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The Bargmann-Fock-Segal space plays an important role in mathematical physics and
has been extended into a number of directions. In the present paper, we imbed this
space into a Gelfand triple. The spaces forming the Fréchet part (i.e., the space of test
functions) of the triple are characterized both in a geometric way and in terms of the
adjoint of multiplication by the complex variable, using the Stirling numbers of the
second kind. The dual of the space of test functions has a topological algebra structure,
of the kind introduced and studied by the first named author and Salomon. Published
by AIP Publishing. https://doi.org/10.1063/1.5035352

I. INTRODUCTION

The reproducing kernel Hilbert space F; of entire functions with reproducing kernel e is
associated with the names of Bargmann, Segal, and Fock and will be called in this paper as the Fock
space (more precisely, it is the symmetric Fock space associated with C; see Ref. 10). It plays an
important role in stochastic processes, mathematical physics, and quantum mechanics; for recent
work on the topic see, e.g., Refs. 19 and 23. The space F is isometrically included in the Lebesgue
space of the plane with weight dA(z) := %e"“zdxdy, and a key feature of F] is that the adjoint of the
operator of multiplication by the complex variable is the operator of differentiation. It is of interest
to look at various generalizations of F;. One approach consists in slightly modifying the weight
function, see, e.g., the studies of Refs. 17, 27, and 29, and another line is to change the kernel (that
is, the norms of the monomials) in an appropriate way, for instance, replacing the exponential by the
Mittag-Leffler function in the case of the gray noise theory; see, e.g., Ref. 28. Then too the weight
is changed, but not always in an explicit way. Here we consider the family (F,,);>_, of reproducing
kernel Hilbert spaces with the reproducing kernel

(o) Znan
km<z,w>=;) e M2 (1.1)
The space JF;, can then be easily described as the space of all Taylor series of the form f(z) = 3, 2"
for which

D AP@Y" < oo,
n=0

For m = 1, the space is equal to the classical Fock space, and the case m = 2 was defined and studied
in Ref. 8.

The main results are as follows: The first is a geometric characterization of the spaces J, in
terms of a weight; the second main result is the characterization of F,, in terms of the adjoint operator
of multiplication by z, associated with the Stirling numbers of second kind; see (4.2). This generalizes
the well known case of m = 1 and opens the ground for future applications such as interpolation and
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sampling theorems in the setting of F,,; see, for instance, the papers'-'* for the case of F;. The third
main result is obtaining a structure of topological algebra for the inductive limit of the dual of the
space N;>_, F. This allows us to work locally in a Hilbert space rather than in the non-metrizable
space Uy eNF2—m-

The outline of the paper is as follows. In Sec. II, we review some facts on the Mellin transform.
In Sec. III, using the Mellin transform, we give a geometric characterization of the spaces J,, for
meN. A characterization of these spaces in terms of the adjoint of the operator of multiplication
by z and using the Stirling numbers of the second kind is given in Sec. IV. A related Bargmann
transform is defined in Sec. V. In Sec. VI, we define a Gelfand triple in which we imbed the Fock
space. We observe that the intersection (1);°_, 7, is a nuclear space, and its dual is an algebra of the
type introduced in Ref. 9.

Il. PRELIMINARIES

Let (a, b) an open interval of the real line, and let f and g be such that both f(x)x“~" and g(x)x“~!
are summable on [0, o) for ¢ € (a, b). The Mellin transform of f, denoted by M(f) , is given by

M(f)(c) = /mxc_lf(x)dx, c€(a,b).
0

In particular, the Mellin transform of the function f';(x) = ¢™* is the Gamma function,

M(fi)(c)= /oo e *dx=T(c), ¢>0.
0

The Mellin convolution of f and g is defined by

0 d 0 di
(f * 9)(x) = / Fen = / FsHE, x>o.
0 t t 0 tot

An important relation between the Mellin transform and the Mellin convolution, see, e.g., Ref. 16,
Theorem 3, is given by

M(f # g)(e) = M) NM(@)c), cela,b).

