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Evolution of superoscillations for Schrédinger equation
in a uniform magnetic field
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1 Politecnico di Milano, Dipartimento di Matematica, Via E. Bonardi, 9, 20133 Milano, Italy

2Schmid College of Science and Technology, Chapman University, Orange,
California 92866, USA

(Received 21 June 2017; accepted 31 August 2017; published online 19 September 2017)

Aharonov-Berry superoscillations are band-limited functions that oscillate faster than
their fastest Fourier component. Superoscillations appear in several fields of science
and technology, such as Aharonov’s weak measurement in quantum mechanics, in
optics, and in signal processing. An important issue is the study of the evolution of
superoscillations using the Schrodinger equation when the initial datum is a weak
value. Some superoscillatory functions are not square integrable, but they are real
analytic functions that can be extended to entire holomorphic functions. This fact
leads to the study of the continuity of a class of convolution operators acting on suit-
able spaces of entire functions with growth conditions. In this paper, we study the
evolution of a superoscillatory initial datum in a uniform magnetic field. Moreover,
we collect some results on convolution operators that appear in the theory of super-
oscillatory functions using a direct approach that allows the convolution operators
to have non-constant coefficients of polynomial type. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4991489]

. INTRODUCTION

Superoscillations are band-limited functions with the apparently paradoxical property that they
can oscillate faster than their fastest Fourier component. They arise in a number of physical and
mathematical contexts, for example, in signal processing and from Aharonov’s weak-measurement
in quantum mechanics, see Refs. 1, 9, and 10 and also the work of Ferreira and Kempf.'%20-2223 In
optics and in other fields, Berry and some of his coauthors have given fundamental contributions,
see, for example, Refs. 12, 11, 13, 15, and 16. We also quote the paper of Lindberg25 for optical
super-resolution. The case of superoscillatory functions in several variables has been considered by
Berry'# and a more systematic study of the mathematical theory of superoscillating sequences in
several variables has been recently done in Ref. 6.

To provide the necessary background, we recall that a sequence of the form

n
Yo(x,a) = Z Ci(n,a)e™"™™, neN, (1
j=0
where a € R and C;(n, a) and k;(n) are real valued functions of the variables n, a, and j, is called the
generalized Fourier sequence. A generalized Fourier sequence Y ,(x, a) is said to be a superoscillating
sequence if |kj(n)| < 1 and if there exists a compact subset of R, on which Y, converges uniformly to
¢'8(®% ‘where g is a continuous real valued function such that |g(a)| > 1.
The classical example of a superoscillating sequence that appears in the weak measurement is
given by

n n ) )
o) - Smor
n n =

witha>1,x€R, and

1+a\"7 (1-a)
o) 2] 15
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This sequence converges on R locally uniformly to ¢*. The explanation of the superoscillatory
phenomenon is based on the definition of weak values. A weak measurement of a quantum observable
represented by the self-adjoint operator A, involving a pre-selected state o and a post-selected state
Y1, leads to the weak value

Aot = LA _ iy
W1, ¥%0)
The weak value A, is a complex number. Its real part b and its imaginary part b’ can be interpreted
as the shift » and the momentum b’ of the pointer recording the measurement.
An important feature of the weak measurement is that, in contrast with the strong measurements

of von Neumann (given by the expectation value of the operator A),

Asrmng = (w, A{ﬁ),

the real part b of A,,.q can be very large with respect to Agone because (1, o) can be very small
when the states o and | are almost orthogonal. This is what produces the superoscillations.

In a series of papers>>!” and the forthcoming monograph,® a method to study the evolu-
tion of superoscillations using the Schrédinger equation has been developed. It is based on Green
functions and convolution operators acting on entire functions. Precisely we consider the Cauchy
problem

l%—f(I,XFH(XW(I,X), Y(0,x) = Yy(x, a), (3
where H is the Hamiltonian operator. Once we obtain a closed form for the solution of the Cauchy
problem, for example, using the fundamental solution, the problem that we face is to study the
behavior of the solution ¥,(z, x) as n tends to infinity.

In most of the cases that we have treated, such as the free particle, the harmonic oscillator, and the
particle in a uniform electric field, see Ref. 7, the convolution operators, which we have to consider,

are of the form
R pm

0 0
up(l,a) mz m()a pm’

where p € N and a,, are suitable complex numbers that depend on the Hamiltonian H and can depend
on time. Using such operators, the solution to the Cauchy problem can be written as

Un(t,x)=U, (t, ﬁ) Y, (x, a).

Ox

In order to show that superoscillations persist in time, we need to explicitly compute the limit
hm lﬁn(-x7 t)
n—oo

and see if the limit function keeps the superoscillatory behavior. This problem is naturally studied in
the complex setting.
Indeed, we replace the real variable x by the complex variable z so the operator U, ( 6Bx )

becomes U, (t, 0_2)' The functions Y,(x, a) extend to entire holomorphic functions with suitable
growth conditions and on such class of functions the operator 4, (t, a%) acts continuously.

