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Towards a formulation of quantum theory as a causally neutral theory of Bayesian inference
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2Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, Ontario, Canada N2L 2Y5
(Received 19 June 2012; revised manuscript received 30 October 2013; published 27 November 2013)

Quantum theory can be viewed as a generalization of classical probability theory, but the analogy as it has been
developed so far is not complete. Whereas the manner in which inferences are made in classical probability theory
is independent of the causal relation that holds between the conditioned variable and the conditioning variable,
in the conventional quantum formalism, there is a significant difference between how one treats experiments
involving two systems at a single time and those involving a single system at two times. In this article, we
develop the formalism of quantum conditional states, which provides a unified description of these two sorts of
experiment. In addition, concepts that are distinct in the conventional formalism become unified: Channels, sets
of states, and positive operator valued measures are all seen to be instances of conditional states; the action of a
channel on a state, ensemble averaging, the Born rule, the composition of channels, and nonselective state-update
rules are all seen to be instances of belief propagation. Using a quantum generalization of Bayes’ theorem
and the associated notion of Bayesian conditioning, we also show that the remote steering of quantum states
can be described within our formalism as a mere updating of beliefs about one system given new information
about another, and retrodictive inferences can be expressed using the same belief propagation rule as is used
for predictive inferences. Finally, we show that previous arguments for interpreting the projection postulate as a
quantum generalization of Bayesian conditioning are based on a misleading analogy and that it is best understood
as a combination of belief propagation (corresponding to the nonselective state-update map) and conditioning on

the measurement outcome.

DOI: 10.1103/PhysRevA.88.052130

I. INTRODUCTION

Quantum theory can be understood as a noncommutative
generalization of classical probability theory wherein prob-
ability measures are replaced by density operators. Much
of quantum information theory, especially quantum Shannon
theory, can be viewed as the systematic application of this
generalization of probability theory to information theory.

However, despite the power of this point of view, the
conventional formalism for quantum theory is a poor analog
to classical probability theory because, in quantum theory,
the appropriate mathematical description of an experiment
depends on its causal structure. For example, experiments
involving a pair of systems at spacelike separation are
described differently from those that involve a single system at
two different times. The former are described by a joint state
on the tensor product of two Hilbert spaces, and the latter are
described by an input state and a dynamical map on a single
Hilbert space. Classical probability works at a more abstract
level than this. It specifies how to represent uncertainty prior
to, and independently of, causal structure. For example, our
uncertainty about two random variables is always described
by a joint probability distribution, regardless of whether the
variables represent two spacelike separated systems or the
input and output of a classical channel. Although channels
represent time evolution, they are described mathematically by
conditional probability distributions. The input state specifies
a marginal distribution, and thus we have the ingredients to
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define a joint probability distribution over the input and output
variables. This joint probability distribution could equally
well be used to describe two spacelike separated variables.
Therefore, we do not need to know how the variables are
embedded in space-time in advance in order to apply classical
probability theory. This has the advantage that it cleanly
separates the concept of correlation from that of causation.
The former is the proper subject of probabilistic inference
and statistics. Within the subjective Bayesian approach to
probability, independence of inference and causality has been
emphasized by de Finetti ([1], Preface pp. x—xi):

“Probabilistic reasoning—always to be understood as
subjective—merely stems from our being uncertain about
something. It makes no difference whether the uncertainty
relates to an unforeseeable future, or to an unnoticed past, or
to a past doubtfully reported or forgotten; it may even relate to
something more or less knowable (by means of a computation,
a logical deduction, etc.) but for which we are not willing to
make the effort; and so on.”

Thus, in order to build a quantum theory of Bayesian
inference, we need a formalism that is even handed in
its treatment of different causal scenarios. There are some
clues that this might be possible. Several authors have noted
that there are close connections, and often isomorphisms,
between the statistics that can be obtained from quantum
experiments with distinct causal arrangements [2—8]. Time-
reversal symmetry is an example of this, but it is also possible to
relate experiments involving two systems at the same time with
those involving a single system at two times. The equivalence
[9] of prepare-and-measure [10] and entanglement-based [11]
quantum key distribution protocols is an example of this and
provides the basis for proofs of the security of the former [12].

©2013 American Physical Society
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Such equivalences suggest that it may be possible to obtain a
causally neutral formalism for quantum theory by describing
such isomorphic experiments by similar mathematical objects.

Among the main goals of this work are to provide this
unification for the case of experiments involving two distinct
quantum systems at one time and those involving a single
quantum system at two times and to provide a framework
for making probabilistic inferences that is independent of this
causal structure. Both types of experiment can be described
by operators on a tensor product of Hilbert spaces, differing
from one another only by a partial transpose. Probabilistic
inference is achieved using a quantum generalization of
Bayesian conditioning applied to quantum conditional states,
which are the main objects of study of this work.

Quantum conditional states are a generalization of classical
conditional probability distributions. Conditional probability
plays a key role in classical probability theory, not least due
to its role in Bayesian inference, and there have been attempts
to generalize it to the quantum case. The most relevant to
quantum information are perhaps the quantum conditional
expectation [13] (see [14,15] for a basic introduction and [16]
for a review) and the Cerf-Adami conditional density operator
[17-19]. To date, these have not seen widespread application
in quantum information, which casts some doubt on whether
they are really the most useful generalization of conditional
probability from the point of view of practical applications.
Quantum conditional states, which have previously appeared
in [4,20,21], provide an alternative approach to this problem.
We show that they are useful for drawing out the analogies
between classical probability and quantum theory, they can
be used to describe both spacelike and timelike correlations,
and they unify concepts that look distinct in the conventional
formalism.

The remainder of the introduction summarizes the contents
of this article. It is meant to provide a broad overview
of the conditional states formalism, its motivations, and
its applications, while introducing only a minimum of the
technical details found in the rest of the paper.

A. Irrelevance of causal structure to the rules of inference

Unifying the quantum description of experiments involving
two distinct systems at one time with the description of those
involving a single system at two distinct times requires some
modifications to the way that the Hilbert space formalism of
quantum theory is usually set up. Conventionally, a Hilbert
space H 4 describes a system, labeled A, that persists through
time. Given two such systems, A and B, the joint system
is described by the tensor product Hap = Ha ® Hp. In the
present work, a Hilbert space and its associated label should
rather be thought of as representing a localized region of
space-time. Specifically, an elementary region is a small
space-time region in which an agent might possibly make a
single intervention in the course of an experiment, for example
by making a measurement or by preparing a specific state.
Each elementary region is associated with a label and a Hilbert
space, for instance, A and H 4.

Generally, a region refers to a collection of elementary
regions. A region that is composed of a pair of disjoint regions,
labeled A and B, is ascribed the tensor product Hilbert space
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Hap = Ha ® Hp. In contrast to the usual formalism, this
applies regardless of whether A and B describe independent
systems or the same system at two different times. Because
of this, if an experiment involves a system that does persist
through time, then a different label is given to each region
it inhabits; e.g., the input and output spaces for a quantum
channel are assigned different labels.

Although we have motivated our work by the distinction
between spatial and temporal separation, in fact it is not the
spatiotemporal relation between the regions that is relevant
for how they ought to be represented in our quantum
generalization of probability theory. Rather, it is the causal
relation that holds between them which is important.

More precisely, what is important is the distinction between
two regions that are causally related, which is to say that one
has a causal influence on the other (perhaps via intermediaries),
and two regions that are acausally related, which is to say that
neither has a causal influence on the other (although they may
have a common cause or a common effect or be connected via
intermediaries to a common cause or a common effect).

The causal relation between a pair of regions cannot be
inferred simply from their spatiotemporal relation. Consider
a relativistic quantum theory for instance. Although a pair
of regions that are spacelike separated are always acausally
related, a pair of regions that are timelike separated can be
related causally, for instance if they constitute the input and
the output of a channel, or they can be related acausally, for
instance if they constitute the input of one channel and the
output of another. Although timelike separation implies that a
causal connection is possible, it is whether such a connection
actually holds that is relevant in our formalism. The distinction
can also be made in nonrelativistic theories and in theories
with exotic causal structure. Indeed, causal structure is a more
primitive notion than spatiotemporal structure, and it is all that
we need here.

Typically, we confine our attention to two paradigmatic
examples of causal and acausal separation (which can be
formulated in either a relativistic or a nonrelativistic quantum
theory). Two distinct regions at the same time, the correlations
between which are conventionally described by a bipartite
quantum state, are acausally related. The regions at the input
and output of a quantum channel, the correlations between
which are conventionally described by an input state and
a quantum channel, are causally related (although there are
exceptions, such as a channel which erases the state of the
system and then reprepares it in a fixed state).'

! Although it is not required here, one can be more precise about this
distinction as follows. A causal structure for a set of quantum regions
is represented by a directed acyclic graph wherein the nodes are the
regions and the directed edges are relations of causal dependence
(the restriction to acyclic graphs prohibits causal loops). Two regions
are said to be causally related if for all paths connecting one to the
other in the graph every edge along the path is directed in the same
sense. Two systems are said to be acausally related if for all paths
connecting one to the other not every edge along the path is directed
in the same sense. When there exist both sorts of paths between a
pair of nodes, the associated regions are neither purely causally nor
purely acausally related. We do not consider this case in the article.
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TABLE I. Analogies between the classical theory of Bayesian inference and the conditional states formalism for quantum theory.

Classical Quantum
State P(R) P4
Joint state P(R,S) Oap
Marginalization P(S)=)z P(R,S) pp = Tra(oap)
Conditional state P(S|R) OB|A
Zg P(SIR) =1 TrB(UB\A) =1,

Relation between joint and
conditional states

P(R,S) = P(S|R)P(R)
P(SIR) = P(R,S)/P(R)

OAB = OB|A X PA
-1
OBIA = OAB * Py

Bayes’ theorem

P(R|S) = P(SIR)P(R)/ P(S)

OAlB = OBlA % (/OA,OEI)

Belief propagation

P(8) =2 P(SIR)P(R)

PB = TrA(UB\A,OA)

We unify the description of Bayesian inference in the
two different causal scenarios in the sense that various
formulas are shown to have precisely the same form, in
particular the relation between joints and conditionals, the
formula for Bayesian inversion, and the formula for belief
propagation.

B. Basic elements of the formalism

Without providing all the details, we summarize the
analogs, within our formalism, of the most basic elements
of classical probability theory. These are presented in
Table L.

For an elementary region A, the quantum analog of a
normalized probability distribution is a conventional quantum
state p4, that is, a positive trace-one operator on H 4. For
a region AB, composed of two disjoint elementary regions,
the analog of a joint probability distribution is a trace-one
operator g4 on H4p. This operator is not always positive
(but we nonetheless refer to it as a state). The marginal-
ization operation is replaced by the partial trace operation,
Trs, which corresponds to ignoring region A. The role of
the marginal distribution is played by the marginal state
pB = Tra(oasp).

The quantum analog of a conditional probability is a
conditional state for region B given region A. This is an
operator on H 4, denoted o 4, that satisfies Trp(opja) = 4.

The relation between a conditional state and a joint state
iS Opj4a = 0ap * p;l, where the x product is a particular
noncommutative and nonassociative product, defined by
M x N = N'2MN'/?, where we have adopted the conven-
tion of dropping identity operators and tensor products, so

that o5 * pgl is shorthand for o4 % (,o/:1 Q Ip) = (,o/;l/2 ®

I5)oas(py * @ Ip).

This relation implies that the quantum analog of Bayes’
theorem, relating opja and o4p, iS 045 = Op|a * (,oA,oEl).
A standard example of inference then proceeds as follows.
Suppose a conditional state o'z 4 represents your beliefs about
the relation that holds between a pair of elementary regions. In
this case, if you represent your beliefs about A by the quantum
state p4, then you must represent your beliefs about B by the
quantum state pg, where

pp = Tra(opjapa). (1)

We
propagation.

refer to this

2

map from ps4 to pp as belief

C. Relevance of causal structure to the form of the state

In the case of acausally related regions, it is the joint state
that is easily inferred from the conventional formalism, and the
conditional state that is derived from the joint. Specifically, if
A and B are acausally related, then their joint state, o4p, is
simply the bipartite state that one would assign to them in
the conventional formalism. Consequently, 045 is a positive
operator in this case. The conditional state can be inferred
from the rule relating joints to conditionals, namely, o4 =
oap * pa. It follows that o4 is also a positive operator.

On the other hand, if A and B are causally related, then
it is the conditional state that is easily inferred from the
conventional formalism and the joint state that is derivative.
Specifically, if the regions are related by a quantum operation
Ep|a, then o4 is defined as the operator on H, @ Hp that is
Jamiotkowski isomorphic to g4 [22]. The joint state is then
inferred from the rule relating joints to conditionals. One can
show that both o34 and o4 p fail to be positive in general, but
they have positive partial transpose.

Because of this, the set of permissible joint and conditional
states for acausally related regions is different from the set for
causally related regions. To distinguish the two cases, we use
the notation p4p and ppgj4 for the acausal case and g4p and
0|4 for the causal case.

It is important to note that in a classical theory of Bayesian
inference, the rules of inference are independent of the causal
relations that hold among the variables. The causal relations
can still be relevant, however, for constraining the probability
distribution that is assigned to those variables. For instance,
the causal relations among a triple of variables are significant
for the sort of probability distribution that can be assigned to
them. Specifically, if variable R is acommon cause of variables
S and T, while there is no direct causal connection between S
and T, then S and T should be conditionally independent
given R, which is to say that the joint distribution over

2Note that the term “belief propagation” has also been used to
describe message-passing algorithms for performing inference on
Bayesian networks. This is not the intended meaning here.
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TABLE II. Translation of concepts and equations from conventional notation to the conditional states formalism.

Conventional notation

Conditional states formalism

Probability distribution of X P(X) Px
Probability that X = x P(X =x) PXx=x
Set of states on A {,Of} Qalx
Individual state on A p;‘ OA|X=x
POVM on A {EM] Ov|a
Individual effect on A E# Qv=yla
Channel from A to B Epla 0B|A
Instrument e84} 0vBlA
Individual operation EBIA Qv=y.B|A

The Born rule

Vy:P(Y =y) =Trs(Epa)

oy = Tra(oyjapa)

Ensemble averaging

pa =), PX=x)p!

pa = Trx(0axpx)

Action of a channel (Schrodinger)

PB = SB\A(,OA)

pe = Tra(opjapa)

Composition of channels

5C\A = EC\B o £B|A

ocia = Trg(oc|0B|a)

Action of a channel (Heisenberg)

E! = (Ep) (EF)

ovia = Trp(0y|05j4)

Nonselective state-update rule

Vy: P(Y =y)py =E(pa)

pys = Tra(oygiapa)

these variables is not arbitrary, but has the form P(R,S,T) =
P(S|R)P(T|R)P(R).

In the quantum case, the situation is similar. The rules
of inference, such as the formula for belief propagation, the
formula for Bayesian inversion, and the relation between the
joint and the conditional, do not depend on the causal relations
between the regions under consideration, but causal relations
do constrain the set of operators that can describe joint states.

In fact, the dependence is stronger in the quantum case
because the set of permissible states depends on the causal
relation even for a pair of regions. This is not a feature of a
classical theory of inference: If we consider all the possible
joint distributions over a pair of variables, R and S, we find
that the set of possibilities is the same for the case where R
and § are causally related as it is for the case where R and §
are acausally related.

To reiterate, the fact that the set of possible states that can
be assigned to a set of regions is constrained by the causal
relation between those regions is common to the classical and
quantum theories of inference. What is particular to the theory
of quantum inference is that even in the case of a pair of
regions, the causal relation between the regions is relevant for
the set of possible states that can be assigned to those regions.’

D. Recasting conventional quantum notions in terms
of conditional states and belief propagation

The conditional states formalism incorporates the possibil-
ity that a given region is associated to a classical variable rather
than a quantum system. In this case, the classical variable is
represented by a Hilbert space with a preferred basis, where the
different elements of the basis correspond to different values
of the variable, and any state assigned to that region is diagonal
in that basis. Any joint state or conditional state involving this

3There does exist a classical analog of this dependence on causal
structure for pairs of regions, but it requires considering the case of a
classical theory with an epistemic restriction [23]. We do not pursue
the analogy here.

region is also restricted to have this diagonal form. It follows
that for a set of regions that are all classical, the formalism
reproduces the classical theory of Bayesian inference.

The formalism also yields a new and unified perspective
on many notions in quantum theory. To see this, it is useful
to recall that measurements, sets of state preparations, and
transformations can all be represented by quantum operations,
that is, as completely positive trace-preserving (CPT) linear
maps. Channels are CPT maps wherein the input and output
spaces are both quantum. A positive operator valued measure
(POVM) is a CPT map from a quantum input to a classical
output (the measurement outcome). A set of states is a CPT
map from a classical input (the state index) to a quantum output
(the associated state). Finally, a quantum instrument, which
is a measurement together with a state-update rule for every
outcome, can be represented as a CPT map from a quantum
input to a composite output with a quantum part (the updated
state) and a classical part (the measurement outcome). Insofar
as every CPT map defines a conditional state, each of these
notions in quantum theory is an instance of a conditional state
in our formalism. This is summarized in the top half of Table II.

It follows that many relations that seem unrelated in the
conventional formalism all become instances of the belief
propagation rule in our formalism. This includes the Born
rule, the formula for calculating the average state for an
ensemble, the composition of channels, the state-update rule
in a measurement, and the action of a channel in both the
Heisenberg and Schrodinger pictures. This is summarized in
the bottom half of Table II.

E. Applications of the formalism

The formalism also accommodates forms of belief prop-
agation that do not fit into the standard list of the previous
section.

One example is the inference made about one system based
on the outcome of a measurement made on another when
the two are correlated by virtue of a common cause. This
reproduces the remote collapse postulate of quantum theory,
which is sometimes called “remote steering” of a quantum state
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and was made famous by the thought experiment of Einstein,
Podolsky, and Rosen. It follows that in the conditional states
framework, the steering effect is merely belief propagation
(updating beliefs about one system based on new evidence
about another) and does not require any causal influence
from one to the other. This interpretation has been advocated
previously by Fuchs [24]. Our formalism also provides an
elegant derivation of the formula for the set of ensembles to
which a remote system may be steered, previously obtained
by conventional methods in [25].

Another example of an unconventional form of belief
propagation is retrodiction, that is, inferences about a region
based on beliefs about another region in its future. We develop
a retrodictive formalism using our quantum Bayes’ theorem.
The latter is a necessary ingredient because the “givens” in
a retrodiction problem are typically the descriptions of sets
of state preparations, measurements, and channels, each of
which corresponds to a conditional wherein the conditioning
system is to the past of the conditioned system. We use Bayes’
theorem to invert each of these conditionals to ones wherein
the conditioning system is to the future of the conditioned
system. Then, one can use these conditionals to propagate
one’s beliefs backwards in time, that is, to update one’s beliefs
about the past based on new evidence in the present. This
application of our formalism is a good example of how one
can achieve causal neutrality: Belief propagation backward in
time follows the same rules as belief propagation forward in
time. The retrodictive formalism we devise coincides with the
one introduced in [26-28] in the case of unbiased sources,
but differs in the general case, retaining a closer analogy with
classical Bayesian inference.

In the case where a quantum system is passed through
a channel (possibly noisy), the Bayesian inversion of the
conditional associated to this channel, when interpreted as
a quantum operation itself, is the Barnum-Knill approximate
error correction map [29]. It follows that this error correction
scheme is the quantum analog of the following classical error
correction scheme: Based on a channel’s output, compute a
posterior distribution over inputs (i.e., classical retrodiction)
and then sample from the latter.

In the case where a quantum system is prepared in one
of a set of states, the Bayesian inversion of the conditional
associated to this set of states (a “quantum given classical”
conditional) is a conditional associated to a measurement (a
“classical given quantum” conditional). Indeed, we find that
in these contexts, our quantum Bayes’ theorem reproduces the
well-known rule relating sets of states to POVMs [3,4,30].
The POVM obtained as the Bayesian inversion of an ensemble
of states turns out to be the “pretty-good” measurement for
distinguishing those states [31-33]. Therefore, the latter, like
the Barnum-Knill recovery operation, can be understood as a
quantum analog of sampling from the posterior.

Similarly, the Bayesian inversion of the conditional asso-
ciated with a measurement is a conditional associated with
a set of states. For this case, our quantum Bayes’ theorem
reproduces a rule proposed by Fuchs as a quantum analog of
Bayes’ theorem [24].

Finally, we show that our notion of conditioning does
not include the projection postulate as a special case and
that previous arguments to the contrary (i.e., in favor of the
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projection postulate being viewed as an instance of Bayesian
conditioning) [34,35] are based on a misleading analogy.
Within the conditional states formalism, the projection postu-
late is best described as the application of a belief propagation
rule (a nonselective update map), followed by conditioning
(the selection). This is broadly in line with the treatment
of quantum measurements advocated by Ozawa [36,37]. In
support of the argument that the projection postulate is not a
type of conditioning, we provide a conditional state version
of the argument that all informative measurements must be
disturbing, which may be of independent interest due to its
close relationship to entanglement monogamy.

