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In the past 50 years, quantum physicists have discovered, and experi-
mentally demonstrated, a phenomenon which they termed superoscillations.
Aharonov and his collaborators showed that superoscillations naturally arise
when dealing with weak values, a notion that provides a fundamentally dif-
ferent way to regard measurements in quantum physics. From a mathemat-
ical point of view, superoscillating functions are a superposition of small
Fourier components with a bounded Fourier spectrum, which result, when
appropriately summed, in a shift that can be arbitrarily large, and well out-
side the spectrum. Purpose of this work is twofold: on one hand we provide
a self-contained survey of the existing literature, in order to offer a sys-
tematic mathematical approach to superoscillations; on the other hand, we
obtain some new and unexpected results, by showing that superoscillating
sequences can be seen of as solutions to a large class of convolution equa-
tions and can therefore be treated within the theory of Analytically Uniform
spaces. In particular, we will also discuss the persistence of the superoscil-
latory behavior when superoscillating sequences are taken as initial values
of the Schrodinger equation and other equations.






Chapter 1

Introduction

As it is well known from the rudiments of Fourier Analysis, signals (whether
time or space dependent) cannot display details that are smaller than the
shortest period of their Fourier components. This is true for all kind of sig-
nals: images, sounds, electrical, etc. In the last 50 years, quantum physicists
have discovered (and experimentally demonstrated) a puzzling phenomenon,
which they termed superoscillations and that seemed to violate this princi-
ple.

The original insights, which eventually led to this discovery, appeared in
1964 in a paper by Aharonov, Bergman, and Lebowitz [3], where the authors
show that, as a result of the uncertainty principle, the initial conditions of
a quantum mechanical system can be selected independently of the final
conditions. Subsequently it was demonstrated by Aharonov, Albert and
Vaidman [I] that if non-disturbing measurements are performed on such pre-
and post-selected systems, then strange outcomes will be obtained during
the intermediate time. Traditionally, it was believed that if a measurement
interaction is weakened so that there is no disturbance on the system, then no
information will be obtained. However, it has been shown that information
can be obtained even if not a single particle (in an ensemble) was disturbed
[121]. The outcomes of these measurements, what in [I] are called “weak
values”, depend on both the pre- and the post-selection and can have values
outside the allowed eigenvalue spectrum and even complex values. Using
these unique properties of the so-called weak values, weak measurements
have been used to discover new physical effects which could not be otherwise
detected.

Aharonov and his collaborators also showed that the weak values lead
to another new phenomenon called superoscillations [2]. It has been shown
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that such behavior has important applications in a variety of areas, including
metrology, antenna theory, and a new theory of superresolution in optics.
For example, superoscillations do not require a media-substrate (in contrast
to evanescent waves) and can therefore be focused much deeper into the
media than evanescent waves do [39], [I09]. The areas in engineering and
technology to which superoscillations are being applied seem to be growing
on a daily basis, and rather than attempting to offer our own survey, we
would like to refer the reader to the work of Lindberg [92], as well as the
work of Berry and his coauthors, [33], [34], [35], [36], [37], [38], and [40].
Paper [02], in particular, contains a wealth of fairly recent references that
highlight the state of the art of applications in this area. It is because of
the importance of these applications that experimental groups around the
world are working to apply these ideas to build new imaging and measuring
devices.

From a mathematical point of view, superoscillatory functions demon-
strated that a superposition of small Fourier components with a bounded
Fourier spectrum, in modulus less than 1, can nevertheless result in a shift
by an arbitrarily large a, well outside the spectrum. They can be thought
of as an approximation of €**® in terms of a sequence of the form

o0

Z Cj (n’ a)eik:j(n)x
J=0 n=0

The example, which is usually considered prototypical, derives from the
sequence of functions:

Fo.(z,a) = (cos <%> +iasin (%))n = <1—;aem/n + 1;(16_”/">n (1.1)

where a € R, @ > 1. By performing a binomial expansion, this sequence can
be written as

Z Cj (TZ, a)ei(172j/n)z
=0

for suitable coefficients Cj(n, a) and thus we see that the largest wavelength
in the expansion is 1. However, around |z| < \/n, F,(z,a) can be approxi-
mated as Fj,(x,a) ~ €% that is, with a wavelength much larger than one.
This phenomenon is very general and holds for a wide range of functions
and coefficients.

The literature on superoscillations has been growing rapidly in physics
journals and, in recent times, in mathematics as well. For example, it is



known that regions of superoscillations are typical in random fields [36].
From a mathematical point of view, we have recently offered the founda-
tions for a rigorous treatment of such a phenomenon, [§], and a good survey
of the ideas up to [§] is given in [92]. Naturally, a key component to the
superoscillatory phenomenon is the extremely rapid oscillation in the coeffi-
cients Cj and since the regions of superoscillations are created at the expense
of having the function grow exponentially in other regions, it would be nat-
ural to conclude that the superoscillations would be quickly “over-taken”
by tails coming from the exponential regions and would thus be short-lived.
However, it has been shown that superoscillations are remarkably robust [39]
and can last for an arbitrarily long time [10], at least if we take the limit
for n going to infinity. In the process of establishing such results, we discov-
ered some unexpected relations between the theory of superoscillations and
convolutions in Analytically Uniform spaces. From the perspective of com-
munication theory, it has been shown that this relationship is also related
to a trade-off between signal-to-noise and bandwidth [62], making it easier
to engineer superoscillatory signals (see [63] and also its precursor [105]). In
this regard, we should also point out some early work on entire functions
and bandwidth limited signals [43], [106].

There are many fundamental mathematical questions, such as the op-
timization of superoscillations, their longevity in time, their ubiquitous oc-
currence in a broad spectrum of different settings such as throughout group
theory, as well as questions of numerical nature: for example, for practical
applications, superoscillations (constructed out of a precise interference of
non-superoscillatory waves) can be particularly sensitive to noise. If, for ex-
ample, in we take n = 10, a = 4, and we add a random phase noise of
1074, the superoscillations quickly disappears, see [35]. Issues of numerical
stability for superoscillations, for example, are analyzed in [8§].

In this memoir, we offer a comprehensive introduction to the mathemati-
cal theory of superoscillations, and prove a large number of results describing
their properties which are most helpful in making progress on these open
questions. We also show that the phenomenon actually arises in a much
larger context than has been previously foreseen.

Overview of the memoir.

In Chapter 2 we give an introduction to the theory of weak measurements
which led to superoscillatory behavior. This theory is gaining increasing
importance among theoretical and applied physicists as demonstrated by

the number of experiments devoted to its clarification. This chapter, which
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is written with the notations used in the quantum physics community, can be
easily skipped by the uninterested reader, but we have included it because
we believe that the physical motivations may give important support to
otherwise surprising results.

In Chapter 3, we offer a rigorous treatment of the superoscillatory phe-
nomenon in terms of the Taylor and the Fourier coefficients of a superoscil-
lating sequence. We use this treatment to deduce important properties of
these functions.

Chapter 4 gives an overview of the main mathematical tool that we
will use throughout this memoir, namely Ehrenpreis’ theory of Analytically
Uniform spaces (AU-spaces), and its applications to convolution equations.
The fundamental idea, here, was introduced first in [12]; essentially we no-
ticed that superoscillating sequences can be thought of as solutions to very
special cases of convolution equations and we discovered that the theory of
AU-spaces and its extension due to Berenstein and Taylor [31] can be ap-
plied with success. We will also show how to use Dirichlet series to construct
further classes of superoscillating sequences.

Chapter 5 deals with the question of the permanence of the superoscilla-
tory behavior when superoscillating sequences are taken as initial values of
the Schrodinger equation for the free particle. In particular we show that if
we evolve a superoscillating sequence according to the Schrédinger equation
the outcome remains superoscillating for all values of ¢, as long as we take
n — +00.

In Chapter 6 we extend the ideas described in Chapter 5, and we show
how the use of the theory of formal solutions to the Cauchy problem in the
complex domain can be combined with the theory of AU-spaces to generalize
the study of superoscillations longevity to the case in which they are taken
as initial values for a wide class of differential equations.

It is physically interesting to replace the spatial variable z in a super-
oscillating sequence with an operator (for example the momentum operator),
so to obtain superoscillating sequences of operators. Chapter 7 is dedicated
to this topic. As we pointed out earlier, superoscillations appear in rather
unexpected settings. For example, if one considers the angular momentum
for a system of particles, and computes its weak values, one ends up with a
superoscillatory behavior. Thus, we see, in Chapter 8, that superoscillations
can be discovered in classical groups, and we explicitly discuss the case of
SO(3). Once again this chapter will reverse to a more physical notation.

Acknowledgments. The authors are grateful to Chapman University for
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Chapter 2

Physical motivations

2.1 Overview

In this chapter we offer an overview of the background from quantum physics
which generated the notion of superoscillations. This chapter does not con-
tain any original material and in fact we refer to [I], [2], [18], [19], and [22]
for more details. Its purpose is to help the reader who is not familiar with
the physics related to superoscillations to get a sense of the general frame-
work of our investigation, and it can be skipped by the reader interested only
in the mathematical aspects. For consistency with the literature, we have
used in this chapter the terminology and the notations used in the quantum
physics community, while the rest of this memoir employs more traditional
mathematical notations.

In a broader context, superoscillations are examples of unusual weak val-
ues [16] which can be obtained for pre- and post-selected quantum systems.
The story of the weak value begins in 1964 with the advent of the two-time
reformulation of quantum mechanics, by Aharonov, Bergmann and Lebowitz
in [3]. The usual formulation of quantum mechanics is given in terms of an
initial wavefunction or quantum state, which is then propagated forward in
time according to the Schrodinger equation. Outcomes of experiments then
occur randomly upon measurement with the probabilities given in terms of
this forward evolved wavefunction.

Thus, while the Schrodinger equation is time reversal symmetric, the
introduction of measurements and actual recorded events seems to spoil
this feature. This time asymmetric view of quantum mechanics can be
made symmetric by realizing that the process of preparation is actually a
kind of filtering of results: only one state of many possible states is chosen
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to begin with. By introducing the concept of post-selection, i.e. filtering
the final results by a selection criterion (just as one does in a preparation),
then the theory can be made once more time-symmetric.

Once two boundary conditions are supplied, one in the past and one
in the future, one can think of the past state moving forward in time, or
equivalently the future state moving backwards in time (or both). While
this is a natural interpretation of this picture, it is by no means required.

Even though the two-time approach to quantum physics can be applied
to any situation that conventional quantum physics can, perhaps its most
useful new consequence is the notion of weak value. This idea was first pre-
sented in a 1988 paper (see [I]) written by Aharonov, Albert, and Vaidman,
with the provocative title “How the result of a measurement of a component
of the spin of a spin-1/2 particle can turn out to be 100”. The idea is to
take a pre- and post-selected average of the weak measurement results of an
operator. Here, a weak measurement consists in weakly coupling a meter
to the system, usually taken to be an impulsive interaction with the meter
prepared in a Gaussian state. Without post-selection, the meter would be
shifted either up or down by a small amount, depending on which eigenstate
the system is prepared in.

However, in [I] the authors showed that with system post-selection, the
meter can be deflected by an amount much larger (in principle arbitrarily
large) than the shift without post-selection. If a system is pre-selected in
an initial quantum state | ¥y, ), and post-selected on a final state |¥g,), then
the result of weakly measuring the operator A is not its expectation value,
but rather what Aharonov, Albert, and Vaidman called its weak value:

(Ugin | A Win)

e = g )

(2.1)

an object which, for a linear operator, can exceed the eigenvalue range, and
even assume complex values.