Once we have established the continuity of ), (t, 5%), the above limit can be computed as

0
lim ¢, (z, ) =U, (t, —) lim Y,(z,a)
n—oo n—oo

0z
in the complex setting and then we take the restriction to the real line. For the study of the evolution
of superoscillatory functions under the Schrodinger equation with a singular potential, it turns out
that we cannot consider just the class of operators U, ( 2 ) with constant coefficients with respect
to z, but that we have to consider the case in which the coefﬁments ay, are analytic functions of z.
The general setting that allows us to guarantee that the operators U, ( , g ) are continuous on a
suitable space of entire functions uses Ehrenpreis’ theory of Analytlcally Uniform spaces (AU-spaces
for short),'® see also Ref. 27. We will give the ideas of how it works in Sec. V. This theory is very
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general and also allows the study of convolution operators with constant coefficients that act on the
space of Sato-hyperfunctions.

In the case of operators
(o) pm

0 0
Up (f, 6_2) = éam(z)w

with analytic coefficients a,,(z), a direct approach is needed. We have to consider the problem of
finding those entire functions f(z) with suitable growth conditions such that

n;am@azwf(z)

is an entire function.

In this paper, we study the operators 4, (t, a%) in the case in which the coefficients are poly-
nomials a,,(z). This problem is of independent interest. Then we apply these results to study the
evolution of superoscillations in a uniform magnetic field in the homogeneous case. Precisely, we
set r = (x, y, z) to be the coordinates of the space and consider the Schrodinger equation in a uniform

magnetic field
.0 1 [ 0 0 I 5, 5
latd/”(r,t)—[ 2A l(xay y@x)+8(x +y°)

with the superoscillatory initial datum given by

Yn(r,1)

n
(12 .
‘,l’n(r7 O) — Z q(n’ a)el(] m )(X+y+~),
Jj=0

where the coefficients C;(n, a) are as in (2). Using the fundamental solution, we prove that

1
cos (%)

Cin,a) ei(l—%)(x+y+z—(x—y)tan(%))—i(1—%)2(%+2mn(%)).

e L2 +yHtan(%)

Un(r, 1) =
“4)

Jj=0

Using the continuity of convolution operators, we then prove that as n tends to infinity, ¢, (r, t)
tends for any ¢ € (0, ) uniformly on compact sets in R? to ¢4(r, 1), the solution with initial datum
Pa(r, 1) = 40+ Precisely

e F(20?) tan(§)—ia® (§+2 tan( % ) )+ia(x+y+z—(x—y) tan( %)) ) )

lim Yn(r, 1) =
n—eo cos (%

We point out that the superoscillatory behavior persists in time because i, terms such
as ei(l_27/)("”“_(““_”‘3"(%)), containing the band-limited factor |1 — %I <1, lead to the term
eialrty+i=(=»tan(3)) with ¢ > 1 in the limit function.

The plan of the paper is as follows: Sec. II contains the study of the convolution operators
with polynomial coefficients. In Sec. III, we recall the fundamental solution of the Schrodinger
equation in a uniform magnetic field and we give a preliminary result, which is necessary to study
the superoscillatory behavior of the solutions. In Sec. IV, we consider the homogeneous case, and in

Sec. V, we study the nonhomogeneous case. Here we need the theory of superoscillatory functions
in several variables.

Il. ENTIRE FUNCTIONS AND OPERATORS ASSOCIATED WITH SUPEROSCILLATIONS

The theory of AU-spaces is very general and it has been used in several cases when we considered
convolution operators with constant coefficients. The aim of this section is to use direct methods to
recover some results in the constant coefficient case that can be extended to the case of non-constant
coefficients. We recall some well known definitions on entire functions, which will be useful to study
the continuity of operators that appear in the theory of superoscillatory functions.



092103-4 Colombo, Gantner, and Struppa J. Math. Phys. 58, 092103 (2017)

Let f be a non-constant entire function of a complex variable z. We define

My(r)= Ilnlax If (2|, for r>0.
z|=r

The non-negative real number p defined by
. InIn My (7)
o =lim sup —————
00 Inr

is called the order of f. If p is finite, then f is said to be of finite order, and if p = oo, the function f is
said to be of infinite order.
In the case f is of finite order, we define the non-negative real number
In My (r)
e

o =lim sup
which is called the type of f. If o € (0, o), we call f of normal type, while we say that f is of minimal
type if o = 0 and of maximal type if o = co. The constant functions are said to be of minimal type of
order zero.

Definition 2.1. Let p € (0,00) and o € [0, c0]. We denote by A, the class of entire functions
that are either of order less than p or of order p with type at most o. We consider in A, o the topology
of relatively uniform convergence: for p € (0, 0) and o € [0, 00), a sequence f, € A, converges to

feA,oin Ay if
Wfor = flle = sup [fu(z) = f@le L 0 forall >0,
zeC

and for p € (0, 00) and o = co, a sequence f, € A, o converges to f € Ap o in Ap o if

Wy = flle = sup () = f@)le™F

|p+s

—0 forall €>0.