lll. GEOMETRIC DESCRIPTION OF 7y,

Recall that the Fock space F; consists of those entire functions f for which

// If(@)Pe P dA(z) < oo
C

and is the reproducing kernel Hilbert space with reproducing kernel ¢ In this section, we give for
m =2, ...ageometric characterization for the space

Fm= {f(z) = Z a,z" is entire with Z la, |2 (n!y" < oo}
n=0

n=0

which is the reproducing kernel Hilbert space with reproducing kernel (1.1), when equipped with the
inner product

(fr 85, = ) Sigam)", where f(2)= Y 2", g()= ) &a?",
n=0 n=0 n=0

for every f, g € F,,. First, we use the properties of the Mellin transform to build the kernels K,,(z),
which are generalizations of the modified Bessel function of the second order, also called the
Macdonald function. Let K(x) = e~ and for every integer m > 1 define the function

Kp(x):=(Ky # - K)(x), xeR,, 3.1
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that is, the function K (x) Mellin-convoluted m many times with itself’

Lemma 3.1. Let m be an integer. The following properties hold

(1) Form > 1, the kernel K, has the integral representations

_Zrn]]xt

() = / / N

_ 3.2)
[ 'xi
and

1 g, —ymely
Kn(x)= / / o R eltve T Dy edty .
R R

(3.3)
(2) The function K, is monotone decreasing in (0, o)
(3) The Mellin transform of K,, is given by
M(Kp)x)=Tx)", x>0,
and so
/0°° X"Kn(x)dx=n"", neN. (3.4)

Proof. Part 1 is proved by induction on m: if m = 2, we get

° dt I
Kz(x)z/ e_x/’e_t7 =/ dxy.
0

0 X1
Suppose formula (3.2) holds for m. Then

K1 (¥) = (K + 7)) = / ) Km(i)”ﬂ &

Xm
m— 1 ’(m
Zl P Hllnll% e —Xm
/ / dxy - - - dxy,
Hf" 1 X Xm
m
i=1 X~ ["[:"] X
/ / R N N

llxl

i.e., (3.2) holds for m + 1 and hence for every m > 1. Next, we use (3.2) and the change of variables
s; =In(x;), 1 <i<m-1,toobtain

_Zm—ll eSi— )c]

= m— N

Km(x)=/ ---/e A= dsy e dspy,
R R

and by another change of variables t; =s; — In( &/x), 1 <i<m — 1, we get

m m—1 ,t; *Zm:]li
Km(X)Z/ "'/e_ ‘/}(Zi=]lel+e =t )dtl"'dtm—l.
R R

From the representation (3.2), it is easily seen that K, (x) is a monotone decreasing function. Finally,
the Mellin transform of K, is given by

M(Kpn)(c) = M(fi)c) - M(fi)e) = T(e)™,

c>0;
therefore

/ N XK p(x)dx = (D))", ¢>0.
0

For ¢ =n+ 1, we have

/ " K@) = (D -+ D) = (n1)",
0
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In the special case m = 2, we get that
Kz(x):/ e VRzeosh gy v e R,
R

is the Bessel function of the second kind; see Ref. 8. For an arbitrary m > 2, the kernel K,,(x)
can be expressed in terms of the Meijer G-functions; see Ref. 20, Chap. 5 for the latter. We
now show how the generalized Fock spaces F,, are obtained from the kernels K,,(x) in a natural
way.

Theorem 3.2. For any integer m > 1, the space JF,, is equal to the space of all entire functions
f : C— C satisfying the condition

/ [C | £ @)*Kn(|2z[*)dA(z) < co. (3.5)

Moreover, the inner product of F,, is given by

l _ (o]
- / /(C F@EDKn(ZPARD = Y figa )", f,8€ Fu,
n=0

n (e
and Fy, has the orthonormal basis {Z—m/z} o
=

(nly

Proof. A straightforward computation shows that

00 27
// z"Eka(|Z|2)dA(Z)=/ / e ke k0K (P2 rdOdr
C o Jo

27 00
— / el(n—k)ﬁde/ rn+k+1Km(r2)dr
0 0

:27r6,,,k/ UK (P dr
0

© d
=276, 4 / u”Km(u)—u
0 2
=a(m)" k.

