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Abstract— We investigate the existence of secure bit com- a manifestation of a deep information-theoretic propeity o
mitment protocols in the convex framework for probabilistic  quantum mechanics, fit for a crucial role in an information-
theories. The framework makes only minimal assumptions, a e qretic characterization, or reconstruction, of therfalism
can be used to formalize quantum theory, classical probahiy - .
theory, and a host of other possibilities. We prove that in dl of.quamum th_e?ry- Such a .reCOI']StI‘l.,ICtIOIj], at Its most am-
such theories that are locally non-classical but do not have bitious, is envisioned as similar to Einstein's reconsinre
entanglement, there exists a bit commitment protocol thats of the dynamics and kinetics of macroscopic bodies on the
exponentially secure in the number of systems used. basis of simple principles with clear operational meanings
and experimental consequences. As argued in (for example)
[8], [9], [7], such a reconstruction could lend force to the

In the 1984 paper [1] in which they introduced informationview that the foundations of quantum mechanics are properly
theoretically secure quantum key distribution, Bennettl aouched in terms of information, a view which has received
Brassard also considered the possibility of informatiofincreasing attention with the rise of quantum information
theoretically secure bit commitment. Bit commitment is aiba science. Short of this ambitious goal, there are still gjron
primitive in classical cryptography, to which many praatig  reasons to pursue an informational characterization afiguna
important cryptographic tasks, such as secure functioluava mechanics. It should lead to a principled understandingef t
tion, can be reduced. In a bit commitment protocol, one parfgatures of quantum mechanics that account for its betmn-t
usually called Alice, performs some act that is supposed d¢tassical information processing power. Such an undedatgn
irrefutably convince another party, Bob, that she has @cav could help guide the search for new algorithms and protgcols
bly committed to a value, 0 or 1, of a bit, without leaking anyoth positively, by providing conceptual tools to explaita
information about the value of the bit to Bob. Later she cavariety of settings, and negatively by identifying infortiaa-
perform another act that reveals the value of the bit to Bgivocessing tasks requiring properties that quantum méchan
and enables him to perform some test that may be necesdacks.
for him to verify that she was indeed committed. Classically Brassard and Fuchs’ conjecture was that the impossibility o
bit commitment can be achieved widomputationakecurity, bit commitment might, in conjunction with the possibilitf o
but not with information-theoretic security. secure secret key distribution and the impossibility otans

Bennett and Brassard showed that the bit commitmetaineous signaling between distinct physical systems,csuffi
scheme they considered could be defeated by the usetmftharacterize quantum theory. Clifton, Bub, and Halvorso
entangled states. Attempts were made [2] to construct secproved a result (the CBH theorem) [8], close to this conjectu
bit commitment protocols, but Lo and Chau [3], and indepeim the framework ofC*-algebraic theories. They demonstrated
dently Mayers [4], showed that an entangled attack akin the existence of a protocol related to the no-bit commitment
Bennett and Brassard’s defeats all quantum bit commitmehtorem, but weaker, between two “local” algebras, wheneve
protocols, and there is now a solid consensus that this daks local algebras are not commutative (not classical) and
indeed cover all reasonable schemes and attacks [5]. there are entangled states between the algebras. However,

Soon after this development, Brassard [6] and Fuchs [if] finite dimensions,C*-algebraic theories are essentially
asked whether the impossibility of bit commitment might bguantum mechanics with superselection rules, so in our,view

I. INTRODUCTION
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a much broader framework is desirable. Further evidencentain the minimal tensor product, and be contained in what
for this view is Halvorson’s demonstration [10] that no-bitknown as themaximal tensor producbf less interest here.
commitment follows from no-signaling and no-cloning withi  To describe quantum theory in this framewafkjs chosen
the C*-algebraic framework. To obtain the most illuminatingo be isomorphic to the set of density operators on a Hilbert
characterization of quantum mechanics in terms of infoilonat space andCone(f2) is the set of positive operators. The
processing, one should work in a framework wide enough tpiantum tensor product lies strictly between the minimal an
include not only quantum and classical mechanics, but alsereximal tensor products. In classical thedpyis a simplex of
wide variety of other theories that can serve as foils to themrobability distributions, i.e. the convex hull df+ 1 linearly

the C*-algebraic framework is too restrictive. independent points iR, and the maximal and minimal

