel of the form

(MY, MY, X, ®,E;01,02,7,7), (7.1)

where (see Notation 6.7) n = |P(y1) UP(y2)|, E = C", and where ® is the
evaluation operator from X to E at the poles of y; and y-, namely,

f(pM)
f= : . (7.2)

F(™)
The discriminant curve of the vessel (7.1) will turn out to be the image C of the
birational embedding p — (y1(p), y2(p)) of X into P? (see Notation 4.1 (A3)).
Proof of Theorem 4.4: The proof consists of seven steps. We start by re-

calling the relation between the colligation condition and the structure identity.

Step 1. The colligation conditions (2.10) of the collection (7.1) are equivalent
to the structure identities (condition (i), Theorem /.4), where oy, for k = 1,2
are given in (7.4) below.

49



This result is just a special case of Proposition 6.6 which yields the colligation
condition (2.10) for the collection (7.1)

1

(M = (MY)) F,G)y = (ox®(F), 2(G))p k=12 (7.3)

Here @ is the evaluation operator (7.2) at the n poles of y; and y and oy is
given by ‘

o = Per (y1,y2) Diag (c), (7.4)

j=1,...,n

where Per(yi,y2) is a matrix of size n x n constructed as in (6.19) but for the
union of poles of y; and y» and where ¢, is minus the residue of y;, at p\9) and
is set to be zero whenever pl9) is not a pole of y;,. The matrices o; and oy are
selfadjoint, since y; and y, are real.

Step 2. Let 7 be defined by 7 = Per (y1,y2) 7 where

Ll — it p) = p0

=~/ ~
Vil = ( P l) [ —p) ;
cch — el B0 5’ otherwise,

(7.5)

where c,i and h',i, for a pU) € P(yx), are defined by the expansion of yi, at pU)
using a local coordinate t; centered at pi)

c”n m
yr(u) = —ﬁ + hit =+ O([t51),
J

otherwise (p\9) ¢ P(yx)), we set cjk =0 and hi = yr(p")). Then, the output
vessel condition
1 OMY2 — gy d MY = 7P (7.6)

holds for o1 and o9 as defined in (7.4).

The matrix 7 is given explicitly by

(=1 (chhf — chht) T(pW) =p®),  j =k,
5y = 4 chnk — chn (W) =p®, j#k  (77)

(gl-c’g—céc’f) NI —r D) - giperpise,
IO E(P®),7(pt)))

where a real pole pU) belongs to Xi;. 7 is selfadjoint since ¢ € T, and the
meromorphic functions y; and yo are real. This completes the proof of Step 2.
Proof of Step 2: We note that Ay, defined in the proof of Proposition 6.6,
is a diagonal matrix (since we are now in a simple poles setting). Furthermore
(7.6) becomes

A2®My1 — 1&1(1)]\4y2 = Per (yhyg);?/(b. (78)
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Below, for the sake of simplicity, we begin by calculating the j-th entry of the left
hand side of (7.8) for the case where pI) € P(y2) NP(y1)¢, we use b =y (p9))
and ¢ = 0 to conclude:

9[¢)(p® — p))

LHS); = (Ay0?) = ) Fe) ~ > D)

pMeP(y1) ﬁ[@(O)E(p(”,p(j))
o _ . I (p® — p)
= haf(p(J)) —d o f(p(l)) d ) (7.9)
o Z@() F9(E ) BO, p0)

For the case where pl) € P(y2) N P(y1), we use the local coordinate ¢;(u) and
the properties of the Cauchy kernel to get:

1] — — ol f(pW) i j , o

: I[¢) (P — p))
c A f?)—= —,
’ p(j);ép%:e?(yl) ' FIC(0)E(p®, pl))

and similarly for [A;®M?Y2 f];. Therefore, the LHS of (7.8), in the case of a
joint pole, is given by

t]' (u)=0

19~[g] (p® — p)
J[¢](0) E(p®, pla))

LHS]; = (b = dh]) fo) ) 3 dr®)
PV eP(y)
p(j);ép(l)