F. Structure of the paper

The remainder of this paper is structured as follows.
The relevant aspects of classical conditional probability are
reviewed in Sec. II. Section III introduces quantum conditional
states and the basic concepts of quantum Bayesian inference
for a pair of regions. The distinction between conditional states
for causally related and acausally related regions is discussed
here. This section also provides a detailed discussion of the
translations from the conventional formalism to the conditional
states formalism that are highlighted in Table II.

Section IV introduces our quantum version of Bayes’ theo-
rem and discusses its applications, in particular the connection
with the update rule proposed by Fuchs, the correspondence
between POVMs and ensemble decompositions of a density
operator, the pretty-good measurement, and the Barnum-Knill
recovery map. In Sec. IVC, we develop the retrodictive
formalism for quantum theory and describe how it relates to the
one introduced in [26-28]. Finally, in Sec. IV D, the acausal
analog of the symmetry between prediction and retrodiction is
discussed in the context of remote measurement.

Section V discusses quantum Bayesian conditioning. After
a brief discussion of the general problem of conditioning a
quantum region on another quantum region, we focus on
conditioning a quantum region on a classical variable. This
is the correct way to update quantum states in light of classical
data, regardless of the causal relationship between the two.
Various examples of this are discussed in Sec. V A, including
the case of the remote steering phenomenon. Section VB
concerns how to understand within our formalism the rules
for updating quantum states after a nondestructive quantum
measurement, in particular, how to understand the projection
postulate.

In Sec. VI, we discuss related work. Quantum conditional
states are compared to other proposals for quantum generaliza-
tions of conditional probability in Sec. VI A and the conditional
states formalism is compared to several recently proposed
operational reformulations of quantum theory in Sec. VIB.

Section VII discusses limitations of the conditional states
framework. These arise because the classical operation of
taking the product of a conditional and a marginal prob-
ability distribution to form a joint distribution is replaced
by a noncommutative and nonassociative operation on the
corresponding operators in the quantum case. Because of
this, unlike in classical probability, an equation involving
conditional states does not necessarily remain valid when both
sides are conditionalized on an additional variable. This is
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discussed in Sec. VIT A. Section VIIB discusses the reasons
why causal joint states are limited to two elementary regions.
Section VII B1 discusses why they cannot be applied to mixed
causal scenarios, such as two acausally related regions with
a third region causally related to one of the other two, and
Sec. VIIB2 discusses the difficulties with generalizing the
notion to multiple time steps, where we have three or more
causally related regions.

Section VIII discusses an open question about when
assignments of conditional states are compatible with one
another. That not all conditional assignments are compatible
can be shown via the monogamy of entanglement. Indeed, this
incompatibility seems to be a more basic notion, of which
monogamy is a consequence. Finally, we conclude in Sec. IX.

II. CLASSICAL CONDITIONAL PROBABILITY

In this section, the basic definitions and formalism of
classical conditional probability are reviewed, with a view
to their quantum generalization in Sec. III.

Let R denote a (discrete) random variable, R = r the event
that R takes the value r, P(R = r) the probability of event
R =r, and P(R) the probability that R takes an arbitrary
unspecified value. Finally, )  , denotes a sum over the possible
values of R.

A conditional probability distribution is a function of two
random variables P(S|R), such that for each value r of R,
P(S|R = r) is a probability distribution over S. Equivalently,
it is a positive function of R and S such that

Z P(S|R) =1 2
S

independently of the value of R.

Given a probability distribution P(R) and a conditional
probability distribution P(S|R), a joint distribution over R
and S can be defined via

P(R,S) = P(S|R)P(R), 3)

where the multiplication is defined elementwise, i.e., for all
values r,s of R and S, P(R=r,S=s)=P(S=s|R=r)
PR =r).

Conversely, given a joint distribution P(R,S), the marginal
distribution over R is defined as

P(R)=)_P(R.S), )
s
and the conditional probability of S given R is
P(R,S)
P(S|R) = . 5
(SIR) = — ® ®)

Note that Eq. (5) only defines a conditional probability
distribution for those values r of R such that P(R =r) # 0.
The conditional probability is undefined for other values of R.

The chain rule for conditional probabilities states that a
joint probability over n random variables R|,R;, ..., R, can
be written as

P(R17R2a"'7Rn)
= P(Rn|Rl’R2»‘~"Rn—l)
X P(Ry—1|R1, Ry, ... ,Ry—2) ... P(R2|R1)P(Ry). (6)
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Finally, note that the process of marginalizing a distribution
over a set of variables commutes with the process of condition-
ing on a disjoint set of variables, as illustrated in the following
commutative diagram:

P(R,S,T) _ T P(S,T)
prm-l fom—l )
P(RSIT) —=s  P(SIT).

III. QUANTUM CONDITIONAL STATES

In this section, the quantum analog of conditional
probability—a conditional state—is introduced. We also dis-
cuss how the states assigned to disjoint regions are related
via a quantum analog of the belief propagation rule P(S) =
Y & P(S|R)P(R). There is a small difference between condi-
tional states for acausally related and causally related regions.
The acausal case is discussed in Secs. III A and III B. On the
other hand, Secs. III C-III K mainly concern the causal case,
wherein we find that quantum dynamics, ensemble averaging,
the Born rule, Heisenberg dynamics, and the transition from
the initial state to the ensemble of states resulting from
a measurement can all be represented as special cases of
quantum belief propagation. Acausal analogies of some of
these ideas are also developed in these sections.

A. Acausal conditional states

We begin by defining conditional states for acausally
related regions. This scenario, and its classical analog, are
depicted in Fig. 1. The definition proceeds in analogy with the
classical treatment given in Sec. II. The convention of using
A,B,C, ... to label quantum regions that are analogous to
classical variables R,S,T, ... is adopted throughout. The la-
bels X,Y,Z, ... are reserved for classical variables associated
with preparations and measurements, which remain classical
when we pass from probability theory to the quantum analog.

The analog of a probability distribution P(R) assigned to
a random variable R is a quantum state (density operator)

(b)

FIG. 1. Acausally related quantum and classical regions. Classi-
cal variables are denoted by triangles and quantum regions by circles
(this convention is suggested by the shape of the convex set of states in
each theory). The dotted line represents acausal correlation. (a) Two
quantum regions in an arbitrary joint state (possibly correlated). (b)
Two classical variables with an arbitrary joint probability distribution
(possibly correlated).
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TABLE III. Analogies between classical probability theory for
two random variables and quantum theory for two acausally related
regions.

Classical probability Quantum theory
P(R) Pa

P(R,S) PAB
P(S)=)z P(R,S) o8 = Tra(pas)
Zs P(SIR) =1 Trp(ppia) = Ia

P(R,S) = P(S|R)P(R)
P(S|R) = P(R,S)/P(R)

PAB = PBIA * PA
PBlA = PaB * Py

pa acting on a Hilbert space H4. When there are two
disjoint regions with Hilbert spaces H4 and Hp, the tensor
product Hap = Ha ® Hp describes the composite region.
The quantum analog of a joint distribution P(R,S) is a density
operator psp of the composite region, defined on H 4p. The
analog of marginalization over a variable is the partial trace
over a region. These analogies are set out in the top half of
Table II1.

In analogy to the classical case, where P(S|R) is a positive
function that satisfies ) s P(S|R) = 1, an acausal conditional
state for B given A is defined as follows.

Definition 1. An acausal conditional state for B given A is
a positive operator pgj4 on Hap = Hu ® Hp that satisfies

Trp(ppja) = 14, (®)

where 14 is the identity operator on Hy4.

To provide an analogy with Eq. (3), a method of construct-
ing a joint state on H,p from a reduced state on H4 and a
conditional state on H 45 is required. This is given by

1 1

pas = (pi ® Is)ppia(p} ® Is). )

Equation (9) involves two constructions that appear repeat-
1

edly in what follows. First, the operators p: and ppj are
combined via multiplication, but they are defined on different
1

spaces. To solve this problem, p? is expanded to an operator
on Hap by tensoring it with Ip. To simplify notation, the
identity operators required to equalize the Hilbert spaces of
two operators are left implicit, so that if Mg is an operator
on Hup and Npc is an operator on Hpc then M pNpc =
(Map ® Ic)(I4 ® Npc) and an equation like Mg = Npc is
interpreted as Map ® Ic = I4 ® Npc. This notation allows
us to omit tensor product symbols where convenient, since
My ® Np=(Ms® Ip)(Is ® Np) = MsNp.

Second, rather than simply multiplying pg4 with p4 in

1

Eq. (9), ppja is conjugated by pi. This ensures that the
resulting joint operator is positive. To define a notation for this
conjugation, let M and N be positive operators on a Hilbert
space H. Then define a (nonassociative and noncommutative)
product M x N via

MxN=N:MN:. (10)
With these conventions, Eq. (9) can be rewritten as
PAB = PB|A * PA, (11)

which looks a lot closer to Eq. (3) than Eq. (9) does.

PHYSICAL REVIEW A 88, 052130 (2013)

Starting with a joint state psp and its reduced state
pa = Trp(pap), a conditional state can be defined via

PBIA = PAB *,OXI, (12)

which is the analog of Eq. (5).

As with Eq. (5) there are problems with this formula if p4
is not supported on the entire Hilbert space H 4. In that case
Eq. (12) is to be understood as an equation on the Hilbert
space supp(pa) ® Hp, where supp(ps) denotes the support
of ps (the span of the eigenvectors of p, having nonzero
eigenvalues). Because of this, the resulting conditional density
operator satisfies Trz(0pja) = Isupp(p,) rather than Eq. (8).

The analogies between the classical and quantum relations
between conditionals, marginals, and joints are set out in the
bottom half of Table III. As these analogies suggest, the -
product notation allows equations from classical probability
to be generalized to quantum theory by replacing functions
with operators, products with * products, and division with x
products with the inverse. However, while this is a useful way
of postulating results in the conditional states formalism, one
has to take care of the nonassociativity and noncommutativity
of the » product when making such generalizations.

To provide an analogy with the chain rule of Eq. (6)
it is helpful to adopt the convention that, in the absence
of parentheses,  products are evaluated right to left. Then,
given n disjoint acausally related regions A, A», ...,A,, with

.....

written as

PAL Ay, Ay = PAAL Ag, iAoy X PA (AL Ag, . Ay

XX DAs|A K PA, - (13)

Finally, note that the process of marginalizing a conditional
state over a region commutes with the process of conditioning
on a disjoint region, as illustrated in the following commutative
diagram:

Tl'(j
PABC — > PAB
_1 _1 _1 _1
lpﬁ(-)px Jpﬁ()pﬁ (14)
Tre

PBCIA —— PBJA-

Example 1: Classical states. As one might expect, classical
conditional probability is a special case of the quantum con-
structions outlined above. To see this, the classical variables
have to be encoded in quantum regions in some way, and
we adopt the convention of using the same letter to denote the
classical variable and the corresponding quantum region. Thus,
Hgr,Hs,Hr, ...refer to quantum regions that encode classical
random variables R,S,T, ..., asopposedto Ha,Hp, Hc, ...,
which are general quantum regions.

For classical random variables R and S, pick Hilbert spaces
‘Hg and Hg with dimension equal to the number of distinct
values of R and S, respectively, and choose orthonormal bases
{|r)} for Hy and {|s)} for Hs labeled by the possible values
of R and S. Then, joint, marginal, and conditional probability
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distributions are encoded as operators via

prs =) P(R=rS=9)Ir){rlg®1s) (slg,  (15)

r.s

pr =Y P(R=r)|r)(rlg =Trs(prs),  (16)

psik =Y P(S=sIR=r)Ir){rlg@Is) (s]s. (17

Using Egs. (2)—(5), it is straightforward to check that these
operators satisfy Egs. (8), (11), and (12).

In order to unify the notation for classical variables and
quantum regions, the operators prs, pg, and psjg are often
used to directly represent the functions P(R,S), P(R), and
P(S|R) without introducing the classical functions explicitly.
Whenever states and conditional states have subscripts R, S, T
or X,Y,Z, they are implicitly assumed to be of this classical
form. If needed, the classical functions can be read off from
Eqgs. (15)—(17).

Example 2: Pure conditional states. A pure conditional
state is one that is of the form pgjs = |¥){¥|pja for some
vector [Y)pja € Hap. Since Trg(ppja) = 14, and I, has all
eigenvalues equal to 1, the Schmidt decomposition of [/} |4
is of the form

V) pia =Y luk)a ® i), (18)
k

where {|uy)} is an orthonormal basis for H 4 and {|vi)} is an
orthonormal basis for H p. This implies that a pure conditional
state only exists if dim(H4) < dim(Hp) because otherwise
there would not be enough orthonormal vectors on the B side
to enforce Trp(ppja) = 12

Since all the Schmidt coefficients are the same, the bases
{lux)} and {|vk)} are highly nonunique. The conditional state
|) B4 itself only determines the relationship between the
two Schmidt bases; i.e., for any basis in H4 it determines
a corresponding basis in Hp. To see this, fix a reference
basis, {|j)}, for H4 in order to define a complex conjugation
operation. Next, define an isometry Ugja = Y |vk) g (5] a,
where * denotes complex conjugation in the {|j)} basis. Then,
if {Jwk) 4} is any other basis for H 4, Eq. (18) can be rewritten
as

W)eia =Y lwida ® Uparlwida, (19)
k

where A’ labels a second copy of H,4. With respect to the
reference basis {|j)}, this simplifies to

1) Bja = Upjarl®) an, (20)

where [F)axr = 3" 1jj)an

Let ps be an arbitrary density operator on H, with
eigendecomposition ps = Zk Pi|wi) (wi| 4. Combining this
with [¥)(¥]54 via Eq. (11) in order to define a joint state
gives the projector onto the pure state,

W) az = 03 1¥) s1a. @1

*If |y) pja derives from a joint pure state |1/) 45 via Eq. (12), then
this only implies that dim[supp(pa)] < dim(Hp), which is always
true because the ranks of p, and pp are equal.
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Combining this with Eq. (19) gives the Schmidt decomposition
W) as =Y /Prlwi)a ® Ugja|wy) - (22)
k

Since an arbitrary pure joint state is of this form, this shows
that pure conditional states determine pure joint states when
combined with arbitrary reduced states and, conversely, the
conditional state of a pure joint state is always pure.

Note that using Eq. (20) instead of Eq. (19) gives

W) as = py Uparl®) an, (23)

which is a well-known canonical decomposition of a bipartite
pure state.

B. Acausal belief propagation

Suppose you characterize your beliefs about two classical
variables, R and S, by specifying a marginal probability
distribution P(R) and a conditional probability distribution
P(S|R). Then, you can compute the probability distribution
you ought to assign to S via

P(S) = Z P(S|R)P(R). (24)
R

This is called the classical belief propagation rule (also
known as the law of total probability). It follows from
calculating the joint distribution P(R,S) = P(S|R)P(R) and
then marginalizing over R.

The belief propagation rule can be thought of as specifying
a linear map I'gz from the space of probability distributions
over R to the space of probability distributions over S that
preserves positivity and normalization. This is defined as

Tsir(P(R) =Y P(SIR)P(R). (25)
R

Propagating beliefs about a quantum region A to an
acausally related region B works in a similar way. If you
specify a reduced state p4 and a conditional state pg4 then
your state for B is determined by the acausal quantum belief
propagation rule,

pe = Tra(ppjapa), (26)

which follows from the fact that the joint state is pap = pp|a *
pa,sothat pp = Tru(pp|a * pa), and from the cyclic property
of the trace.

As in the classical case, acausal belief propagation can also
be viewed as a linear map &p4 from states on A to states on
B that preserves positivity and normalization, defined by

€p1a(pa) = Tra(opjapa)- 27

The linear map so defined is clearly positive because it maps
states to states. It is not completely positive in general, but its
composition with a transpose on A is completely positive. The
map &g, is, in fact, identical to the map associated to ppgjs
via the Jamiotkowski isomorphism [22], which is a familiar
construction in quantum information theory. These facts are
consequences of the following theorem.

Theorem 1: Jamiotkowski isomorphism. Let g4 :
L£(H4) — L£(Hp) be a linear map and let Myc € £(Hac),
where H is a Hilbert space of arbitrary dimension. Then, the
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action of €4 on £(H 4) [tensored with the identity on £(H¢)]
is given by

(€14 ® Zc)(Mac) = Tra(ppjaMac),
where ppja € £(H4p) is given by

(28)

pBla = (Eppar ®IA)<Z [j)(kla ® |k><j|A’>- (29)
Jok
Here, A’ labels a second copy of A, Z, is the identity
superoperator on £(H4), and {|j)} is an orthonormal basis
for Ha.

Furthermore, the operator pp|4 is an acausal conditional
state; i.e., it satisfies Definition 1, if and only if g4 o Ty is
completely positive and trace preserving (CPT), where Ty :
L(H4) — L£(Ha) denotes the linear map implementing the
partial transpose relative to some basis.

The proof is provided in the Appendix.

C. Causal conditional states

The analogy between conditional probabilities and condi-
tional states presented so far is not complete. In conventional
quantum theory, the tensor product H p = Ha ® Hp is used
to represent a joint system with two subsystems, so that the
conditional state ppj4 refers to the state of two subsystems at
a given time. However, for classical conditional probabilities,
there is no corresponding requirement that the two random
variables R and S appearing in P(S|R) should have any
particular causal relation to one another. Indeed, R might
equally well represent the input to a classical channel and S
the output; i.e., they may be causally related. This is illustrated
in Fig. 2(b). If this is indeed the case, then the classical belief
propagation rule of Eqs. (24) and (25) can be interpreted as
stochastic dynamics.

pB =Tra (0p404)

Conventional notation:
pB=Epja(pa)
(a)

> (O~

P(S) = BrP(S|R)P(R)

>

(b)

FIG. 2. Causally related quantum and classical regions. The
arrows represent the direction of causal influence. (a) General
quantum dynamics. A is the input to a CPT map and B is the
output. (b) Classical stochastic dynamics. R is the input to a classical
channel and S is the output.
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In order to formulate quantum theory as a causally neutral
theory of Bayesian inference, the same formalism should be
used to describe causally related regions as is used to describe
acausally related regions. In particular, if A and B are two
causally related regions, as depicted in Fig. 2(a), then it ought
to be possible to define a quantum conditional state for B given
A as an operator on the tensor product H g = Ha ® Hp.
Towards this end, we make the following definition.

Definition 2. A causal conditional state of B given A is an
operator ogj4 on H4p that can be written as

OB|A = P?‘A, (30)

for some acausal conditional state pp 4, where T4 denotes the
partial transpose in some basis on H 4.

Thus, the set of causal conditional states is just the image
under a partial transpose on the conditioning region of the set
of acausal conditional states. Note that, although the partial
transpose is basis dependent, its image on the set of acausal
conditional states is not and therefore neither is our definition
of a causal conditional state. Also, because the set of acausal
conditional states is mapped to itself by the full transpose (i.e.,
the transpose on A B), a partial transpose over the conditioned
region B, rather than the conditioning region A, could
alternatively have been used to define a causal conditional
state. Due to the partial transpose, causal conditional states
are not positive operators in general, but they are always
locally positive; i.e., (¥|a @ (¢lpopial¥)a ® |¢)p = 0 for
all [Y)a € Ha,l9)p € Hp.

In this section, we show that defining causal conditional
states in this way allows us to implement quantum belief
propagation across causally related regions using the same
formula as one uses for quantum belief propagation across
acausally related regions, namely by a rule of the form
pp = Tra(opjapa). Belief propagation for dynamics with a
quantum input and a quantum output are treated in Sec. III D.
Section IIIT treats belief propagation for causal conditional
states themselves, which corresponds to composition of
dynamical maps. Section III E introduces the notion of a causal
joint state, which is analogous to the joint distribution of
input and output variables for a classical channel. Section IIT F
introduces the idea of a quantum-classical hybrid, which is
a composite of a quantum region and a classical variable.
This allows dynamics with a classical input and quantum
output (and vice versa) to be described in terms of causal
conditional states. These correspond to ensemble preparation
procedures and measurements, as discussed in Secs. IIIG
and IITH. In Sec. IIIJ, the Heisenberg picture is translated
into the conditional states formalism. In Sec. III K, the most
general type of state-update rule that can occur after a
measurement—a quantum instrument—is described in terms
of causal conditional states. Table Il summarizes the translation
of these concepts from conventional notation to the conditional
states formalism.

D. Quantum channels as causal belief propagation

Conventionally, the transition from a region A to a causally
related later region B is described by a dynamical CPT map
Epia : L(H4) — L£(Hp) such that, if p, is the state of A and
pg is the state of B, then pp = Epja(pa). However, causal
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conditional states can provide an alternative representation of
quantum dynamics, as we will show. First note the following
isomorphism.

Theorem 2. Let Epja : £(Ha) — £(Hp) be a linear map
and let o4 € £(H ap) be the Jamiotkowski-isomorphic oper-
ator, as defined in Eq. (29). Then, 03,4 is a causal conditional
state; i.e. it satisfies Definition 2, if and only if £p4 is CPT.