It is therefore an open question whether non-classical thensor products coincide so there is no choice. Classical
ories without entanglement are ruled out by demanding theeories are, equivalently, characterized by the propidy
impossibility of secure bit commitment, in some appromiat any state in{2 has a unique convex decomposition into pure
broad framework. In this paper, we answer that questionen tfextremal) elements.
affirmative. We work in a framework that allows for a wide It is important to specify the dynamics of theories in this
range of probabilistic theories, including not only quantu framework, because this specifies what Alice and Bob can
and classical theories, but also theories of Popescu-Rbhrl do to their systems. In this framework, dynamics positive
or nonlocal, boxes [11], [12] that allow nonlocality stramg linear mapsC : R4+ — R4+1 i.e. ones that tak€one(f2)
than that in quantum mechanics, as well as many other typeswfitself. Thus they take (not-necessarily-normalizedfest
theory. For any nonclassical theory within the frameworktthto states. Further, they must m®rm-nonincreasingfor all
does not permit entanglement between systems, we constsiatesw € Cone(f?), u(L(w)) < u(w); we use the term
a bit-commitment protocol that is exponentially securehia t operation standard for the quantum case, to denote these.
number of systems used. The mapers : w — u(L(w)) is an element ofl0, u], and

We proceed as follows. First the framework of generalizad interpreted as an effect (measurement outcome) assdciat
probabilistic theories is introduced and our bit-commitine with the dynamicsC. Thus for normalizedv and positiveL,
protocol is defined. We then prove that such a protocek(w) is interpreted as the probability with which the state
always exists in a non-classical theory. Next, we prove uindergoesC. Whene, = u, the map isnorm-preservingit
to be exponentially secure in all theories that don't allowe anunconditionaldynamics not associated with obtaining a
entanglement. Finally we give a summary and discussion. particular measurement outcome.

Early work on cryptography using stronger-than-quantum
nonlocal correlations, including [15] and [16] wheretangled

The framework is that ofconvex operationalr gener- correlations enabled bit commitment, did not situate these
alized probabilistictheories, for which no-cloning and no-correlations in a unified framework describing dynamicsame
broadcasting theorems were proved in [13], [14], to whickurement, and state preparation such as the one we use here.
we refer for further background. The setmdrmalized states  The assumptions embodied in this framework [14] are fairly
of a system is a compact convex $t C R?. Embed() minimal. Two are substantive: first, the “local observapili
in R4*t1, avoiding the origin, and leCone(f2) be the set assumption effectively states that there are no “intriamigic
of linear combinations of elements @@ with nonnegative nonlocal” degrees of freedom that cannot be determined by
coefficients—the convex cone ahnormalizedstates. Itslual making repeated local measurements on the subsystems of
cone Cone(f2)*, consists of those linear functionals fromidentically prepared systems. Second, a “no-signalingt-co
R9*+1 to R that are nonnegative ofione(Q2). Measurement straint, which it is reasonable to take as the definition oftwh
outcomes are representededfects functionalse € Cone(2)* we mean by an independent subsystem.
satisfyinge(w) < 1 for all w € Q. e(w) is the probability = Our protocol uses the fact that any nonclassical state-
of outcomee for a system prepared in state Equivalently, space contains states that have more than one distinctxconve
effects are elements of the intervi@l, v] in the dual cone, decomposition into pure states. Alice encodes which bit she
whose endpoints are the zero functional and the unit funatio has committed to as a choice of one out of two such de-
u that givesl on all normalized stated/deasurementare sets compositions. The security analysis we give requires that t
{e;} of effects with) . e; = u (i.e.Vw € Q,) . e;(w) = 1).  two sets of pure states used in the decompositiordigjeint,