. (@ — @)

v Y 02— P
PV eP(yz) DIC](0)E(p®, pl))
p(.7)7gp(l)

(7.10)

One may note, using that c,7c = 0 when p¥) ¢ P(y.), that both (7.9) (and the
similar expression for the case where pl9) € P(y;) N P(y2)°) and (7.10) can be
written as

(LHS); =) (k- ch]) -

‘ A I (p® — p))
FW) (& =) — —.  (7.11)
p<l>6%w(y2) (ch ~ete) ) E@®, p)

p(j);,gp(l)

The right hand side of (7.11) coincides exactly with [y’ ®f];, where 7’ is given
by (7.5). This completes the proof of Step 2. O

Before moving to prove Step 3, we make several remarks. At this stage, we

have constructed, using the Cauchy kernels, the output determinantal repre-
sentation of the collection (7.1) from the line bundle Ly® A and the pair of

o1



meromorphic functions that gives the birational embedding p — (y1(p), y2(p))
of X into P2. This canonical determinantal representation was introduced in
[16] (see also [60]), up to left multiplication by Per (y1,y2). It is shown there
that it is indeed a determinantal representation of C corresponding to Z, ie., its
kernel bundle is isomorphic up to a twist (see the discussion preceding (2.20))
to LZ® A (the canonical determinantal representation is always maximal and
fully saturated, the proof is given in [16, Theorem 5.1] under the assumption
that the singularities of C' are ordinary multiple points, e.g., nodes).

The associated left normalized section at v, is given by a vector of Cauchy
kernels at v and 7~ !(c0), namely, it is a vector of form

I (D) —v)
I[CI(0)E(r(p1)), v)
(see [16] and note that here pi¥) is evaluated under 7(-) due to the multiplication
by Per (y1,42))-

The next result follows from the Generalized Cayley—Hamilton Theorem

(Theorem 2.2) since Step 4 below implies that the vessel V is irreducible. We
use a different approach based on Theorem 6.1.

[0 (v)]; =

(7.12)

Lemma 7.1. The joint spectrum of MY+ and MY2 lies in Cjy.

Proof: Let us assume that (A1, A2) € Spec (MY, M¥2). Then, using the spec-
tral mapping theorem, we have

p(A1, A2) € Spec (p(MY*, MY?)),

where p is the discriminant polynomial of the vessel. Furthermore, using Theo-
rem 6.1, we conclude that

p(MY, MY2) = MPWLY2) — .
Thus, p(A1, A2) =0 and (A1, A2) € C follows. O

Step 3. We define v by

(—1)"i5 ™5 (ckhh — ckhk) T(pW)) =p®, j=k,

ik =Wy 4 RS — iR T(pW) =p®),  j £k,
dek k) I[P ("))

172 25 ) 500 B(p® ,r(p0))

otherwise,

(7.13)
where

U =Per (y1,2) [i(CZiC% - CéC{)Kx(p(i),p(j))szl Per (y1,30)

= [z(cllcé — A Ky (r(p"), T(p(j)))}

4j=1,n

Then, the input vessel condition (2.11) and the linkage condition (2.13) hold.
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Since X is a reproducing kernel space, it follows that
20" = [Kx(p”,p) - (7.14)
ii=1,...,n
Then, Equation (7.13) is derived by substituting (7.4), (7.7) and (7.14) in the
linkage condition (2.13).

Step 4. The mapping

ho 0 () (6101 + £202)P(§1 A1 + A2 — Ey1(v) — Ey2(v) " Th,  (7.15)

where h € X, is the identity, in the sense that the two sections of LZ®A coincide
in QN (X \ 7 (Spec (MY', M¥2))).
We prove that the section on the right hand side coincide with h in the

neighborhood of the poles of y; and y,. The statement then follows by analytic
continuation.