Letf =" f.z" and g= 3" g,2" be entire functions. Then

n / /C FR8DKn(PdAR) = Y fizk / /C 27 Kn(12)dAG)

n,k=0

- i FuGbnx(nl)" = ifng—nm!)m,
n=0

n,k=0

which implies that f € F,,, if and only if condition (3.5) holds, i.e.,

1 (o)
DI ARGILE / / |f@PKn(l2])dA() < 0
T n=0 C

as wanted. Furthermore, the inner product in F;, is then given by

(o] l _
(oo = Y izt =+ [[ @K A
n=0

In the case m = 2, similar yet different spaces related to other families of orthogonal polynomials,
appear in Ref. 26, Lemma 4 and Ref. 25.

Remark 3.3. Let 0 < € < 1. Then <1 for every n > 0 and hence
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I}
Nk
S|m
—
| p—
Sm
N —
~
S
gl
S
I}
m
Nk
S |
(RS
m

and

IV. OPERATOR THEORETIC DESCRIPTION OF 7,

Let a and b be respectively the operators of multiplication by z and of differentiation, i.e., a = M,
and b= a%' Both a and b are defined on polynomials and more generally on entire functions. They
satisfy the familiar commutation relation

[b,al=ba—ab=1.
In the Fock space Fi, a and b are unbounded operators and satisfy
a*=b and b =aqa.

This relation is very important, as the Fock space is the only space of entire functions for which a and
b are adjoint to each other; see Ref. 10. We generalize this result by presenting a relation between
the operators a and b in the space F,,. That gives us another characterization of the space F,,. We
first introduce the Stirling numbers of the second kind S(k, n), which appear naturally in the theory
of ordering bosons.

Definition 4.1 (Stirling numbers of the second kind). For ke Ny and neNy, the numbers
S(k, n) are defined by the recurrence formula

Stk,n)=nStk —1,n)+Sk—-1,n-1), kn>1

with the initial values S(k, 0) = 0y 0 and S(k,n) =0 if k < n.
It is well known, see Refs. 12 and 13, that

k
(ab)* = > Sk, ma"t", k=1,
n=1

and this operator is called the Mellin derivative operator of order k (with ¢ = 0); see Ref. 16,
Lemma 9.

Theorem 4.2. Let m > 1 be an integer. The operators a and (ba)"~'b are closed densely defined
operators on the space JF,, and their domains coincide,

Dom(a) = Dom((ba)™'6) =D,
where

D={f(z)=anz”:Z |f,,|2(n!)mnm<oo} C Fon. (4.1)

n=0 n=0
Moreover, the adjoint operator of a in F,, is given by

a’ =(ba)""'b, with Dom(a")=Dom((ba)""'b) =D.

Furthermore, let H be a Hilbert space of entire functions in which the polynomials are dense, and
let m € N. If the adjoint operator of a in H is equal to the operator (ba)"~'b, i.e., if

8 [ "
(M) = o [Z_; S(m - 1,n)z 8z”]’ 4.2)
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then H = F,, and there exists ¢ > 0 for which

<f’g>7'[:c'<f’g>]:m9 Vf,gEH

Proof. It is easy to see that a and (ba)"~'b are closed densely defined operators on F,. If
f(Z) = Z‘:;O nZn S fm, then

feDom(@) = af =Y i € F = ) 1L+ DY <00
n=0 n=0

and

f €Dom((ba)""'b) = (ba)"'bf = Y fun"" € F
n=1

= D AP = DY = Y 1 ()" 0" < o0,
n=1 n=1
Therefore, Dom(a) = Dom((ba)”~'6) =D as in (4.1). Next, if
8(2)= " g,2" € Dom(a"),
n=0

there exists
h@) =) h?" € Fy
n=0
such that (af, g)r, =(f, h) 5, for every f € Dom(a) . In particular, for f(z) = z" (n > 0), we get

Eei((n+ D" =" @) 5, =" Y5, = ha(n))",

and hence h,, = g,4+1(n + 1)™ for every n > 0. Thus,
he Fu= ) 12" = ) gust 20+ 1™ ()" < 00
n=0 n=0