Having weak values outside the spectrum of the operators involved has
been discussed at length in the past and has most comprehensively been
investigated for spin-1/2 systems [5], [33], [37], [38], [39], [40], [44]. In addi-
tion, Berry et al. [40] looked at superweak statistics for much more general
situations, and they proved that if the Hilbert space is sufficiently high in
dimensions, and if the pre- or post-selection are, in a sense, ‘generic’, then
the existence of superweak values becomes common or typical.
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2.2 Von Neumann measurements

In classical mechanics, a single particle is described by its position and mo-
mentum. In quantum mechanics any system is described by its quantum
state, namely by a vector in a Hilbert space which is, in general, infinite-
dimensional. From the experimental point of view, once a quantum system
has been prepared in a particular eigenstate, one could then ascertain with
certainty some measurable quantities since the state of the system is al-
ready in an eigenstate of the operator corresponding to the prepared state.
Repeating the same measurement without any significant evolution of the
quantum state will lead to the same result. The values for a measurement of
non-commuting observables performed after the preparation are described
by a probability distribution (either continuous or discrete), depending on
the quantity being measured. The process by which a quantum state be-
comes one of the eigenstates of the operator corresponding to the measured
observable is called ”collapse”, or ”wavefunction collapse”.

The measurement is usually assumed to be ideally accurate, so the dy-
namic state of a system after measurement is assumed to collapse into an
eigenstate of the operator corresponding to the measurement. It is a postu-
late of quantum mechanics that all measurements have an associated oper-
ator (called an observable) such that:

i) The observable is a Hermitian (self-adjoint) operator A : D(A) C H —
‘H, where D(A) is the domain of A and H is a Hilbert space.

ii) The observable’s eigenvectors form an orthonormal basis spanning the
state space in which that observable exists. Any quantum state can
be represented as a superposition of the eigenstates of an observable.

iii) The eigenstates of Hermitian operators have real eigenvalues.

Some examples of observables are: the Hamiltonian operator which repre-
sents the total energy of the system, the momentum operator, the position
operator.

The von Neumann measurement scheme describes measurements by as-
suming that the measuring device is treated as a quantum object, see Chap-
ter 7 in the book [I§] or the original book by von Neumann [126]. Consider
for example the Stern-Gerlach experiment, designed to measure the spin of
a particle and which consists in sending a particle into a magnetic field B
which is non-homogeneous and varies, say, in the z direction.
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The Hamiltonian of the interaction of the spin S of the particle with
magnetic field B is given by

Hint = _/'LS : B7

where the Hamiltonian Hj, is the potential energy of a magnetic dipole of
momentum uS in the magnetic field B. When the particle passes through
the field its momentum p changes accordingly to the Heisenberg equation

@ 1

i = ﬁ[Hintnp] = NV(S‘B)'

Assume now that B is parallel to the z-axis, and its z-component is B,.
Then if the particle crosses the magnetic field in a time T, it acquires trans-
verse momentum u‘a(% S, T proportional to the spin component S,. A beam
of particles entering the Stern-Gerlach apparatus therefore splits into beams
for each spin component S,. In this experiment the measurement interac-
tion lasts a limited time T'. It produces a change, namely the deflection of
the particle, that corresponds to the value of the observable S,. At all other
times the particle and Stern-Gerlach apparatus are distinct, independent
systems. Note that the measurement does not change the measured observ-
able S, and so, in principle, the interaction time 7" can be very small if 8(%
is very large. Indeed, it is important for the measurement to last a very
short time, since otherwise the observable might change during the process.
Note also that the measurement is a quantum process, because we wrote
the Hamiltonian Hj,; for the measurement interaction and represented the

measuring device as itself a quantum system.

This example is a paradigmatic situation for all quantum measurements
which can be described by the following properties:

i) The measurement interaction lasts a limited time 7T'.

ii) The measurement produces a change (in the previous example the de-
flection of the particle) that corresponds to the value of the observable.

iii) The measurement does not change the measured observable.
iv) The interaction time 7' can be very small.

v) The measurement is a quantum process.

10



The criteria for quantum measurement i) to v) are collectively called the
von Neumann model for the measurement of an observable A which, in the
above example, is the spin S,.

To satisfy v), we treat the measurement via an interaction Hamiltonian
Hip. According to iii), Hiy and A must commute. According to ii), Hint
must couple A to something that yields an observable change, like the de-
flection of the particle in the measurement of .S,. The simplest coupling we
can write is AP,q, where P,,q is an otherwise independent observable, and
the subscript "md” identifies this observable as being a measuring device.
Since i) requires Hipy to be effective only during the measurement, we mul-
tiply APnq by a coupling g(t) that is different from zero only in an interval

0 <t <T, and with
T
/ g(t)dt = go
0

and, finally, iv) implies that we can consider the limit 7" — 0. In this limit
the measurement is termed impulsive. Thus our interaction Hamiltonian is

Hint(t) = g(t) AP, (2.2)

and the total Hamiltonian, which includes the separate free Hamiltonians of
the measuring device Hy,q and of the measured system Hj, is

H — .Hmd + Hs + Hint'

2.3 Weak values and weak measurements - the
main idea

In order to more deeply appreciate the new quantum mechanical features
and effects arising out of the notion of weak value (and as a consequence,
superoscillations), we need to first take a step back and recall the history
of “time” in quantum mechanics. This section and the next two are largely
taken from [19].

The “time-asymmetry” attributed to the standard formulation of Quantum
Mechanics was inherited from classical mechanics where one can predict the
future based on initial conditions: once the equations of motion are fixed in
classical mechanics, then the initial and final conditions are not independent,
only one can be fixed arbitrarily. In contrast, as a result of the uncertainty
principle, the relationship between initial and final conditions within Quan-
tum Mechanics can be one-to-many: two “identical” particles, prepared in
exactly the same way, with identical environments can subsequently exhibit
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different properties even when they are both subjected to completely iden-
tical measurements. These subsequent identical measurements provide fun-
damentally new information about the system which could not in principle
be obtained from the initial conditions.

Quantum Mechanics’s “time-asymmetry” is the assumption that mea-
surements only have consequences after they are performed, i.e. towards
the future. Nevertheless, Aharonov, Bergmann and Lebowitz showed in [3]
that the new information obtained from measurements is also relevant for
the past of every quantum-system and not just the future. This inspired
the authors to reformulate Quantum Mechanics in terms of Pre-and-Post-
Selected ensembles (PPS). The traditional paradigm for ensembles is to sim-
ply prepare systems in a particular state and thereafter subject them to a
variety of experiments. For pre- and-post-selected-ensembles, we add one
more step, a subsequent measurement or post-selection. By collecting only
a subset of the outcomes for this later measurement, we see that the “pre-
selected-only-ensemble” can be divided into sub-ensembles according to the
results of this subsequent “post-selection-measurement.” Because pre- and
post-selected ensembles are the most refined quantum ensemble, they are of
fundamental importance and subsequently led to the two-vector or Time-
Symmetric reformulation of Quantum Mechanics (TSQM) [20], [21]. TSQM
provides a complete description of a quantum-system at a given moment by
using two-wavefunctions, one evolving from the past towards the future (the
one utilized in the standard paradigm) and a second one, evolving from the
future towards the past.

In TSQM measurements occur at the present time ¢ while the state is
known both at ti, <t (past) and at tg, > ¢ (future). To be more precise, we
start at ¢t = t;, with a measurement of a nondegenerate operator Oy,. This
gives as one potential outcome the state |¥,). In other words, we prepared
the “pre-selected” state |Wi,). Then we consider a later time tg,, and we
perform another measurement of a nondegenerate operator Og, which yields
one possible outcome: the post-selected state |¥gy). At an intermediate time
t € [tin, tan), we measure a nondegenerate observable A (for simplicity), with
eigenvectors {|a;)}. Our goal is to determine the conditional probability of
aj, given that we know both boundary conditions, |¥i,) and |¥gy).

To this purpose, we use the time displacement operator:

U, —t = exp{—iH(t — tin)}

where H is the Hamiltonian for the free system. For simplicity, we assume
that H is time independent and we set i = 1. The standard theory of Von

12



Neumann measurements states that the system collapses into an eigenstate
laj) after the measurement at t with an amplitude (a;|Uy,, —¢[Win). The
amplitude for our series of events is defined as

aj = (Viin|Usstg, aj)(aj|Us, - Win)

and is illustrated in Figure 2.I]la. This translates into the fact that the
conditional probability to measure a; (given that |U,) is pre-selected and
|Wg,) will be post-selected) is given by the so-called ABL formula, see [3]:

(W fin Ut | 05) (051 Uit | Pin) |
En | <qlﬁn|Ut~>tﬁn |an> <a7L|Uti“~>t|\Ijin> |2

PrOb(aj,t‘\I’in,tin; \Ifﬁn,tﬁn) = (2.3)

Remark 2.3.1. The ABL formula is intuitive: |(a;|Uy, —¢|¥in)|? is the prob-
ability to obtain |a;) having started with |W;,). If |a;) was obtained, then
the system collapsed to |a;) and |[(Wgn|Ui—tg, |a;)]? is then the probability
to obtain |Wg,). The probability to obtain |a;) and |Wg,) then is |ay|?.
This is not yet the conditional probability since the post-selection may yield
outcomes other than (¥g,|. The probability to obtain |Wgy) is

Z laj? = |(Wgin | Tin)|? < 1.
j

The question being investigated concerning probabilities of a; at ¢ assumes
we are successful in obtaining the post-selection and therefore requires the
denominator in (2.3)), > |aj|?, which is a re-normalization to obtain a
proper probability.

As a first step toward understanding the underlying time-symmetry in
the ABL formula, we consider the time-reverse of the numerator of
and, as a consequence, the time reverse of Figure [2.1]a. Firstly, we apply
Ui—stg, on (Vg | instead of on (aj|. We then note that

(Winl Ut st | = (UL 15, i
by using the well known Quantum Mechanics symmetry
T —iH (tan—t) f
Ut—)tﬁn = {6 ' i }
— eiH(tﬁ“—t) — e—’iH(t—tﬁn)
= Utﬁn—>t'
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Figure 2.1: Time-reversal symmetry in probability amplitudes. From [19].

We also apply Uy, —+ on (a;| instead of on |¥j,) which yields the time-reverse
reformulation of the numerator of (2.3])

(Utgn—t¥n|as) (U, 05| Win)

as illustrated in Figure 2:]b.

To formulate what we mean by the two-vector in TSQM more work is
needed. For example, if we want to compute the probability for possible out-
comes of a; at time ¢, we must consider both |Uy, —; | Vi) and (U, ¢ Wyl
In fact, these expressions propagate the pre- and post-selection to the present
time ¢ (see the conjunction of both figures a and b giving c; these
two-vector are not just the time-reverse of each other). This represents the
basic idea behind the Time-Symmetric reformulation of Quantum Mechanics
and gives

> n [Utgy 5t Ysinlan){an Ut -t Win) |2

While this mathematical manipulation clearly proves that time symmetric
reformulation of quantum mechanics is consistent with the standard ap-
proach to Quantum Mechanics, it leads to a very different interpretation.
To give an example, the action of Uy, ¢ on (Wgy| (ie. (Up,,—:Van|) can
be interpreted to mean that the time displacement operator Uy, —;+ sends

Prob(aj,t\\llin,tin; \Ifﬁn,tﬁn) = (2.4)
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(Ugn| back in time from the time tg, to the present, t. A number of new
categories of states are suggested by the TSQM formalism and have proven
useful in a large variety of situations.