Let us recall that the mapping (7.15) is independent of the choice of the
direction (&1,&2) (see [68, Section 3] and Proposition 3.4 above for more details).
Hence, for the sake of simplicity, we illustrate the calculation in the direction
& = (1,0). Furthermore, we take v € € such that y;(v) does not belong to the
spectrum of MYt and y; ' (y1(v)) C Q. A direct computation leads to:

h =0 (v)(1-01+0-02)®(MY —yi(v)) " 'h
=) (v)al@RZi(v (h)

=u,"(v)o1 P

I )
yl( — (v Zdyl u<ﬂ> 9] (0)E(u), )

T u(a) 9 C](u(j) —u)
-2

= A O VOB, )|

=1
n

n (@) Fluld) — p0
~><(U>O_1 Z h( ) 19[(]( p )

= dus () 920 B, p0) | (710

where (u(j))?zl are the points in Q such that y; (u)) = y; (v). Note that using
the 2 x 2 diagonal-block structure of oy (defined in (7.4)), we have
[ h®) 9T —p®) |
[fe s
= A @) 9O B, p) |
_ TZ hu) I — 7 (p)
= (WD) 9[O0) B, 7(p®))

(7.17)

=1
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Note that using the fact that o as given in (7.4) is the product of the signed
permutation matrix Per (y1,y2) and of a diagonal matrix, we have

"~ h?) $~ QD) —v) o I — ")
e zlwl ) 2 TROEEE. 0 TaoEE oy

We use a version of the collection formula as presented in (2.7) to simplify the
second summation in (7.18), which is equal to —dy; (v) whenever u) = v and
zero otherwise. Hence one may conclude that

s — Z h(u?) (=040 ) = h(v),

where 6 denotes the Kronecker delta, that is, d,), = 1 if and only if

)
)

Remark 7.2. Note that the section defined by the mapping (7.15), can be ex-
tended analytically (with bounded point evaluations) to QU(X \7~1(Spec (MY, M¥2))).
Since the operators MY, MY2 have finite dimensional non Hermitian parts, the
spectrum of MY+ and MY2 contains real points and isolated non-real points.
Therefore, we can assume without loss of generality that also X \ Q contains

real points and isolated non-real points. In particular, Q N 7(Y) is open, con-
nected and symmetric, and therefore, without loss of generality, we may assume

that 2 is symmetric.

Step 5. The reproducing kernel of X restricted to 2\ w1 (Spec (M¥*, MY2))
is given in terms of the complete characteristic function W (2.14) of the vessel

(7.1) by

_ui(p)Eo)u) ()

Bl ) == ey @) |

U (p) (€)W (&1, &2, () (€0) W (&1, &2, €y())* (€0) T/ ()"
—i(&y(p) — &y(q))

X, by assumption, is a reproducing kernel Hilbert space and in particular

h(p) = (h, Kx(,p))x - (7.20)

(7.19)

On the other hand, the mapping to the model space is, by Step 4, the identity.
Thus, we have

U (p)(&101 + £202) (&1 A1 + &45 — &yi(p) — &ay2(p)) " 'h = h(p).  (7.21)

Combining equations (7.20) and (7.21), one may conclude that the reproducing
kernel can be expressed explicitly in terms of the model space mapping by:

Kx(p, q) =0} (p)(£0)D(EA — Ey(p)) ' X (7.22)
(A —Eylq)) @ (§o) u; (q)"-
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A classical computation in the single-operator colligation setting (a similar com-
putation can be found in [46, Chapter 10]) yields the following relation:

(£0)P(EA — Ey(p)) ™ (€A — Eylq)) " @*(€o)*
_ fO’W(ﬁl, 527 Ey(p))(gg)ilw(gla 527 fy(q))*§0' - 50'
—i(§y(p) — €y(q))

)

(7.23)

where £y = §1y1 + §ayo, {0 = 101 + §200 and W (€y,&e,+) is the complete
characteristic function (2.14). Finally, we substitute (7.23) in (7.22) to get
(7.19).

A corollary from Step 5 is given below and is used later in this proof.

Corollary 7.3. Let pg be a point on X such that all the pre-images of £1y1(po)+

Eaya(po) with respect to £1y1+E2y2 belong to Q for some (£1,&2). Then (y1(po),y2(po))
does not belong to the joint spectrum of MYt and MY2.