Remark 2.2. Note that convergence in A, - implies locally uniform convergence. The topology
on A, - is however not the relative topology induced by the topology of locally uniform convergence
but a finer topology: indeed, if f(z) = 37 az* is an entire function, then f,,(z) = IV ayzF converges
locally uniformly to f(z), but if f ¢ A, -, then f,, obviously does not converge to f in A, ,. Indeed,
as pointed out in Ref. 28, in order for a sequence f, € A, to be a Cauchy sequence, it is necessary

and sufficient that
(i) for each & > 0, there exists K = K(&) such that

— e
sup | f(2)e TR < g
zeC

respectively if o = oo,
_|,|p*E
sup | fu(@)le” """ <K,
zeC

(i) for every fixed z € C, the sequence f,(z) € C is a Cauchy sequence in C.

There exists a well known characterization of functions in A, in terms of their Taylor
coefficients, see Ref. 28.

Theorem 2.3. Suppose that the entire function f has the Taylor expansion f(z) = 3, ' fu2",then
feA, o ifand only if

lim sup /(27| f,] < (po)! /P, for pe(0,00), o €0, 00), (©6)
n—o0
or
lim sup A/ (n)V/@+&)| f1 =0, forall >0, for pe[0,00) and o =co. @)
n—o00

We introduce now a family of convolution operators up(a%) depending on a parameter p € N,
which appear in the theory of superoscillatory functions.



0921083-5 Colombo, Gantner, and Struppa J. Math. Phys. 58, 092103 (2017)

Definition 2.4. Given a sequence of complex numbers (a,),eN, and a number p €N, we define

the formal operator
o
(i) 3o ®

where a% is the derivative with respect to z. We say that the operator L{p(a%) can be applied to an
entire function f if the series

+00

( )f(z) —Z af""(2) ©)

converges for at least one point z € C.

Operators of form (8) play an important role in the theory of superoscillations. Setting

bk:{a,,, ifk=np

0, otherwise ’
one has .
0 5 oF
U, | — =) br—. 10
,,( aZ) kZ; Ko (10)

Operators of this form have been studied in Ref. 28. Since easy modifications of the proofs therein
show the following results, we only prove the first lemma explicitly in order to present the techniques
applied. Actually, instead of adapting the proofs in Ref. 28, the following lemmas can even be obtained
by applying the results in Ref. 28 to (10) taking into account the definition the coefficients by.

The following three lemmas correspond to Lemmas 2.1-2.3 in Ref. 28 and characterize operators
of form (8) that are applicable to a space A, .

Lemma 2.5. Let p € (0,+00) and o € (0, o) and let p € N be a given fixed number. If for every
f € Ay series (9) converges for z =0, then

lim sup /((pm)))!~"* |a,| < (por) ™77 (11)

n—oo

Conversely, suppose that (11) is satisfied. Then (9) converges absolutely for every f € A, » and every
zeC.

Proof. If (11) is not satisfied, then there exists an increasing sequence of natural numbers ry
such that

g
lan, | > ((po')—l/,o _ %) ((pnk)!)_“l/p,

where k = ko, ko + 1, ko + 2, ... with kg > (po)!/P. By (6), the function

f@)= Z o ) ank

then belongs to A, - but

+00 +00 +oo
Z anf(pn)(o) — Z ankf(p"k)(o) = Z 1= +00,
n=0 k=ko k=ko

which contradicts the assumption that (9) converges at z = 0 for any function in A, .
Now assume that (11) holds true. Then there exists 7 with 0 < 7 < (po-)"'/# and L > 0 such that

lan| < LT""((pn)))""*1/° for all n € Ny.

Observe that for f € A, and £ € C, the function

(n)
Fe@ =+ &)= Zf )
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also belongs to A, . Thus, by (6), for every & > 0, there exists a constant K > 0 such that
1f"E) <Ke ((p0)/° +&)" ()= for all neNy.

If in particular we choose & small enough, such that g3 := ((pO')'/p + s) 7 <1, then

D fonf @ KoL Y = T
n=0 n=0

which concludes the proof. O

Lemma 2.6. Let p € (0,+00). If (9) converges for every f € A, at z =0, then

limsup A/((p)))! =17 |, | < +co. (12)

n—oo

Conversely, suppose that (12) is satisfied. Then (9) converges absolutely for every f € A, - and every
zeC.

Lemma 2.7. Let p €[0,+c0). If (9) converges for every f € A, o at 2 =0, then

lim sup 1’(/((pn)z)1—1/<P+8> | < co (13)

n—oo

for some & > 0. Conversely, if (13) holds true for some & > 0, then (9) converges absolutely for every
f €A, and every z€C.

In order to investigate the superoscillatory behavior, it is in certain situations necessary to consider
differential operators of form (8), but with non-constant coefficients. Although we consider in this
paper only operators with constant coefficients, we state the following results, which consider the
case of polynomial coefficients, for the sake of completeness.

Definition 2.8. Given q sequences of complex numbers (a,0)neNy» - - - > (AngInen, and we set
P.(2)= 2;1=0 a, sz . For p €N, we define the formal operator
6 +00 pn
U, (z, 6_z) - Z Pae) g (14)

whose coefficients are polynomials of degree lower or equal to q. We say that U, , (z, ) is applicable
to the class A, o if the series

> P )

n=0
converges for any f € A,  and any z € C.