Proof. Define ppja = Q,?? 4 and let Ep 4 be the linear map
that is Jamiotkowski isomorphic to pp4. It follows that £ 4 =
€4 o Ts. Recalling the relation between causal and acausal
conditional states, g4 is a causal conditional state if and only
if pp|4 is an acausal conditional state. Recalling Theorem 1,
PB4 1s an acausal conditional state if and only if g4 0 Ty is
CPT. It follows that gp|4 is a causal conditional state if and
only if 4 is CPT. [ |

Together with Theorem 1, this implies that the action of a
CPT map Ep|4 on an operator M ¢ is given by

EplaMyc) = Tra(opjaMac), 31)

where gp|4 is the Jamiotkowski isomorphic operator to Ep|4.

Quantum dynamics may be represented by causal condi-
tional states as follows.

Proposition 1. Let op 4 be the causal conditional state that
is Jamiotkowski-isomorphic to a CPT map Ep4 that describes
a quantum dynamics. If the initial state of region A is p4, then
the state of B, conventionally written as

P = Epja(pa), (32)

can be expressed in the conditional states formalism as

pp = Tra(op|apa), (33)

in analogy with the classical belief propagation rule Eq. (24).

We call Eq. (33) the causal quantum belief propagation
rule. It follows from Eq. (31).

Figure 2 and the fourth and eighth lines of Table II
summarize how this representation of quantum dynamics
contrasts with the conventional representation, with Fig. 2
emphasizing the analogy between the classical and quantum
belief propagation rules.

E. Causal joint states

Section III A showed that a joint state p4 5 of two acausally
related regions can be decomposed into a reduced state pa
and an acausal conditional state pp|4. Similarly, two causally
related regions can be described by an input state p4 and a
causal conditional state g4, but so far there is no causal
analog of a joint state. This is addressed by making the
following definition, in analogy with Eq. (11).

Definition 3. A causal joint state of two causally related
regions, A and B, is an operator on H 4 g of the form

QAB = OB|A * PA, (34

where p, is a state on H4 and g4 is a causal conditional
state of B given A.

Note that the reduced state on A of g4 is the initial state
(input to the channel) and the reduced state on B is

pp = Tra(opja * pa), (35)
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which, by the cyclic property of the trace and Proposition 1, is
the final state (output of the channel).

It is not too difficult to see that a causal joint state
o4p 1s the partial transpose of an acausal joint state on
Hap. Specifically, Q/T()g = PBlA *p}‘, where ppja = QIT;“A is
an acausal conditional state and p1* is a valid reduced state
because the transpose preserves positivity.

Thus, just as a causal conditional state for B given A is
an operator on H4 ® Hp that can be obtained as the partial
transpose over A of an acausal conditional state pp4, a causal
joint state on A B is simply an operator on H 4 ® Hp that can
be obtained as the partial transpose over A of an acausal joint
state pap.

Example 3: Unitary dynamics. Suppose a region A
is assigned the state p4 with eigendecomposition ps =
Zi pjluj)(ujl. Ais then mapped to a region B, which has
a Hilbert space of the same dimension as that of A, by
an isometry Upja = > |v;)5(u;l4. Since the Jamiotkowski
isomorphism is basis independent, the causal conditional
state associated with the map Epja(-) = Upja(-)(Upa)! can
be written in the eigenbasis of p4 as

oBia =Y |uj) s ® Upalu)(ujla(Up ) (36)
J.k

= " luj) (il a ® o) (v (37)
jik
It follows that the causal joint state for AB is

0aB = Z P Dilu ) (uila @ v (v;ls. (38)
I

Note that the pure causal conditional state g4 is the partial
transpose over A of a pure acausal conditional state, as can be
seen by comparison with Eq. (18) from Example 2. Also, the
pure causal joint state g4 is the partial transpose over A of a
pure acausal joint state pap = |V ) (¥ |ap, Where

W)as =) /Piluj)a® |v;)s. (39)
J

Causal joint states can be given an operational interpretation
similar to that of acausal joint states by specifying a procedure
to perform tomography on them (see [3,4]). The motivation
for introducing them here is that they allow quantum Bayesian
inference to be developed in a way that is blind to the
distinction between acausally and causally related regions.
This is discussed in Sec. I'V.

Note that whereas acausal joint states may involve more
than two acausally related regions, causal joint states are thus
far only well defined for rwo causally related regions. The
reasons for this limitation are discussed in Sec. VII.

F. Quantum-classical hybrid regions

An ensemble preparation procedure can be represented by
a CPT map from a classical variable to a quantum region
and a measurement can be represented as a CPT map from
a quantum region to a classical variable. Therefore, these
processes can be represented by conditional states for which
either the conditioned or conditioning region is classical as a
special case of Proposition 1. In order to compare this to the
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conventional formalism, we need to describe how composite
regions consisting of a classical variable and a quantum region
are represented in the conditional states formalism. Such
composites are called quantum-classical hybrid regions.

As in Example 1, the classical variable X is associated with
a Hilbert space Hy equipped with a preferred basis {|x)} that
represents the possible values of X. The quantum region is
associated with a Hilbert space H4 and the joint region with
the tensor product Hx4 = Hx ® H 4. In order to preserve the
classical nature of X, states and conditional states on H x4 are
restricted to be of the following form.

Definition 4. A hybrid operator on Hy 4 is an operator of
the form

Mya =) |x)xlx ® M, (40)

where {|x)} is a preferred basis for Hy and {M;‘} is a set
of operators acting on H 4, labeled by the values of X. The
operators M f‘ are referred to as the components of Mx 4.
When My 4 is a state, this ensures that the reduced state on
X is diagonal in the preferred basis and that there can be no
entanglement between the quantum and classical regions.
Although our primary interest is in causal hybrids, since
these are relevant to preparations and measurements, one can
also have acausal hybrids. As shown below, the set of acausal
hybrid conditional states and the set of acausal hybrid joint
states are invariant under partial transpose. It follows that
the set of acausal hybrid states and the set of causal hybrid
states are the same. In particular, this means that, unlike
fully quantum causal states, hybrid causal states not only
have positive partial transpose but are themselves positive,
and unlike fully quantum acausal states, hybrid acausal states
not only are positive but also have positive partial transpose.
Therefore, for hybrid states, the notational distinction
between p and o serves merely as a reminder of the causal ar-
rangement of the regions under consideration. This in contrast
with the fully quantum case, where the distinction also has
significance for the mathematical properties of the operator.
When making claims about the mathematical properties of
hybrid conditional states that are independent of causal struc-
ture, the notation o is used. According to these conventions,
any formula expressed in terms of o’s will yield a valid formula
about hybrid states if the o ’s are replaced by either p’s or o’s.
For hybrid regions, there are two possible types of condi-
tional state, depending on whether the conditioning is done on
the quantum or the classical region. In the case of conditioning
on the classical variable, a hybrid conditional state o4|x is a
positive operator on Hx 4, satisfying

Try(oax) = Ix. (41)

In the case of conditioning on the quantum region, a hybrid
conditional state ox|4 is again a positive operator on Hy 4, but
this time satisfying

Trx(oxja) = 14. (42)
G. Ensemble averaging as belief propagation

A hybrid conditional state of the form o4 x is a quan-
tum state conditioned on a classical variable. The causal
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interpretation of such states is a process that takes a classical
variable as input and outputs a quantum state. This is just
an ensemble preparation procedure. In such a preparation
procedure, a classical random variable X is sampled from a
probability distribution P(X) (by flipping coins, rolling dice,
or any other suitable method). Depending on the value x of
X thereby obtained, one of a set of quantum states {,of} is
prepared for a quantum region A. If you do not know the
value of X, then you should assign the ensemble average
state p4 = > P(X = x)pf to A. This scenario is depicted in
Fig. 3(a). A quantum preparation procedure has an obvious
classical analog wherein the quantum region A is replaced
by a classical variable R that is prepared in one of a set of
probability distributions P(R|X = x) depending on the value
x of X. If you do not know the value of X, then the classical
belief propagation rule specifies that you should assign the
probability distribution P(R) = ), P(R|X)P(X) to R. This
case is illustrated in Fig. 3(b). This section shows that a set of
density operators can be represented by a hybrid conditional
state of the form o4 x and that the formula for the ensemble
average state in a preparation procedure is a special case of
quantum belief propagation.

Theorem 3. Let o4 x be ahybrid operator, so that by Eq. (40)
it can be written as

oax = Y _ ol ® |x)(xlx, (43)

for some set of operators {,of}. Then, o4 x satisfies the
definition of both an acausal and a causal conditional state

pa=Trx (04 x0x)

Conventional notation:
pa =S P(X = J/)/)I;l

/3\
/N

P(R) = Sy P(R|X)P(X)

/3N

FIG. 3. Quantum and classical preparation procedures. (a) A
quantum preparation procedure is a process that takes a classical
variable X as input and outputs a quantum region A in one of a set
{,of} of states, depending on the value of X. It is mathematically
equivalent to the special case of a CPT map where the input is
classical. (b) A classical preparation procedure is a process that
takes a variable X as input and outputs one of a set { P(R|X = x)}
of probability distributions over R, depending on the value of X.
It is mathematically equivalent to the stochastic dynamics depicted
in Fig. 2(b).

(b)

052130-11



M. S. LEIFER AND ROBERT W. SPEKKENS

for A given X if and only if each of the components p2 is a
normalized state on Hy4.

The proof is provided in the Appendix.

It is often convenient to use the notation o4jx—x =
(x|xoax|x)x = p2 for the components of a conditional state
of this form.

If we adopt the convention that the partial transpose on
the Hilbert space of a classical variable is performed in its
preferred basis then it has no effect on hybrid operators. Thus,
acausal conditional states of the form p,x are invariant under
partial transpose on X and this is why acausal and causal
conditional states that are conditioned on the classical variable
have the same form.> The remainder of this section concerns
the causal interpretation of such states in terms of preparation
procedures, so we shift to the notation g 4x.

Proposition 2. Let pa)x be the causal hybrid conditional
state with components given by a set of states {p}. The
ensemble average state arising from a preparation procedure
that samples a value x of a classical variable X from the
distribution P(X) and prepares the state p? is given by

pa=) PX=x)p. (44)

This can be expressed in the conditional states formalism via
the quantum belief propagation rule as

pa = Trx(0ax px), (45)

where px = >~ P(X = x)|x){x|x.

This result follows simply from substituting the definition
of px and g4x into Eq. (45).

Figure 3 and the second and seventh lines of Table II
summarize how the representation of a preparation procedure
within the conditional states formalism contrasts with the
conventional representation and how the latter generalizes the
analogous classical expression.

It should be noted that Theorem 3 can alternatively be
derived as a special case of Theorem 2 and Proposition 2
as a special case of Proposition 1. This follows from the fact
that a preparation procedure can be represented by a CPT map
E4)x from a classical variable to a quantum region (sometimes
called a CQ map). The map is defined on diagonal states px
via

Eax(px) = ) _(xlxpxlx)xpl. (46)

X

By Proposition 1, the conditional state associated with the
preparation is the Jamiotkowski isomorphic operator to this
map. Equation (45) is then obtained as a special case of Eq. (33)
where the input is classical.

SEven if we do not adopt the convention of evaluating partial
transposes in the preferred basis, the sets of acausal and causal
conditional states are still isomorphic. If {|x)y} is the preferred basis
for acausal states, then this amounts to choosing a different preferred
basis {|x*)x} for causal states, where * is complex conjugation
in the basis used to define the partial transpose. However, this
is an unnecessary complication that is avoided by adopting the
recommended convention.
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H. The Born rule as belief propagation

A hybrid conditional state of the form oy4 is a classical
probability distribution conditioned on a quantum region. The
causal interpretation of such states is as a process that takes a
quantum region as input and outputs a classical variable. This
is just a measurement. The most general kind of measurement
on a quantum region A is conventionally represented by a
POVM (E ;‘} with the classical variable Y ranging over the
possible outcomes. If the state of the region is py4, then the
probability of obtaining outcome y is given by the Born
rule as P(Y = y) = TrA(E;‘pA). This scenario is depicted in
Fig. 4(a). In the classical analog, the quantum region A is
replaced by a classical variable R, the state p4 is replaced
by a distribution P(R), and the POVM is replaced by a
(possibly noisy) classical measurement described by a set
of response functions {P(Y = y|R)}, i.e., a set of functions
of R labeled by the values of Y, where P(Y = y|R =)
specifies the probability of obtaining the outcome y given that
R =r. The overall probability of obtaining the outcome y
is given by P(Y = y) = > P(Y = y|R)P(R), which is just
another instance of belief propagation. This case is illustrated
in Fig. 4(b). In analogy to this, the remainder of this section
shows that the components of a conditional state oy 4 form a
POVM and that the Born rule can be written as quantum belief
propagation with respect to a causal conditional state of this
form.

Theorem 4. Let oy be a hybrid operator so that, by
Eq. (40), it can be written in the form

ovia =y INly ® EL, (47)
;

py = Trg (QY|APA)

Conventional notation:
P(Y =y)=Try (EA
) ALy PA
(a)

P(Y) =XpP(Y|R)P(R)

(b)

FIG. 4. Quantum and classical measurements. (a) A quantum
measurement is a process that takes a quantum region A as input
and outputs a classical variable Y. It is mathematically equivalent
to the special case of a CPT map where the output is classical.
(b) A classical (noisy) measurement is a process that takes a variable
R as input and outputs a variable Y that depends on R, possibly
in a coarse-grained or nondeterministic way. It is mathematically
equivalent to the stochastic dynamics depicted in Fig. 2(b).
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for some set of operators {E f,‘}. Then oy|s satisfies the
definition of both an acausal and a causal conditional state
for Y given A if and only if the set {E{'} is a POVM on H,
i.e., each E;‘ is positive and ), E;* =1,.

The proof is given in the Appendix.

It is sometimes useful to use the notation oy_y4 =
(ylvoyaly)y = E;* for the components of conditional states
of this form.

Unlike the case of hybrid states that are conditioned on a
classical variable, conditional states of the form oy|4 are not
invariant under partial transpose on the conditioning region.
However, taking the partial transpose over A of py 4 yields
another valid acausal conditional state, because {(E ;,‘)TA} is a

POVM if and only if {E{} is. The remainder of this section
concerns the causal interpretation of such states, so the notation
Ov|4a 1s adopted.

Proposition 3. Consider a measurement of a POVM {E f}
on a quantum region A in state p4. Let gy|4 be the causal
conditional state with components E ;‘. The Born rule,

P(Y = y) = Tra(Ey pa). (48)

can then be expressed in the conditional states formalism as
the quantum belief propagation rule

py = Tra(0yjapa), (49)

where py = > P(Y = »)[y){(yly.

This is easily verified by substituting the definition of gy|4
from Eq. (47) into Eq. (49).

This representation of a measurement as a causal con-
ditional state and of the Born rule as an instance of belief
propagation is summarized in Fig. 4 and the third and sixth
lines of Table II.

Once again, these results can be understood as a special
case of Theorem 2 and Proposition 1 by recognizing that a
POVM may be represented as a map from a quantum region to
aclassical variable (sometimes called a QC map). Specifically,
if the probability distribution P(Y) is represented by a diagonal
state py, then the measurement can be represented by the CPT
map Ey 4 defined by

py = Evialpa) = Y _Tra(ELpa)¥)(0ly. (50

The causal conditional state gy|4 appearing in Eq. (49) is
simply the Jamiotkowski isomorphic operator to this map.

I. Belief propagation of conditional states

Consider three causally related regions A, B, and C, such
that B is in the future of A and C is in the future of B. If
the dynamics is Markovian then it can be described by first
applying a CPT map £ to A followed by a CPT map &E¢p
to B. This scenario is illustrated in Fig. 5(a). If we are only
interested in regions A and C, then region B can be eliminated
from the description by composing the two maps to obtain
5C|A = EC\B o EB\A’ where £ o JT() = 5(‘/7())

In the conditional states formalism the CPT maps are
replaced by the Jamiotkowski isomorphic causal conditional
states 0pja, Oc|B> and oc|A» and thus 5C|A = EC\B o EB|A

PHYSICAL REVIEW A 88, 052130 (2013)

ocja=Trp (QC|BQB\A)

Conventional notation:

Eca=EciBo€pla

(a)

> (O

P(T|R) = XgP(T|S)P(S|R)

>

(b)

FIG. 5. Propagating causal conditional states and conditional
probability distributions. (a) Quantum case. (b) Classical case.

should be replaced by a formula for gc|4 in terms of gpa
and OcC|B-

As an aid to intuition, consider the classical analog of
this scenario as depicted in Fig. 5(b). Here, the variable S
is in the future of R, and T is in the future of S. The three
variables are related by a Markovian dynamics, described by
the conditional probability distributions P(S|R) and P(T|S).
An initial probability distribution P(R) can be propagated
into the future to obtain P(T) in two steps. First we propagate
from R to S to obtain P(S) = Y, P(S|R)P(R) and then from
S to T to obtain P(T) =) ¢ P(T|S)P(S). Combining these
steps gives P(T) = ZR,S P(T|S)P(S|R)P(R), so defining
the conditional probability distribution,

P(T|R) =Y _ P(T|S)P(S|R), (D
N

allows the belief propagation from R to T to be performed in
a single step via P(T) = Y, P(T|R)P(R).

The quantum analog of this is given by the following
theorem.

Theorem 5. Let Epja, Ec|p, and Ec)a be linear maps such
that Ecja = Ecip o Epja- Then the Jamiotkowski isomorphic
operators, 0g|4, Oc|8> and 0c|a, satisfy

ocja = Trp(oc|poB|a)- (52)

Conversely, if three operators satisfy Eq. (52), then the
Jamiotkowski isomorphic maps satisfy Ecja = Eci 0 Epja-
The proof is provided in the Appendix.
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peja = Trp (90|B/)B|A>

FIG. 6. Propagating an acausal conditional state through a causal
conditional state.

Equation (52) can be regarded as a belief propagation rule
for causal conditional states. It propagates beliefs about B,
conditional on A, into the future to obtain beliefs about C,
conditional on A.

A similar formalism can be developed for the propagation
of acausal conditional states across acausally related regions.
However, for present purposes, it iS more interesting to
consider a situation of mixed causality, wherein a causal
conditional state is propagated across two acausally related
regions. This is used in the application to steering developed
in Sec. V A3.

Consider the scenario depicted in Fig. 6. Initially, a state
pap 1s assigned to regions A and B, which are acausally
related. A CPT map Ec g (alternatively represented by a causal
conditional state oc|p) is then applied to region B to obtain
the state of AC. In this scenario, C is causally related to B,
but acausally related to A. By Theorem 1, the state of AC is
given by

pac = Trp(ocippaB)- (53)

Now pap = ppja * pa and pac = pcja * P4, SO we have

pcia * pa = Trp(oc|aPB|a) * Pas (54)

where we have used the fact that p4 commutes with ocp.
Taking the + product of this equation with pgl then gives

pcia = Trp(ocizppia)s (55

in analogy with Eq. (52). This can again be viewed as a
belief propagation rule for conditional states, but this time an
acausal conditional state is being propagated through a causal
conditional state.

J. The Heisenberg picture

In Sec. III D, quantum evolution from an early region A
to a late region B was described by a map from states on
‘H 4 to states on H . However, dynamics can alternatively be
represented in terms of observables rather than states. This
is simply the textbook distinction between the Schrodinger
picture and the Heisenberg picture. In the Heisenberg picture,
a temporal evolution is described by a map from the space of
observables on the late region B to the space of observables on
the early region A. The observables are usually represented by
self-adjoint operators and the dynamics by unitary operations,
but this can be generalized to take account of generalized
measurements and CPT dynamics. In this generalization,
Heisenberg dynamics consists of a map from POVM elements
(also known as effects) on B to POVM elements on A. In other
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a oyja =Tip (ey|pop|4)
° Conventional notation:

A_ el B
By =g (E))
FIG. 7. Dynamics in the Heisenberg picture.

words, effects are evolved backwards in time in the Heisenberg
picture.

In order to describe the Heisenberg picture for CPT maps,
it is necessary to define the notion of a dual map.

Definition 5. The dual map (SBM)T : L(Hg) — L£(H,) of
a linear map Epjs 1 £(H4) — L£(Hp) is the unique map that
satisfies

Tral(Ep1a) (N)Mal = Tra(NpEpja(Ma)) (56)

for all MA S E(HA),NB (S] E(HB)
Note that the input space for the dual map is the output space
for the original map and vice versa. The notational convention

Elp = Es) (57)

is adopted in order to make this clear.

If Epja is the map describing time evolution in the
Schrodinger picture through the formula pg = Ep4(p4), then
the same evolution is described in the Heisenberg picture by
the dual map Ejﬂ 5 through the formula E ;‘ = Sj” g(E f ), where
{E}} and {E?} are POVMs. This follows from the condition
that the two pictures should be operationally equivalent; i.e.,
they should assign the same probabilities. To see this, imagine
that the evolution from region A to region B is followed by
a measurement on B yielding an outcome Y. This scenario
is depicted in Fig. 7. The probability of observing the effect
Ef after a preparation of p4 followed by an evolution Epj4
is expressed in the Schrodinger picture as Trp(E f pg), where
pe = Epja(pa), while it is expressed in the Heisenberg picture
as TrA(Ef,oA), where E;‘ = SjnB(Ef)- The definition of the
dual map ensures that the two expressions for the probability
are equivalent, i.e., TrB(Ef,oB) = TrA(E;‘pA).