Proof: Let us choose « such that the pre-images with respect to {y of «,
assumed to be distinct and denoted by p1, ..., pn,, belong to Q. Then ng)f is
a well defined section of LE® A on Q for any f in X, but this does not mean

that X is invariant under R(fy). As a consequence, it does not a-priori imply

that o does not belong to the spectrum of M),

We use (7.19) to show that W (&1, &2, 2) can be extended analytically to a
neighborhood of y(pg). First, we take 8 in a neighborhood of infinity and,
as a consequence, the pre-images qi,...,q, of 8 under £y belong to 2. Notice
that the rows u;(g;) for j = 1,...,n are linearly independent and form an
invertible matrix (follows by (2.7) and (2.9)). Furthermore, we assume without
loss of generality that £o invertible. Hence, using (7.19), we can analytically

def ~ .
express F'(p) = 0" (p)W(&1,€2,§y(p)) in terms of Kuc(p,qi), W (1,82, Ey(ai))
and 1, (¢;) where i = 1,...,n as well as u,(p) and &y(p) — 8. It follows that

F(p) is analytic on Q) except possibly for poles at the poles of £y.

We choose « to be an element in a punctured neighborhood of ag = £y(pp).
We may assume that o has n distinct pre-images p1, ..., p, with respect to {y
which all belong to . We then consider (7.19) and define the matrix U (),
with rows the values of W, at the pre-images of « (similarly, we define the

matrix ﬁx(a) with columns the values of u* at the pre-images of a). The

matrix IN(lX () is invertible and the inverse is given by (see (2.22)) ﬁlx (ag)™! =

(§aﬂ~lx(a) Diag; (ﬁm)) Then

Wier a0 = (€0)T%(0) Ding (i) Gol Py (720

j=1,..n

If (y1(po), y2(po)) is not a singular point of the algebraic curve C, we can,
without loss of generality, take £; and &, such that ag has n distinct pre-images.
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By continuity, the same is then true for « in a neighborhood of ag. It then follows
from (7.24) that W (&1, &, 2) can be extended analytically to a full neighborhood
of ag-.

We turn now to the case where (y1(po),y2(po)) is singular. We use a local
coordinate ¢ centered at pg so that £y(p) = t(p)” where r is the ramification
index of £y at pg. Then (7.24) can be rewritten in the form

Wi(er6a,0) = (60) 3 T p i) (7.29

We may assume that as « goes to «q, the points pi,...,p, go to py whereas
Dr+1,---,Pn remain distinct. Then the summation in (7.25) from r 4+ 1 to n
extends to an analytic function on a full neighborhood of a. For the sum of the
first r terms p1, ..., p,, correspond to t, t, ..., "~ t, where ¢ is a primitive r-th
root of unity. All the elements in the matrix ¢(p) = u* (p)F(p) are analytic near
Po, o that, in terms of the local coordinate ¢, we may write ¢(t) = > p, ¢rt”.
Then the sum of the first r terms becomes

S o S Enle S e

y
1 kel N k1 j
== Z Pit Z(E )
k=0 7=0

The inner summation vanishes as long as €1 £ 1, as it is the sum of k + 1-st
powers of all r-th roots of unity In particular, the inner summation vanishes
whenever k < r — 1 and thus the negative-index coefficients are zero. It follows
that W (&1, &2, 2) can be extended to ap and hence to a (full) neighborhood of
Q.

In both case, the singular and the non-singular cases, W ({1, &2, 2) can be
extended analytically to £y(pp). It is well known, see for instance [22], that if
the characteristic function of an irreducible colligation can be extended analyt-
ically to a (full) neighborhood of «ag, then «g lies outside the spectrum of the
operator. By Step 4, the mapping (7.15) is injective and hence by Proposition
3.5 the vessel V is irreducible, it follows that the single-operator colligation de-
rived from V in the direction (&1, &) is also irreducible. Hence £y(pp) does not
belong to the spectrum of & MY 4 £, MY2 and therefore (y1(po),y2(po)) does
not belong to the joint spectrum of M¥Y* and MY2. O

Step 6. The input and the output determinantal representations of the vessel
(7.1) are fully saturated.