For two state space$)s andQp, a spectrum of possible and that all the states xposedbut this can be achieved in
“tensor products” is identified—these are candidates for dany nonclassical state space. A statexposedf there is a
scribing a composite system built from subsystems withestaheasurement outcome whose probability is that state, and
spaced?4 and(2p. In this work we need only one: strictly less tharl on any other state—an outcome that can be

Definition The minimal tensor producf)s ® Qp is the guaranteed by that state, and only by that state. We call such
convex hull of the set of product states,,wp) € Q4 xQp. an effect thedistinguishing effecfor the state in question. It

This generalizes the quantum-mechanical construction isfimmediate from the definitions that exposed states are. pur
the unentangled oseparabledensity matrices. The general We write cl(.S), conv(S), and Exp(S) for the topological
framework requires only that a tensor product be conveslpsure, convex hull, and set of exposed points of aSset

Il. THE FRAMEWORK



IlIl. THE PROTOCOL

. .. 0
Let a system have a non-simplicial, convex, compact steﬁ%ts{ﬂh e

spacef2 of dimensiond. The protocol uses a statethat has
two distinct convex decompositiod$py, 19)}, {(p}, 11} )} into
finite disjoint sets of exposed states, that is,

NO Nt
0,0 1,1
= vl = v -
i=1 j=1

In the honest protocol, Alice first decides on at# {0,1}

(1)

1,..., N} into elements of so thatN°+ N is minimal. The
1ot and{pd, ..., uk.} are then disjoint. For if
they had a state in common, say (reindexing if necessgry)
ui, then the (unnormalized) staté := w—min, (p}) b would
also have two different convex decompositions, contradict
minimality. O

To show there arel + 2 exposedstates we’ll use the
following special case of Theorem 18.7 of [17].

Theorem 2: A compact convex sef) C R? is the
closure of the convex hull of its exposed points, i&.=

to commit to. She then drawsindependent samples from thecl(conv(Exp(€2))).

probability distribution (p}, p5, ..., p%.), obtaining a string
x = (21,22, ...,2,). She sends the state, = 2 @ ub, ®
...®@pb to Bob.

In the reveal phase, she sendand x to Bob. Bob then

Lemma 2:A nonsimplicial convex compact s& of dimen-
siond has at leastl + 2 exposed points.

Proof: By Theorem 2, the closure of the convex hull of
Exp(C) is equal toC, and therefore:l(Cone(Exp(C))) =

measures each subsystem of the state Alice sent in the corrfite(C). Taking the closure of a convex subset (compact or
phase. On the:-th subsystem, he performs a measuremef@t) of R" can't increase the dimension of the subspace it

containing the distinguishing effect f(ptgk and aborts if the
result is not the distinguishing effect. If he obtains th@rap
priate distinguishing effect for every subsystem, he atscep

spans, so the linear span Bkp(C) must beR?*!, and we
may pick a linearly independent subsetkp(C'), consisting
of d + 1 exposed points. There must be an exposed point not

Example of protocolif Q is the state space of a qubit, wen the convex hull of thesé + 1 points, for if not the convex

can transpose the one-qubit protocol of [1] to our setting.

can be visualised as the Bloch sphereRif with pure states
on the surface and their mixtures inside the spherelLbé
the center of the sphere, i.e. the completely mixed s}dt&

3+ + %|—><1—| = 310){0] + 3[1)(1], where|0),[1) is a
basis and=+) = —(|0) +[1)). Let p§ = [0)(0], pg = [1)(1],
pi = |+){+, ps = |-)(—| andp? = L1 Vi,b. Inthen =1

case, if Alice decides to commit tbh = 0 for example, she
would send Bob eithel0) or 1), each with probability,. Say
she sendd0). To reveal she tells himb‘= 0" and that she
sent|0). Bob would then measure in thé), |1) basis, find0)
and accept. In [1], Bennett and Brassard considerechthisl

protocol and showed it was completely nonbinding through

entangled attack.

IV. EXISTENCE OF THEPROTOCOL

The existence of the protocol just described in any non-

classical theory follows from:
Theorem 1:Every nonsimplicial convex compact sét
of dimensiond contains a state: with two convex decom-

positions into disjoint sets of exposed states, whose total

cardinality is less thad + 2.
The theorem follows from two lemmas.