One of the simplest, and yet interesting, examples of pre- and post-
selection is to pre-select a spin-1/2 system with |¥,) = |0, = +1) = [1)
at time tj,. After the pre-selection, spin measurements in the direction
perpendicular to x yields complete uncertainty in the result, so if we post-
select at time tg, in the y-direction, we obtain |Vgy,) = |oy = +1) = | 1)
one-half of the times. Since the particle is free, the spin is conserved in time
and thus for any t € [tin, tan], an ideal measurement of either o, or oy, yields
the value +1 for this pre- and post-selection.

The fact that two non-commuting observables are known with certainty
is a most surprising property which no pre-selected only ensemble could
possess.

We now ask another question, slightly more complicated, about the spin
in the direction £ = 45° relative to the x — y axis. This yields:

Ox + 0y

Since we know that Prob(o, = +1) = 1 and Prob(c, = +1) = 1, one might
wonder why we could not insert both values, 0, = +1 and o, = +1 into
1} and obtain ¢ = 1%/51 = % = /2 (see figure .

o¢ = 05 c0545° + 0 sin45° = (2.5)

e il

oz =1) oz =1)

Figure 2.2: A spin-1/2 particle is pre-selected at time tin to be |0, = 1), and post-
selected at tan to be (oy = 1|. (a) During the intermediate time ¢ € [tin, tan], ABL formula
gives that an ideal measurement of either o, or o, yields +1 with certainty, suggesting
that such a particle has well defined values of the two noncommuting spin components.
(b) It would seem to follow that the spin component o450 would have to be v/2 which is
not an allowed eigenvalue.

But such a result cannot be correct for an ideal measurement, in fact
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the eigenvalues of any spin operator, including o¢, must be 1. The incon-
sistency can also be seen by noting that

(%4—@)2_03—%05—1—%%—%%% B 1_|_1_|_()_1

V2 2 2

By the previous argument, we would instead expect

<0z+0y>2_ <1+1)2_2#1
V2 \v2 /) '
The replacement of o, = +1 and o, = +1 in (2.5) can only be done if
o, and o, commute, which would allow both values simultaneously to be
definite. When both statements are combined together simultaneously (as
we attempted to do in suggesting that o450 might equal % = % =?2),
then the statements, namely P(o, = +1) = 1 and Prob(cy, = +1) =1, are
said to be “counter-factuals”, see [6].

Although it appears we have reached the end-of-the-line with this argu-
ment, nevertheless, it still seems that there should be some sense in which
both

Prob(o, =+1) =1 and  Prob(oy =+1)=1

manifest themselves simultaneously to produce o¢ = V2.

2.4 Weak values and weak measurements - math-
ematical aspects

Let (A) = (V]|A|V), and |¥) be any vector in a Hilbert space. Set
AA? = (T[(A - (4))|),
and let |¥ ) be a state such that (¥|¥,) = 0. Then we have:

Theorem 2.4.1. For every observable A and a normalized state |V), the

formula
AJW) = (A)]W) + AAD) (2.6)

holds for some state |V ) which is orthogonal to |¥).
Proof. To prove the statement, we write

AlT) = (A)|¥) + A[T) — (A)|¥)
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now, we set: |U ) = A|¥) — (A)|W), so:

(T L|W) = ((T]A - ([(A))|T) = (T|AT) — (A)(T|¥) = 0.
Now we set |¥ ) = b|¥, ), where |¥ ) is normalized and b real (note that
(¥|¥,) =0). So we have A|¥) = (A)|¥) + b|¥ ). Now we multiply from
the left by (¥ |, and we get: (V) |A|¥) = b. Now we can see that:

(W] A2)T) = (T|A(A)]¥) + 5] D))
— (U ((A) W) + b(A)[ W) +DALL))
— (4)% 4 b(U|A] D))

SO

(4%) = (4)% = b(V|A[L ) = b

b=1/(A2) — (A)? = AA

Al¥) = (A)|¥) + AAY )

which means that

and the result

is proved. O

We now use this result to show how to perform measurements which
do not disturb either the pre- or post-selections. The interaction Hi,y =
—9g(t)QmaA is weakened by minimizing goAQmq. For simplicity, we consider
go < 1 (assuming without lack of generality that the state of the measuring
device is a Gaussian with spreads APy,q = AQmg = 1). We may then set
e~ 190@mad 1 — jgoQmaA and use . This shows that before the post-
selection, the system state is:

eXp(_iQOdeA) ’\Ijin> = (1 _iQOdeA) |\I/in>

. . (2.7)
= (1= ig0Qma(A))|Vin) — 90 Qma AA[Yin 1 ).
Computing the norm of this state
(1~ igoQ@umad) [ Win) |I* =1 + g3QRa(A%),
the probability to leave |W;,) unchanged after the measurement is:
1+ g2Q2% ,(A)?
0@l A e o, (2.8)

1+ g5Qna(A?%)
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while the probability to disturb the state (i.e. to obtain |Uj,; )) is:

93 Q%ndAA2

—— = — —— 0 when go — 0. 2.9)
L+ g5Q7 4(A?) (

The final state of the measuring device is now a superposition of many
substantially overlapping Gaussians with probability distribution given by

Prob(Pua) = >, [{ai|¥in)|? exp {—%}. This sum can be approxi-
md

mated by a single Gaussian

2
By (Po) = (Poale™ %0 ol exp { Lot = AV
md
centered at go(A).

Formula shows that the probability for a collapse decreases as
O(g2), but the measuring device’s shift grows as O(go), 30 6 Pna = goa; [121].
For a sufficiently weak interaction (e.g. g9 < 1), the probability for a
collapse can be made arbitrarily small, while the measurement still yields
information but becomes less precise because the shift in the measuring de-
vice is much smaller than its uncertainty 0P,q < APLg. If we perform
this measurement on a single particle, then two non-orthogonal states will
be indistinguishable. If this were possible, it would violate unitarity be-
cause these states could time evolve into orthogonal states |W;)|®n,) —
[W1)|@In, (1)) and [Wo)| @) — [Wo)[®i2(2)), with [@1)|@1n, (1)) orthog:
onal to |Wa)|P",(2)). With weakened measurement interactions, this does
not happen because the measurement of these two non-orthogonal states
causes a shift in the measuring device smaller than its uncertainty. We con-
clude that the shift § P,q of the measuring device is a measurement error
because & (Prq) = (Pud — go(A)| @) &~ (Ppa|®2,) for go < 1. Never-
theless, if a large (N > ];7—(;) ensemble of particles is used, then the shift of all

the measuring devices (§P% ~ gMA)% = N’(A)) becomes distinguishable
(because of repeated integrations), while the collapse probability still goes
to zero. That is, for a large ensemble of particles which are all either |¥3) or
|¥1), this measurement can distinguish between them even if |¥Us) and |¥4)
are not orthogonal, because the scalar product <\I'[1N] |‘11[2N]> =cos™  — 0.

The fact of having a new measurement paradigm, namely information
gain without disturbance, is fruitful to inquire whether this type of mea-
surement reveals new values or new properties. With weak measurements
(which involve adding a post-selection to this ordinary, but weakened, von
Neumann measurement), the measuring device registers a new value, the
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so-called weak value. As an indication of this, we insert a complete set of
states {|Wqn);} into the outcome of the weak interaction and we calculate
the expectation value as follows

(Pin |j A | Win)
<‘1’ﬁn |j \Ijin>

(2.10)
If we interpret the states |Wqy); as the outcomes of a final ideal measurement
on the system (i.e. a post-selection) then performing a weak measurement
(e.g. with goAQma — 0) during the intermediate time ¢ € [tiy, tay|, provides
the coefficients for [(¥g,|;Win)|? which gives the probabilities Prob(j) for
obtaining a pre-selection of (¥j,| and a post-selection of |¥g,);. The inter-
mediate weak measurement does not disturb these states and the quantity

(Whinl; A | Vin)
(Uhin |j Uin)

will be defined as the weak value of A given a particular final post-selection
(Wi |5, see Definition Thus, from the formula (4) = >~ Prob(j) Aw(j),
one can think of (A) for the whole ensemble as being constructed out of
sub-ensembles of pre- and post-selected-states in which the weak value is
multiplied by a probability for a post-selected-state.

The weak value arises naturally from a weakened measurement with
post-selection. In fact, let us take gg < 1; then the final state of measuring
device in the momentum representation becomes

(A) = (Vin| Z\‘I’ﬁn>j<‘1’ﬁn|j AWin)ZZK‘I’ﬁn!j‘I’inHQ

J

Au(j) =

(P l{Tsn|e™"909ma4 | W3n) |OI) ~ (Proal(¥gin|1 +igoQuma Al Win) | 1)

(Vi A Pin) d
~ (P, U U, 1 0 Y™
< md|< ﬁn| 1n>{ +ZQOQ <\Ilﬁn‘\pin> }‘ 1n>
~ (Wgin| Uiy ) (Pruae 0@ [pmd)
— (Wgin |Win) exp { —(Pma — g0 Aw)}
(2.11)

where A,, is as in the following definition.

Definition 2.4.2. Let A be a Hermitian operator and let |Viy,), |Yayn) denote

a PPS. We call
(Vin | A Vin)

<\Ijﬁn’\11in> )
the weak value of A on the PPS. The weak value will also be denoted by
(A)w-

Ay =
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The final state of the measuring device is almost unentangled with the
system; it is shifted by a very unusual quantity, the weak value, A,,, which
is not, in general, an eigenvalue of A. From the definition of weak value it

immediately follows that

Theorem 2.4.3. For any pairs of Hermitian operators
(A+ B)yw = (A)w + (B)uw-
Proof. From the linearity of A and B it immediately follows that

(Wiin [ A+ B [Win) _ (Win [ A |¥in) | (Ysin [ B[ Vin)

<\I/ﬁn ‘\Ilin> B <\I/ﬁn |\I/in> <\I/ﬁn |\Ilin>

O]

Remark 2.4.4. We are now interested in considering what happens when
we consider the product of two observables, for example, A' 42 and we apply
them to product states of the form |®1) |®3), (sometimes indicated as [®1) ®
|®2)). We note that

|AYA?| D) |By) = |ALD)) |A2D,).

As it is well known, the weak value of a product of observable is not, in
general, the product of the weak values (see e.g. [6]), but the situation is
different when we consider initial and final states which are product states.
In this case we obviously have

(Wo| (W] A'A%|®y) |Dy)
(W2l (W1|®1) [D2)
(Wq| A%|®g) (T4 |A'[®y)
(Wa|®o) (W1 |P1)

= <A1>w<A2>w‘

(A1 A%, =

where the weak values for A', A% and A'A? are calculated with respect to
different pairs of initial and final states.

If we now consider two orthonormal bases of eigenstates ®;, ¥,;, the weak
value can be rewritten as

SoiLy (Wil ;)
SOy (Wi )

20
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We now decompose the operator A in terms of the projector operators

Paca; = > |®i) (i,
j

where |®; ;) is a complete set of eigenstates with eigenvalue a; and therefore
the spectral decompositions of A and I are

A=Y "a;Ps—q, 1= Pa,. (2.13)

Finally, with this notation, the probability of finding a = a,, is given by

N 2
i—1 @i(\Vi|Pa=a, | P:
Prob = an) = | S Paca, 00
Dokl 2oimy @i Wi Pazq, |®i)]

Theorem 2.4.5. If a strong measurement of an observable A yields an
outcome a with probability one, then the weak value (A),, gives the same
outcome a.