A CPT map &Epja can always be written in a Kraus
decomposition

Epa() =Y Ku()K], (58)
122

where K, : Hx — Hp. The dual map SLB can then be
obtained by taking the adjoint of the operators in the Kraus
decomposition, i.e.,

Ens() =D KLOKp (59)
"

Thus, if H4 and Hjp are isomorphic and Epj4 is a unitary
operation, i.e., Egja(-) = U()U T for some unitary operator U,
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then ELB(-) = UT()U. This is the familiar special case of the
Heisenberg picture for unitary dynamics.

In order to translate the Heisenberg picture into the
conditional states formalism, first represent the POVM {E f}
by a conditional state gy, the CPT map Epj4 by a causal
conditional state 0p|4, and the POVM {E ;‘} by a conditional
state oyj4. Second, note that Fig. 7 is just a special case of
Fig. 5(a) from Sec. III T in which the final region is classical,
so the three conditional states are related by Eq. (52), i.e.,

oyvia = Trp(oy|BOBIA)- (60)

In Sec. II1 1, this was described as a belief propagation formula
for causal conditional states because gyzp was regarded as
defining a map from gp|4 to gyja, propagating beliefs about
B, conditional on A, into the future. However, in the context
of Heisenberg dynamics, we instead regard opj4 as defining a
map from gyp to Qy|4, in the opposite direction to the flow
of time. It remains to show that Eq. (60) is equivalent to the
conventional description of Heisenberg dynamics in terms of
dual maps.

Theorem 6. Let gpja be the causal joint state that is
Jamiotkowski isomorphic to the CPT map Epj4. Then, the

action of the dual map SIH g On an operator Mpc is given by

(€} ® Tc)Mpc) = Trp(Mpcop|a)- (61)

Proof. By Definition 5, the dual map to £p|4 is the unique
linear map 5jx| 5 that satisfies

TrA[gLB(NB)MA] = Trg[NpEpa(Ma)] (62)

for all operators M4 and Np. Using the Jamiotkowski
isomorphism and Theorem 2, the right-hand side can be written
as

Trp[NpEpa(My)] = Trap(NpopiaMa) (63)

= Tra[Trp(Npopa)Mal. (64)

The only way this can equal Try [ELB(NB)MA] for all M, is

if SL‘B(NB) = Trp(Npopja). Equation (61) then follows by
linear extension to Hpgc. ]

Combining this with Eq. (60) gives the following proposi-
tion.

Proposition 4. Let gpj4 be the causal conditional state
associated with a quantum evolution described by the CPT
map Ep|4 and let oy |4 and oy be the hybrid conditional states
associated with the POVMs {E}'} and {E?}, such that {E}'}
is obtained from {E f} by the Heisenberg picture dynamics.
The conventional description of evolution in the Heisenberg
picture,

A_ ot B
E} =&, (E)), (65)
can be expressed in the conditional states formalism as
ovia = Trg(0y|50BA)- (66)

This follows straightforwardly from Theorems 6 and 4.

As in Sec. III 1, similar reasoning can be applied to other
causal scenarios. Consider the special case of Fig. 6 in which
C is replaced by a classical variable Y. This is depicted in
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A ry|a=Trp (QY|BPB|A)

Conventional notation:

Eﬁ1 - GJ;HB (Ef)

FIG. 8. Heisenberg evolution for a remote measurement.

Fig. 8. Two acausally related regions, A and B, are assigned a
state p4p and then the POVM {E f } (alternatively represented
by a conditional state gy p) is measured on region B. This
is the type of scenario that occurs in an EPR experiment. By
measuring the region B, information is obtained about the
remote region A and we are interested in how the state of A is
correlated with the measurement outcome Y.

The belief propagation formula for this scenario, Eq. (55),
gives

(67)

The components of the conditional state py|4 specify a POVM
{E;‘}. This POVM can be thought of as describing the
effective measurement that gets performed on A when we
actually measure region B. When combined with p4, the
conditional state pyj4 specifies the ensemble of states for
region A associated with the different measurement outcomes
via pay = Py|a * pa. In terms of components, this is

pyia = Trg(oy|ppBa)-

1 1
pra=Y_1y) (bly ® piE} ;. (68)
Y
so the un-normalized state of A corresponding to the outcome
Y=yis
1 1
P(Y = y)p; = piE}p;. (69)
where P(Y = y) = Tra(E} pa) = Trp(E} pp) is the Born rule
probability for the measurement outcome ¥ = y.

If pg|a in Eq. (67) is thought of as specifying a map from
0v|B 0 py|4, then this map is analogous to a Heisenberg picture
dynamics, except that the propagation is across acausally
related rather than causally related regions. If &gj4 is the
Jamiotkowski isomorphic map to pp|4, then, by Theorem 6,
the POVM elements are related by

Ef = € (ED). 0

Mathematically, the only difference between this and a Heisen-
berg picture map is that g4 o T is completely positive rather
than the map €p4 itself. This is just a reflection of the fact
that we are propagating across acausally related, rather than
causally related, regions.

A similar expression to Eq. (70) has appeared in the context
of quantum steering [25], although there it is written in terms of
the Choi, rather than Jamiotkowski, isomorphic map so there
is a transpose in the expression. We develop this application
in Sec. V A3.

K. Quantum instruments as causal belief propagation

Describing a measurement by a POVM is adequate for
determining the outcome probabilities of the measurement
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via the Born rule. However, one might also wish to describe
how the state of a postmeasurement region is correlated with
the measurement result. In the conventional formalism, the
transformative aspect of a measurement is represented by a
quantum instrument.

Definition 6. Given quantum regions A and B, and a

classical variable Y, a quantum instrument is a set {é’f ‘A}

of CPT maps £ BlA L(H4) — L£(Hp) such that the operators
y

E} = EM1B(Ip) (1)

form a POVM.

If A and B represent causally related regions before
and after a measurement and Y represents the measurement
outcome, then a quantum instrument can be used to determine
the subnormalized state P(Y = y),oyB of B when the outcome
is known via

P(Y = y)py = EM(pa). (72)

It can also be used to compute the outcome probabilities for
the measurement by simply tracing over B in Eq. (72) to obtain

P(Y = y) =Trp[E](pa)]. (73)
Using Eq. (71), this can be written as
P(Y = y) = Trg[€]*(0a)] (74)
= Trp[15E) " (pa)] (75)
= Tra[€7}1P(I5)pa] (76)
= Tra[E} pal, 7

which is just the Born rule with respect to the POVM defined
by the instrument.

While an instrument defines a unique POVM, each POVM
corresponds to more than one quantum instrument. When
performing a measurement of a particular POVM, any of the
quantum instruments that correspond to it via Eq. (71) may be
obtained, depending on how the measurement is implemented.
Conversely, the set of instruments corresponding to a given
POVM exhaust the possible postmeasurement transforma-
tions. This includes, for example, the situation in which the
system being measured is absorbed by the detector, which
corresponds to choosing the trivial Hilbert space for B, i.e.,
Hp =C.

Despite the freedom in choosing a quantum instrument,
certain kinds of instrument are usually considered particularly
important. For measurements associated with a projector-
valued measure {l'[(?}, the possible quantum instruments
include the Liiders-von Neumann projection postulate as a
special case by taking Hp to have the same dimension
as H, and Ef‘A(pA) :IB‘A(HépAH‘y“), where Zpj4 is an
isometry between H, and Hp. For general POVMs the rule
SyB‘A(,oA) = IB\A((E;,‘)%/)A(E;‘)%), which is sometimes taken
as a natural generalization of the projection postulate, is also
included as a special case.

A general measurement procedure, where there is an initial
quantum region, a classical outcome of the measurement, and a
quantum region after the measurement, is depicted in Fig. 9(a).
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a pyB = Tra(oypara)

oyja=Trp (QYB\A>

Conventional notation:

B|A
P(Y =y)pl =& | (pa)
A|B
E;{/Al:g’!]; | (]B>

(a)

/N P8 = P SRR
/X P(Y|R) = SgP(Y. S|R)

/X

FIG. 9. Measurements and their associated state-update rules.
(a) A quantum instrument, representing how the state of a quantum
persistent system changes after a measurement. (b) The classical
analog of a quantum instrument, representing how the state of
a classical persistent system changes after a general (possibly
disturbing) measurement.

(b)

Note that the final quantum region B may depend causally both
on the initial quantum region A and on the outcome Y.

In order to understand how quantum instruments are
represented in the conditional states formalism, it is helpful
to first look at the classical analog. This is a scenario wherein
a classical measurement is made upon a classical system,
which persists after the measurement, and in general the
measurement procedure is permitted to disturb the state of
the system. The variable R describes the system before the
measurement and the variable S describes the system after the
measurement. This is in line with the quantum treatment, in
which distinct regions are given distinct labels. The outcome
of the measurement is again denoted by Y. This scenario is
depicted in Fig. 9(b). The measurement is then described by
a conditional probability P(Y,S|R). This can equivalently be
thought of as a set of subnormalized conditional probabilities
for S given R, { P(Y = y,S|R)}, one for each outcome y, which
is the analog of a quantum instrument. The joint distribution
over Y and S, when the input distribution is P(R), is then given
by

P(Y.S)= Y P(Y.SIR)P(R). (78)
R

Furthermore, the set of response functions {P(Y = y|R)}
associated with such a measurement is easily computed from
P(Y,S|R) by marginalizing over S,

P(Y|R) = Z P(Y,S|R). (79)
N

In the conditional states formalism, Eqgs. (72) and (71) are
replaced by straightforward analogs of Egs. (78) and (79) for a
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causal hybrid state gy g4 of a classical variable ¥ and quantum
region B, conditioned on a quantum region A.
Theorem 7. Let oy p|4 be an operator on Hy 4 p of the form
OvBlA = Z [V){(¥ly ® 0y=y,B|A; (80)
5

where
Ov=y.Bla = 85”(2 1)kl ® |k><j|Af> 1)

ik

are the Jamiotkowski isomorphic operators to maps Ef 4,
L(H4) = £(Hp). Then oyp|a is a causal conditional state if

and only if {£ 514 is a quantum instrument.

The proof is similar to those of Theorems 2, 3, and 4 and is
left to the reader.

Theorem 7 allows the transformative aspect of a quantum
measurement to be represented by conditional states as
follows.

Proposition 5. Let gypja be the causal conditional state

associated with the instrument {Sf'A}. Then, when the mea-
surement corresponding to this instrument is made with input
state p4, the state-update rule in conventional notation is
given by

P(Y = y)py = £ (pa)- (82)

In analogy with the classical expression in Eq. (78), this can
be expressed in the conditional states framework as

oys = Tra(oysjapa), (83)

where pyp =Y, P(Y = y)|y)(yly ® p;. Furthermore, the
conventional expression for the relation between a POVM and
a quantum instrument,

E} = (ENME(UIp), (84)
can be expressed simply as
ovia = Trp(oyp|a). (85)

in analogy with the classical expression in Eq. (79).

The proof of Eq. (83) consists of applying Proposition 1,
in particular Eq. (33), to Eq. (82) for every value of Y.
Equation (85) follows from applying Theorem 6 to each
element of the instrument.

Note that, from the perspective of the conditional states
framework, the fact that there are many quantum instruments
consistent with a given POVM is no more surprising than the
fact that in classical probability theory there are many joint
distributions consistent with a given marginal distribution.

Finally, note that for a quantum instrument, the map
Epialpa) = Zy Ef‘A(pA) is CPT and represents the nonselec-
tive state-update rule, i.e., the one that you should apply if you
know that the measurement has been made but do not know
its outcome. In the conditional states framework, if you know
that a measurement associated with the causal conditional state
oy 5|4 has been performed, but you do not know the outcome,
then you simply marginalize over Y to obtain the causal
conditional state opj4. Quantum belief propagation from A
to B using gp|4 is the nonselective state-update rule.
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Table II provides a summary of how dynamics, ensem-
ble preparations, and measurements are represented in the
conditional states formalism as compared to the conventional
formalism.

IV. QUANTUM BAYES’ THEOREM

This section develops a quantum generalization of Bayes’
theorem that relates the conditional states pp|4 (0p|4) and pa|p
(04ip)- Formally, the quantum Bayes’ theorem is the same
for acausal and causal conditional states, so this represents a
success in our project to develop a causally neutral theory of
quantum Bayesian inference. In Sec. IV A, the quantum Bayes’
theorem is introduced for two quantum regions. When written
in terms of conventional notation, it reproduces the Barnum-
Knill approximate error correction map [29]. Section IVB
specializes to the hybrid case, which provides a rule for
relating sets of states to POVMs. In conventional notation,
this reproduces the definition of the pretty-good measurement
[31-33] and a quantum analog of Bayes’ theorem previously
advocated by Fuchs [24]. As an application of the quantum
Bayes’ theorem, we develop a retrodictive formalism for
quantum theory in Sec. IVC in which states are evolved
backwards in time. This demonstrates that the conditional
states formalism is causally neutral with respect to the direction
of time. Finally, in Sec. IVD, the acausal analog of the
symmetry between prediction and retrodiction is discussed
in the context of remote measurement.

A. General quantum Bayes’ theorem

Recall that the classical Bayes’ theorem is
P(SIR)P(R
pRlS) = PEIRP®R)
P(S)

which is derived by noting two expressions for the joint
probability in terms of conditionals and marginals

P(R,S) = P(R|S)P(S)

(86)

(87)

— P(S|R)P(R). (88)

Quantum conditional states can be used to derive a quantum
analog of Bayes’ theorem. For acausal conditional states, the
two analogous expressions to Egs. (87) and (88) are

PAB = PA|B * PB (89)
= PB|A * PA- (90)

Combining these gives
PAIB = PB|A * (PA/OEI)’ on

which is a quantum analog of Bayes’ theorem for acausal
conditional states.

Classically, the distribution P(S) that appears in the
denominator of Bayes’ theorem is usually computed via
belief propagation as P(S) =) r P(S|R)P(R). This gives
the alternative form of Bayes’ theorem

P(SIR)P(R)

PIRIS) = S~ pSIRP(R)

92)
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Similarly, noting that pp = Trs(opja * pa) = Tra(ppjapa),
the quantum Bayes’ theorem for acausal conditionals can be
written as

pag = Ppia * {palTra(ppiapa)l ') (93)

Now consider the case of two causally related regions.
Suppose that a region A, described by the state p4, is mapped
to B by a CPT map g4 that is Jamiotkowski-isomorphic to
the causal conditional state 9 g 4. Recall from Sec. III E that the
conditional state and input state can be used to define a causal
joint state 0ap = 0p|a * pa. Now we can try to define a new
causal conditional state 04|p via an analogous decomposition
of the causal joint state, namely, oap = 04| * P, Where
pp = Tra(op|apa) is the output state of the channel. Equating
the two expressions for the joint state p4p, we obtain an
expression for o4 p, which can be regarded as the causal
version of the quantum Bayes’ theorem,

OA|B = OB|A * (/OA/O;), 94)

and which can also be written as

0418 = 0814 * {palTra(opapa)l ™'} (95)

In order for this to make sense, it must be checked
that o4p is indeed a valid causal conditional state. Taking

the partial transpose over B of Eq. (94), we have QgTB =

Qg“? L x[pa (pr )~!1. Given that pp 1s a valid state (positive and
normalized) and given that the set of such states is mapped to
itself by the transpose, pgﬂ is also a valid state. Furthermore,
given that op|4 is a valid causal conditional state and the fact
that the set of such states are mapped to the set of valid acausal
conditional states by the partial transpose, it follows that Q?f 4
is a valid acausal conditional state. However, then, by the
acausal quantum Bayes’ theorem given in Eq. (91), Q/{TB isa
valid acausal conditional state, which implies that gpg4 is a
valid causal conditional state.

It is instructive to see how the causal and acausal versions
of Bayes’ theorem appear in conventional notation.

For the causal version, suppose that the causal conditional
state gpj4 is associated, via the Jamiotkowski isomorphism,
with a quantum channel £g|4 and its Bayesian inversion g4z
is associated with a quantum channel F 5. Then, Eq. (94) is
equivalent to

Fas() = pi{ELs[ps” Oog 104 (96)
where

P = Epja(pa). o7

The converse of this relation, wherein £p4 is expressed in
terms of F4p, is obtained by simply exchanging A and B as
well as £ and F.

The proof that Eq. (94) translates into Eq. (96) is straight-
forward. From the Jamiotkowski isomorphism (Theorem 1),
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Fag(-) = Trploas(-)], which implies that

Fas() =Trg[pipog osars ri()] (98)

1 1 1 1

= piTrg[pg’ (Dpg osiar;]. (99)
where the first step follows from Eq. (94) and expanding the
* product, and the second step uses the cyclic property of the
trace. Equation (96) then follows from the representation of
dual maps in terms of conditional states given in Theorem 6.

The map F 45 is recognizable as the Barnum-Knill recovery
map for the channel g4 [29]. This map is known to achieve
near-optimal quantum error correction in situations where
the input state and channel are known. Its connection with
Bayesian inversion suggests that the best way of thinking about
JF 418 1s not as an error correction map, but rather as a means for
accurately capturing your beliefs about region A given your
beliefs about region B.

A similar result holds for the acausal case. Suppose that
the linear map that is Jamiotkowski-isomorphic to the acausal
conditional state pp4 is €p4 and the one associated to its
Bayesian inversion pa|p is §ajp (recall that only Epj4 0 Ty
and §4 g o T4 are CPT maps). Following the same reasoning
used above, Eq. (91) can be rewritten as

Sas() =03 {€\ulon’ Oop?}pi,  (100)

where

pB = €pja(pa). (101)

B. Bayes’ theorem for quantum-classical hybrids

For quantum-classical hybrids, there are two versions of
Bayes’ theorem, depending on whether it is the conditioned
region or the conditioning region that is classical. Recall that
the mathematical form of hybrid conditional states does not
depend on whether they are causal or acausal, and o is the
notation used for results that do not depend on the causal
interpretation. The two versions of Bayes’ theorem are then

OX|A = 0a|x * (px,O/Zl) (102)

and

OAlX = Ox|A * (,OA,O;?I), (103)

where pa = Trx(oaxpx) and px = Tra(oxja04)-

A hybrid joint state oy 4 may be decomposed into a hybrid
conditional state and a reduced state via Eq. (11) in two
distinct ways: either in terms of a classical reduced state and a
conditional state that is conditioned on the classical part,

OxA = OA|X * PX (104)

or in terms of a quantum reduced state and a conditional state
that is conditioned on the quantum part,
OXA = OX|A % PA. (105)

The hybrid Bayes’ theorems of Eqgs. (102) and (103) give the
rules for converting between these two decompositions.

To see how these two decompositions appear in conven-
tional notation, recall from Theorem 3 that a general hybrid
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conditional state o4|x is of the form

oax = Y _ Ix){xlx ® pf, (106)

where each p? is a normalized density operator on H 4, and
from Theorem 4 that ox|4 is of the form

oxia =Y |x){xly ® E, (107)

where {E f} is a POVM on A. Finally, recall that the classical
state py is of the form px =) P(X = x)|x)(x|x where
P(X) is a classical probability distribution.

Equation (104) therefore gives a decomposition of a joint
state in terms of a set of states and a probability distribution
via

oxa =y P(X =x)x){x|x ®pf, (108)

and Eq. (105) gives a decomposition in terms of a POVM and
a state for A via

Lo
oxa =Y |x)xlx ® piELp;. (109)
In terms of components, the Bayes’ theorem of Eq. (102) is
arule for determining a POVM from a probability distribution
and a set of states, while Eq. (103) is a rule for determining a
set of states from a POVM and a state on A. These rules are
1 1
ph = P E{pj

=4 x4 110
Toa(E20s) .

and
_1 _1
E} = P(X =x)p,"plos’,

where py = Y. P(X = x)p2.

These rules have appeared numerous times in the literature,
e.g., [3,4,30]. In the context of distinguishing the states in an
ensemble, the POVM defined by Eq. (111) is known as the
pretty-good measurement [31-33]. Equation (110) is a rule
previously advocated by Fuchs as a quantum analog of Bayes’
theorem [24]. The fact that these rules are all special cases of
a more general quantum Bayes’ theorem goes some way to
explaining their utility.

(111)

C. Retrodiction and time symmetry

As an application of the quantum Bayes’ theorem, we use
it to develop a retrodictive formalism for quantum theory,
in which states are propagated backwards in time from late
regions to early regions. This is operationally equivalent to the
usual predictive formalism, in which states are propagated
forward in time from early regions to late regions. The
retrodictive description is particularly useful if you acquire
new information about the late region and wish to update your
beliefs about the early region, for instance, when you learn
about the output of a noisy channel and wish to make inferences
about its input. This situation is considered in Sec. V A.

Barnett et al. have previously proposed a formalism for
retrodictive inference in quantum theory [26-28]. For unbiased
sources—for which the ensemble average of the prepared
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states is the maximally mixed state—their formalism is
identical to the one presented here, and the quantum Bayes’
theorem provides it with an intuitive derivation. For biased
sources, their formalism differs from ours. The one we propose
has the advantage that it can be derived as a special case of our
general formalism for quantum Bayesian inference and thereby
retains a closer analogy with classical Bayesian inference.

As emphasized by the de Finetti quote in the Introduction,
the rules for making classical probabilistic inferences about
the past are the same as those for making inferences about
the future. By analogy, in the conditional states formalism,
we would expect to be able to propagate quantum states
from future regions to past regions via the same rules used
to propagate them from past regions to future regions.