Convolution operators with polynomial coefficients are also studied in Ref. 28. As before, the
following result can be obtained by simple adaptations of the techniques used therein. Again, one

can also consider U, , (Z, a%) as an operator of the form (10), where b, are polynomial coefficients

that equal P, if k = nj and O otherwise. Then one can directly apply Theorem 2.5 in Ref. 28 in order
to obtain the following lemma.
Lemma 2.9. The operator Uy, (z, [%) given by (14) is applicable to A,  if and only if

(i) inthe case 0 < p, 0 < 0o, we have

lim sup ';"/((pn)!)l-lfp|an,,| <(pa) VP for jel0,...,q},

n—o0o

(ii) inthe case 0 < p < oo and o =0, the operator U, , (z, a%) is applicable to some class Ap 5
with o’ >0,
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(iii) in the case 0 < p < 0o and o = oo, the operator U, 4 (z, a%) is applicable to some class Ay
with p’ > p.

Finally, the next result, which corresponds to Theorem 3.4 and Corollary 3.4 in Ref. 28, gives
information about the range and some continuity properties of the considered operators.

Theorem 2.10. Let the operator U, ,(D;) defined in (14) be applicable to the class A, ..

(i) If p€(0,1] and o €(0, ), then U, 4 (z, 6%) maps A, o continuously into itself.

(ii) If pe(1,00)and o €(0,0), then U, 4 (Z, %) maps A, o continuously into A, g with
1—
6:=c (1-a7v D),

d=y(ep)'’? and y:= max }lim sup X/(pn!)1=1/P|a, .
q

Jj€l0,..., n—+oo

where

(iii) If p€(0,00)and o =0 or o = oo, then Uy 4 (z, a%) maps A, o continuously into itself.

lll. PRELIMINARIES ON SUPEROSCILLATIONS IN UNIFORM MAGNETIC FIELD

We recall the fundamental solution of the Schrodinger equation in a uniform magnetic field from
the paper of Sondheimer and Wilson.?® The Hamiltonian H of a free electron in a constant magnetic
field H is given by
h? h 272

A+~ A.v+2

H == + . N 5
8m2m 2rime 2mc?

where A = %H X r is the vector potential, —q is the charge, and m is the mass of the electron and the
remaining symbols have the usual meaning. The Schrodinger equation studied in Ref. 26 is

0
_a_lfb(r’ 7) = Hlﬂ(r, ’y)’
Y

where r = (x, y, z) are the coordinates of the space. If the magnetic field is taken along the z direction,
then the vector potential is (—%Hy, %Hx, 0) and the equation for the wave function y/(r, y) turns into

h? ghH ¢H> 5
0 ,Y) = A— ——(xd, — ydy) — ),
W (r,y) [ S Lm0y = ¥0k) — (" +y) | (r,y)
which has the fundamental solution
3
2 2 H 272
K@, v',y)= il - Ho7Y _an
h?y ) sinh(uoHy) h2y

(2ipoHy(x"y = y'x) + poHy coth(poHy) [(x = x')? + (v = y')*] + (2 = 2')?) ]

where p is the Bohr magneton,

__4ah
HO= dame:
With the position
h
=— ith h=—,
Y= wi o=
we have
0 0
S Y
ay ot

The Schrodinger equation

.0 _
lha(r, H=Hy@ T)
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has therefore the fundamental solution

3 .
, m \2 uoHit m
K(I’,l',l‘)=( - ) exp[——_ .
2nikt) Ksinh (,UOHI%) 2hit

(—2MOH%(X'y - ¥ + o coth (ﬂoH%) (=22 + 6=y P) + - z')z) ] .

For the sake of simplicity, we set
c=h=m=H = q= 1

and obtain the following theorem.

Theorem 3.1. The fundamental solution of the Schridinger equation

0 {1 i 0 0 1, 5
lalﬁ(r,t)—[ 2A 2(x y )+8(x +y7)

3, 5 Y(r,1)

when the magnetic field is taken along the z direction and the vector potential is (—% v, %x, 0) is given
by

K@, r’ t)—( ! )2 !
o 2rit)  2sin (%)
i ’ ’ ! ! "2 N2 "2
exp [Z_t (—t(xy—yx)+§cot(§) [(x—x) +O-y) ] +(z—-2") )]
We now use Theorem 3.1 to find the solution of the following Cauchy problem.

Theorem 3.2. Let b=(by,by,b3) € R? and write r = (x,,2). Then the solution of the Cauchy
problem

0

> 1 [ 4 Lo o

J— ’[ = __A _ v _ Y 1 ’t ,

lat¢b(r ) [ 3 l(xﬁy yax)+8(x +y) do(r. 1)

(]Sb(r’ 0) = ei(blx+b2y+b3z)
is given by
Po(r, 1) = 1 ‘ e_itan(%)()‘zﬂz)efb(t,x) (15)
cos(z)

with

t

t
Ep(t,x) = ib1x + ibyy + ib3z — i tan (E) (b +b3) - i

t
b —itan(i)(bzx—bly).