(2.14)

Proof. Consider the state Zi\il 0;(V;|Pa—q|®;) be such that the probability
of finding the result A = a in a strong measurement of A is one. Then by
(2.14)) we have

N .
= ) (P —a d;
Prob(A =a) = |Zz=}\1[0‘< | Pa=a|®i)] :
2ok | 201 @i Wi Pa=q, |®:)]

This implies that

N
Zai(\lfi|P = ag|®;) =0, Vk such that ay # a. (2.15)
i=1
Consider now the weak value of A which can be calculated by using the
spectral decompositions of A and I, see (2.13), and replacing them into

(2.12). By using ([2.15]) this gives us
N N
(A}, 2 iz il Wil Al®) _ 30iny iVl 2oy anPaza)| i) _
w — — =
Yo o (W) Yoy (W] 32y Paza, |®4)

This concludes the proof. O

Theorem 2.4.6. If the weak value of a dichotomic operator equals one of
its eigenvalues, then the outcome of a strong measurement of the operator
1s that same eigenvalue with probability one.
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Proof. Assume that the operator A has two distinct eigenvalues aq, as and
assume that its weak value is (A),, = aj. Then, by (2.12)) we obtain that

(A} — Sy i Wilar Paza, |®5) + SON | 0 (WilasPaay|®:) o
o= —ay.
Sy (Wi Paca, | @i) + S0 0 (Ui | Pacay | ®7)

An immediate computation shows that sz\; 1 @i (V| Pa=q,|P;) = 0. There-
fore the probability that when we strong measure A, we obtain as is zero
and so, by (2.14), the probability of the strong measurement of A be a; is
one. O

Remark 2.4.7. While the definition of weak value is inspired by physical
considerations, it has been recently shown in [49] that weak values can be
defined in a very natural way without any recourse to a physical setting.
Because of the importance of this notion in our book we think it is useful to
recall the arguments given in [49]. Let A be an hermitian operator acting on
C". The idea of weak value consists in representing A through two different
orthonormal bases |¥;) and |®;), j = 1,...,n, such that (®;|¥;) # 0 for

all 4,7 = 1,...,n. Then the weak value of A with respect to these bases is
given by
(D] A];)
(Ai ')w =
’ (@3] W)

It is clear that once we have fixed an initial and final state of the system
Vin, ¥hy we can express W, in terms of the basis ¥; and g, in terms
of the basis ®; and so the weak value A, can be written in terms of the
components (A;;)uw-

2.5 Large weak values and superoscillations

The weak value for the spin-1/2 system that we considered previously (and
which was confirmed experimentally for an analogous observable, the polar-
ization [108]) is (0¢—450)w = V/2, in contrast with the expected eigenvalues
+1. Incidentally, we note that the weak values, even well outside the eigen-
value spectrum, can be obtained by post-selecting states which are more
anti-parallel to the pre-selection: for example, if we post-select the +1 eigen-
state of (cos a)o, + (sina)o, then (0.)y = gotan §, which gives arbitrarily
large values such as spin-100. To obtain this result, we post-select o, = 1

22



instead of post-selecting o, = 1; 0y = 1 will be satisfied in one-half the trials

(see Figure E|

either

|0y = +1) ’Uy:_1>m,‘fy:_l> m

or oy, = —1) Lrin l l

weak measurement
of 0¢—y50 at time ¢

. !
all |o, = +1) nparticle 1\ particle 2 / particle 3 \_particle N /

Figure 2.3: Statistical weak measurement ensemble. From [19].

b
1

To show this in an actual calculation, we use and the post-selected
state of the quantum system in the o¢ basis (| Ty) = cos(n/8)] T¢) —
sin(7/8)| l¢)), the measuring device probability distribution is:

Prob(Ppg) = N? 0052(7r/8)e_(Pmd_1)2/A2 - sing(W/S)e_(Pde)Q/AZr.
With a strong or an ideal measurement, A < 1, the distribution is localized
again around the eigenvalues +1, as illustrated in figures 2.4a and [2.4}b.
What is different, however, is that when the measurement is weakened, i.e.
A is made larger, then the distribution changes to one single distribution
centered around /2, the weak value, as illustrated in Figure c—f, (the
width again is reduced with an ensemble f). Using , we can see
that the weak value is just the pre- and post-selected sub-ensemble arising
from within the pre-selected-only ensembles.

Instead of considering an ensemble of spin-1/2 particles, we now consider
“particles” which are composed of many N spin-1/2 particles, and perform

a weak measurement of the collective observable aéN] = % fi 1 O'é in the
45°-angle to the x — y plane. Using Hiy = _%@de Zfil 02, a partic-

ular pre-selection of [1,) (i.e. |\I’K]> = HJJL [t2);) and post-selection |ty)
(e, (U | =TIV, (tyle = T, {(12ln + i(l2]n}). The final state of the

'Tf a post-selection does not satisfy o, = -+1, then that member of the sub-ensemble
must be discarded. This highlights a fundamental difference between pre- and post-
selection due to the macrosopic arrow-of-time: in contrast to post-selection, if the pre-
selection does not satisfy the criterion, then a subsequent unitary transformation can
transform to the proper criterion.
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a)
2.5
A= 025
b) os
A=1 os A= 10
o N = 5000
0) 0 f) '

Figure 2.4: Measurement on pre- and post-selected ensemble. “Proba-
bility distribution of the pointer variable for measurement of o when the particle
is pre-selected in the state |1,) and post-selected in the state |1,). The strength of
the measurement is parameterized by the width of the distribution A. (a) A = 0.1;
(b) A =025 (¢) A =1; (d) A =3; () A =10. (f) Weak measurement on
the ensemble of 5000 particles; the original width of the peak, A = 10, is reduced
to 10/4/5000 ~ 0.14. In the strong measurements (a)-(b) the pointer is localized
around the eigenvalues +1, while in the weak measurements (d)-(f) the peak of the
distribution is located in the weak value (0¢)y = (Tyloe[te)/(Ty|Te) = V2. The
outcomes of the weak measurement on the ensemble of 5000 pre- and post-selected
particles, (f), are clearly outside the range of the eigenvalues, (-1,1).” From [22].
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measuring device is then:

N

@) = [Tt exp{ Qma Zag} [T 1te)ilend). (2.16)

J=1

Since the spins do not interact with each other, we can calculate one of the
products and take the result to the N-th power:

N
i) = [Tty exp { $Qumacl } I12); 108

j=1
= {{tolexp {22 Quaoe } 1)} T,
We now use the identity:
exp {icoz} = cosa + ioz sin a.

This identity is easily proven using the fact that for any integer k£ one has

02k = I and o2¥*1 = ¢,,. Thus it follows that:
eloon On
k=0
S~ 0 (z'a)%“‘l
B kz — (2k +1)!

100 — cos v + oy, sin a.

CB

As a consequence we obtain:

N
o) = {1 [eos P9 inesin @90 1)} o

N
— 0 {cos 2P s 00} o) (27

(tyloelta)
(TylTe) ]
second part. In fact the first bracket, a number, can be neglected since it

does not depend on ) and thus can only affect the normalization:

where we have substituted o, = (0¢)w = . We consider only the

2 2 . N
m 90°(Qma)” 1900w Qmd m — m
) = {1‘ e e L R )
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W=

The last approximation for N — oo, is obtained by using (1 +
(1+&)a0 e,

When we project onto P4, i.e. the pointer, we see that the pointer is
robustly shifted by the the same weak value, i.e. /2:

(06) = [Tes: (hyle o8, {0k + 0y} HJJL [T2); 1
s V2 N((1yl 1)V VN

A single experiment is now sufficient to determine the weak value with great
precision and there is no longer any need to average over results obtained
in multiple experiments as we did in the previous section. Moreover, by
repeating the experiment with different measuring devices, we see that each
measuring device shows the very same weak values, up to an insignificant
spread of \;—N and the information from both boundary conditions, i.e.

=

=V2+0(—). (2.18)

N N
|‘I/in> = H |Tm>z and <\Ilﬁn’ = H(Ty|z7
i=1 i=1

describes the entire interval of time between pre- and post-selection. For
example, following [22], we consider N = 20. The probability distribution
of the measuring device after the post-selection is:

N
Prob(QEr]l\Q) = N? (Z(—l)i((3052(7T/8))N_Z (sin2(7T/8))Ze_(Qr(1ﬁ)_(2N71\fl))2/2A2>2.
i=1

(2.19)
and is drawn for different values of A in Figure While this result is
rare, we have recently shown [122] how any ensemble can yield robust weak
values like this in a way that is not rare and for a much stronger regime
of interaction. Thus, our discussion shows that weak values are a general
property of every pre- and post-selected ensemble.

As an example, consider again (2.17)):

AQm AQua |
|pmdy = {cos ?\7 4 _ jo sin 62\7 d } |pmdy
i i i i N
B exp(2%md) | exp(—Amd ) exp(2md) — exp(—A%md ) -
- + ay ’(I)in >
2 2
- iIAQma \ (14 ay) iANQma \ (1 — aw) N md
= {exp ( N > 5 +exp | — N 5 | D)
=V (z)
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Figure 2.5: Measurement on a single system. “Probability distribution of
the pointer variable for the measurement of A = (2?21(@)5) /20 when the system
of 20 spin-1 particles is pre-selected in the state [¥;) = H?il [12): and post-selected
in the state |Uy) = Hfil [ty)i- While in the very strong measurements, A = 0.01 —
0.05, the peaks of the distribution located at the eigenvalues, starting from A = 0.25
there is essentially a single peak at the location of the weak value, 4,, = v/2.” From
[22].
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We already saw how this could be approximated as exp(ilay,Qma)|®R9)
which produced a robust-shift in the measuring device by the weak value
V2. However, we can also view

U(z) = {exp (iAde) (taw) (_Mde> (1— o) }N

N 2 N 2

in a different way, by performing a binomial expansion:

U(z) =N (1+aw)”(21N—aw)N—" A exp (mA]gmd> exp (%M)

n=0
e Z’flv:O Cp, €XP (M) — 27];7:0 Cp, €XP (%) . (220)

From this computation, we see that this wavefunction is a superposition of
waves with small wavenumbers |k| < 1 (because —1 < 222X < 1). For a
small region (which can include several wavelengths 27 /a,,, depending on
how large one chooses N), U(z) appears to have a very large momentum,

since oy, can be arbitrarily large, i.e. a superoscillation.
P(N

Figure 2.6: Combining the results from Figure we draw here the probability dis-
tributions for strong and weak measurements of the observable Zfil(ai)%o) /20 for a
system of 20 spin-1/2 particles pre-selected in the state |Wi,) = [, [tx);. Before the
post-selection is performed, the spikes in the distribution (colored in green) represent the
possile measurement outcomes (which are eigenvalues) for an ideal measurement. The
wider curve (colored in blue) represents the probabilities for a weak measurement. After
the post-selection is performed for the very unlikely state [Wg,) = [T-2, |[1y)i, a single peak
is left (colored in red) way out in the tail at the “impossible” location of the weak value,
Ay, = Nv2. Adaptation based on [19].

To summarize, TSQM is a reformulation of the standard approach to
Quantum Mechanics, and therefore it must be possible to view the novel
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effects from the traditional single-vector perspective. This is precisely what
super-oscillations teach us. In summary, there are two ways to understand
weak values:

e the measuring device is registering the weak value as a property of the
system as characterized by TSQM.

e the weak value is a result of a complex interference effect in the measur-
ing device, i.e. a superoscillation; the system continues to be described
with a single-vector pursuant to the standard approach to Quantum
Mechanics.