Lemma 1: Let Q be a non-simplicial compact convex set *

of dimensiond. Then the convex hull of any+ 2 pure states

in Q contains a statg which has two convex decompositions,

N° Nt
p=> o0l = pjuj, 2
i=1 j=1
into disjoint sets of pure states, withi® + N < d + 2.
Proof: Let T := {u1, ..., ta+2} be an arbitrary set of + 2
pure states. Then cofW) is non-simplicial becaus€& has
dimensiond. Choose a states with two different convex
decompositions{(p?, u?),i = 1,..,N°} and {(p}, u}),j €

hull of the exposed extreme points 6fwould be a simplex,
whence, using Theorem 2 and the fact that a finite-dimenkiona
simplex is closed( itself would be a simplex. O

Since exposed states are pure, Lemmas 1 and 2 immediately
imply Theorem 1.

V. SECURITY OF THEPROTOCOL

We adapt our security definition from Ref. [18], simplifying
to the setting where there is no communication from Bob to
Alice. We start with the formal definition:

Definition Let ¢ > 0. We say that a bit commitment

rotocol with one-way communication is-secureif it has

e following properties:

« (e-soundnegsAssume that both parties are honest. Then
the probability that Bob aborts is at maostand, if he
does not abort, then after the reveal phase he learns the
bit b that Alice committed to.

« (e-hiding) Assume that Alice is honest. Then for all cheat-

ing strategies of Bob aiming to guess the committment

before the reveal phase; + ¢1 < 1+ ¢, whereg, is the
probability that Bob guesses correctly given that Alice
committedb.

(e-binding) Assume that Bob is honest. Then for all

commitments of Alice,pg + p1 < 1 + ¢, wherep, is

the maximum probability that Alice successfully reveals

If any of the above hold foe = 0, we say that the protocol
satisfies that propertgerfectly

Our protocol is perfecthsoundbecause if Alice is honest,
the distinguishing measurements that Bob makes based on
Alice’s claim give the correct answers with probability In
general, one would consider the probability &ther honest
participant accusing the other of cheating, but in a one-way
protocol, there is no provision for Alice to abort.



The protocol is also perfectligiding—there is no way for After Alice attempts to reved it is:
Bob to obtain information about the bit during the post-
commit, pre-revelation phase, as the stafé® that (honest) Y= Zrl‘cb(TZ BND - BY) QW8 @w, . (5)
Alice sent is independent df !
The nontrivial part of the security analysis is to show thatet ¢'* = Y- #m04{mb ... @~m be the marginal state on
the protocol iss-binding—to show that Alice can't cheat by I'®" induced by the stat€’ (7' © 7{ @ --- ® 7). Then the
choosing which bit to reveal after she is supposed to lséate of®" @ Q" is
committed to one or the other. In an ideal bit commitment , ! Imb,_Imb Imb
protocol, Alice could use randomness to commitOtavith X zl:T ;t NEE O
probability pg and1 with probabilitiesp; = 1—pg, S0 she can
achieve any paipg, p; in the definition such thaty +p; = 1.
Our protocol only allows her to do a little better. For exaep

if she wants to be able to reve@lwith probability 1, then the : L
probability that she can revealis at moste. Although it is the saml?nresult by samplm_g the d'?};'bu“on of measurement
suitable for present purposes, we note that our definition rc?fSUItSpfC Bob would obtam_ fromy,™, perhapg keep|_ng a
e-binding is too weak to establish composable security [19]".?,(££dq of th? rebsult of samp!lng, and sendmgie.ﬁn_nest_rlng

z] 7@ -2 for the claim, encoded as distinguishable

We'll need a lemma about measurements. . o : . )
] ... states that will definitely give this string of outcomes. tireg
Lemma 3:Suppose two exposed states~ v have distin- . 2
A stand forimg, we see that an optimal strategy for Alice is

guishing effects: andb. Let

Qi@ -@w, . (6)

Bob will subject each copy df to a standard measurement to
| read Alice’s claim; thek-th system will yield a value: with
probability p{™(z) determined byy!™. Alice could achieve

as described in the Lemma. O
f(p,v) = sup (a(w) + b(w)). (3) Theorem 3: Our bit commitment protocol is-binding with
wen e=(1-90)".