Proof. We represent the solution using the fundamental solution from Theorem 3.1 and obtain

1 32 t
,[ =|— -
Pl 1) (2””) 2 sin (%)

% / o3 (F16y=Y 05 cot(5)((=x' )+ 5=y ) )+@=2)?) pib1x +b2y +b32) gyt
R3

For the sake of simplicity, we set
32
1 t
M@)=|5= PUTTVIEN
2nit 2sin(3)
so that we obtain

do(r, 1) =M(1) / 3 D gy’
R
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with

Er,x' 1) =
i ’ ’ ’ ’ ’ o ’ ’ ’
% (—t(xy—yx)+/\g(t) [(x—x)2+(y—y )2] +(z—z)2) +i(b1x" + byy" + b3z’)
where y(7):= % cot (%) The exponent can be rewritten as
v’ 1) = > [X(t)[x +y7]+2%

+ 3 [@ 1y = 2 1y~ 27]
|l )1
(x +%(tb1—xx(t)—5)) _Xl) (tbl—xx(t)—— ]

S|
(y +T (tbz—y/\{(t)+—)) - 02 (tbz—y/\/(f)+— :|

Some simple manipulations yield

i
— x (7
+mn>

i
— x(t
+mn)

Err'. =1 [Xaﬁx+y]+z-%w3—@ﬂ

1 2 1 tx\2
+Zﬂorﬂy@mfum—5)—MNQm—mm+5”

+ (@ + (1 = 2))?
i , 1 v\
+Z)((l) (.X +% (lbl —XX(I)—E))

+i oy + 1 (tb— (t)+t£)2
2[)( y I%0) 2 =YX ) .

Introducing the notations

E0(r, 1= 5- [YOLE 47142 = (ths ~ 2]

- 2”20) [(tbl —xx(t) — %)2 + (lbz —yx(@)+ %)2]

and

, i,
&@J,W:ZQ+UM—QV

i .1 )
+ ZX(Z) (x + 0 (tbl —xx(@) — E))

i
+3X(l)( —

"+ ! (zb (t)+tx)2
y T 2 =YX 3 )

we therefore have

Er,x', ) =&(r, 1) + E(r, 1, 1).
Applying Ref. 21, Eq. (3.323-2), we compute the regularized integral

.\ 12
: . _ i 78
/emfx2 dx=ﬁhn&+ e 2 (B—ia) dx = (_) .
R - R

a
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For a,b,c €R and a, B,y € R, we therefore obtain
/ eia/(x’+a)2 eiﬁ(y’+b)2 eiy(z’+c)2dxldy/dzl
R3
. \3/2
_ / 0 GIBOR Y it/ 1! = (im)
R3

@By
and thus

/ T A o O 2,00
¥ ey xo
Altogether we have

3/2
¢(r, t) ZM(Z)E&)(I‘,[) / ef](l‘,l",l‘)dr/ — M([) (2t7”) e&)(l’,t) - 1 e&)(l‘,f)
R3

x (1) cos (%)

and some simple calculations show that
] t
Eo(r, 1) = —i tan (5) (2 + ) + & (2, x).

So we get the statement. O

We will use Theorem 3.2 to study the evolution of superoscillations for two different initial data.
In the homogeneous case, we consider the evolution of superoscillations of the form

n
Y !
Un(r,0)= ) Ciln, @)=,
Jj=0
This case can be treated using the theory of superoscillations in one variable and it is the case of weak

. . . . . 2j
values. Since all space variables have the same exponential coefficient, namely, i (1 - 7’), we can see

the effect of the magnetic field on the evolution of the initial datum better than in the nonhomogeneous
case. For the nonhomogeneous case, we consider the initial datum

Un (0.0)= Y G (n,a) (13" 0 (1=30)<(1-)7),
Jj=0

where g1, q2, and g3 are suitable real numbers. In this case, we need the theory of superoscillations
in several variables recently introduced in Ref. 5.

IV. SUPEROSCILLATIONS IN THE HOMOGENEOUS CASE

In this section and also in Sec. V, we are working with the space variable (x, y, z). When we
consider convolution operators such as

s oP s orm s orm
Z_Oam(f)m, Z_Obm(t)(')yW’ Z_Ocm(l)azm, for peN,

with an abuse of notation we use the same notation also when (x, y, z) become complex variables.
We now use the results of Sec. III to study the homogeneous case, that is, the case in which the
coefficients in the exponential function of the initial datum satisfy b; =a > 1 for j = 1, 2, 3. We shall
therefore write ¢, instead of ¢y, = ¢(4.4,4) in this section for the sake of simplicity.