As can be seen in Figure [2.6] the probability to obtain the weak value
as an error of the measuring device is greater than the probability to ac-
tually obtain the weak value. This is essential to preserve causality. More
importantly however, the weak value is not a random error. The weak
value is precisely what we expect to happen. Furthermore, it is a highly
predictable property because it always occurs whenever we obtain a given
post-selection. Finally, it is an appropriate description for a broad range of
physical situations, since any weakened interaction, and not just measure-
ments, experience the weak value.

Remark 2.5.1. The notions of weak value and weak measurement have
turned out to be very applicable and we conclude this Chapter by pointing
out a number of facts which lead to experiments. We begin by observing
that limited disturbance measurements have been used to explore many para-
dozxes such as Hardy’s paradox [6], [T2], [95], [130)], the three-box problem
[21], [84], [69], [107] and other paradozes [15], [52], [99], [120], [122]. A
number of experiments have been performed to test the predictions made by
weak measurements and results have proven to be in very good agreement
with theoretical predictions [23], [104)], [108], [128]. Since eigenvalues or
expectation values can be derived from weak values [J)], it is clear the reason
why the weak value is of fundamental importance in Quantum Mechanics.
Paper [1], and the discovery of superoscillations have proven to be extremely
useful tools in quantum information science and technology. For example,
[1] and superoscillations directly led to the notion of the quantum random
walk [T4)]. It was shown that implementation of the quantum random walk
would lead to a universal quantum computer as well as a quantum simulator
(to study, e.g., phase transitions). Recent experimental realizations of the
quantum random walk have been successful (for example: trapped atom with
optical lattice and ion trap; photons in linear optics). Moreover, the most
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recent proposal for a quantum algorithm which yields a quantum speed-up
for a quantum computer was based on the quantum random walk [102]. In
addition, the quantum random walk offers one of the most successful connec-
tions with topological phases [82]. This has also already been implemented
experimentally. The quantum random walk has thus resulted in the first
demonstration of topological phases in one dimension by using linear optics
[81).

Another example of the impact of [1] on quantum information science
and technology is a novel metrological technique. Aharonov, Albert and Vaid-
man first pointed out that the anomalously large deflection of the beam in
a Stern-Gerlach apparatus was controlled by the overlap between pre- and
post-selected states, as well as the size of the magnetic field. Consequently,
a small change in the magnetic field would result in a large change in the
beam displacement. Therefore, this effect could also be used to measure
small changes in a magnetic field. After the original suggestion in 1988
in [1], nothing happened until paper [122] appeared in 2007, which resulted
in the first experimental use of weak values for metrology in an experiment
by Hosten and Kwiat [75]. They measured the optical spin Hall effect, an
effect where different polarizations of light are shifted spatially in different,
polarization dependent directions when the beam is incident on a glass inter-
face. The effect theoretically corresponded to a spatial shift by 1 Angstrom,
which is much smaller than the width of the optical beam. In order to mea-
sure this shift, they utilized [1l], pre- and post-selected the polarization, and
measured the deflection (amplified by 10*) on a position sensitive detector
(at the cost of a reduced intensity).

Furthermore, Brunner and Simon [{7] introduced an “interferometric
scheme based on a purely imaginary weak value, combined with a frequency-
domain analysis, which may have potential to outperform standard interfer-
ometry by several orders of magnitude”, see [91]].

One difficulty in the polarization based experiments is the fact that the
source of deflection must be polarization dependent. The Rochester group
was able to generalize this by switching over to an interferometer based sys-
tem [19], where the different paths corresponded to different directions of
deflection. The pre-selection and post-selection corresponded to the optical
beam entering and leaving different ports of the interferometer, while the
weak measurement corresponded to a moving mirror slightly misaligning the
interferometer. A piezo activated mirror moved the mirror slightly back and
forth by a known amount, and the test was to see how small the interfero-
metric weak value technique could measure it. With an hour of integration
time, the group reported 500 frad resolution, and later found a signal-to-
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noise ratio at the standard quantum limit. This was done with milliwatts
of power in an open air experiment [55]. Turner et al., see [12]|], adjusted
the scheme of [55] for the use in torsion balance experiments in gravity re-
search; they demonstrated picoradian accuracy of deflection measurements.
Hogan et al. [73] included a folded optical lever into the scheme of [55]
and achieved a record angle sensitivity of 1.3 pmd/\/}E; their scheme 1is
potentially applicable for gravitational wave detection.

Many more experiments have been performed utilizing weak PPS mea-

surements. We mention [46], [51], [55], [70], [75], [76], [95], [97], [103],
(204, [107], [108], [115], [114)], [115], [117], [118], [127], [130]. Ezperimen-

tally, it was implemented on a large variety of systems, types of couplings,
and experimental configurations. Most of the experiments were optical, one
[118] utilized nuclear magnetic resonance, and others utilized a solid state
setup. Foe example, [132] showed “a significant amplification even in the
presence of finite temperatures, voltage, and external noise.” Some of the

optics experiments were performed on single photons [46], [51], [55], [75],

1{7;51/; l{ﬂ/; l{@/’ [108], [113], [103], @/’ 115, 1@/; could be interpreted

both classically and from a quantum perspective. Even from a purely clas-
sical perspective, the study of weak values has led to a variety of “new”
phenomena. For example, the experiment proposed by Knight et al. [853] and
performed by Parks et al. [103] demonstrated an enhanced shift of the beam
in either coordinate or momentum space. Morover, the weak PPS methods
have been implemented to produce beam-deflection measurements [73], [11)],
[124), as well as phase and frequency [115] measurements.
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Chapter 3

Basic mathematical
properties of superoscillating
sequences

3.1 Superoscillating sequences

In this chapter we study the mathematical properties of superoscillating
sequences.

Definition 3.1.1. We call generalized Fourier sequence a sequence of the
form

Y. (z,a):= Z Cj(n, a)etkime (3.1)
=0

where a € RT, n € N, Cj(n,a) and k;(n) are real valued functions.

Remark 3.1.2. The sequence of partial sums of a Fourier expansion is a
particular case of this notion with Cj(n,a) = C; € R and kj(n) = k; € R
are multiples of a real number.

Definition 3.1.3. Let a,oc € RT. A generalized Fourier sequence
n .
Y, (z,a) = Z Cj(n, a)ethi (T
j=0

1s said to be a superoscillating sequence if:

i) |kj(n)| < a for all n and j € NU {0},
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i1) there exists a compact subset of R, which will be called a superoscil-
lation set, on which Y, converges uniformly to 9% where g is a
continuous real-valued function such that |g(a)| > «.

The usual Fourier sequence of a function is obviously not superoscillating
because it violates i).

Indeed, one can consider a somewhat more general situation described
by the following definition.

Definition 3.1.4. Given f(x) = Z?io d;e"i®, for aj, d;j € R, we say that
the sequence

Sn(w) = Cj(n)e*itm®,
§=0

where Cj(n) are real valued functions, is f-superoscillating if there exists an
index J such that sup; |kj(n)| < a; and the sequence S, converges uniformly
to f on some compact subset of R.

Remark 3.1.5. Definition B.1.4] can be considered in a different framework.
Assume f to be a C* function. Then the representation f(z) = > 50 d;e"%®
is equivalent (under suitable conditions) to requiring that f is a solution of
the convolution equation
pxf=0

where p is a compactly supported distribution whose Fourier transform /i
vanishes exactly at the points ¢a; with multiplicity 1. On the other hand,
every partial sum

Su(2) = 3 Cy(n)es
j=0

is clearly the solution of an ordinary differential equation

d

where the polynomials @, vanish at least at the points ikj(n). Therefore,
just like entire functions can be seen as ”limits” of polynomials of increasing
degrees, so convolution operators are limits of ordinary differential operators
of increasing order. Of course not every holomorphic function is the symbol
of a convolution operator since the Paley-Wiener-Schwartz theorem [61] im-
poses very specific requests on the growth of an entire function F' in order
for F' to be the Fourier transform of a compactly supported distribution p,
and therefore the symbol of the convolutor p * -.
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Remark 3.1.6. It is worth making a different kind of argument as well.
Instead of considering the class of C*° functions, one might be tempted to
consider the space of analytic functions. This would be reasonable since
the functions we are considering are convergent series of exponentials, and
it would be possible to impose suitable conditions on the coefficients d; to
ensure the analyticity of the sum of the series. However, the space A of real
analytic functions is not an Analytically Uniform space (see Chapter 4 and
[25]) and the theory of convolution equations in it is not yet well understood.
We will instead consider the space of those real analytic functions which
can be extended as entire functions of a complex variable, when the real
variable z is replaced by the complex variable z. In this case it is possible to
give explicit conditions for Z;’;O d;exp(ia;z) to be convergent to an entire
function in C, see [30], and the main advantage which we will fully exploit in
Chapters 5 and 6 is the fact that such series can be considered as solutions
to suitable convolution equations pu* f = 0, where now the convolutor y is an
analytic functional whose Fourier-Borel transform is also an entire function
and has exponential type bounds, see Chapter 3. An important special case
of this situation occurs when the analytic functional p is supported at the
origin. In this case the expansion Z;‘)C:)O d;exp(ia;z) may be interpreted as
being the solution of an infinite order differential equation, and a; satisfy
the condition |a; — a¢| > ¢|j — ¢| for some constant c.

The primary example of superoscillating sequence was already discussed
in the introduction, and is given by the following sequence:

n
F,(x,a) = (cos (E) + iasin <£)> , (3.2)
n n
where a > 1, n € N, and =z € R.
Proposition 3.1.7. Consider the sequence . Then we have
(1) For every xo € R

lim F,(xg,a) = 9%,
n—r00

(2) The functions F,(x,a) can be written in terms of their Fourier coeffi-
cients Cj(n,a) as

F,(z,a) = Z Cj(n, a)ei(lfzj/”)x,
=0

where

Cy(n,a) = <_2}l)j (’;) (a+1)"F(a—1).
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(3) For every p € N the following relation

F®)(0,a) = Zn:OOj(n, a) [l <1 - 2}3)}1)

between the Taylor and the Fourier coefficients of holds.

Proof. Point (1) follows from standard computation. Point (2) is a conse-
quence of the Newton binomial formula. Point (3) follows by taking the
derivatives of

Z Cj (n7 a)ei(172j/n)z
7=0

and computing them at the origin. O

We observe that
axr

Fo(z,a) — ",

as n — oo, which follows from either representation of F,(x,a).

Theorem 3.1.8. Let M > 0 be a fixed real number. Then for every x
such that |x| < M the sequence F,(z,a) converges uniformly to e**®. Thus
F,(z,a) is a superoscillating sequence.

Proof. We have to show that for every z such that |x| < M we have

sup |Fy(z,a) — e =0 as n— oo.
x| <M

To this purpose, we will compute an estimate for the modulus of the function
F,(z,a) — €. Let us set

w= Fy(x,a) and z=¢€"",

and observe that the modulus and the angles associated with w and z are,
respectively,

Puw = (cos2 (%) + a? sin? (%))nﬂ, 0, = narctan (a tan (%))

p, =1, 0, =azx.

and
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The Carnot theorem for triangles gives
lw — z|> =1+ p2 — 2py, cos(6, — 6.)
so that we obtain

|Fo(z,a) — )P =1+ <cos2 <E> + a? sin? (£>>n
n

n
— 2<C082 (%) + a?sin? (2))71/2 Cos [n arctan <a tan <%)) - ax} .