— > lelP ()" <eo=s g €D,

n=1

hence Dom(a*) C D. Finally, if g € D = Dom((ba)"~'b) , then

(f.(ba)" "bg) = <anz", D+ 1)’"gn+1z"> = > Sl + 1"gi(n)"
n=0 n=0 n=0

=S g D" = @fnz"“, ) gnz"> =(af,9),
n=0

n=0 n=0

for every f e D=Dom(a), which proves that g € Dom(a*). Therefore, D C Dom(a*) and hence
Dom(a*) = D. By the previous calculation, we also know that a* = (ba)”~'b. Now suppose that 7 is
a Hilbert space which contains all polynomials such that

a* = (ba)""'b
in . Then for every f € Dom(a) N H and g € Dom((ba)™'b) N H,
(af, &) = (f, (ba)" 'bg)y, 4.3)

and as both Dom(a) and Dom((ba)"~'b) contain all polynomials, we apply (4.3) for the choice
f()=7, g(x) = 2* (k, 1 > 0); thus
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(@ v = of, ©u = (f, (ba)" ' bg)n
=LKy =k Yy, k120,

We now prove by induction that for every k > 0 and [ > k,
<Zl+l’zk>H — O :

o If k=0, we know that (z’“, 1) =0 for every [ > 0.
o Assume that for some k > 0, we have (z*!, zk)y =0 for every [ > k. Therefore, (2, Zk“)y =
(k + 1y"(z"*1, ZKy2, = 0 for every [ > k, which means that

(Zl+1,1k+l>7~[ — O

for every [ > k + 1, as wanted.

Thus the family {z* }re 18 orthogonal in H and one can easily see that

@y =k A Yy, V> 1,

which implies that
(2, 2y = kD™, Dy
To conclude, if f(z) = 2, fiz* and g(z) = X2, gxz* € H, then

(fr@m= D fiaid, =D Sk (1, Dy,
k=0

k,1=0

i.e., the inner product in H is equal to the one in F,,, up to a positive multiplicative constant ¢ = (1, 1)y.
As H is a Hilbert space which contains all the polynomials, it follows that

"= {f=anZ” (fPw=e ) | P@D" < oo} = Fo.
n=0 n=0

In the previous theorem, we proved that F,,, is the only Hilbert space which contains all polynomials
and in which the adjoint operator of a = M, is equal to the operator

m—1
0 a"
ba)" lo=—|) Sm-1,n"—|.
One can see that we have the relations

b'a=ab” +nb""' and ba"=a"b +na""!

for every n €N, and, in particular, the operators a and a* do not satisfy the commutation relation.
However we have the following result.

Proposition 4.3. The commutator of a and a* = (ba)"~'b is equal to

m—1
[a*,a]=I+Z(n+ DS(m, n + 1)a"b", (4.4)

n=1

Proof. As
m—1
a* =(ba)" b =b Z S(m — 1, n)a"b",

n=1

we have
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m—1

[a*, a] bZS(m—ln)ab”a abZS(m—ln)ab"

m=1 m—1
=b Z S(m — 1, n)a"(ab" + nb""') — ab Z S(m — 1,n)a" "

n=1 n=1

m—1
—(ba—ab)ZS(m—l n)a” b"+bZnS(m—1 n)a"p""!
n=1 n=1
m—1 m—1
=) S(m-1,n)a"b" + Z nS(m — 1,n)(a"b + na™H)p"!
n=1 n=1
m—1 m—1

= (n+ 1)S(m — 1,n)a"o" + Z n2S(m — 1, m)a™'o" 1,
=1 n=1

andas S(m—1,1)=S(m—-1,m—-1)=8(m, m) =1, we have

=

m—2
[a",al=1 +ma" o™ ! + Z(n +DISm—=1,n) +(n+ DS(m - 1,n+ 1)]a"b"
n=1
m-=2
=TI +ma™ ™! & Z(n + D)S(m, n+ 1)a"p"
n=1
m—1
=1+ Z(n + 1)S(m, n + Da"b".
n=1 | |