Lemma 4.1. Let bj = a for j =1, 2, 3. The solution ¢,(r,t) given by (15) can be written as

efﬁ(x2+)’2) tan( )

1
¢a(r5 t)_ COS(%)

(1 AV +y+z—(x—y) tan( %
Z % (E +2tan (E)) mem(x y+i—(x=y (2))

m=0
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Proof. Since b; = a for j =1, 2, 3, the exponent Ep(r, ) in (15) is
t t t
Ep(r,t)=ia (x+y +z—(x—y)tan (5)) —id® (5 + 2tan (E)) .
Now observe that

eia(x+y+z—(x—y) tan(§))—ia®(§+2tan(%))

- Z i (—ia2 (L +2tan (z)))m eia(x+y+z—(x—y)tan(%))
m! 2 2

= Z ﬁ (£ +2tan (%))m (ia)Zm eia(x+y+z—(x—y)tan(%))

© 2m
= Z 2 (L +2tan (i))m a_eia(x+y+z—(x—y) tan(%)).
: 2 aZZm

Putting these pieces together, we get the statement.
Theorem 4.2. Let a > 1 and set r = (x,V, z). Then the solution of the Cauchy problem

l//n (r9 t)?

0 1 (8 N 1.,
latw"(r’t)_[ 8 l(x(')y yax)+8(x +5’)

n
. 2
Un(r, 0) = Z Cin, a)ez(l—;f)(x+y+z)’
j=0
where the coefficients Cj(n, a) are as in (2), is given by

1

e—i'(x2+y2) tan( %)
t
COS (2)
n
20

Un(r, 1) =

Cj(n, a)ei(1—%)(x+y+z—(x—y)tan(%))—i(1—%)2(%+2mn(%)).

Moreover, lim,,_,co Y, (r, 1) = ¢4(x, t) uniformly on compact sets in R? forany t € (0, ), i.e.,

e~ (07 tan(g)=ia* (5 +2 tan(5))ia(eoyra-G-nan(3)) = ¢ (p, 7).

lim ¥, (r, 1) =
n—0e0 cos (%

(16)

7)

(18)

19)

Proof. First of all we observe that, because of the linearity of the problem, the solution of (17)

is given by the superposition
Yn(r,t) = Z Ci(n, a)p1-2j/u(r, 1).
j=0

Writing the above identity explicitly using Theorem 3.2 and (16), we get (18).
To prove (19), we apply Lemma 4.1. We define the operator

. "t 1\ AP
u(l, a_Z) -—z;) % (E + 2tan (z)) 6Z2m

and have

t
Cos 3

1 —L(x2+y?) tan( % 9 N i(1=2) (x+y+z—(x-y)(tan (4
ll’n(l"f):—e 4( ))t (2)u(t,a_Z)ZCj(n’a)e(l ")( i ) (2))

_ 1 o0 an(4)y t,ﬁ C_(n,a)ei(l—%)g(r,z)
g 4 /

t
Cos 3

with
gr,)=x+y+z—(x —y)tan(z/2).
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. 2j .
By Ref. 8, the sequence Z’.’ Ci(n, a)e’(l_#)g converges to ¢'“8 in Ay and the operator U(t, 9/0g)
acts continuously on this space. Indeed, denoting C() := 5 + 2 tan ( ) we have

T mC(t)m a2m

U(t,8/0g) = prt

m=0

and using Stirling’s approximation formula n! ~ V2rn(n/e)", we obtain

1
Varm(2zyzm) ™
limsup 4/((2m )‘)2 =+/C(¢) lim sup @
m—+oo m—+oo (m(%)m) 2m
= \JC (1) lim sup 22+ (27rm) ™ %
—+00

=2C(1) < +c.

The continuity of the operator U(z, d/0z) on A therefore follows from Lemma 2.6 and Theorem
2.10. We can thus exchange the limit and the operator such that

lim 4, (r,1)
n—+oo

- 1 e—i'(x2+y2)tan(%)u P i eiag(t,r)
9 8g

t
Ccos 3

i n?) tan(4 )Z ( +2tan( ; ))’” 9 ialeryez—-y) tan($))

aZZm

cos (%)

— 1 e—i'(x2+y2)tan(%)—ia2(%+2 tan( 4 ))+ia(x+y+z—(x—y) tan( %))

t
COS 3

= Pa(t, X).

Finally, observe thatr — g(r, ) is uniformly continuous and maps bounded sets to bounded sets. Thus,
for any subset K C R?, there exists a compact subset K’ ¢ C* such that g(K) c K’. Since convergence
in Ay implies uniform convergence on compact sets, the sequence ¥, converges uniformly to ¢,
on K. O

V. SUPEROSCILLATIONS IN THE NON HOMOGENEOUS CASE

Denote by z the m-tuple of complex numbers z:=(z1,...,zn), let @ =(aq,...,a,;) € N" be a
multi-index of length || = X}, @, and set 2% = =2z{"...zy". The space H(C™) of entire functions in
the variable z is equipped with the topology of uniform convergence on compact subsets of C".

For the continuity of the convolution operators in several variables, we apply Ehrenpreis’ theory
of Analytically Uniform spaces (AU-spaces, for short), see Ref. 18. The theory is quite involved.
We recall that a topological vector space (usually containing generalized functions) X is said to be
an AU-space if its dual X" is isomorphic (usually via some variation of the Fourier-Borel transform)
to a space A of entire functions with suitable growth at infinity. The general theory of AU-spaces
assures that a continuous multiplier on A, i.e., an entire function F such that the product by F acts
continuously on .4, can be interpreted as the symbol of a convolution operator on X.