Let us set
Sg(x,a) = |Fy(x,a) — ei‘m|2 (3.4)

and observe that for any x such that |z| < M we have
2 (¥ 2.2 (L))"
(cos (—)—i—a sin (—)) —+1 as n— o0
n n

and

T
CcOos [narctan (atan (—)) — ax} —1 as n — oo.
n

Using (3.3)), we deduce that £2(z,a) — 0. Note that £2(w, a), as a function
of z, is continuous on the compact set [—M, M] for any n > 25‘(1 so E2(x,a)
has maximum. Set

e(n,a) = xe[ril?}M] En(z,a).

It is now easy to see that e(n,a) — 0 as n — oo and since

sup |F,(z,a) — €| = £(n, a)
|| <M

the convergence is uniform in [—M, M]. O

The next result however shows that on R the sequence F),(z,a) does not
converge uniformly.

Proposition 3.1.9. The sequence F,(x,a) does not converge uniformly to
e on R.

Proof. Uniform convergence on R would be equivalent to

sup |y (z,a) — €% -0 as n — oo.
zeR
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If 2 = 0 obviously F,(0,a) — e = 0, however, if we consider the points
xn = jmn for j € Z\ {0} = {£1,£2,...} we have

|Fp (2, @) — 9% = [(£1)" — %" | A0 as n — 00

if a € R\ (Z\ {0}), so the convergence cannot be uniform.
If a € Z\ {0}, we reason in the same way by taking z, = nf. O

Remark 3.1.10. Proposition shows that, under reasonable assump-
tions, every function which can be represented as a Fourier series of exponen-
tials, can in fact be seen as the limit of a suitable superoscillating sequence,
though in general it may be difficult to explicitly compute its terms. Indeed,
let f(z) =32, ;€% We know from the previous result, that for each j
there exists a superoscillating sequence Fj,(x,a;) which converges to e*%®.
Then we have that

(e}
x) = E a;e't = Zaj hm Fo(x,a;).
=0

Since the convergence of F),(z,a;) to €'%7 is uniform on compact sets, and
by imposing suitable conditions on the growth of the sequence «;, we can
exchange the limit and the series to obtain

HIL%OZaJ (x,a;) = hm Qn(z),

where Qn(z) = > 72 a;jFy (2, a5). One can easily see that Qn(z) is super-
oscillating as well. The specific request on the growth of the sequence {c;}
is a consequence of the estimate on the error £2(x, a), see Remark [3.1.15

Remark 3.1.11. Theorem [3.1.8| explains the mathematical behavior of su-
peroscillations in terms of the Taylor and Fourier coefficients. Indeed, for ev-
ery a > 1 and for every n € N a direct computation of F), gives F),(0,a) = ia.

By Proposition Point (3), we have
F'(0,a) _zgcj (1—g),
J:

and, more in general,

FP0,a) =Y Ci(n,a)[i(1 — 2k/n)]P. (3.5)



Therefore, by taking p = 0,1 in this last formula, we obtain

> Cr(n,a) =1,
k=0
and
a = ' CJ(TL,(I,) <1_7’L>
7=0

One can also obtain additional combinatorial identities by directly cal-
culating the higher derivatives of F,,(z,a) in its original expression, see [89)].
More specifically, we have:

Proposition 3.1.12. For any value of a,z € R, n € N,

p

p!
k1,k2,....,kn=0 1:~2: ... vp—1:fn-

ey +hg-t ek =p

(3.6)

Proof. We will prove this result by induction on p. Assume that (3.6) is true
for a given p (and obviously it is true for p = 0). Then the (p + 1)—th
derivative of F;, is given by

p

p!
FPW@a) = Y (e gt gl gl
k1,k2,....,kn=0 1:h2: .. Ap—1-hn-

k1+ko+-+kn=p

(3.7)
gk glhat) (k) glka) o g (k) glka) (k) gl 1)y.

and the result now follows from the fundamental identity for multinomial
coefficients (see [67], Chapter IV), which states that

(p+1)! B p! n p!
hi'ho!. . hp_1'hn! (b1 — D)o hy 1Ry hil(hg — D) by 1lhy!

p! p!

e (= D)l Bathal B /(T — 1))

O]

In particular, the expression for the derivative can be given a very com-
pact form when evaluated at the origin.
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Corollary 3.1.13. For any value of a € R, n € N,

. P 14 |
(») _(* p: €
E7(0.0) = <n> ) kz Tkl o el PEN
1,R2

n—1-
yeeeskin =
ki4ko+...+kn=p

e is the number of odd integers in {ki,ka, ... kn}.

Proof. Tt follows immediately from evaluating different orders of differenti-
ation of g at the origin.

Ly if pis even
g®(0) = (”2 o
a(5)P, if pisodd

O]

Comparing this last expression with (3.5), we obtain a new family of
nontrivial identities.

Corollary 3.1.14. For any value of a € R, n,p € N, we have

p

p! R
Z Tl Tk !a :ZC’k(n,a)(n—Qk)p_ (3.8)

k1,k2,...,kn=0 k=0

Note that when a = 1 the only non-vanishing coefficient Ck(n,a) is
Co(n,1) =1, and therefore the previous corollary simply gives the very well
known formula

P

|
E P =nP.
kilkol - k,_1k,!
Ky ko k=0 12 n—1thm

k1+ko+...+kn=p

Remark 3.1.15. Recall that in the proof of Theorem the term
|Fp(z,a)—e"|? = £2(z, a)

is given by formula (3.3). We can give a first approximation of £2(z,a) by
considering the principal part of the infinitesimum &2(z,a) for |z| < M. If
we can find two constants j and 3 € RT such that

T T

E2(x,a) =B <E)J + O(EY’ as  n — oo,
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we can choose 4
9 T\J
Ei(x,a) = p (—) as  m — 00,
n

as first approximation of £2(z,a). With some computations we have
z\J 3, 4 A
£y ()
b (n) 2( ) n/’

En(z,a) = % g<a2 - 1).

This proves that also £2(z,a) — 0 uniformly over the compact sets.

and so

We now offer a simple estimate for the first and second derivatives of the
functions F,.

Proposition 3.1.16. Let F), be the function defined in . Then for x
mn a compact set in R we have:

. / o . U _ 2
Jim [F(z,0)| =a  lim |F (2, a)| = a”.
Proof. In this proof, it is convenient to directly compute the derivatives of
the function F,(z,a) = g'(x) where
x .. [z
gn(x) = cos (—) + ia sin (—)
n n
(Note that, to simplify the notation, we do not make it explicit that g
depends on a). It is immediate to see that

Fi(2,0) = ng? (@)gh(@) = n#2 Y 1 (2, a),

and . ! (@)1 2
x
F'(z,a) = (—+nn—1 (gL) >F z,a).
Hea) = (=4l -0(22)) Fue.a)
We are now interested in the asymptotic behavior of F) and F)/ when n
goes to infinity and « is limited to a compact subset of R. We know from
Theorem that |F,(x,a)| converges to 1 on every compact subset of R,
so it is enough to compute the asymptotic behavior of g],/g,. We obtain:
go(x) 1 —sin(%)+iacos() 1.
= . ~ =4
gn(x) n  cos(%)+iasin(L) n

for n large and x in a compact set. The statement follows. O
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Remark 3.1.17. We point out that the material in this chapter is based on
a precise definition of superoscillation phenomenon in terms of the uniform
convergence of sequences of functions. Here we follow a different approach
with respect to the one in [39] Section 2| where superoscillations are not
studied in terms of the uniform convergence of functions. In [39] the authors
treat a different case by describing superoscillations with wavenumbers dif-
ferent from a, in the region away from the origin when n is large but finite.
Consequently, they consider the sequence

Gn(z,a) := (cosx + iasinz)"

that converges only at x = 0, and therefore does not fit in our setting.

The following remark further clarifies the behavior of the sequence Fj,.

Remark 3.1.18. Consider a point zg and an increment dx. The superoscil-
lating sequence

F.(z,a) := (COS (%) + iasin (%))n

is such that F,(zg,a) — €% and F,(zg + dx,a) — et@(0+6%) - Thig can
also be seen in a different way, which sheds some light on the behavior of
the superoscillatory sequence. Indeed,

F,(zo+dz,a) = <Cos <x0 : 596) + iasin (iUO —71; (5:U))n

= (eos (5 con () = (53) s ()

ia[sin (72) eos (57) eon (57) s (57)])

= {.cos (%) [cos (22) +dasin (22)] + iasin (%)
<[ (5) +eos ()]}

0 e cos (22 ) + Lgin (20 .
o (%> Trasin (%> cos <<"3 >)+ iasin(<€bo>) }
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where

Sﬂ;o) cos (‘?Z ~ fasin (f%oﬂ

which can also be written as

an = a

cos? <%°> + a2 sin? (%)

since a,, — a as n — 00, we reobtain the previous result and we see that the
modulus of the limit function now grows as a grows. The amplitude of the
superoscillations decreases when a increases. We see that a = 1 is a fixed
point while if a is large then we obtain large variations.

3.2 Test functions and their Fourier transforms

In this section (which the reader may skip with no loss of continuity) we
will review some fundamental facts about test functions and their Fourier
transforms.

Definition 3.2.1. Let © C R be an open set, and let C*(2) be the set
of complex valued infinitely differentiable functions on Q. Let () be the
topological linear space over C which, as a set, is C*°(Q2), and whose topology
s given by the family of seminorms defined as follows: for any compact set
K C Q and for any m € NU{0} we set

pm (K)(u) := sup sup [u®(z)], wueC®(Q).
k<mzeK

Remark 3.2.2. (1) The topology T, (k) generated by the family of semi-
norms pm(K) makes (£(2), Tp,.(k)) @ metrizable space; in fact it is possible
to prove that the family py,(K) is equivalent to a countable family of semi-
norms pm(K;), for j € N, and suitable compact sets Kj. Moreover, with the
topology generated by the seminorms py,(K;), the space () turns out to be
complete. Since the space E(Y) is metrizable and complete, it is a Fréchet
space.

(2) With the topology 7;7m(Kj)’ the notion of convergence of a sequence in
E(Q) to an element u € E(Q) is the following:

43



u; — u if uj converges to u uniformly with all its derivatives on
compact sets in R.

Definition 3.2.3. The space S(R) of rapidly decreasing functions is defined
as the space of functions u € C*°(R) such that

sup (1 + \x!Q)m/Q\u(k)(x)\ < 0o, for any m € NU {0} and for any k € N.
T€R

The topology Tp,, on S(R) is given by the family of seminorms

m/2

Pm(u) := sup sup (1 + |z|?) ™ ()| < 0o, m e NU{0}.

k<m z€R
Remark 3.2.4. The topology 7,,, makes S(R) a Fréchet space in which the

notion of convergence (we will limit ourselves to the case of convergence to
0), is described as follows:

uj — 0in S(R) if and only if (1—|—|x\2)m/2u§k) (£) = 0, asj — oo,
uniformly in R, for any k¥ € N and any m € NU {0}.

As we shall see below, one of the most important reasons to define the
space S(R) is that the Fourier transform maps this space into itself and the
inverse operator is also well defined. Moreover, since S(R) is dense both in
L£2(R) and in S’(R), we can extend the Fourier transform to those spaces.
We will only prove the results of particular interest in the context of this
memoir, and for the missing proofs of the results stated in the following
pages we refer the reader to [110], [125], [131].