For the definitions of maximality and fully saturated, we refer to Section 2.2
above, see also [15, 68]. The output determinantal representation of (7.1) is
maximal and fully saturated by construction. We proceed to prove maximality
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and full saturation of the input determinantal representation. First, we present
several preliminary results.

Lemma 7.4. Let X be a compact Riemann surface of genus g which is the
normalization of a curve C C P? with the bi-rational embedding © : X — P2.
Let Q be an open subset of X containing the pre-images of the singular points
of C and let p € Q. Then there exists a polynomial h € C[z1,22] such that
h(m(p)) =0 and all the zeros of hom on X are in Q.

Proof: We denote by j; the Abel-Jacobi mapping from X (¥) to J(X), sending
an effective divisors of degree k to the Jacobian and we continue to denote by n
the degree of C'. Let us assume, without loss of generality, that the base point
of the Abel-Jacobi mapping py belongs to 2 and, furthermore, we choose pg
which does not belong to the finite set of the Weierstrass points.

Let £ > 0 be the degree of a polynomial h € C|z1,22] and let D be the
effective divisor of h. We know that D is linear equivalent to k - L, where L is
a divisor of straight line, that is,

D=k L. (7.26)

Conversely, let D be an effective divisor of degree kn satisfying (7.26) and con-
taining the divisor of singularities, see the discussion preceeding (2.19). Then,
for sufficiently large k, D is the divisor of some homogeneous polynomial of
degree k (by the completeness of the linear system of the adjoint curves, see e.g.
[28)).

Let D be a divisor that contains p and the singular points, that is D >
P+ Dsing. We define an effective divisor D’ by

D'=D —pP—- Dsing-

By assumption {2 contains the pre-images of the singularities of C and p € Q
and then it follows that D is supported in € if and only if D’ is supported in
Q.

Recall that by the Abel-Jacobi theorem, (7.26) holds if and only if
kn(D) =k - p,(L), (7.27)
and hence, using (7.27), we have

MDEQ(D’)(D/) = kﬂ”ﬂ(L> - IU/(lercg(DSjng))(p + Dsing)~

We turn to consider the divisor g-pg. This divisor, since pg is the base point
of the Abel-Jacobi mapping, is zero under the mapping py(-). Furthermore,
since po is not a Weierstrass point, p4(-) is invertible at g - pg. Therefore, using
that pg € Q, 114(Q29)) contains an open ball around zero (where Q) stands for
the set of effective divisors of degree £ with support in Q).

For any j > 0 we have jug(Q(g)) C 115.4(2U9)) and hence for a sufficiently
large jo, the equality f1j,.,(Q099)) = J(X) holds. As a consequence, p;(Q2V) =
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J(X) for I > jog. It remains to choose k such that kn —1—deg (Dging) > jog. O

The following result appeared in [15, Section 2]) without a proof.

Lemma 7.5. Let us assume that the singular points of the discriminant curve
C' lie outside the joint spectrum of (A1, Aa). Then the following statements hold:

1. If either the input or the output determinantal representations of a vessel
is maximal then so is the other.

2. If either the input or the output determinantal representations of a vessel
s fully saturated then so is the other.

Proof: Assume that the output determinantal representation is maximal and
all affine singular points A lie outside the joint spectrum of (A1, A3). Then, S(X),
for any A outside the spectrum of (A;, Ay), is a linear mapping from &(\) to g(A)
Similarly, the JCF of the adjoint vessel S(A) (see [17]), for any A outside the
spectrum of (47, Az), is a linear mapping from gl(/\) to &;(\). Hence, E(X) and
E()\) share the same dimension for all affine singular points A € C'. For the points
at infinity, the fibers of the input and output determinantal representations
simply coincide, since the input and output determinantal representations share
the same matrices o1 and o5. In particular, they have the same dimension.