If the state p4 of an early region is mapped to the state pp
of a later region by a CPT map €4, then

pp = Tra(opjapa), (112)

where g4 is the Jamiotkowski isomorphic causal conditional
state to Epa. By construction, the causal conditional state
o4 defined by Bayes’ theorem in Eq. (94) satisfies 045 =
OB|A * P4 = 04|B * P, and this causal joint state has p4 and
pp as its marginals, so we have

pa = Trp(oaBPB)- (113)
In conventional notation, this is equivalent to
pa = Exp(pp), (114)
where
1 _1 _1o1
() = piEhp (o5 (g ) 0] (115)

is the map that is Jamiotkowski isomorphic to g4z and the
superscript “retr” is used to indicate that this is a retrodictive
map that propagates states from future to past regions.

For comparison with the retrodictive formalism of [26],
consider a simple prepare-and-measure experiment, as de-
picted in Fig. 10.

In the predictive description, the preparation procedure is
characterized by a probability distribution P(X), which can

/A

0
/N

FIG. 10. A prepare-and-measure experiment in which a prepa-
ration procedure is followed by a measurement. We are interested
in computing the joint probability distribution P(X,Y) of the
preparation variable and the measurement outcome. For compactness,
Px.y = P(X =x,Y = y) is used for the expressions in conventional
notation.

Predictive expression:

oxy = Tra oy a0ax) * Px
Conventional notation:
vy =Tra (BApA) P(X = 2)
Pxy YA\ Ly Pr T

Retrodictive expression:

oxy = Tra(oxja0ayy) * py

Conventional notation:
Pay = Tra (Eﬁvrctrpﬁ,re‘rr) P(Y =)
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alternatively be represented by a diagonal state py, and by a set
of states p#, which can alternatively be represented by a causal
conditional state g 4|x. The measurement is characterized by
a POVM {EZ} or, alternatively, by a causal conditional state
ov|a. This is predictive because the conditional states, 04)x
and oy, are conditioned on regions in their immediate past.
In order to calculate the joint distribution P(X,Y), or
equivalently the causal joint state o xy, we need to use the belief
propagation formula for causal conditional states as given in
Eq. (52). This proceeds as follows.
(1) Propagate the causal conditional state of A given X
into the future to obtain Qy|x = TrA(QY|AQA\X)~
(2) Combine the causal conditional state for ¥ given X
with the state for X to obtain oxy = py|x * px.
Combining these steps, the predictive expression for gxy is
oxy = Tra(oyja0aix) * px. (116)
In conventional notation, if the states {2} are the compo-
nents of g4x and the elements of the POVM {Eé} are the
components of gy|4, then Eq. (116) is equivalent to
P(X =x.Y =y) =Tra(E}pf)P(X =x).  (117)
A retrodictive description of the same experiment can
be given, involving states of regions conditioned on regions
in their immediate future, i.e., py, 04y, and oxja. These
correspond, respectively, to a probability distribution P(Y),
a set of states {p/""}, and a POVM {E}""}. Note that,
in contrast to the predictive description, the measurement is
now being described by a classical probability distribution
and a set of states, which we call retrodictive states, while
the preparation is being described by a POVM, which we call
the retrodictive POVM. The retrodictive calculation of pyy
proceeds as follows.
(1) Propagate the causal conditional state of A given Y into
the past to obtain oxjy = Tra(0xja04|v)-
(2) Combine the causal conditional state for X given Y
with the state for Y to obtain oxy = px|y * py.
Combining these steps, the retrodictive expression for oxy
is

oxy = Tra(exja0ay) * py. (118)

In conventional notation, this is equivalent to
P(X =x.Y =y) =Trs(E}™p ™) P(Y = y). (119)
The retrodictive and predictive descriptions of the experi-

ment are related by the quantum Bayes’ and quantum belief
propagation via

oxia = oaix * (pxpy"), (120)
where  pa4 = Trx(pax0x), (121)
and
QAly = Qy|Aa * (,OA,O;I), (122)
where py = Tra(pyjapa). (123)

PHYSICAL REVIEW A 88, 052130 (2013)

In conventional notation, these equations are equivalent to

_1 _1
EX™ =P(X =x)p " pioy’.  (124)
where p4 =Y P(X =x)p}, (125)
and

1 1

pz E,j&pz
p;x,retr — A=y lFA , (126)

P(Y =y)
where P(Y =y) =Trg (Ef pa). (127)

Equations (120) and (122) can be used to prove that the
predictive and retrodictive expressions for oxy do indeed give
the same causal joint state. Starting from Eq. (118), we have

oxy = Tra(oxja0ayy) * py (128)
= Traf{(oan * [px01'])
(ovia * [pany']) } * oy (129)
1 1 1 _1
=Try (Pyz PxPs’CAIXPxPA’
o _1 1 _1 1
Piy orianiey o7 (130)

Lol Lo 1
=Tra (pr)ngA *QAIXPx Py 2QY|A,0/§) - (13D
L
Since py commutes with px, pa, and g4x, the p; term can be
-1 -1
moved forward to cancel with p, * term. The p, * term can be
1

made to cancel with the last p} term via the cyclic property of
the trace. This yields

1 1

oxy = Tra(pxoaixpxyia) (132)
1 1

= pxTra(oaixoria)py (133)

= Tra(oax0y|a) * px, (134)

where, in the second line, we have used the fact that pyx
commutes with py|4. Finally, applying the cyclic property of
the trace gives

oxy = Tra(oy|a0ax) * px, (135)

which is the predictive expression for pxy.

We are now in a position to show that our formalism
coincides with that of Ref. [26] for the case of unbiased
sources, where ps = I4/d with d the dimension of Hy4. In
this case, the definitions of retrodictive states and retrodictive
POVMs in [26] were

EA™ = dP(X = x)p2, (136)
and
EA
A, retr — Yy , 137
Py dP(Y =) (137)

which are easily seen to be special cases of Eqgs. (124)
and (126).

Finally, note that the analysis above can be extended
to deal with the scenario depicted in Fig. 11, in which
there is an intervening channel £z 4 between the preparation
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Predictive expression:

/N

oxy = Trg (oy|pTra (01041 x)) * Px

Conventional notation:

pey =Trp (EngM (10;4» P(X =)

Retrodictive expression:

oxy = Tra (ox|aTrg (0apop)y)) * PY

Conventional notation:

FIG. 11. A prepare-and-measure experiment with an intervening
channel. We are interested in computing the joint probability
distribution P(X,Y) of the preparation variable and the measurement
outcome. For compactness, p, , = P(X = x,Y = y) is used for the
expressions in conventional notation.

by = oA (B (o) PO =

and measurement so that the measurement is now made on
region B. In fact, by making use of the rule for propagating
conditional states given in Eq. (52) [or equivalently the
Heisenberg dynamics given in Eq. (60)], the extra region B
can be eliminated from the description by defining

oyvia = Tra(oyBoBia). (138)

which determines the effective measurement on A that is
performed by actually measuring region B. The three operators
Px, 041x, and oy|4 then provide a predictive description of a
simple prepare-and-measure experiment, and so the previous
analysis applies.

Specifically, substituting Eq. (138) into Eq. (116) gives the
predictive expression for oxy as

oxy = Trap(0y|BOB|AQAIX) * OX, (139)
or in conventional notation
P(X =x,Y =y)=Trp[E}Epa(p))]P(X =x). (140)

Similarly, the retrodictive expression is obtained from
Eq. (118) by substituting QaAly = TrB(QA\BQBlY)’ where QAlB
and gp|y are obtained from gp|4 and gy, p, respectively, by
Bayes’ theorem. This gives

oxy = Trap(0xja0A1BOBIY) * PY, (141)

or in conventional notation
P(X =xY =y) =Tra[ES™ESG (02™") | P(Y = y).
(142)

To sum up, the formalism of quantum conditional states
shows that, just as in the classical case, the rules of quantum
Bayesian inference do not discriminate between prediction
and retrodiction. Specifically, the rules are the same regardless
of whether the propagation is in the same or the opposite
direction to the causal arrows. This reveals an important kind
of time symmetry that is not apparent in the normal quantum

PHYSICAL REVIEW A 88, 052130 (2013)

formalism. More importantly, it shows that a formalism for
quantum Bayesian inference can be found that is blind to at
least this aspect of the causal structure.

D. Remote measurements and spatial symmetry

Many of the novel features of quantum theory exhibit
themselves in the correlations that can be obtained between
local measurements on a pair of acausally related regions.
These include Einstein-Podolsky-Rosen correlations and Bell
correlations. Inferences about such measurements can be
treated using a formalism that is almost identical to the pre-
dictive and retrodictive expressions for prepare-and-measure
experiments given above. One simply has to substitute the
formula for propagating a causal conditional state across
acausally related regions [Eq. (55)] for the formula for
propagating them across causally related regions [Eq. (52)]
used above.

For two acausally related regions, A and B, itis self-evident
that there is complete symmetry between propagation from one
region to another and back again, i.e., if

pp = Tra(ppjapa), (143)

then

pa = Trp(paPB)- (144)

The two conditional states, pp4 and p4p, are related by
the quantum Bayes’ theorem, so Bayes’ theorem allows the
direction of belief propagation to be reversed.

To see this spatial symmetry at work, consider the scenario
of measurements being implemented on a pair of acausally
related regions, A and B, as depicted in Fig. 12.

In the conditional states formalism, the region AB is
assigned a joint state p4p, and the measurements on A and
B are represented by causal conditional states 9x|4 and Qy)s.
The joint distribution P(X,Y) over outcomes is given by the
components of the acausal joint state pxy via

oxy = Tragl(oxja0yp)pagl. (145)

These correlations can alternatively be calculated by prop-
agating beliefs about A conditioned on X to beliefs about Y
conditioned on X, and also by propagating beliefs about B
conditioned on Y to beliefs about X conditioned on Y. These
representations are analogous to the predictive and retrodictive
expressions for prepare-and-measure experiments discussed
in the previous section. We refer to these as rightward and
leftward belief propagation, respectively.

Leftward belief propagation:
_________________ PXY =
Trap <QX\AQA\BQB|Y> * py

FIG. 12. Measurements on a pair of acausally related regions,
rightward and leftward belief propagation.

Rightward belief propagation:
PXY =
Trap <QY\BQB|A9A\X> *PX
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It may seem convoluted to calculate pxy via rightward
or leftward belief propagation, when Eq. (145) already gives a
simple expression for it. However, it is important to understand
how to propagate beliefs across acausally related regions in
order to deal with the situation in which you obtain new
information about one region and wish to make inferences
about the other. This is exactly what happens in the analysis
of an EPR experiment. This problem is known as quantum
steering and is considered in Sec. V A3.

First, consider rightward belief propagation. The aim is to
rewrite Eq. (145) in terms of pg|4, the state of B conditioned on
the region to its left. For greater symmetry with the prepare-
and-measure case, we also use py and g4 x to describe the
left-hand wing of the experiment, while retaining pyp for
the right. Then, we write pap = ppja * p4 and note that, by
Bayes’ theorem,

O0xX|A = QAlx * (,Oxp,}l) . (146)
Substituting these into Eq. (145) gives

pxy = Trap{[oax * (oxpy")|ovislosia * pal}.  (147)
Expanding the * products gives

Lot 1o 1 1

Oxy = TrAB(:O)Z(,OA T0AXPXPA ZQY|B,0,§,OB\A,O/2\)~ (148)
All of the p4 terms can be canceled by using the fact that they
commute with gy|p and px and by using the cyclic property
of the trace. Then we have

1

1 1

pxy = Trag(pgoaixPx0Y|BLBIA) (149)
1 1

= Trap(0v|8PBIAPYOAIXPY) (150)

= Trap(0y|BPBIAOAIX) * OX, (151)

where we have used the cyclic property of the trace and the
fact that px commutes with pp4 and oy;p. Equation (151)
has the same form as the predictive expression for a prepare-
and-measure experiment with an intervening channel given
in Eq. (139), except that, in this case, pp|a is acausal. We
can also use Eq. (55) to define pyj4 = Trg(oy|ppp4), Which
represents the effective measurement on region A that is made
by measuring region B. Using this, region B can be eliminated
from Eq. (151) to obtain

oxy = Trap(pyja0ax) * px. (152)

This is similar to Eq. (116), and, in fact, is mathematically
identical to it because py 4 is a hybrid conditional state, so its
mathematical form does not depend on whether it is acausal or
causal. Equation (152) is a useful form to use when we want
to consider the effect of measuring B on the remote region A,
as in quantum steering.

For leftward belief propagation, a similar analysis gives the
expressions

oxy = Trap(oxjapaBoB)y) * Py, (153)
which is analogous to Eq. (141) and
pxy = Tra(pxja0B)y) * py, (154)

which is analogous to Eq. (118).
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As with prediction and retrodiction, there is complete
symmetry between leftward and rightward belief propagation,
and there is a strong symmetry between causal and acausal
belief propagation in general. This represents progress towards
a theory of quantum Bayesian inference that is completely
independent of causal structure.

V. QUANTUM BAYESIAN CONDITIONING

Classically, Bayesian conditioning is used to update prob-
abilities when new data are acquired. Specifically, if you
are interested in a variable R, and you learn that some
correlated variable X takes the value x, then the theory of
Bayesian inference recommends that you should update your
probability distribution for R from the prior P(R) to the
posterior P.(R) = P(R|X = x).°

Bayesian conditioning can be viewed as a two-step process.
First, the observation that X = x causes you to update your
probability distribution for X from P(X) to P.(X), where

PuX =x) =8 (155)

Second, assuming that the observation of X does not cause
you to change your conditional probabilities P(R|X), the new
probability distribution for R is obtained via belief propagation
as

P(R)=)_ P(RIX)P.(X) (156)
X

— P(R|X = x). (157)

This two-step decomposition of conditioning has been
emphasized by Jeffrey [38,39], who showed that whenever an
observation causes the value of a random variable to become
certain, and that all probabilities conditioned on that random
variable are unchanged by the observation, then the change
in the probability distribution can be represented as Bayesian
conditioning.

The reason for emphasizing this decomposition is that
Jeffrey was interested in situations in which an observation
does not cause you to believe that some variable takes a precise
value. As an example of this, adapted from [40], suppose that
X is the color of a jellybean, which has possible values “red,”
“green,” and “yellow,” and that R is the flavor, which has
possible values “cherry,” “strawberry,” “lime,” and “lemon.”
Suppose that initially, your probability distribution for X,
P(X), assigns a probability 1/3 to each color and that your
observation consists of viewing the jellybean in the light of
a dim candle. This might not be enough for you to become
certain about the color of the jellybean, but it may reduce your
uncertainty somewhat. For example, you may now think it rea-
sonable to assign a probability distribution Pyes(X) that gives
probability 2/3 to X = “red” and 1/6 each to X = “green”
and X = “yellow.” Assuming that the observation does not
cause your conditional probabilities P(R|X) to change, Jeffrey

SStrictly speaking, this is only a special case of Bayesian condi-
tioning, which can be formulated more generally for arbitrary events
on a sample space rather than just for random variables. We restrict
attention to the special case of conditioning one random variable upon
another for ease of comparison with quantum theory.
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shows that your posterior probability distribution for R is
obtained by belief propagation via

Ppost(R) =) P(R|X) Ppos(X), (158)
X

which is known as Jeffrey conditioning.

Many orthodox Bayesians reject the generalization to
Jeffrey conditioning and maintain that the rational way to
update probabilities in the light of data is always via Bayesian
conditioning, not least because most of the apparatus of
Bayesian statistics depends on this. This position can be
defended by insisting that the sort of situations described
above should really be handled by expanding the sample
space to include statements about your perceptions. One can
show that Jeffrey conditioning can always be represented as
Bayesian conditioning on a larger space in this way. Counter
to this, Jeffrey argues that it is not realistic to construct such
a space, since you do not actually have precise descriptions of
your perceptions. This argument has been eloquently put by
Diaconis and Zabell [41].

“For example, suppose we are about to hear one of two
recordings of Shakespeare on the radio, to be read by either
Olivier or Gielgud, but are unsure of which, and have a prior
with mass 1/2 on Olivier, 1/2 on Gielgud. After hearing the
recording, one might judge it fairly likely, but by no means
certain, to be by Olivier. The change in belief takes place by
direct recognition of the voice; all the integration of sensory
stimuli has already taken place at a subconscious level. To
demand a list of objective vocal features that we condition on
in order to affect the change would be a logician’s parody of a
complex psychological process.”

The debate over whether Jeffrey conditioning should be
subsumed into Bayesian conditioning is somewhat analogous
to a similar argument in quantum theory about whether
POVMs should be regarded as fundamental, since they can
always be represented by projective measurements on a larger
Hilbert space via Naimark extension [42].

In the conditional states formalism, the quantum analog
of Jeffrey conditioning is straightforward. If an observation
causes you to change the state you assign to a region A from
pa to p5°*, and if your conditional state for another region B,
given A (which will either be an acausal state pg 4 or a causal
state 0p|4) is unchanged, then your posterior state for B is
determined by belief propagation via either

o5 = Tra(ppaoh™) (159)
or
o5 = Tra(oparh), (160)

depending on whether A and B are acausally or causally
related.

The question of whether there is a quantum analog of
Bayesian conditioning is more subtle, as it depends on whether
there is a posterior quantum state for A that is analogous
to having certainty about the value of a classical variable,
i.e., the point measure P,(X = x’) = §, . Arguably, a pure
state could play this role, since it represents the smallest
amount of uncertainty that one can have about a quantum
region. However, unlike classical point measures, pure states
still assign probabilities other than O and 1 to fine-grained
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measurements, e.g., measurements in a complimentary basis,
and there are good reasons to believe that, even if they represent
maximal knowledge, that knowledge is still incomplete [43].

We do not pursue this question further here, but instead
focus on the case of a hybrid region X A. If the the data is the
classical variable (so that one can indeed learn its value), then
Bayesian conditioning has a straightforward generalization.
Upon learning that X = x, the state of A should be updated
via

(161)

PA = OA|X=x-

Recall that the general form of a state conditioned on a classical
variable is o4 x = Y. p2 ® |x)(x|x, where {p2} is a set of
normalized density operators and o 4| x—, is simply our notation
for p2. The elements of this set are called the components of
04)x, S0 we may describe Bayesian conditioning as replacing
o4 with one of the components of o4)x.

Note that, as in the classical case, conditioning can be
viewed as a two-step process, wherein first the state of X is
updated to the diagonal density operator for the point measure,
pf = |x)(x|x, and then belief propagation is used to determine
the posterior state of A,

o = Try (GA\X/Of), (162)
= (x|xoax|x)x, (163)
= OA|X=x» (164)

where we make use of the fact that o4 x =D, Oajx=x @
|x)(x|. Note that this holds regardless of the causal relation
between A and X because a hybrid conditional such as o4 x
does not distinguish between these causal possibilities.

Recall that the rule for propagating unconditional beliefs
about X to beliefs about A is p4 = Trx(o4xpx). In conven-
tional notation, this translates to py = > x P(X = Xx)oax=x.
Therefore, Bayesian conditioning is a process by which a
state p4 is updated to an element o4 x—, within a convex
decomposition of py.

A. Examples of quantum Bayesian conditioning

In this section, we consider several examples of Bayesian
conditioning, based on the different causal scenarios discussed
in Secs. III and IV. In all these cases, conditioning the state
of a quantum region on a classical variable is the correct thing
to do in order to update the predictions or retrodictions that
can be made about other classical variables correlated with the
region. In particular, in Sec. V A3, we develop the application
to quantum steering, showing that the set of states of a region
that can be steered to by making remote measurements can
be expressed compactly in terms of conditioning and belief
propagation.

1. Conditioning on a preparation variable

Consider again the preparation scenario depicted in
Fig. 3(a), wherein a quantum region A is prepared in one
of a set of states {0 4/x=x} depending on the value of a classical
variable X with prior probability distribution P(X). This can
alternatively be described by a conditional state 94x and a
diagonal state px. In this case, Bayesian conditioning of A on
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Inference
direction Conditioning rule:

A PA 7 PAX=x

0
A\

FIG. 13. Predictive inference in a prepare-and-measure experi-
ment. We are interested in inferring the probability of the measure-
ment outcome given knowledge of the preparation variable.

Conventional notation:
A
PA — Px

Conditioning rule for probabilities:

PY 7 Oy |X=g = Tra (QY\AQ/HX:J;)

Conventional notation:
P(Y) = P(Y|X = 1) = Try (Ejlps)

the value x of X corresponds to updating from the ensemble
averagestate ps = ) . P(X = x)04 x=. to the particular state
04|x=x, corresponding to the value x of X that actually obtains,
which is clearly a reasonable thing to do.

The operational significance of this conditioning becomes
apparent by considering a measurement made on region A,
described by a conditional state oyj4. We now have a prepare-
and-measure experiment, where we are interested in making
a predictive inference about the measurement outcome from
knowledge of the preparation variable, as depicted in Fig. 13.