Sequentially, a straightforward calculation shows that

m—1 )
lafI%, = lla*fli%, + £, + | (’,:’) {Z |fn|2(n!>mnk]
k=1 n=0

for every f € D, which guarantees that all the terms in the identity are finite. It is tempting to write
the last identity (with some abuse of notation) as

m—1
lafI%, =la*f 1%, + 1%, + ('Z)<f,(ab>kf>ﬁn;
k=1

however f € D does not necessarily imply that f € Dom((ab)*).
Finally, we have the following relation between the operators a, b and the family of spaces
(Fum)mez- Forevery n > 1,

o the Fock space F satisfies
a'(F1) S Fo and  b"(F)) C Fo;

e if m > 1, then
0'n(]:m) < ]:m—l and bn(}—m) c ]:m»
e if m < 1, then
cln(]:m) g]:m and bn(]:m) g]:m—b

Remark 4.4. Unlike the situation in the Fock space, where the adjoint of b is equal to a, in the
space JF,,, the adjoint operator of b is equal to

(kaz> Z (k+ff)m Al

k=0
thus b* #aif m > 1.
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V. GENERALIZED BARGMANN TRANSFORM

Recall that the normalized Hermite functions are defined by

S(e)”, neNo.

,2

()= 1/42,1/2\/_

The family {7}, 1s an orthonormal basis of the Lebesgue space L, (R, dr). Furthermore, see Ref. 24,
p. 436, the n,, are umformly bounded by some constant, i.e.,

AC > 0 such that |,(¢)| < C, forevery ne N and ¢ € R.

Similarly to the symmetric Fock space associated with C, see, e.g., Ref. 10, that is, i, there is a
fourth characterization of the space F,,, given by a mapping from L, (R, d¢) into F,,, presented in the
following proposition.

Proposition 5.1. Let m > 2. For every t € R and z € C define the function

sl 7"

(2, 1) :=Z a ,)m/znno 5.1

=
Then,

1. foreveryt € R, the function h,,(-, t) is entire.
2. feF,ifand only if there exists g € Lp(R, dt) such that

f)= /]R hn(z, @)t = (g, hin(z, ML, ®,a1)- (5.2)

Proof. Since the functions 7,(#) are all bounded by C, the sum in (5.1) converges, and so
hp(-, t) is entire. Next, let f(2) = (g, (2, )1L,®.ar) for some g € Lo(R, dt) . Then,

o)

- "
f@= / ( |)m/2nn(t)g(l))dt nZO(n!)m B /]R na(t)g(t)dt.

As the system {n,}° , forms an orthonormal basis of L,(R, dr) , we have Parseval’s equality

oo 2
> = / g0,
n=0 R

2

/ na(D)g(t)dt
R

and hence f € F,, since

(o)

Finally, let f € F,,,. It can be written as f(z) = 37> a,2" with 3, la,|>(n!)" < co. Setting

2
(n‘)m = ”g”Lz(R,dt) < oo.

1
(nlyn2 /R Na(D)g(0)dr

= (" am,(0),
n=0

we observe that

(o)
2 2
1812 . = D, lanl*(n)" < 00
n=0

and finally that

o)

(hn(z, ~),g>L2<R,d,>=Z o ,)m,z(nw"/zan =)

n=0 |
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This characterization of J,,, motivates us to consider an associated Bargmann transform. For any
g€ Lr(R,dr) , we define the Bargmann transform of g to be

(o]

7" —
Bm(g) = Z Gy /R Na(1)g()dt =g, hu(Z, )L, (R dr)-
n=0
The mapping By, : Lo(R, dr) — F,, is unitary; it satisfies

n

4
Bu(n)(2) = ———7 and  |igll,®a) = Bm(@llZ,
(nhym/

for every g e Lo(R, dt) .

Remark 5.2. In case where m = 1, *B is the well-known Bargmann transform and the function
hi(z, t) can be written in closed form as

2_2
hl(z, t) 282[Z_t -z /2.

When m > 1, finding an explicit closed formula for the function h,(z, t) might involve new
generalizations of the exponential function.