Let us now assume that the output determinantal representation is fully
saturated. Then, for a singular affine point A\ = (A}, \9) € Cp, we choose
&1 and & such that o = £101 + €02 is invertible and such that 51)\? + 52)\8
does not belong to spectrum of &1 A; + &5 Ao, by continuity this is also true in a
neighborhood of A’. Then, one may consider the identity (see for instance [46])

(A2 — Aao1 + )W (&1, €2, 610 + E2h0) =
W (€1, €2, 10 + E2X) (Ao — Agoy +7) (7.28)

where
W (€1,62,2) = I — (€101 + E909)D(E1 A1 + En Ay — 21) 71 D%,
and hence, using (2.15), we have:
(Moo — Aot +7) =W (€1, &2, E0 + E2)2) (M2 — Aaoy +7) X
()W (€1, &2, &0 + E202) " (60) .

The adjoint operator is anti-multiplicative, that is, it satisfies adj(AB) = adj(B) adj(A),
and therefore:

V(\) = adj W(fh &2, &1 + EA2) V() adj(0)W (€1, &2, &A1 + E200)* (€o) 1.
(7.29)

Since W(fl, €2, 6101 + E)o) and W (€, &2, &0 + E2)02)* are by assumption an-
alytic in a neighborhood of Ag, it follows by (7.29) that if all entries of V(\)
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vanish to a certain order, so do all the entries of 17()\) and hence if the input
determinantal representation is fully saturated, so is the output one. Similarly,
the second direction follows by multiplying (7.28) on the left by the inverse of
W (1,62, 6101 + §2)2).

To understand the behavior at infinity, we consider the homogeneous version
of (7.28), that is

(1102 — vaoy + voy)W (voér, voéa, E1v1 + Eare) =
W(”Oflv voéa, §11 + ave) (V102 — o0 + 1) -

Then, we use a different affine chart and repeat the argument above. O

Using the previous results, we may conclude the main argument of this step.
Proof of Step 6: Using Lemma 7.5, it is enough to show that for any py €
the point (y1(po),y2(po)) lies outside the joint spectrum of M¥* and MYz,

Using Lemma 7.4 and assuming pg € €2, there exists a polynomial g sat-
isfying g(m(po)) = 0 such that the entire fiber of the meromorphic function
9(y1,y2) above 0 belongs to Q. We define a new meromorphic function wy (p) =
9(y1(p),y2(p)). We assume without lose of generality that w is real, other-
wise we replace w1 (p) by w1 (p)wi(7(p)) (it is well-defined since we may assume
that Q is symmetric, see Remark 7.2). Then we define w2 (p) = h(y1(p), y2(p))
for some two-variable polynomial h with real coefficients such that w; and wq
generate M(X).

We now take a; and as in a neighborhood of infinity and such that w} def
m and w} def m have simple poles. Then all the pre-images of ;—11

under w] lie in . Since the structure identity holds for y; and ys, then by
Proposition 6.6 the colligation condition hold for MY and MY2. Therefore, by
Theorem 6.2, M™ satisfies the colligation condition and then again by Proposi-
tion 6.6 the structure identity holds for w;. We then take 8’ in a neighborhood
of infinity and let 8 = % in a neighbourhood of «;. Then one can show
that ﬁ = —% (1 + ﬁﬁ) and therefore R;;/l = —% <I+ éRg’l). It
follows by a straightforward verification that if the structure identity holds for
wy then it also true for w)| (and similarly for w}). Hence, repeating Steps (1-5)
but now with M™1 and M2 implies that the collection

(M, M2 5 X, @t wy) > Ew)wy) s Ow) s Twy s V(w)wh) » Vw)wh) )
is again a commutative two-operator vessel. Since all the pre-images of w} (pg) =
;—11 under w} lie in ©, Corollary 7.3 implies that (w} (po), w5(po)) does not belong
to the joint spectrum of M™1 and M™2.
Assume that the statement is not true, that is, (y1(po),y1(po)) belongs to
the joint the spectrum of M¥* and M¥2. Then by the spectral mapping theo-

rem for a pair of commuting operators, (w1 (po), w1(po)) belongs to the joint of
spectrum M™! and M™2 (see [47] and Theorem 6.1). Furthermore, using the
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spectral mapping theorem for rational function [63], (w}(po), w](po)) belongs to
the joint spectrum of M™: and M™2, a contradiction. O

Step 7. The reproducing kernel of X is equal to

Kx(p,q) = T(p)K¢(p, ) T(q)" — K¢(p, q),

where T is the normalized joint characteristic function associated to the vessel
(7.1).