Equation (116) gives the predictive expression for the joint
probability distribution for this experiment as

oxy = Tra(oyja0a1x) * px.- (165)
From this, we can compute the marginal probability for Y as
oy = Tra(oyiapa), (166)

where p4 = Trx(0axpx) is the ensemble average state. The
conditional gy|x = oxy * ,o;(l is given by

prix = Tra(oyja041x), (167)
from which it follows that
Pyix=x = Tra(0y|a04x=x)- (168)

The transition from Egs. (166) to (168) is just classical
Bayesian conditioning of the probability for ¥ on the value
of X. Both expressions are representations of the Born rule in
terms of belief propagation, and Eq. (168) can be obtained from
Eq. (166) by replacing p4 with 0 4|x=y, Which is just quantum
Bayesian conditioning. Thus, quantum Bayesian conditioning
on a preparation variable can be used as an intermediate step
in updating the probability distribution for a measurement
outcome by classical Bayesian conditioning.

Nothing changes if we consider the slightly more compli-
cated scenario where there is an intermediate channel between
the preparation and measurement, as depicted in Fig. 11. This
is because, as shown in Sec. IV C, the joint probability is
still given by Eq. (165), where now oyja = Trg(oy|pog|a)
describes the effective measurement on A that corresponds to
the actual measurement made on the later region B. By similar
reasoning, there could be an arbitrary number of time steps
between the preparation and measurement and conditioning
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the state of A on the preparation variable would still be the
correct way to update the Born rule probabilities for Y.

2. Conditioning on the outcome of a measurement

When conditioning on a measurement outcome, it is
important to recall that the conditional states formalism assigns
states to regions rather than to persistent systems. Therefore,
when we update the state of a region by conditioning on a
measurement outcome, the resulting conditionalized state is
assigned to the very same region that we started with. This is a
different concept from the usual state-update rules that occur
in the standard quantum formalism, such as the projection
postulate. These standard rules apply to persistent systems
when we are interested in how the state of a system in a region
before the measurement gets mapped to its state in a region
after the measurement. Because the updated state belongs to
a different region than the initial state, this is not an example
of pure conditioning in our framework. Therefore, one should
not think that conditioning on a measurement outcome must
reproduce the projection postulate. The way in which this
kind of state-update rule is handled in the conditional states
framework is discussed in Sec. V B.

However, there are several other types of inference for
which pure conditioning on a measurement outcome is the
correct update rule to use. In particular, conditioning can
be used for making retrodictions about classical variables
in the past of the region of interest. For instance, in a
quantum communication scheme, registering the outcome of
a measurement on the output of the channel leads us to infer
something about which of a set of classical messages was
encoded in the quantum state of the channel as input. The use
of conditioning for this sort of inference is the topic of this
section.

Recall the measurement scenario depicted in Fig. 4(a). A
measurement with outcomes labeled by the classical variable
Y is implemented upon a quantum region A. In the predictive
formalism, this experiment is described by an input state p4
and a causal conditional state gyj4 (describing the measured
POVM). To condition A on a value y of Y, Bayes’ theorem
must be applied to determine g4y, and then the component
04jy=y gets picked out by conditioning. This gives

PA —> QAlY=y = QY=y|A * (PAP;;V), (169)
or in conventional notation
1 1
2 LA L2
PLES P,
A, retr Yy
o4 —> pi = — = (170)
? Try (Ef,OA)

The state g4)y—, represents the state of a region A prior to
the measurement, given the outcome of the measurement; i.e.,
it is a retrodictive state. Its operational significance is that it
allows one to make inferences about variables involved in the
preparation of A.

To see this, consider again the prepare-and-measure exper-
iment, where now we are interested in making a retrodictive
inference from the measurement outcome to the preparation
variable, as depicted in Fig. 14.

Recall from Sec. IV C that there is complete symme-
try between the predictive and retrodictive expressions for
a prepare-and-measure experiment under exchange of the
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Inference
direction a Conditioning rule:
: PA = PAlY =y

Conventional notation:
A retr

PA = Py
° Conditioning rule for probabilities:

px = ox|y=y = Tra (ex 11041y
VAN

FIG. 14. Retrodictive inference in a prepare-and-measure experi-
ment. We are interested in inferring the probability of the preparation
variable given knowledge of the measurement outcome.

Conventional notation:
P(X) = P(X|Y =y) = Try (B phren)

preparation variable X with the measurement variable Y. Thus,
everything that was said regarding the probability distribution
for the measurement outcome in the previous example, applies
here to the probability distribution for the preparation variable.
In particular, the marginal probability distribution for X is

px = Tra(oxjapa), (171)
and conditioning this on ¥ = y gives
pxiy=y = Tra(oxjaQajy=y)- (172)

Both of these expressions are belief propagation represen-
tations of the Born rule, with respect to the retrodictive
POVM for X. Thus, conditioning A on the outcome of the
measurement can be used as an intermediate step in updating
the probability distribution for the preparation variable in light
of the measurement outcome. The retrodictive state appearing
in the retrodictive Born rule simply gets updated by Bayesian
conditioning.

As in the previous example, nothing changes if there are
intermediate channels between the preparation and the mea-
surement. We can simply use conditional belief propagation
to eliminate the additional regions.

3. Conditioning on the outcome of a remote measurement:
Quantum steering

Finally, consider the case of a measurement made on a
region B that is acausally related to a region A, as depicted
in Fig. 8. This experiment is described by an acausal joint
state psp, and a conditional state gy, corresponding to the
POVM measured on B. We are interested in how the state of
the remote region A is updated when we learn the outcome
of the measurement made on B. The updated state of A
could then be used to predict the outcome of a measurement
made on A, corresponding to a causal conditional state gx/4.
This scenario is depicted in Fig. 12. The results of Sec. IVD
establish that the mathematical description of this experiment
is formally equivalent to a prepare-and-measure experiment
with an intervening channel, the only difference being that
the causal conditional state op4 is replaced by an acausal
conditional state pgj4. This symmetry is enough to establish
that, as in the previous example, conditioning the state of A
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on Y = y must be the correct way of updating the Born rule
probabilities for X.

However, it is worth developing this example in a little
more detail, since the “remote collapse” at A that occurs upon
measuring B is at the core of the EPR argument. This has led
to a study of the ensembles of states for A that can be obtained
by measuring B, a problem known as quantum steering
[25,30,44-49]. The conditional states formalism provides an
elegant approach to this problem.

Recall from Sec. IV D that the joint probability for X and Y
can be computed via leftward belief propagation, which yields
Eq. (154),i.e.,

pxy = Tra(oxjapayy) * pr. (173)

This formula is obtained by first applying Bayesian inversion
to gy to determine

0By = Qv|B * (/OB,OY_I) ) (174)

where py = Trg(oy|ppp) is the Born rule probability distri-
bution for the measurement outcome. Then, conditional belief
propagation is used to obtain p4y = Trg(oa808|y)-

Equation (173) is formally equivalent to the retrodictive
expression for a prepare-and-measure experiment, so the
rationale for conditioning is exactly the same as in the previous
example. Specifically, the marginal probability distribution
for X is

ox = Tra(oxjapa), (175)
and conditioning on Y = y gives
Pxiy=y = Tra(oxjapaiy=y)- (176)

Thus, conditioning the state of A on Y = y is an appropriate
intermediate step for updating the Born rule probabilities
for X.

The following proposition summarizes this result and
translates it into conventional notation.

Proposition 6. Let psp be the joint state of two acausally
related regions. Suppose that the POVM corresponding to the
conditional state oy p is measured on B and the outcome ¥ =y
is obtained. Then, the state of region A should be updated from
the prior p4 = Trg(0ap) t0 PAjy=y, Where

payy = Trp(papoBy), (177)
PAIB = PAB * ,01;], and
OBlY = QY|B * (,03,0;]). (178)

Let the components of the conditional state gy;p be the
elements of the POVM {E)l? } and let €45 be the map that
is Jamiotkowski-isomorphic to p4|p. Then the updated state of
Ais

Py = €as(py), (179)
where
1/2 g 1)2
E}
p_ 28~y P (180)

Py = Trp (Ef,OB) .

In the above analysis, the method used to compute p4jy—, is
to first apply Bayes’ theorem to gy 5 and then apply conditional
belief propagation. This is the acausal analog of performing the
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calculation in the retrodictive formalism. However, we could
equally well apply belief propagation first to obtain

pyia = Trp(oy|BPB|A) (181)
and then apply Bayes’ theorem to obtain
pay=y = pr=yia * (apy"). (182)

This is the acausal analog of performing the calculation in the
Heisenberg picture, and it is straightforward to check that it
gives the same result.

In conventional notation, this amounts to first determining
the effective POVM on A that is performed when B is
measured via

A _ gt B
Ej _QEAlB( y) (183)
and then determining the updated state via
pi EAIOE
A A A (184)

7T Trp(Efpa)

Expressions equivalent to these conventional formulas have
appeared previously in [25], the only difference being the
appearance of a transpose, due to the use of the Choi
isomorphism rather than the Jamiotkowski isomorphism
in [25].

We have seen that the remote collapse o4 — pajy=y
is an instance of quantum Bayesian conditioning. Within
interpretations of quantum theory wherein quantum states are
considered to describe reality completely, the change of the
state of A as a result of a distant measurement upon B is
sometimes considered to be an instance of action at a distance.
Indeed, Einstein criticized the Copenhagen interpretation on
exactly these grounds. On the other hand, the analysis above
shows clearly that if one views quantum theory as a theory
of Bayesian inference, then upon learning the outcome of
a measurement on B, all that occurs is that one’s beliefs
about A are updated. No change to the physical state of A
is required within such an approach. This interpretation is
bolstered by the formal equivalence to the case of conditioning
a region on the outcome of a subsequent measurement, which
does not seem to imply retrocausal influences (although for
realist interpretations it has been argued that a imposing a
particular symmetry principle does imply retrocausality in this
scenario [5,6]).

Einstein anticipated such an epistemic interpretation of
remote collapse in his writing, as is argued in [50]. However,
he most likely thought that the probabilities represented by
quantum states could be probabilities for the values of physical
variables (possibly hidden) and that these could satisfy clas-
sical probability theory. However, by virtue of Bell’s theorem
[51], such an interpretation of remote collapse is not possible
within the standard framework for hidden variable theories. We
evade this no-go result here by understanding remote collapse
as Bayesian updating within a noncommutative probability
theory rather than within classical probability theory. In itself,
this does not provide a viable realist interpretation of quantum
theory, but it does suggest that an acceptable ontology for
quantum theory ought not to include the quantum state.
Finally, note that our interpretation of remote steering is
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broadly in harmony with that of Fuchs [24]. However, the
view of quantum theory presented here differs from that of
Fuchs in that he views quantum theory as a restriction upon
classical probability theory, whereas we consider it to be a
generalization thereof.

B. Why the projection postulate is not an instance
of Bayesian conditioning

Finally, in this section, we deal with the elephant in the
room: the projection postulate. Some authors have argued
that the projection postulate is a quantum analog of Bayesian
conditioning (see, e.g., [34,35]). However, the projection
postulate is not an instance of quantum Bayesian conditioning
as defined above. In this section, we discuss the relationship
between quantum Bayesian conditioning and the projection
postulate (and quantum instruments in general) at some length,
in order to dispel the misconception that projection is a kind
of conditioning. After pointing out the formal differences
between the two, we explain the different types of update
rule that are associated with a measurement in both classical
probability theory and quantum theory, pointing out where
conditioning and projection fit into this picture. Then, we
explain how, in the conditional states formalism, the projection
postulate should be thought of as a composite operation,
consisting of belief propagation to a later region followed
by Bayesian conditioning. This is broadly in line with the
treatment of quantum measurements advocated by Ozawa
[36,37]. Finally, we deal with the possible objection that,
although the classical analog of the projection postulate is not
just Bayesian conditioning, it can be thought of as conditioning
combined with a simple relabeling of the system variable.
This argument does not apply in quantum theory because,
unlike in a classical theory, any informative measurement
necessarily disturbs the system being measured. Although
this is well known, we present a formulation of information
disturbance in terms of conditional states, which makes it clear
that no quantum instrument can be thought of as conditioning
combined with relabeling. This may be of interest in its own
right, as it emphasizes the similarity between information
disturbance and other trade-offs in quantum theory, such as
the monogamy of entanglement.

In the conventional formalism, when a projective measure-
ment {Hc‘} is made on a system A, the Liiders-von Neumann
projection postulate says that, upon learning the outcome y,
the initial state p4 should be updated via

My pally

_ 185
TFA(Hf,OA) (155

pPA —

For a general POVM {E ;‘}, there is a natural generalization of
the projection postulate, given by

(E7)pa(E})’

186
TrA(E_fPA) (156)

pPA —

This generalization has also been proposed as a quantum
analog of Bayesian conditioning [52,53].
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On the other hand, in Sec. V A2 the rule for conditioning a
state on the outcome of a measurement was found to be

1 1
PAE} P,

—_ (187)
TTA(EfPA)

LA

This is distinct from Eq. (186) because the roles of p4
and E;‘ have been interchanged. Furthermore, Eq. (186) is
not equivalent to an equation of the form of Eq. (187) (even
allowing a different POVM to appear therein) because the map

oA — (E;‘)% pA(Ef)%, like all quantum instruments, is linear

1 1
on the set of states on H 4, whereas the map p — pi E )/,* piis
nonlinear on the state space.

If you are inclined to view the projection postulate as the
correct quantum generalization of Bayesian conditioning, then
you could take this as evidence against the idea that the
conditional states formalism provides an adequate theory of
quantum Bayesian inference. We therefore go to some length
to defend the claim that neither the projection postulate nor any
other quantum instrument is an analog of classical Bayesian
conditioning.

Consider the scenario depicted in Fig. 15(a). A quantum
system located in region A and described by the state pg4
is subjected to a measurement with outcomes labeled by Y,
and the system persists after the measurement. At this later
time, it is represented by a region A’ which, as always in the
present formalism, we distinguish from region A, but which
is associated with a Hilbert space of the same dimension.
As discussed in Sec. III K, a quantum instrument, {5‘(,1 llA},

determines how the state of A’ is related to the state of A,

where Sf,‘A(pA) is the un-normalized state of A’ obtained
when Y = y.

O

Jas
/X

FIG. 15. Causal diagrams for the state-update rules associated
with quantum and classical measurements. (a) A quantum instrument,
representing how the state of a quantum persistent system changes af-
ter a measurement. (b) The classical analog of a quantum instrument,
representing how the state of a classical persistent system changes
after a measurement.

Upon learning Y =y
QBCL: pg — pajy—y
QBC2: py — P Ay =y
QU: psg = pagy—y

(a)

7/

Upon learning Y =y
BC1: P(R) — P(R|]Y =v)
BC2: P(R) — P(R'|Y =vy)
U: P(R) — P(R|Y =y)

(b)
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Now consider the classical analog of this scenario, depicted
in Fig. 15(b). A classical system described by the variable R,
and assigned a distribution P(R), is subjected to a (possibly
noisy) measurement, resulting in the outcome Y, which is
a random variable that depends on R through a conditional
probability distribution P(Y|R). The system persists after the
measurement, where it is described by a random variable R’.
The value of R’ is presumed to depend probabilistically on R,
and the nature of this dependence may vary with the outcome
Y. This is captured by a conditional probability P(Y,R’|R),
which is the classical analog of a quantum instrument.

It is useful to distinguish three kinds of update rules that
might be considered in this scenario, as defined in Fig. 15(b).
To describe the difference between these rules, it is useful
to introduce some terminology. A distribution over R or R’
is said to be a prior distribution if it is not conditioned
on the value of Y, and it is a posterior distribution if it
is conditioned on the value of Y. The temporal ordering
that is implicit in this prior-posterior terminology specifies
whether the distribution characterizes the knowledge you have
before learning the value of Y or the knowledge you have
after learning the value of Y. In other words, it refers to the
time in your epistemological history, relative to the event of
learning Y. On the other hand, the system’s configuration at
the time before the occurrence of the measurement is called its
initial configuration and its configuration at the time after the
occurrence of the measurement is called its final configuration.
R is the initial configuration and R’ is the final configuration.
The temporal ordering implicit in this latter distinction refers
to the time in the system’s ontological history.

Strictly speaking, Bayesian conditioning is a rule that
updates what one knows about one and the same variable
upon the acquisition of new information. In other words, it
maps a prior distribution about some variable to a posterior
distribution for that same variable. Consequently, rule BC1,
which maps the prior distribution of the initial configuration
of the system to the posterior distribution of the initial
configuration of the system, is an instance of Bayesian
conditioning (it is analogous to updating a retrodictive state
as discussed in Sec. V A2). Rule BC2 is also an instance of
Bayesian conditioning: It maps the prior distribution of the
final configuration of the system to the posterior distribution
of the final configuration of the system. However, the rule U
is not an instance of Bayesian conditioning because it maps
the prior distribution of the initial configuration of the system
to the posterior distribution of the final configuration. In other
words, if one considers R and R’ to be distinct variables, then
any map from a distribution over one of them to a distribution
over the other cannot be an instance of Bayesian conditioning.

We now return to the quantum scenario, this time using
the conditional states formalism and paying attention to the
analogy with the classical case. The measurement is associated
with the causal conditional state gya/4 that corresponds to

the quantum instrument {Sf ,‘A}. In the quantum conditional
states formalism, there are analogs of each of the three rules
we considered above. These are specified in Fig. 15(a). The
rule QBC1 corresponds to updating a retrodictive state, as
considered in Sec. V A2. The von Neumann-Liiders projection
postulate is clearly an instance of rule QU. If one stipulates
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that quantum Bayesian conditioning is a rule that updates
the quantum description of one and the same region upon
acquiring new information, i.e., that it maps a prior state for
a region to a posterior state for the same region, then QBC1
and QBC2 are instances of quantum Bayesian conditioning,
but QU is not.

1. State-update rules as a combination of belief
propagation and Bayesian conditioning

If QU is not an instance of Bayesian conditioning, then
what is its status within our framework? We now show that it
is a composite of two operations: belief propagation followed
by Bayesian conditioning.

First consider the classical analog. The analog of the
projection postulate (or any state-update rule arising from
an instrument) is given by rule U: P(R) - P(R'|Y =y).
This can be obtained by combining an instance of belief
propagation, namely

P(R) - P(R) = Z P(R'|R)P(R),
R

followed by the rule BC2: P(R') — P(R’|Y = y), which is
an instance of Bayesian conditioning. It is useful to express
both these steps in terms of the quantities that are given
in the problem, namely, the conditional P(Y,R’|R) and the
prior over R, P(R). The conditional probability distribu-
tion P(R’|R) used in Eq. (188) is simply the marginal of
P(Y,R'|R), ie., P(R'|R) =), P(Y,R’|R). Meanwhile, the
expression for the conditional is P(R'|Y) = P(R',Y)/P(Y),
where P(R',Y) =), P(Y,R'|R)P(R). Setting Y = y gives
the Bayesian conditioning step as

_ > PY =y,R'|R)P(R)
P(Y =y) '

(188)

P(R) — P(R')Y = y)
(189)

The quantum analog of this is straightforward. Quantum
state-update rules, such as the projection postulate, are of
the form QU: p4 — ©a/y—y. This is simply a sequential
combination of quantum belief propagation,

(190)

with quantum Bayesian conditioning via QBC2: ps4 —
OAlY=y-

Again, it is useful to express each of these steps in
terms of the quantities that are given in the problem: the
causal conditional state oya4 and the prior p4. The causal
conditional state 044 used in Eq. (190) is simply a reduced
state of oy a'4,1.€., 0414 = Try(0ya1a). To gain some intuition
for this step, we translate it into conventional notation. If the
quantum instrument associated with gy a4 is denoted {5(1 llA},
then Eq. (190) becomes

pa —> pa = Tra(0aapa),

oa = pa = Eaalpa), (191)

where

Ena = ENA (192)
y

The map &4 is the nonselective update map. It is the

appropriate map to apply when you know that the measurement
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has been performed, but you do not know which outcome
occurred. The standard update map, which is appropriate when
one also knows the outcome, is the selective update map.
The projection postulate and its generalization to POVMs are
instances of selective update maps. Applying the nonselective
update map is just an instance of quantum belief propagation.

Turning to the Bayesian conditioning step, we have g4y =
pay * py', where pay = Tra(oyaiapa). Combining these
and setting ¥ = y gives

par —> Qay=y = Tra(0y=y, a'14P4) * P;iy- (193)
In conventional notation, this translates into
C &M ow)
A y
pa — p, = ——. (194)
Y PY =y)

Given the expression for p4 in Eq. (191), we see that QBC2
is simply a transition from your prior about the system output
by the measurement, the result of applying the nonselective
update map, to your posterior about the system output by
the measurement, the result of applying the selective update
map and normalizing. That this transition from nonselective to
selective updates should be regarded as analogous to Bayesian
conditioning has previously been argued by Ozawa [36,37].

In fact, the rule QBC2 is a particular example of the kind
of Bayesian conditioning considered in Sec. V Al. Every
measurement with output region A’ can be considered to define
a preparation of A’ for every outcome (assuming a fixed input
state). The set of states prepared is given by the components
of g4y, which we can compute from the causal joint state
Ova'a = Qvaja * pa by tracing over A and conditioning on
Y. The rule QBC2 is then just Bayesian conditioning on Y,
thought of as a classical preparation variable.