Since S(R) C L!(R) we can give the following definition.

Definition 3.2.5. Let ¢ € S(R). The linear integral operator F : ¢ — b
defined by

FIOIN) = () = /R (@) d, i — /T

1s called the Fourier transform. The function gzg 1s said to be the Fourier
transform of ¢.

The inverse of the Fourier transform is defined, for every ¢ € S(R), by

Fl(@) = gy [ o0 (39)



We observe that the operator F~! is well defined on S(R) and for every
1 € S(R) we have
Y = FIF vl = FFIL (3.10)

A fundamental result is the following;:

Theorem 3.2.6. The Fourier transform F is an isomorphism between S(R)
and itself.

Thanks to Theorem and to the density of S(R) in the space of
tempered distributions 8’'(R), it is possible to define the operator F also on
S’'(R). First, we consider a regular distribution Ty defined by a function
f € LL (R) and we define

loc
Frhe) = [ FIimem) ax
R
= / FIfIN)@d(A)dA,  for any ¢ € S(R).
R
By Fubini’s theorem, we can change the order of integration to get
(FITy),0) = (Ty, Flg]), forany ¢ € S(R), f € Li,(R). (3.11)

Since the relation (3.11)) holds for regular distributions, we can assume the
following definition of Fourier transform for tempered distributions.

Definition 3.2.7. Let T € S'(R). We define the Fourier transform on the
space of tempered distributions by the equality

(FIT],9) = (T, Flo]),  forany ¢ e S(R).

The Fourier transform on the space of tempered distributions is well
defined. In fact, since F is an isomorphism from S(R) to itself the map ¢ —
Fl¢] is linear and continuous from S(R) to S(R), the functional (T, F[¢])
represents a distribution in §’'(R) and moreover the map 7" — F[T] is linear
and continuous from S'(R) to S'(R).

The inverse of the Fourier transform in the space of tempered distributions
is defined as

1

5 (T, F~Y¢]), for any ¢ € S(R). (3.12)

(F7HT) 9)

Theorem 3.2.8. The Fourier transform F is an isomorphism between S’ (R)
and itself.
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Example 3.2.9. One can easily verify that, if a € R,
Flo(z —a)] = e (3.13)
holds in the sense of distributions. In particular, one has
Flo(z)] =1

and

F1] = 2m)d().

We now state some properties of the Fourier transform in S'(R), see e.g.
[125].

Theorem 3.2.10. Suppose that T € 8'(R) and k € N and a € R. Then the
following properties hold:

(1) Differentiation of the Fourier transform

DEFIT] = Fl(—iz)*T).

(2) Fourier transform of the derivatives

FIT®] = (i) F(T).

(8) Translation of the Fourier transform

FIT)(\+ a) = Fle ™ T](\).

Remark 3.2.11. As immediate consequences of Theorem [3.2.10] we obtain
the Fourier transforms of polynomials

FlzF] = (2r) iF6®) (2)
and keeping in mind that F[é(x)] = 1, we also obtain
F6®) = GNEF8] = (in)E.
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3.3 Approximations of functions in S(R)

As it is well known, C*° functions cannot, in general, be represented by their
Taylor expansion. Similarly, the value of a C* function f at a point a cannot
be obtained if one knows infinitely many values f(x) for x near the origin.
In one word, C* functions are too flexible. There are two possible ways
to add rigidity to their structure. On one hand, we could consider analytic
functions, which are fully represented by the Taylor expansion; on the other
hand, as we will do in this section, we could ask for the function f to be
a band limited test function. As we will show, it will be then possible to
represent f(x + a) through infinitely many values of f at a distance at most
1 from x.

We now give a definition, whose meaning will be clarified later.

Definition 3.3.1 (Standard approximating sequence). Let ¢ € S(R), n € N
and a > 1. Let

Ci(n.a) = (_Qi)j (?) (a+ 1" (a— 1),

We call

Spnalz) = Xn:@'(”v a)y <"’“" * <1 - 25))

J=0

standard approximating sequence of 1.

In order to show that ¢y, , is in fact approximating the function v, we need
the following lemma.

Lemma 3.3.2 (Integral representation of the standard approximating se-
quence). Suppose that 1 € S(R). Then we have

1

"o

b ma () /R Fu (A )N dx,

where Fj(A\,a) = Z;P:O Cj(n, a)e1=20/mA,

Proof. Taking the Fourier transform of

Ppmal®) = jznjocj(n,a)w <x " (1 - 2’”{))
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and using Theorem |3.2.10} one obtains

n

éw,na ZC] n, a Ml ~2/m) "2( )

7=0
Observing that ) X
szb,n,a(/\) = Fn()\a a)llJ()\),

and taking the inverse Fourier transform, the required result follows. O

To state our next result we recall a definition.

Definition 3.3.3. A function ¢ € S(R) is said to be band limited if 3 is
compactly supported by some compact K C R.

Theorem 3.3.4. For any band limited v € S(R) the limit
nl;n;o Ppmalx) =1(r + a)

s uniform on every compact set in R. Moreover

@mw@>—w@+aNSsnAJ¢undx

where

en = sup Ep(\, a).
AEK

Proof. Since 1& is compactly supported by K C R, the Lebesgue dominated
convergence theorem implies that

1 N )
iy na(z) = lim o / Fu(X, a)(N)e® dX
R

— /eia)\w(A) AT d\
R
— (z +a).

Lemma [3.3.2] allows to estimate the error:
1 ia
™ JRr

< sup En(/\,a)/ DA dX
AeK R

= [ 1] ax
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Corollary 3.3.5. For any band limited ¢ € S(R) we have that

lim ¢ (z) =" (z + a)

n—oo | ¥ima

for any k € N, uniformly on every compact set in R. Moreover
k ~
60 (@) = D (@ + )] < e / BN dA,

where

Enk i= SUP ])\]kgn()\,a).
AeK

Proof. This is an immediate consequence of the fact that if ¢ is a band
limited element of S(R) also 9(*) is band limited. O

Corollary 3.3.6. Let ay,...,a, be real numbers such that |ag| > 1 and let
0_q,(x) = 6(x + ai) represent the delta centered at the point aj. Then

p

p
Jm > bona(®) =3 00, ()
k=1 k=1

uniformly on every compact set in R. Moreover, we have

P P
1S G (8) = 3700y #6(2)] < pen / (V)] dA.
k=1 k=1 R

The following result is a direct consequence of Lemma [3.3.2

Proposition 3.3.7. Let us fit v > 0, a > 1 and n € N Suppose that
Y € X, (R) where

X,(R) = {u e SR) : /R\a(w <)

Then
[Py na(z) —¢(z+a) < (1+a")y.

Remark 3.3.8. It is clear that one can generalize Proposition to
the case of the derivatives of ¢ as well as to the case of finite sums of its
translates, just like we did in the two corollaries of Theorem [3.3.4

Even though the above inequality is not helpful when n — oo since
a > 1, it is still interesting because it shows a uniform distance between
Gypm.a(x) and (x4 a) for all 2 € R. It is however helpful for some families
of functions as the next example shows.
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Example 3.3.9. It is well known that the family of functions

7&%2

uo(z) = ze

belongs to S(R) for every a > 0, see for example [74]. Their Fourier trans-

forms are given by
\i
lia(N) = —iq / ge’v/‘la.

| fiaiar = 2\/5

and so the number « appearing in Proposition |3.3.7| equals 2\/F . Thus
e

Now observe that

[y

|Oua.n () — ua(z 4+ a)| < 7T(1 + an)\/z

where
n

Gupin (@) 1= Y _ Cj(n,a)ua(z + (1 - 2j/n)).
=0

2

Fix a € R, n € N and € > 0. The elements of the family u,(z) = ze”**
such that
|Pua.n(T) —ua(z +a)] <& forevery x€R,

namely the elements of the family for which Theorem [3.3.4] holds, are those
for which a > g where aq satisfies the equality

(1+a"), /ﬂio —e. (3.14)

Remark 3.3.10. If we had considered the gaussian v,(z) = e**” instead
of uq(x), the constant v appearing in Proposition cannot be chosen
arbitrarily small. Indeed, @ cannot be chosen such that

|¢va,n($) - Ua(x + a’)| -0

when « varies in RT.
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Chapter 4

Function spaces of
holomorphic functions with
growth

The superoscillating functions and sequences that we have considered so far
are real analytic functions defined on R, which, because of their specific
shape, can actually be extended as entire functions of a complex variable
if we (formally) replace the real variable x with the complex variable z.
This is possible because the superoscillating sequences we are studying are
finite sums of exponentials, and their complex extensions are not simply
holomorphic in a neighborhood of R, but are actually entire. As it will be
apparent in the remainder of this monograph, the fact that we can now
use the powerful theory of holomorphic functions is central to many of the
results we will obtain.

Before recalling, and reframing, the set-up for this analysis, we need to
point out that while the exponentials that appear in the superoscillating
sequences have frequencies bounded by 1, since all the exponentials that
appear are of the form ¢* with || < 1, and z real, this feature disappears
when we consider the entire extension of such functions. Indeed, functions of
the form e*** are entire and of exponential type (and order 1). Thus, we are
naturally led to the study of entire functions with growth conditions at infin-
ity. As we will show later, the study of superoscillating sequences will entail
studying certain convolution operators on these spaces, and the appropriate
setting for such a study is the theory of Analytically Uniform spaces, intro-
duced by Ehrenpreis in the sixties, and fully developed in [61]. Ehrenpreis’
theory was originally designed to be a tool for the study of systems of linear
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constant coefficients partial differential equations, but Berenstein, Taylor,
and their coauthors were able to show [25], [30], [31], [116] that convolution
equations could be treated as well within this framework: the reader is in-
vited to consult [27] for a rather comprehensive review on this topic. For
these reasons, we will devote Section 4.1 to a rather detailed description of
the theory of Analytically Uniform spaces, and then Section 4.2 to the study
of convolution operators, and convolution equations, in such spaces.

4.1 Analytically Uniform spaces

In this section we will study some spaces of (generalized) functions that
were introduced by Ehrenpreis, and that he called Analytically Uniform
spaces (AU-spaces in short). Before we offer the formal (and somewhat
complicated) definitions, we should describe the philosophy of such a no-
tion. Without aiming for completeness, one could say that a locally convex
topological vector space X is said to be an AU-space if its strong dual X’ is
topologically isomorphic to a space of entire functions which satisfy suitable
growth conditions at infinity.

Let us offer both some clarification, as well as the rationale for this
particular approach. First of all the nature of the growth conditions that are
acceptable in this framework is fairly complex, will be fully described below,
but essentially requires that the resulting spaces are algebras of functions
closed under differentiation. Second, the topological isomorphism between
X’ and the appropriate space of entire functions with growth conditions
is usually a variation of the Fourier (or Fourier-Borel) transform, and the
reason for this is apparent when one considers the (historically) first use of
this idea.