Using Step 6, the input and output determinantal representations are maxi-
mal and hence we turn to examine the NJCF (the normalized joint characteristic
function, which is related to the JCF by (2.21)). Using (7.19) and repeating in
the reverse order the calculation at the end of the proof of Theorem 3.6 yields
the required result. O

We now turn to present the proof of Theorem 4.7.

Proof of Theorem 4.7: Let y;(-) and y2(-) be two meromorphic functions,
not necessarily with simple poles, generating M(X). The corresponding bi-
rational embedding of X onto a curve C defined by the closure in P? of the
curve Cj is given by

7 X = Cy C C?
p = (y1(p), y2(p))-
Let us consider the pair of meromorphic functions defined by

def 1
) b

~ 0
Yk(p) = ap €R for k=12
( Y (p) — o} g

Since y; has a finite number of critical points, we can choose ag in a neighbor-

hood of Y such that the pre-images of af and a3 are non critical points of y;
and ys and the functions g (p) and %»2(p) have only simple poles.
Note that X is invariant under RZ% implies X is invariant under MY*. Fur-

k
thermore, the same verification as in the proof of Step 6 of Theorem 4.4 above
shows that the validity of the structure identity for yi (for some ag, Sk in a
neighborhood of af) implies that the structure identity holds for g (for some

ak, Bk in a neighborhood of infinity).
The functions y1(p) and y2(p) define a new birational embedding of X into
P2, but onto a different curve, denoted by C, defined by the closure of Cy:
7: X — Cp C C?
z = ((y1(p) — o)™ (g2(p) — az) ™).

The new critical points of T (except the critical points inherited from 7) can be

only the points above the poles of (y1(p) —a)~! and (y2(p) — a9)~. However,
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by assumption, the pre-images of af and af are regular. Thus (%)_1c~'sing -
(1) ! Csing and the regularity assumption of (yi(p),y2(p)) implies regularity of
(1(p), y2(p)).

We now can apply Theorem 4.4. We embed the operators MY and MY
into a commutative vessel of the form

V= (Moo M B B0y, 00,7, )
Then the reproducing kernel is of the form

K(p,q) =T'(p)Kc(p, )T (0)" — Kzp, ),

where T” is the normalized joint characteristic function of the vessel V'. This
completes the proof of part (a).

We now turn to prove part (b). Let y; = y be a real meromorphic function,
we choose 12, another real meromorphic function, such that all the poles of ys
are contained in  and y; and ys generate M(X). The pair of meromorphic
functions defines a birational embedding onto a curve C' in P2.

Then we apply the realization theorem for the NJCF T (i.e. Theorem 3.1)
and thus we have a commutative two-operator vessel V with input and output
determinantal representations corresponding to ( and ¢ and with the normalized
joint characteristic function 7". The associated model vessel is given by

Vo = (Myl y Myz;g{(T)’ (I)moda Cn; 01, 02,7, ?)

Then, using Theorem 3.6, Vr is an irreducible commutative two-operator ves-
sel which is unitary equivalent, on its principal subspace, to V and with the
normalized joint characteristic function 7T'.

Furthermore, X is invariant under M¥' and hence also RY'-invariant for «
in the neighborhood of infinity. To complete the proof, we mention that by
Proposition 6.6, the structure identity is equivalent to the colligation condition.
Hence the colligation condition for MY in V implies that the structure identity
for y1(-) = y(-) holds. O

We note that in the proof of Theorem 4.7, if y has only simple poles then
we can choose yo with simple poles. Furthermore, we can take the output de-
terminantal representation to be the canonical determinantal corresponding to
(. Then the input determinantal representation is the canonical determinantal
representation corresponding to ¢ multiplied the by the values of T" at infinity,
see Remark 3.3, and ®,,4 is just the evaluation operator at the poles of y; and

Y2.
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