2. No information gain without disturbance

We have argued that neither the classical rule U nor the
quantum state-update rule QU are instances of Bayesian
conditioning. However, a skeptic might counter that our
argument is an artifact of our insistence that the system before
and after the measurement should be given different labels. If
the conditional distribution P(R’|R) in the belief propagation
rule of Eq. (188) has the form

PR =r|\R=R)=6,,, (195)
where §,, is the Kronecker-§ function, then R and R’
are perfectly correlated and consequently P(R’|Y = y) has
precisely the same functional form as P(R|Y = y). In this
case, one could say that the rule U is effectively just Bayesian
conditioning.

If P(R'|R) is just a § function, then we say that the
measurement is nondisturbing. Recall that for every P(Y|R)
that characterizes the outcome probabilities for a measure-
ment, there are many conditionals (i.e., classical instruments)
P(Y,R’|R) that might characterize its transformative aspect
and are consistent with P(Y|R). It is not difficult to see that,
among all such conditionals, there is always one for which the
measurement is nondisturbing, namely,

PY,R =F|R=r)=PY|R=r)s,. (196)
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Of course, there are also many ways of implementing a mea-
surement of P(Y|R) such that it is disturbing. Therefore, while
the update rule U is not an instance of Bayesian conditioning
for every possible implementation of the measurement, there
is always at least one implementation such that it is effectively
just Bayesian conditioning.

The obvious question to ask at this point is whether
it is possible to implement a gquantum measurement in a
nondisturbing way, such that the associated quantum update
rule QU (perhaps the projection postulate, perhaps some other
rule) is effectively just quantum Bayesian conditioning. For
the measurement to be nondisturbing, the causal conditional
state 04| in the belief propagation rule of Eq. (190) would
have to be of the form

onia = Y_1i)tkla ® k) (jlar,
J.k

(197)

i.e., it would need to be the partial transpose of the (un-
normalized) maximally entangled state. This corresponds
to perfect correlation between A and A’ because it is
Jamiotkowski-isomorphic to the identity channel. If the belief
propagation step in the rule QU were of this form, then g 4/jy—y
would have the same functional form as g 4|y—,, and the overall
quantum update rule QU would be effectively just Bayesian
conditioning.

Of course, we are only interested in the case where
the measurement is nontrivial. If the measurement gives no
information about A, then the posterior is the same as the
prior and no real conditioning has occurred. Therefore, we
restrict our attention to the case where some information is
gained. In the language of conditional states, the only kind
of measurement that yields no information about the input
state is one associated with a causal conditional state that
factorizes, that is, one of the form gyj4 = py (recall that, in
our notation there is an implicit ® /4 on the right-hand side of
this equation). In conventional notation, this corresponds to a
POVM of the form {P(Y = y)I4}, which generates a random
outcome Y = y from the distribution P(Y) regardless of the
state of A. We are interested in nontrivial measurements for
which gy|4 does not factorize in this way.

With these definitions in hand, the answer to our question is
aresounding “no”; a quantum state-update rule of the form QU
can never be effectively just Bayesian conditioning because,
unlike the classical case, in quantum theory information gain
necessarily implies a disturbance. This prevents any QU rule,
such as the projection postulate, from being pure Bayesian
conditioning. While this fact is well known, it is instructive to
prove it in the conditional states formalism.

Theorem 8: No information gain without disturbance. Con-
sider a measurement described by an instrument associated
with the causal conditional state gy4/4. It is impossible for
this measurement to be both informative about A (oy4 # py)
and nondisturbing (04 = >, 17)(kla ® [k){(jla).

The proof is a causal analog of the monogamy of entangle-
ment (see [3] for related ideas).

Proof. The operator oy a4 is the partial transpose over A
of an acausal conditional state py 4/|4. Combining this with the
maximally mixed state gives a valid tripartite acausal state via

Pyaa = pyaja*Ia/d = pyaya/d, (198)
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where d is the dimension of H,4. The condition that
the measurement be nondisturbing is equivalent to paja =
> ik 1) (k|a ® |j)(k|a, which implies that the tripartite state
pyaa should have a reduced state on A’A that is maximally
entangled. Meanwhile, the condition that the measurement be
informative is equivalent to py|4 # py, which implies that the
reduced state on YA of pya 4 should not be a product state.
However, by the monogamy of entanglement, any tripartite
state py a4 for which p4 4 is maximally entangled must have
aproduct state for its reduced state py 4. Hence, both conditions
cannot be satisfied simultaneously. |

We end with another, less obvious, disanalogy between the
quantum and classical cases that bears on the question of how
to interpret the quantum collapse rule in our framework. In
the previous section, we showed that the classical update rule
U could be decomposed into belief propagation followed by
Bayesian conditioning. We could just as well have decomposed
it in the opposite order: Bayesian conditioning followed by
belief propagation. Specifically, we could first apply BCI:
P(R) — P(R|Y =), and then propagate the conditioned
state via P(R|Y =y) — P(R'|Y =y)=) x P(R'|R,Y =
MPRIY = y).

It is natural to ask whether such a reverse-order decom-
position is possible in the quantum case. That is, can QU:
pa — Qay=y be decomposed into QBCIL: ps4 — 0ajy=y,
followed by belief propagation 94jy—y — ©Qa/y=,? Perhaps
surprisingly, this cannot be done. The belief propagation
would have to have the form ga/y=y = Tra(0a/j4,y=y0ajy=y)-
However, to compute g4/j4,y=y from gy—_, 414 we need to
move Y from the left of the conditional to the right while
keeping A on the right. Classical analogy suggests that this
could be done using a conditionalized form of the quantum
Bayes’ theorem, i.e., Qa/ja,y=y = Qy=y, 4|4 *Q;iylA. Unfor-
tunately, in the conditional states formalism, valid equations
do not necessarily remain valid when we conditionalize each
term (this is discussed further in Sec. VII). In particular, the
conditionalized form of the quantum Bayes’ theorem is not
valid. Not every intuition from classical Bayesian inference
carries over into the conditional states formalism.

VI. RELATED WORK

In this section, quantum conditional states are compared
to other proposals for quantum generalizations of conditional
probability and the conditional states formalism is compared
to several recently proposed operational reformulations of
quantum theory.

A. Comparison to other quantum generalizations
of conditional probability

Several quantum generalizations of conditional probability
have been proposed in the literature, so it is worth comparing
their relative merits to the conditional state formalism devel-
oped here.

First, Cerf and Adami have proposed an alternative defini-
tion of an acausal conditional state [17-19] (their definition
does not extend to the causal case). For a bipartite state p,p,
the Cerf-Adami conditional state is

Pt = exp(In pag — In pa ® Ip). (199)
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This proposal has a close connection to the calculus of quan-
tum entropies, since the conditional von Neumann entropy of
a state p4p can be succinctly written as

S(B|A) = —Trsp(pas log; pi513), (200)
which is analogous to the classical formula for the conditional
Shannon entropy

H(S|R) ==Y _ P(R.S)log, P(S|R).
R,S

(201)

Similar compact formulas hold for other information theoretic
quantities, such as the quantum mutual information and
conditional mutual information.

In [54], Leifer and Poulin introduced a family of conditional
states, again restricted to the acausal case, indexed by a positive
integer n and given by

(n) T
Pria = (Pis*pa")" (202)
This unifies the Cerf-Adami conditional state with the defini-

tion used in the present work in the sense that pp|4 = pg‘) , and

(00) . (
:01;\(:4 =lim, an|)A-

The main concern of [54] was the generalization of graph-
ical models and belief propagation algorithms to quantum
theory and their use in simulating many-body quantum systems
and decoding quantum error correction codes. In this context,
the n = 1 and n — oo cases are particularly interesting. The
n — oo case is the natural one to use for simulating many-body
systems and it allows for a simple generalization of one
direction of the classical Hammersley-Clifford theorem, which
characterizes the states on Markov networks. On the other
hand, the n = 1 case is more useful for decoding quantum
error correction codes and, as outlined in the present paper,
it extends to the causal case and has close connections to
quantum preparations, measurements and dynamics that are
lacking for other values of n. Given that different applications
work better with different definitions of the conditional state,
it is probably fair to say that there is no uniquely compelling
quantum generalization of conditional probability.

With this in mind, note that Coecke and Spekkens have
outlined a broad framework for generalizations of conditional
probability within the category theoretic approach to quantum
theory [55]. Encouragingly, it is possible to derive general-
izations of Bayes’ theorem and conditioning abstractly within
this framework, but it is not yet clear what axioms within this
framework are sufficient to capture all the important aspects
of conditioning.

The final quantum generalization of conditional probability
to be considered here is the quantum conditional expectation
(see [13] for the original paper and [14-16] for reviews).
This was proposed in the context of quantum probability
theory, which is a noncommutative generalization of classical
measure-theoretic probability within the framework of oper-
ator algebras. As such, it is well defined for systems with
infinite-dimensional Hilbert spaces as well as for systems
with an infinite number of degrees of freedom, for which
there is more than one unitarily inequivalent Hilbert space
representation. Also, it describes conditioning on an arbitrary
algebra of observables, rather than just on a tensor factor, as
has been considered here. Importantly for the present work,
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Rédei has proposed an argument based on quantum condi-
tional expectations purporting to show that quantum theory
cannot be understood as a theory of Bayesian inference [56]
(see also [57]).

However, quantum conditional expectations have a major
flaw that is not shared by the conditional states formal-
ism presented here. Fortunately, the full operator-algebraic
machinery is not necessary to make the point; the case of
finite-dimensional Hilbert spaces and conditioning on a tensor
factor suffices. Further details of the general case and how the
formalism used below follows from it can be found in [14].

Classically, for a pair of random variables, R and S, a
conditional expectation of S given R is a positive map ® s r
from functions of R and S to functions of R that satisfies

Prir.s(f(R) = f(R) (203)

for all functions f(R) that are independent of S. Any such
map is explicitly given by

Prir,s(f(R,S)) = Z P(SIR) f(R,S), (204)
s
where P(S|R) is a conditional probability distribution.
Starting from a joint state P(R,S), one can obtain a
conditional expectation by plugging the associated conditional
probability P(S|R) into Eq. (204). The main point of this is
that it allows the expectation value of any function f(R,S) to
be computed from the marginal probability distribution P(R)
via

> Prirs(FRSHP(R) =Y f(R.SP(R.S). (205)
R R,S

The set of functions on R and S can be thought of as the
dual space to the set of probability distributions on R and S,
where the linear functional f associated with f(R,S) is given
by

F(P(R.S) =" P(R.S)f(R.S): (206)

R,S

i.e., it is the functional that maps the probability distribution
P(R,S) to the expectation value of f(R,S) with respect
to P(R,S). With respect to this identification, a conditional
expectation ®g g s has a dual map Eg sz that maps the space
of probability distributions over R to the space of probability
distributions over R and S. This is given by

Er.sir(P(R)) = P(S|R)P(R) (207)

and is called a state extension because every probability dis-
tribution P(R) gets mapped to a valid probability distribution
P(R,S) = P(S|R)P(R) on a larger space. In addition, state
extensions that are dual to conditional expectations satisfy

D Ersir(Q(R) = Q(R) (208)
S

for every input distribution Q(R).
In the finite-dimensional, tensor factor case, the quantum
conditional expectation of B given A is a completely positive’

"The definition only calls for positivity, but it is a theorem that all
quantum conditional expectations are completely positive (see [14]).
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linear map ® 445 : £(Hag) = £(H,) that acts on the set of
observables on H 4 and satisfies

Puap(My ® Ip) = My (209)
for all operators M € £(H4). This is analogous to the
condition given in Eq. (203). The dual map E4pa : £(Ha) —

L£(H ap) acts on states and is a state extension, which means
that

(210)

is a valid state for any state T4 on H 4. In addition, the state
extensions that are dual to conditional expectations satisfy

@211)

for every state T4 on H 4, which is analogous to Eq. (208).

As in the classical case, one would like to associate every
joint state pap with a conditional expectation, such that the
dual state extension £4p4 satisfies

Tag = EaBja(ta)

Trp[€apja(ta)]l = T4

Eapla(pa) = pag; (212)

i.e., it should give back the state that you started with when
you input the reduced state. The analogous requirement is
a key property of classical conditional probability as it is
what allows an arbitrary joint state to be broken up into a
marginal and a conditional that are independent of one another.
Unfortunately, the fact that Eq. (211) holds for every input
state means that this requirement can only be met for product
states, i.e., states of the form psp = pa ® pp. This severely
restricts the applicability of quantum conditional expectations
for describing the correlations present in quantum states.
Indeed, they are incapable of representing any correlations
at all. This fact is known in the quantum probability literature
(see [14], Example 9.6), but here is an elementary proof.

Ironically, the easiest way to show that psp has to be
a product state is to use the conditional states formalism
as outlined in this paper. The state extension Espa is
Jamiotkowski isomorphic to a causal conditional state 04 |4’
where A’ has the same Hilbert space as A and the ’ is just used
to distinguish the input and output spaces. Then, Eq. (212) can
be rewritten as

213)

where p,4 is the same state as p4. Similarly, Eq. (211) can be
rewritten as

pap = Tra(0apiapar),

T4 = Trap(0apiatar) (214)

= Tra(oajatar), (215)

for all 74, where 74 is the same state as 74 and Q44 =
Trp(0apja). Since, Eq. (215) has to hold for every input
state, 0 4|4’ has to be Jamiotkowski isomorphic to the identity

Ty

superoperator, so gaja = |®¥)(®*[ ], . Since this is pure,

monogamy of entanglementx entails that 0 o |- must be of the

8The monogamy of entanglement is well known for positive
operators. The fact that it also applies to locally positive operators
follows one of the results of [58], which shows that monogamy applies
to more general probabilistic theories, including one in which states
are locally positive operators.
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form oapja = |CI>+)(<I>+|§A|’A, ® M for some operator Mg on

‘H . Substituting this into Eq. (213) gives

Pap = pa ® Mp, (216)

which shows that p4 p must be a product state and My = pp =
Tr4(pap). Therefore, conditional expectations associated with
joint states only exist for product states psp = pa ® p5.

It is unclear why quantum probabilists have not regarded
this as a fatal flaw in their definition of quantum conditional ex-
pectation. However, despite this problem, quantum conditional
expectations are still worthy objects of study as they come up
in a variety of contexts. For example, the projection onto the
fixed point set of a completely positive map is a quantum
conditional expectation. The point is just that the terminology
“quantum conditional expectation” is an inaccurate way of
describing the way that these maps relate to quantum states.

For comparison, the acausal conditional state defined in the
present work can also be described as amap Fpja : £(Ha) —
L£(H 4p), similar to a state extension, with the crucial difference
that F4p4 is not linear. For a conditional state pp|4, the map
FaBa is defined as

i 1
FaBla(pa) = PAPBIAL,- 217)

The nonlinearity allows this map to satisfy Eqgs. (211)
and (212) without running into trouble with the monogamy of
entanglement. Crucially though, because this map is nonlinear,
it does not have a dual map that could be regarded as
a conditional expectation. Therefore, the close connection
between conditional probabilities and conditional expectations
breaks down within this formalism.

Rédei’s argument against a Bayesian interpretation of quan-
tum probabilities is based on a variant of Jeffrey conditioning
with respect to a quantum conditional expectation. In the
present context, if the state of a region A is updated from
o4 to piOSt, then Rédei asserts that the state for AB should
be updated to p55 = Eapa(ph), where Eapa is a state
extension derived from the prior state p4p. He then shows
that this update rule fails to satisfy an important stability
criterion in the infinite-dimensional case. Since his argument
is crucially based on the linearity of conditional expectations
and their duality with state extensions, it does not apply to the
nonlinear maps F4pj4 associated with quantum conditional
states. However, since the failure only occurs for infinite-
dimensional systems, a full refutation will have to wait until
the conditional states formalism has been extended beyond the
finite-dimensional case treated here.

To reiterate, it seems unlikely that there is a unique quantum
generalization of conditional probability that has properties
analogous to every single property of classical conditional
probability that is traditionally regarded as important. For
this reason, it is important to keep applications in mind when
defining quantum conditionals, rather than working in a formal
mathematical vacuum.

B. Operational formalisms for quantum theory

Recent efforts to replace the conventional formalism of
quantum theory with a new operational formulation—typically
in an effort to provide an axiomatic derivation of quantum
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theory—have much in common with the work presented here.
Particularly cognate to our approach is the work of Hardy
[59-61], the Pavia group [62,63], Oreshkov et al. [64], and
Coecke’s group [65,66].

The reformulation of quantum theory presented by the Pavia
group makes heavy use of the Choi isomorphism between
quantum operations and bipartite states and leverages this to
represent quantum operations by operators rather than maps.
Mathematically, this is also how we achieve a unification
of the treatment of acausally related and causally related
regions. In particular, our Proposition 1, which specifies
how to represent a quantum channel in terms of conditional
states, is the counterpart to the expression of the action of a
quantum channel in terms of the /ink product. Note that the
Pavia group uses the Choi isomorphism, whereas we use the
Jamiolkowski-isomorphism. The latter has the advantage of
being basis independent, so that the partial transposes that
appear in the link product are absent in our approach.

Hardy’s latest work on reformulating quantum theory,
using the duotensor framework [61], also represents quantum
operations as operators in much the same way as is done in
the quantum combs framework and our own. Furthermore,
Hardy’s notion of circuit trace (an example of the causaloid
product introduced in [59,61]) provides a unified way of
representing a composition of maps as well as tensor products
of system states, which is to say a unified way of representing
correlations between acausally related and causally related
regions. The motivation for Hardy’s work on the causaloid
product is very similar to the motivation for our own, namely,
to formulate quantum theory in a manner that is even handed
with regard to possible causal structures.

Recent work by Oreshkov, Costa, and Brukner [64] also
represents correlations between acausally related and causally
related regions is a uniform manner by appealing to the Choi
isomorphism.

One notable way in which we depart from all of these
approaches is that we treat classical systems internally to the
formalism, on a par with quantum systems, rather than as
indices on operators representing preparations and measure-
ments.

Finally, we compare our approach to the categorical
approach of Coecke, where much of quantum theory (in
particular the nonmetrical parts) is reformulated using the
mathematical framework of symmetric monoidal categories
and the graphical calculus that can be defined for these [65,66].
Systems are the objects of the category, while quantum states
and quantum operations are the morphisms. The isomorphism
between bipartite states and operations also features promi-
nently in this approach and arises from having a compact
structure in the category. Furthermore, classical systems can be
treated internally within this framework. It should also be noted
that although Coecke’s categorical framework is typically used
to formulate quantum theory as a theory of physical processes,
it can also be used to express our formulation of quantum
theory as a theory of inference. For inference among acausally
related regions, this was done in [55]. An extension of this
work to the case of inference among causally related regions
should be instructive.

The mathematics of all of these approaches and our own
are quite analogous. It is in the interpretational aspect that
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the greatest differences are to be found. In the reformulations
considered above, quantum theory is given a rather minimalist
interpretation; it is viewed as a framework for making
predictions about the outcomes of certain measurements
given certain preparations. Quantum states—however they are
reformulated mathematically—are taken to be representations
of preparation procedures, while quantum operations are
taken to be representations of transformation procedures.
These approaches follow the interpretational tradition of
operationalism. By contrast, our work takes quantum states to
represent the beliefs of an agent about a spatiotemporal region
and takes quantum operations to represent belief propagation;
it has an epistemological flavor rather than an operational one.
For instance, the notions that we deem to be most promising for
making sense of the quantum formalism are those one finds in
textbooks on statistics and inductive inference, such as Bayes’
theorem, conditional probabilities, statistical independence,
conditional independence, and sufficient statistics and not the
notions that are common to the operational approaches, such
as measurements, transformations, and preparations. In this
sense, our approach is more closely aligned in its philosophical
starting point with quantum Bayesianism, the view developed
by Caves, Fuchs, and Schack [24,67-70].°

The particular merit of our epistemological approach is
the strong analogy that it affords between quantum inference
and classical probabilistic inference. It makes the conceptual
content of various quantum expressions more transparent than
they would otherwise be. It also bolsters the view that quantum
states ought to be interpreted as states of knowledge.

Our take on how to incorporate causal assumptions into
quantum theory also has a rather different starting point than
the works described above. The relation we posit between
the notions of causation and correlation is most informed
by the work on causal networks (also known as Bayesian
networks), summarized in the textbooks of Pearl [71] and
of Glymour, Scheines, and Spirtes [72]. We ultimately hope
to generalize this analysis of causality by replacing classical
probability theory with quantum theory, understood as a
theory of Bayesian inference [54]. If the goal is to develop
a formalism for quantum theory that is causally neutral,
then we argue that the causal network approach holds an
advantage over the operational approach. Specifically, the
problem with taking experimental operations as a primitive
notion is that they already have a notion of causal structure
built into them insofar as the output of an operation is causally
influenced by the input, but not vice versa (similarly, if the
operation is a measurement, then the outcome is causally
influenced by the input but not vice versa). On the other
hand, elementary regions—the primitive notion of the causal
network approach—are precisely the sorts of thing that can
enter into arbitrary causal relations with one another, while
not having any intrinsic causal structure themselves.