VI. A GELFAND TRIPLE ASSOCIATED WITH THE FAMILY (Fm)mez,

(o]
m=1’

The reproducing kernel Hilbert spaces {F,}
decreasing sequence, i.e.,

starting from the Fock space Fj, form a

FiDFD..DFudDFus1D....

So it makes sense, in the spirit of the theory of Gelfand triples (as developed, for instance, in the
books?!-??) to consider the intersection space

]::ﬁ-/.'.m

m=
{f - Z anz" such that || £l = Z lan |2 ()™ < 00, Vm € N}
n=0

n=0

(o8]

which consists of entire functions and its dual. We consider the dual space of each F,,, with respect
to the Fock space Fj.

Lemma 6.1. For every m > 1, the dual space of F,,, with respect to F1 is

fam:wfay={b=wwmwyum@n,=§]wﬂ%mf'”<w}.
n=0

Therefore, we have the Gelfand triple

NFvcrcl)Fom (6.1)
m=1

m=1

The inclusion map from F,, into ;41 is nuclear, and it follows that N>_, F>_,, is a Fréchet nuclear
space, and, in particular, a perfect space in the terminology of Gelfand and Shilov; see Ref. 22. The
dual space U F>_,, has two different sets of properties, topological and algebraic; the first follows
from the theory of perfect spaces, and the structure algebra comes from the form of the weights.
The fact that the product is jointly continuous comes from the theory of reflexive Fréchet spaces; see
Ref. 15, Sec. 1V.26, Theorem 2.

We begin with the topological properties. Although not metrizable, the space U _, F>_,, behaves
well with respect to sequences and compactness:
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(1) A sequence converges in the strong (or weak) topology of the dual if and only if its ele-
ments are in one of the spaces F,_,, and converges in the topology of the latter; see Ref. 22,
p. 56.

(2) Asubsetof U® | Fr_,, is compact in the strong topology of the dual if and only if it is included
in one the spaces J,_,, and compact in the topology of the latter; see Ref. 22, p. 58.

These properties allow us to reduce to the Hilbert space setting and sequences the study of continuous
functions from a compact metric space into Uy | F2_.
The algebra structure is given by the convolution product (or Cauchy product) defined as

follows:
axb= (Z akb,,k) , 6.2)
neNy

k=0

where a = (a,)ne,n and b = (by,),¢,n belong to the dual.

Proposition 6.2. The space

)

© b
P=| ) Frn= {bz (e 3> 1Moo = Y s < oo}
m=1 ’

n=0

isatopological algebra; the convolution product is jointly continuous with respect to the two variables
and satisfies

lla* bll2—p < Alg = p)llall2—4lbll2-p, (6.3)

foreveryae F,_, and b€ F,_,, where p,q €N such that g > p + 1.
The weights «,, = n! satisfy

Upin =\(m+n)! > Vm!n! = a,a,

for every m,ne Ny and 3 (@)~ 2= =20 % =e < oo0. Using these properties of the weight, the
statements in the proposition follow then from Ref. 9 or, in a maybe more explicit way, from Ref. 2,

Exercise 5.4.8, p. 260-261, with

(S (S e

n=0 n=0

forg—p=>1.

We note that (6.3) is called the Vige inequality and originates with the work of Vige; see Refs. 11
and 30.

Consider now a Fj-valued function, say, f, defined a compact set (for instance [0, 1]). When
viewing f as U>>_| F>_p,-valued, one can define differentiability and compute explicitly the derivative,
which will take values in one of the spaces F,_,, rather than in the Fock space itself. Using the Vige
inequality one can also consider stochastic type integrals of the form

1
/0 f@) = g(t)dt,

where f and g are continuous from [0, 1] into " as Riemann integrals. The image of [0, 1] under the
function f = g is then compact, and the integral is computed in one of the spaces F,_,,. See Refs. 3, 4,
7, and 5 for similar arguments and applications, Ref. 5 being in the setting of quaternionic stochastic
processes. Finally, we refer to Ref. 6 for the study of the quaternionic Fock space and to Ref. 18 for
some of its generalizations in the quaternionic setting.
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