The spaces we are interested in are of two types, see Refs. 18, 24, and 27.

Definition 5.1. Let p be any positive real number. The space
A, (CM):={feH(C™) :3 A, B>0 : |f(2)| <Aexp(Blz|")}

is said to be the space of functions of order p and finite type.

Definition 5.2. The space
Apo(C")={f e H(C™) : Ve>0, FA >0 : [f(2)] <Ag exp(elz|”)}
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is said to be the space of functions of order p and minimal type.

We also consider on these spaces the topology of relatively uniform convergence, cf.
Definition 2.1.

The following theorem, which can be found in Ref. 27, is of crucial importance to show the
persistence of superoscillations.

Theorem 5.3. For p > 1, there exists a topological isomorphism between the space A,(C") and
the dual space of the space Ay o(C™) with
1 1
-+ - = 1.
p p
Conversely, there exists a topological isomorphism between the space A, o(C™) and the dual space

of Ay (C™).

To investigate the nonhomogeneous case, we need to recall some results from the theory of
superoscillating sequences in several variables. We limit ourselves to the physical case of three
variables. For further details, we refer to the recent paper.°

Definition 5.4 (Generalized Fourier sequence). Let @ = (a1, a2, @3) € N° be a multi-index of
length |a| = a) + as + a3, and let

P(uy,uz, u3) = Z aqu'u?uy’, with aq €C,
|a|<h

be a polynomial of degree h. Let ke j(n) for £=1,2,3,n €N, and 0 <j <n be real numbers and set
Zg j(xg) =™k p=1,2,3.

We call the generalized Fourier sequence in three variables a sequence of the form

Sux1,x2,x3) = Z Ki(n, a)P(Zy j(x1), Z2,j(x2), Z3 j(x3)), (20
=0

where a€R and Kj(n,a) eR for j=0,...,nand neN.
An important example of functions Z, ;j(x¢) = e%ike i jg given when k¢ j(n) = (1 — 2j/n)’¢ with
pe € N. To emphasize the dependence on j and p,, we write

ﬁ)ﬂe
b

Zj,pf(xg):zeix"(l_ﬂ j=1,....,m, preN.

Definition 5.5 (Superoscillating sequence). A generalized Fourier sequence f,(x1,x2,x3) is said
to be a superoscillating sequence if

lim f,(x1, %2, x3) = Q (eig1(a)X1 | e's @ eigs(am) i
n—oo
where Q(uy, uy, u3) is a polynomial and

e lki(m)|<1forj=1,2,3,

e aeR,

o there exists a compact subset of R>, which will be called a superoscillation set, on which
fn converges uniformly to Q€811 182 @%2 pi83(@X3) \where the functions gj are continuous,
real valued and satisfy |gj(a)| > 1 for j=1,2, 3.

We recall the following important result that will be used in the sequel.

Theorem 5.6. Let g; €N for j=1,...,m be even numbers and let

ix;(1—2k)4j .
Zhg ()= VU =123,
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Assume that there exist rp €N, £ =2, 3, such that

q1="12q2 + 1393
and consider the polynomial of degree h in 3 variables that is given by
P(uy, ... up) = Z aqu uy’us’,
la|<h

where aq € C and « is a multi-index. We define

n
Fatts ) = D G, @P (g, (61), 2y (12), 2k (1)):
Jj=0
Then f,(x1, X2, X3) is superoscillating, that is,
: _ ixi(—ia)1 ixp(—ia)?2  ix3(—ia)?3
r}l_{gofn(xbxz,m)—P(e e Ny ).

Definition 5.7. Let a>1andlet g €N, j=1,2, 3, be even numbers and assume that there exist
re €N, €=2,3, such that
q1 =142 + r3mq3.

We define the sequence

n
Y (X1, X2,%3) = Z Ci (nay e (175)" gt (1-5)" 4ins (13"
j=0

As a consequence, we have the following particular case of Theorem 5.6.

Corollary 5.8. Let Yu(x1,%2,x3) and q;,j = 1,2, 3, be as in Definition 5.7. Then YV,(x1,x2,X3) is

superoscillating and

lim Y, (x1, xp, x3) = ™1 " phralia)2 gixs (i)™
n—oo

Theorem 5.9. Let b:=(by,by,b3) € R3andr= (x,y,2) and define the differential operators

0 1 (it\" 9% 0 1 . , 0%
A(ngyzzz;ﬁ(z) o nd B(ngyzzEZ?anaﬂD et
m>0 n>0
Then the solution of the Cauchy problem
1 1
i%t(b(r, 1= [—EA —i (xaa_y - y%) + g(x2 +y2)| ¢(r, 1),

#(r,0) = ei(h1X+b2y+hsz)

can be written as

dp (1, 1) = e—g(szryZ)m(%) A (t, ﬁ ) B(t, i ) B(t i ) D1 Gy ) +ib (xy.1)+ib3z

9z ag) "\ an

with €(x,y,t) =x + tan(t/2)y and n(x,y,t) =y — tan(¢/2)x.