Unlike the quantum Bayesians, however, we are not committed to
the notion that the beliefs represented by quantum states concern the
outcomes of future experiments. Rather, the picture we have in mind
is of the quantum state for a region representing beliefs about the
physical state of the region, even though we do not yet have a model
to propose for the underlying physical states.
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VII. LIMITATIONS OF THE x PRODUCT

Using the » product makes the conditional states formalism
look very similar to classical probability theory. Often, by
replacing probabilities with operators and ordinary products
with » products, one can obtain an equation that is valid in the
conditional states formalism from one that is valid for classical
conditional probabilities. However, because the x product is
nonassociative and noncommutative, this does not always
happen. In this section, the limitations of the » product and
the disanalogies between classical conditional probabilities
and quantum conditional states are discussed.

A. Conditionalized equations

In classical probability theory, if one takes a universally
valid!® equation relating conditional, joint, and marginal
probability distributions over a set of variables R,S, ... and
conditionalizes every term on a disjoint variable 7', then the
equation that results is still universally valid. For example, the
equation

P(R,S) = P(SIR)P(R) (218)

generalizes to

P(R,S|T) = P(SIR,T)P(R|T), (219)

where a T has been placed on the right of the | in each term.

Unfortunately, the analogous property does not hold in the
conditional states formalism. For example, for acausal states
the analog of Eq. (219) would be

PABIC = PBIAC * PAIC- (220)
Writing this out explicitly, the left-hand side is
—1 _1
P panche (221)

whereas the right-hand side is
_1 B R U _1 _1 11

(pc?PacPc?)’ Pacpaschal(pc’Pacoc’)?.  (222)
Because the » product is noncommutative, the terms involving
pac and ,ogé cannot be brought together and made to cancel as
they would in the classical case. Therefore, counterexamples
to this rule can occur when p4¢ and pc do not commute. For
example, it is straightforward to verify that a generalized W
state of the form

1 1
= —(]001 010 —1100
[V)aBc 2(| Yasc +1010) apc) + ﬁ| )ABC

(223)

does not satisfy this rule. The calculation is not especially
instructive, so it is omitted.

Note that a universally valid equation relating quantum
conditional, joint, and marginal states is still universally valid
if one conditionalizes every term on a classical variable. This

Universal validity means that the equation holds for the joint,
marginal, and conditional probability distributions derived from any
joint probability distribution P(R,S, .. .), rather than holding only in
special cases, e.g., due to symmetries or degeneracies of a particular
distribution.
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follows from the equality of the expressions for the left-hand
and right-hand sides of Eq. (220) when C is replaced with a
classical variable T.

B. Limitations of causal joint states

In Sec. 1T E, a causal joint state was defined as an operator
of the form gp|4 * ps. This representation of two causally
related regions highlights the symmetry with the acausal case,
since, up to a partial transpose, it is the same sort of operator
that would be used to represent two acausally related regions.
Based on this, the quantum Bayes’ theorem was developed in
a way that is formally equivalent for acausally and causally
related regions. For this to work, we only needed causal joint
states for two causally related regions. However, since acausal
states are not limited to just two regions, it is natural to ask
whether causal joint states can be defined for more than two
regions. Unfortunately, the naive generalization does not work
for scenarios with mixed causal structure, e.g., two causally
related regions that are both acausally related to a third regions,
and it also does not work for multiple time steps.

In the remainder of this section, these limitations are
discussed and a different definition of a causal joint state is
suggested, which works more generally, but does not exhibit
the symmetry between the acausal and causal scenarios for
two regions.

1. Mixed causal scenarios

If region B is in the causal future of region A, then they can
be assigned a causal joint state 045 = Qpja * p4. The causal
conditional state is Jamiolkowski isomorphic to the dynamical
CPT map &4 and py4 is the input state. Now suppose that
there is a third region, C, that is acausally related to both A
and B; i.e., we start with a joint state p4c of A and C and
apply Epa to region A, while doing nothing to C, to obtain B
and C in a joint state ppc = (Epja @ Ze)(pac)-

One might think that a joint state of ABC could be defined
via 0apc = pB|a * pac. We would like this state to have the
correct input and output states as marginals, so, in particular,
it should satisfy

pec = Epja(pac) = Traloasc)- (224)

Unfortunately, this fails because Theorem 1 implies that

pec = Tra(opjapac), (225)

whereas

Tra(0asc) = Tra(opja * pac)- (226)

Because there is no trace over C, the cyclic property of the
trace cannot be used to equate these two expressions.

In fact, in addition to not having ppc as a reduced
state, oapc fails to correctly represent the correlations
between the causally related regions A and B as well, i.e.,
Trc(0asc) # 0as-

To see the failure of both these conditions explicitly,
consider an example in which H,4, Hp, and H¢ are all of
dimension d, the input state pac = $|<1>+) (®T|ac is a maxi-
mally entangled state, and €4 is the identity superoperator.
Then, the output state is ppc = $|<1>+) (®*|pc, and the causal

joint state is g4 = $|¢'+)<q’+|?3-
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In this case, explicitly calculating the operator o pc =
0BlA * PAC gives

1 1
0apc = Z|®7)(®¥|ac ® =, (227)

d

While the reduced state p ¢ gives the correct input state, pgc is
not the output state and p 4 g is not the causal joint state. In fact,
no operator of the form g spc = @p|a * pac can ever satisfy all
three conditions psc = 1@} (®F|ac, 0ap = JIPTNDH T
and ppc = $|d>+) (®*|pc simultaneously. This is because
oapc is a locally positive operator, and hence it must satisfy
the monogamy of entanglement, but requiring all three
bipartite reduced states to be maximally entangled would
violate monogamy and, in fact, only one of the three conditions
can be satisfied. Because of this, we have to move beyond
locally positive operators in order to faithfully represent all
the correlations.

The validity of Eq. (225) suggests that using an ordinary
product instead of a » product could be a better way of defining
a joint state in this scenario. Indeed, the operator gpj4pac
does have all the correct bipartite marginals. For example, in
our example of maximally entangled input and identity map
dynamics, explicit calculation gives

d

= ! i) (k j k 228
0BlAPAC = 3,-;;:1 1) tkla ® Im)(jls ® Im)(klc. (228)

This violates the monogamy of entanglement, which is allowed
because it is not a locally positive operator. In fact, it is not
even Hermitian.

While this may turn out to be a useful representation, it has
a number of disadvantages compared to the x product. First
of all, it is nonunique because the operator pac0p|a gives an
equally good account of all the correlations. One could even
take combinations of the two operators, such as

%(QB|A,0AC + PACOB|A) (229)
which might be useful because it is Hermitian.

Second, given an arbitrary operator M 4 g, it is not clear how
to check whether it is of the form g4 04 Without running over
all possible input states p4 and checking whether M4 B,OXI is
a valid causal conditional state. In contrast, when using the %
product, we know that an operator is of the form gpgja * pa if
and only if it is the partial transpose of a valid acausal state on
AB, which is a straightforward condition to check.

Finally, a related issue is that, when using the ordinary
product instead of the » product, the set of possible causal
joint states depends on the causal direction. For an evolution
from A to B, a causal joint state would be of the form gpj4 04,
but for an evolution from B to A it would be of the form
oaspp- These define two different sets of operators, so we
lose the symmetry that was used to obtain Bayes’ theorem in
the causal case.

2. Multiple time steps

For three spacelike separated regions, a Markovian joint
state p4 pc, where A and C are conditionally independent given
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B, can always be decomposed via the chain rule into

PaBc = pc|B * (OB|A * PA)- (230)

For three timelike separated regions, the analog of Marko-
vianity is a two time-step dynamics where the first CPT map
is Epja : L(H4) = £(Hp)and the secondis E¢ip : L(Hp) —
L(Hc); i.e., it has no direct dependence on A. It is natural to
ask whether this situation can be represented by a tripartite
causal joint state that can be decomposed in a manner similar
to Eq. (230).

Suppose that the causal conditional states isomorphic to
Epia and Ecp are ppja and ocp. If the input state is p4 then
the first time step is represented as

pe = Epja(pa) (231)
= Tra(opjapa) (232)

and the second time step is represented as
pc = Ecip(pp) (233)
= Trp(oc|ppPB)- (234)

It follows that

pc = Ecip o Epja(pa) (235)
= Traloc|aTra(osiapa)l, (236)

The question is whether the complete dynamics might also be
representable as

pc = Traglocis *x (@Bja * pa)], (237)

which in turn would suggest that 04pc = 0c| * (0B|a * P4)
might be a good candidate for a tripartite causal joint state.

This fails because the expression 0apc = 0c|s * (0|4 *
04) s not well defined. To see this, expand the first x product
to obtain

QABC = A/OB|A * PAQC|BA/OBIA * PA- (238)

The term ,/gpja * pa is not well defined because opja * pa
is not a positive operator, but only locally positive, so it
may have negative eigenvalues. Hence, it does not have a
unique square root. This could be remedied by adopting a
convention for square roots of Hermitian operators, such as
demanding that the square root of each negative eigenvalue
has positive imaginary part. The resulting tripartite operator
04pc would then have the correct reduced states, p4, pp, and
pc, representing the state of the system at each time step.
However, it is not related to a tripartite state of three acausally
related regions via partial transposes, so the symmetry that
motivates the use of the x product representation is lost. This
loss of symmetry resonates with previous work showing that
tripartite “entanglement in time” is not isomorphic to ordinary
tripartite entanglement [2].

As with the evolution of a subsystem, these problems can
be remedied by using the ordinary product instead of the
product to represent time evolutions, but it is subject to the
same disadvantages that were discussed in that context.
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VIII. OPEN QUESTIONS

A. The quantum conditionals problem

Monogamy of entanglement is a key feature that dis-
tinguishes classical from quantum information. There is
a closely related difference between classical conditional
probability distributions and acausal quantum conditional
states that deserves further investigation. Classically, if P(R)
is a probability distribution and P(S|R) and P(T|R,S) are
conditional probability distributions, then

P(R,S,T)= P(T|R,S)P(S|R)P(R) (239)

is always a valid probability distribution. Furthermore, the
distribution so defined has the correct marginal and conditional
states in the sense that

Y P(R.S.T) = P(R), (240)
S, T
>, P(R,S,T)
1 — P(SIR), 241
Sy P(RS.T) (SIR) (241)
M = P(T|R,S) (242)
Y P(RS,T) o

whenever the left-hand sides are well defined.
In the quantum case, the analogous properties do not hold.
Although a tripartite state p4pc can always be decomposed as

PABC = PC|AB * PB|A * PA (243)

via the chain rule, one cannot start with an arbitrary reduced
state p4 and two arbitrary conditional states, pgj4 and oc|ag,
and expect there to be a joint state pspc that has these
conditional and reduced states.

For example, suppose that B and C are conditionally
independent of A, i.e., pcjap = pc|a. Now, suppose that p, is
chosen to have more than one nonzero eigenvalue and pp)4 is
chosen to be maximally entangled, e.g., pgja = @) (P pa.
This implies that the reduced state psp = ppja * P4 1S
pure and entangled. If, in addition, pc|4 is chosen to be
pcia = |PT) (P a, then the reduced state pac = pcja * Pa
should also be pure and entangled. However, monogamy of
entanglement says that this is impossible, so these choices
of conditional state are not compatible. Determining the full
set of constraints on coexistent conditional states for three
acausally related regions would be an interesting problem,
as would determining the computational complexity of the
n-party generalization.

IX. CONCLUSIONS

The formalism of quantum conditional states presented in
this paper provides a step towards a formalism for quantum
theory that is independent of causal structure, as a theory
of probabilistic inference ought to be, and provides a closer
analogy between quantum theory and classical probability
theory. There is significant potential to use these results
to simplify and generalize existing approaches to problems
in quantum information theory. As an example of this, in
a companion paper [73] we provide an approach to the
problems of compatibility and pooling of quantum states that
is based on a principled application of Bayesian conditioning
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and is a direct generalization of existing approaches to the
classical versions of these problems. It seems unlikely that
the possibility of this approach would have been noticed
within the conventional quantum formalism. However, this is
only the beginning and we anticipate applications to quantum
estimation theory and to quantum cryptography, such as
studying the relationship between cryptography protocols that
employ different causal arrangements to achieve the same
task. As it stands, the formalism is limited to two disjoint
elementary quantum regions and the most pressing problem is
to generalize it to arbitrary causal scenarios. This is a topic of
ongoing work.
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APPENDIX: PROOFS OF THEOREMS

Theorem 1: Jamiotkowski isomorphism. Let €pj :
L(Ha) — L£(Hp) be a linear map and let Mac € £(H ac) be
a linear operator, where H¢ is a Hilbert space of arbitrary
dimension. Then the action of g4 on £(H,4) [tensored with
the identity on £(H )] is given by

(€A L) Myc) = Tra(ppiaMac),
where ppja € £(H4p) is given by

(AL)

peia = (Epar ®IA)<Z 1) (kla ® |k><j|A/)~ (A2)
jik
Here A’ labels a second copy of A, Z, is the identity
superoperator on £(H4), and {|j)} is an orthonormal basis
for H,.

Furthermore, the operator pp4 is an acausal conditional
state; i.e., it satisfies Definition 1, if and only if Egj4 0 Ty
is CPT, where T, : £(H4) — L£(H4) denotes the linear map
implementing the partial transpose relative to some basis.

To prove this theorem, it is useful to make use of the con-
nection between the Choi and the Jamiotkowski isomorphisms.
The map that is Choi-isomorphic to an operator pp 4 is given
by

(Ep1a @ L) Muc) = (@F | an ppiaMacl® ) an,

where | @) 4 = Zj |77 a4 1s a canonical maximally entan-
gled state defined with respect to a preferred basis {|j)} for
Ha.

The operator is recovered from the map via

pia = (Epa @ L)(PT )P | 4n).

(A3)

(A4)
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Because

D 1 tkla ® 1K) (il = (1D ) (DF[4a)™,
J.k

(AS5)

Egs. (A4) and (A2) differ only by whether one uses the
projector onto the maximally entangled state (Choi) or the
partial transpose thereof (Jamiotkowski) and the two isomor-
phic maps to pp|4 are related by Epja = Epja 0 Ta, Where Ty
is the partial transpose operation with respect to the basis used
to define the Choi isomorphism.

The equivalence of Egs. (A3) and (Al) is established as
follows:

(Epja ® L) (Mac)

= (DT aaopia Mac|®H) an

= Z(jjIAA’PBlA’MAC|kk)AA’

I

= > {ilawpsialk)a(jlaMaclk)a
ik
D ilapsialk) atklaM e |j)a
ik
Tra(ppiaMye)
([€gja 0 T4l @ L) (M ).

(A6)

Proof of Theorem 1. Equation (A1) is derived from Eq. (A2)
as follows:

(€pja @ L) Myc)

= (Cpa ®Zc><[2 |k><k|A}MA/c[Z |j><j|A/])
k J

= (Epa ®Ic)(Z<k|AfMA/c|j>A/|k><j|A/)

Jj.k
= (Epa ® Ic)( > Tradlf) (k|AMAC)|k><j|A’>

J.k

Try [(ez“ ®Ic><2 /) (Kla ® |k><j|A/)MAc}

J.k

= Tra(ppaMac). (A7)

Now suppose that pp4 is an acausal conditional state;
i.e., it is positive and Trz(ppja) = I4. To show that the
Jamiotkowski-isomorphic map composed with a partial trans-
pose, Epj4 0 Ty, is trace preserving, note that T, is trace
preserving, so it suffices to show that €p 4 is trace preserving.
This proceeds as follows:

Trp[€pa(Ma)] = Trp[Tra(ppjaMa)l (A8)
= Try[Trp(ppja)M4l (A9)
=Tra(IaMy) (A10)
= Trs(My). (A11)

To show that Ep4 o T, is completely positive, note that it is
equal to the Choi-isomorphic map Ep|4, so it suffices to show
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that the latter is completely positive. By definition,
Epia ® Ic(pac) = (PFaappia @ pacl® ) aa  (A12)

and this is a positive operator for arbitrary positive pc, where
‘H¢ can have any dimension.

Conversely, suppose Eg4 o T4 is CPT. Then €p4 is also
trace preserving, so

Trg(ppia) = Trp [Z 1) (kla ® EpjaClk) <j|Af>] (A13)

J.k

= > 1)kl @ Trsl€ga(lk)(jla)]  (Al4)

J.k
= > 1) (kla ® Tra(1k)(jla) (A15)

J.k
=D 1) (klad; (A16)

j.k
= > 1iila (A17)

J
=1, (A18)

Also,

pia = Epa @ L)) (D [4a), (A19)

and this is a CPT map acting on a positive operator, so pp|4 is
positive. |

Theorem 3. Let o4 x be ahybrid operator, so that by Eq. (40)
it can be written as

oax =y pl® |x)(xlx (A20)

for some set of operators { pf}. Then, o4x satisfies the
definition of both an acausal and a causal conditional state
for A given X, if and only if each of the components p# is a
normalized state on H 4.

Proof. Suppose o 4x has the form of Eq. (A20) for a set of
normalized states { pf }. Then it is clearly positive and satisfies
Try(o4x) = Ix because TrA(p;‘) = 1 for every x. Therefore,
04)x 1s an acausal conditional state. On the other hand, o4x
is invariant under partial transpose on X, so it is also a causal
conditional state.

Conversely, suppose that o4 x is an acausal conditional
state. This means that it is positive and satisfies Tra(oa)x) =
Ix. Positivity means that (Y|axoax|¥)ax =0 for all
[W)ax € Hax. If o4x has the form of Eq. (A20), then taking
[¥)ax = [§)a ® |x)a gives (@lapf¢)a = 0.By varying over
all |¢) 4 € Ha4, this implies that each ,0)? is a positive operator.
To prove that these operators are normalized, note that

Tra(oax) = Y Tra(pf)x)(x|x. (A21)

This is an eigendecomposition of Trs(c4x) with eigenvalues
Tra(p2) and if this is the identity operator then each of these
eigenvalues must be 1.

On the other hand, if o4x is a causal conditional state,
then its partial transpose over X must be positive and satisfy
Try (Qi)l( +) = Ix. However, operators of the form of Eq. (A20)
are invariant under partial transpose on X, so the same
argument applies. |
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Theorem 4. Let oy 4 be a hybrid operator so that it can be
written in the form

oyia =y My ®E} (A22)

for some set of operators {E;‘}. Then oy|4 satisfies the
definition of both an acausal and a causal conditional
state for Y given A if and only if the components E;‘

form a POVM on H,; ie., each E;‘ is positive and
>, E;} = 4.

Proof. Suppose oy|4 has the form of Eq. (A22) fora POVM
{E_f,‘}. Then it is clearly positive and satisfies Try(oy|a) =

> Eé = I,. Therefore, oy|4 is an acausal conditional state.
On the other hand,

o= IOl @ (EM™ (A23)
-

is also positive because the positive operators E;* remain
positive under the transpose. Also, Try (o}fA) =Y (E M =

IZA = I4. Therefore, oy 4 is also a causal conditional state.

Conversely, suppose that oyj4 is an acausal conditional
state. This means that it is positive and satisfies Try(oy|4) =
I4. By the same argument used in the proof of Theorem 3,
positivity implies that, if oy|4 is of the form of Eq. (A22),
then each of the components E)/,* must be positive. Since
Try(oy|a) = Zy E4, the components must form a POVM.

On the other hand, if oy|4 is an acausal conditional state
then, by the argument just given, its partial transpose over A
must be of the form of Eq. (A22) for some POVM {E ;‘}. This
means that oy, itself can be written as

ova =y MOl @ (EN™,

Y

(A24)

but since the operators (E;})™ form a POVM whenever {E7'}
is a POVM, oy, is of the required form. |

Theorem 5. Let Epja, Ec|p, and Ecja be linear maps such
that Ecja = Ec|p o Epja- Then the Jamiotkowski isomorphic
operators, 0|4, Oc|g, and 0ca, satisfy

ocja = Trp(oc|poB|a)- (A25)

PHYSICAL REVIEW A 88, 052130 (2013)

Conversely, if three operators satisfy Eq. (A25), then the
Jamiotkowski isomorphic maps satisfy Ecja = Ecjp o Epja.

Proof. By definition, the Jamiotkowski isomorphic operator
to gc‘ AlS

ocia = (e ®IA)<Z|j><k|A ® |k><j|A’> (A26)
Jok
= Z 1)kl ® [Ecip © Epa(1k)(jlad]. (A27)
Jk
Applying Theorem 1 to g4 gives
ocia = Y _1j)tkla ® Ecis[Traepia k) (jla)]
Jok
=Y 1idkla ® Ecip((jlwopalkia),  (A28)
ok
and then applying the same theorem to E¢|p gives
ocia = Y _1i)tkla ® (jlaTrs(ocizomadlk) s (A29)

Jj-k

Since A’ is a dummy label in this expression, it can be changed
to A and then

ocia = Z 1) {jlaTrg(ociposia) 1k) (k14 (A30)
I
= Trp(oc|B0B|A)- (A31)
For the converse direction, we have
EciaMa) = Tra(ociaMa) (A32)
= Tra[Trz(ocipoB1a) M4l (A33)
= Trploc|Tra(0paMa)] (A34)
= Trgloc|pEpja(Ma)] (A35)
= EciplEp1a(M4)] (A36)
= gClB OgBlA(MA)~ (A37)
|
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