. b istinauishi b
Thenl < f(u,v) < 2. Proof: Let a; be the distinguishing effect fop? (b €

; b T b A\ this i
Proof: For the upper bound, the functiantb is linear and {0,1}, € t[_l""’N }3' Define g; (A) := az?’b(w’“)’ this s

the set() is convex and compact, so the supremunuef b the probability thatu; passes the test Bob performs on the

is achieved on a pure state. Supposes(w’) + b(w') = 2. k-th system in the reveal phase when Alice tries to revweal

Then we must have(w') = 1 andb(w’) = 1, which implies  Theng;(\) +¢;(\) < 2 — 4, by our choice ofs.

w' = i = v, a contradiction. The lower bound follows from Since Bob only accepts if he accepts the stafeof each

consideringw = 4. ] subsystem, we have:
Now define § := minjc;<yoi<jent (2= f(1, 7)), n n
wherep?, M} run over the states used in the protocol. Note that Do+ p1 = Zp()\) H qR(\) + H G\ - @
§ < 1, since at least one pair of state$, M} is not perfectly A k=1 k=1
distinguishable. This quantity will control the numbem of By convexity, we can fix some best choice for the randomness
systems we need to use to achieveecurity. A and drop the label. An upper bound on
The proof also uses the following description of an optimal n n
set of strategies for a cheating Alice. po+p1 = H @+ H a, (8)
Lemma 4:An optimal strategy for Alice is as follows: she k=1 k=1

tos_sehs soz\ne Céc;]ms ?]nd generates rando?n&ﬁh prqbab|l]lty is obtained by maximizing it subject t0 < ¢}, ¢} < 1 and
weight p()). She then prepares an arbitrary string o pur& +¢qi < 2 — 5. We should saturate the second inequality,

A A A
stateswy ® wy ® ... ® wy. She sends them to Bob. In thegj, .o adding ta or ¢} can only increase the right-hand side

reveal phase, she can send an arbitraryblzihd an arbitrary b b
. ’ . of Eq. (8). Now letQ? := - , SO that =
“claim sequence’x*’, that depends on the bit she wants to a ® @ Hkkl',;" T Po+p1

claim and the randomness. Q%qg + Q}cq}c. Since this expre;ésion is affine ‘12 it's clear
The state claimx™?, which is classical information, is that if Q% > Q}C, we should takegg =1 and q}C =1-4,
encoded in perfectly distinguishable states of some systeand vice versa i@}C > Q%. If Q}C = Q%, then we can take
T" in the theory; it is easily shown that doing otherwise canéitherqg =1 and q}C = 1—§ or use the opposite assignment.
help Alice. Therefore,
Proof of Lemma 4:A general cheating strategy for Alice _
is to prepare an arbitrary state H® I'®" @ Q®" (where Y po+p1 < m:%.l.aﬁm(l =)+ (1=8""  (9)
is some state space in the theory), and then dalapendent
positive mapL® on T @ T®" just before sendin§®" to Bob,
in an attempt to revedl. Letting »! be probabilities;! € 7T,
7L €T, wl € Q, the state before revelation is:

If 0 < m < n/2, then we can increase the sum by moving
al—¢term from (1 —6)™ to (1 —46)"™, from which it
follows that

L z z z +py < 1+(1 -9 if n is odd;
er MO 7w @ Quw, . 4 PoTh= max(1 4 (1 — )", 2(1 —6)"/?) if n is even.
l



For evenn, note thatl + (1 — )" —2(1—6)"/?2 = (1— (1 — what, if any, sorts of theories in our framework tfdat have
§)™?)2 > 0, so the maximum is always achieved by the firgntanglement, nevertheless permit bit commitment.

term. This proves the theorem. O
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