t
Cos 3

Proof. We recall that the solution is given by (15) and we rewrite the exponent &, (r, t) as
4 t
Ep(r, 1) =ib; (x + tan (E)y) —itan (5) b%
+ib ( —tan (E)x) —itan (1) b2 + ibyz — izb2
2|y ) 7)%2 32 205

o 1 (it\™ 92 . a\ .
YN (4 T

m>0

Now observe that
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Moreover, we have

eibg(y—tan(%)x)—itan(%)b% — +Z.o _ (l tan (t/z))n (lb2)2n lbz(y tan( )X)

n=0

= — (it t2”
; Gtan t/2))" 5o

and with similar computations we get

ghigeyn Z g 0\ by
?ag

eibl(x+tan(%)y)—itan(%)b% =8|t i eibzn(x,y,t).
0
We thus have

0 o\ . o)\ .
Ep(rt) — ib1 &(x,y,t) ) Liban(x,y,t) M Jibsz
=g ) (ofe g o) (a 52) )

_.A( 9 )B( 0 )B (l 0 ) ib E(x,y,0)+ibyn(xy,t)+ib3z
¢

and obtain the statement. |

Theorem 5.10. Let |a| > 1 and r=(x,y,7) and let g; €N for j =1, 2, 3 be even numbers such
that g1 =ryq2 +13q3 for some 1, r3 € N as in Definition 5.7. Then the solution of the Cauchy problem

I LN A PR Y
yn(rt) [ A l(xay yax) 8(x +y)

yn(r’o):zqm’a)ei(x(l—%) 1+y(1 Zk) (1_%)43)

7=0

Vu(r, 1), 1)

is given by

yn(r’ H=

. n
t e—i(x2+y2)tan(%) Z Ci(n, a)ei(1—2,,*k)q‘x+i(1—%)"2y+i(1—27")"3z
cos (5 = 22)
(122 (122 i (1) a5 (1-2) e (1-2) )

where F(r,t) is defined as in Theorem 5.9. Moreover Y,(-,t) converges for any t € [0, ) locally
uniformly to ¢aa(r,t) with a% = ((ia)?', (ia)?, (ia)?), i.e.,

bl

lim Y,(r,t)= ¢+ n(3)
n—+co cos (%)

. eix(ia)ql +iy(ia)T2 +iz(ia)®3 —i tan( 5 ) ((i@)*11 +(ia)*92 )—i % (ia)*93 —i tan( 4 )((ia) 2 x—(ia) 13 )

Proof. The identity (22) follows from Theorem 3.2 and the linearity of Eq. (21). In order to show
the convergence of the sequence ), (-, t) for ¢ € [0, 7), we apply Theorem 5.9 and write Y, (r, ) with
the position

bj,n = ((1 = 2j/m), (1 = 2j/m)®, (1 = 2j/n)?)
as

Vale,0)= > Ci(n, @)y, (x, 1)

j=0
1 0 0
— l e——(x +y?)tan(§ A+ ( ) B( 3 ) (t, 8_) Gn(€Cx, v, 1), u(x,v,1),2)
cos (5) 3 n
with £(x,y, ) and u(x,y,t) defined as in Theorem 5.9 and

n
Gul&, 11, 2) ::Z Ci(n a)ei(l—Zj/n)"l§+i(1—2j/n)”277+i(1—2j/n)"3z.
j=0
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By Corollary 5.8, the sequence G,(¢, 7, z) tends to G(&, 77, z) := /(" ¥ili@Rn+ilia)Bz 4 .Az,o((C3), and
the theory of AU-spaces and Theorem 5.3 imply that the operators A (t, a%)’ B (t, %), and B (t, %)
act continuously on this space. We thus have for

0

0
Rn(é, 1, 2) =A (t, a—z) B (t, 6_§

) B (r, ai) Go(€.7.2)
n

that

. . 0 0 0
Jim Ry (e = tim A n g B(n ) B0 5 6 e

0 0 0
= A(f, 6_Z) B(l, %) B(t, %) g(f?ﬂ’z)
=R (&.n,z2)

in Ap,o((C3). Convergence in this space however implies uniform convergence on compact subsets of

C3. Now observe that u(-, -, t) and n(-, -, ) map bounded sets to bounded sets. Thus, for any compact
subset K C R, there exists a compact subset K’ ¢ C? such that

{(€C,y,0,n(x,y,0),2) 1 (x,y,2) eK} C K.

The uniform convergence of R, to R on K’ implies that the functions

(6, y,2) = Ru(§(x, y, 1), n(x, ¥, 1), 2)

converge uniformly to (x,y, z) = R(£(x, y, 1), n(x,y,1),z) on K because

Sup |RI1(§(X7 Y, t)’ U(x’ Y, t)’ Z) - 'R(f(x, Y, t)’ n(x’ Y, t)s Z)'
(x,y,2)eK

n—+00
< sup  |Ru(é,1,2) - R .2 — 0.
(&.m.2)€K’

Thus we also have

. . 1
Jim Y,(r.n= lim —— 7R, €y, 0.1y, 1).2)

n—+oo cos

~
~—

2
cos %) 0z o¢ on
= Paa(r, 1).

O
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