Suppose we consider a linear constant coefficients partial differential op-
erator p(D) acting on the space £(£2) of infinitely differentiable functions
on an open convex set in R™. Suppose now we want to consider the surjec-
tivity of such an operator on £(Q2). The approach, independently pioneered
by Ehrenpreis, Malgrange, and Palamodov [58], [59], [60], [61], [95], [101]
consists in looking at the map

o(D): £(Q2) = £(Q)

and notice that by standard functional analysis results, such a map is sur-
jective if and only if its adjoint

p(=D) : (£(2)) = (E(Q))f
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is injective and has closed range (this is why the topologies are important).
However, one now notes that the Fourier transform of p(—D) is simply
the multiplication operator by the polynomial p(—z), and that the Fourier
transform acts as an isomorphism between (£(Q2))" and the space

—

Aq = (E(Q)) = {F € H(C") : |F(2)] < Aexp(H(2))}

of entire functions whose growth is bounded at infinity by the supporting
function Hg (z) 1= sup,ecx(w - z) of any compact subset K of €2, where
w - z denotes the scalar product of w and z. So, see [95], the surjectivity of
©(D) on the space of infinitely differentiable functions is equivalent to the
injectivity of multiplication by p(—z) on Aq (which is trivial) and to the
fact that the ideal generated by g is closed in Agq. That this is the case,
for Q convex, was proved by Malgrange in [95], where he explicitly gives the
condition on the pair (p,2) that will generate surjectivity when 2 is not
necessarily convex.

This important example shows both the necessity of identifying £'(Q)
with a space of entire functions satisfying suitable conditions, and the ne-
cessity of having this discussion within the framework of topological vector
spaces.

After the following technical definition we introduce the notion of AU-
space:

Definition 4.1.1. Let K be a nonempty set of positive continuous functions
on C". We say that K is an analytically uniform structure (AU-structure)
if for any k € K there exists k' € K such that

E(z+2)2+2%) <k(z), forallz 2 eC", |/|<1.

Definition 4.1.2. Let X be a locally convex space. Assume that there exists
an AU-structure K and a componentwise continuous bilinear form (-,-) on
W x Ax such that the map from X to the strong dual of Ay given by

w — <w7 >
is a topological isomorphism. Then we call X an AU-space.

Example 4.1.3. Let £ denote the space of infinitely differentiable func-
tions on R™ with the usual topology of uniform convergence on compact
subsets of R™. Then &£ is an AU-space and its dual is the space &£ of com-
pactly supported distributions. By the Paley-Wiener Theorem, this space
is topologically isomorphic to the space of entire functions of exponential
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type, which grow like polynomials on the real axis. Specifically, the space
of entire functions F' such that, for some positive constants A, B,

[F(2)] < A(1 + |2])" exp(B/Im(2)]).

Example 4.1.4. Let D denote the space of infinitely differentiable functions
with compact support on R™. Let D’ denote its dual, namely the space of
Schwartz distributions (note that D is properly contained in &£, while D’
properly contains £’). Then D’ is an AU-space and its dual D is, by the
Paley-Wiener-Schwartz Theorem, isomorphic to the space of entire functions
of exponential type, which, on the real axis, go to zero faster than the inverse
of any polynomial. Namely those entire functions F' such that, for some
positive constants A, B, and for all positive constants C,

[F(2)] < AL+ |2))” exp(B|Im(2)]).

Example 4.1.5. Let H denote the space of entire functions on C™. Then
‘H is an AU-space and its dual is the space H' of linear analytic functionals,
which, by another formulation of the Paley-Wiener Theorem, is isomorphic
to the space of entire functions of exponential type, i.e. the entire functions
F satisfying, for some positive constants A, B,

|F(2)| < Aexp Blz|.

This space is interesting per se, but also because it exemplifies an interesting
property of AU-spaces. Specifically, if X is an AU-space, then the subspace
of X obtained as the kernel in X of a system of linear constant coefficients
partial differential operators, is still an AU-space. In this case, H(C") is the
kernel in £(R?") of the Cauchy-Riemann system of differential operators.

Example 4.1.6. In the three examples above, we have considered functions
defined on the entire Euclidean space R™ or C™. However, a modification
of the weights allows us to show that if we consider an open convex set
Q in R™ or in C", then the corresponding spaces £(€2), D'(Q2), and H ()
are also AU-spaces. This is what we used to discuss the surjectivity of
p(D) : £(Q) — £(Q). If © is not convex, then the corresponding spaces are
not AU-spaces anymore.

While these examples are very important, it is equally important to note
that many significant spaces in the theory of differential equations are not
AU-spaces. For example, none of the £P spaces is an AU-space, and neither
are S and &', the spaces of Schwartz test functions and its dual, the space
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of tempered distributions. Finally, another space that (quite surprisingly)
fails to be an AU-space is the space of real analytic functions, see [25].

In some of the situations described in the examples above, the growth in
the space of entire functions is described by a class of weights which can be
all brought back to an individual fundamental weight. This is a situation of
particular interest to us, which we want to describe in more detail.

Definition 4.1.7. We say that a plurisubharmonic function p : C* — R*
is an admissible weight if

o log(1+[2[?) = O(p(2))
e there are four positive constants Ay, ..., Ay such that if
|21 — 22| < Ai|z1| + Ao

then
p(z1) < Asp(za) + As.

There are some important examples of such weights, which need to be
immediately highlighted:

Example 4.1.8. The function p(z) = |z| is an admissible weight. And, for
any p > 1, the function p(z) = |z|* is a weight as well. Weights of this kind
are called radial weights, as they only depend on the modulus of z.

Example 4.1.9. The function p(z) = |[Im(z)| + log(1 + |z|) is a weight as
well. It is clearly not a radial weight.

If p(z) is an admissible weight, we can define two special kinds of space
of entire functions with growth conditions: the space A,(C") defined by

A (CY):={feH(C") : FA>0, B>0 : |F(z)] < Aexp(Bp(2))}
and the space
Apo(C™) :={f e H(C") : Ve >0, FA. >0 : |f(2)| < Acexp(ep(2))}

In the specific case in which the weight is the function p(z) = |z|? we intro-
duce a few additional definitions:

Definition 4.1.10. The space A,(C") is defined by
A(CY) :={f €H(C") : FA>0, B>0 : |F(z)| < Aexp(B|z|*)}

and it is called the space of entire functions of order less or equal to p and
of finite type.
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The space A,(C") can be endowed with a natural topology which can
be described as follows. Let

g;(f) = sup [f()e”®, =12,
zeCn
where 0j(z) are suitable weights. Then ¢; is a seminorm and the family
q;} determines a locally convex topology on A,(C"). In terms of AU-
J P

structures, one can introduce the sequence ¥ = {0;}52; where the weights
are 0j(z) = j|z|P and set
K={keCC") : k(z)=supd;je”i®) < 00, ¥z € C"}
J
where {0;} is a sequence of positive real numbers. Then I gives the so-called

AU-structure on A,(C") which can therefore be interpreted as the locally
convex space

[f(2)
k(z)

Remark 4.1.11. Note that if p(z) = |z|, i.e. p = 1, then the space
A1 (C™) is isomorphic, via Fourier-Borel transform, to the space H' of an-
alytic functionals as described in Definition Similarly note that if
p(z) = |Im(z)| + log(1 + |z|), then the space A,(C") is isomorphic, via
Fourier transform, to the space £ of compactly supported distributions as
described in Definition [£1.3

Definition 4.1.12. The space A, o(C") is defined by

A;c:{fEH((C") : — 0, as 2 — 00, VkEIC}. (4.1)

Apo(C") :={f € H(C") : Ve>0,34: >0 : [f(2)] < Acexp(e]2|”)},

and it is called the space of entire functions of order less or equal p and of
minimal type.

The space A, (C") is endowed with its natural topology. In terms of
AU-structures, it is the locally convex space A+, see (4.1]), where

K*={k* €Co%(C") : k*(2) >0, k(2)k*(w)e*" isbounded Vk € K}.

Remark 4.1.13. If we take p(z) = |z|, we see that A,g = Ao is the
space of the so-called functions of infraexponential type, or of order one, and
type zero, and it is isomorphic, via Fourier-Borel transform, to the space of
analytic functionals carried by the origin (which in turn coincides with the
space of hyperfunctions supported at the origin). This identification is the
key element in the theory of infinite order differential operators.
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Once these spaces have been defined, a simplified notion of AU-space
requires that the dual X’ of X is topologically isomorphic to either a space
A, or a space A, p, for a suitable admissible weight p. That this is the case
was established in [116].

We will now restrict our attention to the case of one complex variable,
and we will consider p(z) = |z|” and ¢(z) = |z|”" where p > 1,p' > 1 are real
numbers such that % + % = 1. Let us denote by A,(C)’ the strong dual of
A,(C), namely the space of continuous linear functional on A,(C) endowed
with the strong topology. Define the Fourier-Borel transform of p € A,(C)’
as the entire function

fi(w) = plexp(—z-w)),  z€C.

Then we have the following duality results which we will be useful in the
sequel:

Theorem 4.1.14. Let p,p' € R, p > 1, p’ > 1 be such that

1 1
p P
The following isomorphisms

Ap(C) = Ay o(C)

and

Ap0(C) = Ay (C),
are algebraic and topological as well.

Ehrenpreis demonstrated in his monograph [61] that the AU-spaces are
the ideal setting for a very general theory of linear constant coefficients
partial differential equations. He demonstrated also, though this part of his
work was left unfinished until [31], [I16], that a general theory of systems of
convolution equations was possible in such spaces. To see how that would
be done, we will introduce convolutors on AU-spaces in an abstract way,
and we will then show how they can be realized concretely in the spaces
described before.

The importance of the spaces A,, A, does not, clearly, exhaust the
class of interesting spaces. We therefore close this section with two more
results from [I19] that will be useful in the sequel. To this purpose we need
the following notation:

Arp={z€C : |z| <R}.
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Proposition 4.1.15. The space
X = Bxp)(C) = {f € H(C) : [f(2)] < Azl for some n}
1s an AU-space and
FX' = {f eH(A)) and f™ are uniformly continuous for alln € N}.

Proposition 4.1.16. Let R > 0 and let X be the space of entire functions
of exponential type less that R, i.e.

X={feH(C) : Te>0 : |f(2) < AT for some A > 0}.

Then X is an AU-space and FX' is isomorphic to the space of functions
holomorphic in the disc Ag.

4.2 Convolutors on Analytically Uniform spaces

Let X be an AU-space. Convolutors on X can be defined in a standard
way as follows: let X’ be the strong dual of X and let FX’ be the space of
entire functions satisfying suitable growth conditions, which is topologically
isomorphic to X.

Definition 4.2.1. Let F be an entire function which, by multiplication,
defines a continuous map from FX' to itself. Then a convolutor on X is the
continuous operator on X defined as the adjoint of the map that associates
to f € X' the element

FUF(F())-

Let us consider a few examples to illustrate the concrete meaning of this
definition.

Example 4.2.2. Let £ be the space of infinitely differentiable functions
on R", whose dual & is the space of compactly supported distributions.
This space, as we have seen before, is topologically isomorphic to the space
Ap(C™), where p(z) = |Imz| + log(1 + |z|) (see Remark £.1.11)). Then ev-
ery holomorphic function F in A, is the Fourier transform of a compactly
supported distribution u € £ and the convolution described abstractly in
Definition is actually the convolution p * f between a compactly sup-
ported distribution p, and a differentiable function f, and which is well
known from classical analysis. Specifically,

px flz) =<pt— flx+t)>.
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A similar argument can be made for the holomorphic case.

Example 4.2.3. If H is the space of entire functions on C then its dual
is the space of analytic functionals which, by Fourier-Borel transform, is
topologically isomorphic to the space A,(C") with p(z) = |z|. Then, every
entire function of exponential type defines a multiplicator on A,(C™) and
it is the Fourier-Borel transform of an analytic functional yu € H’'. Thus,
just as in the previous example, the abstract convolution in Definition
is nothing but the convolution p % f between an analytic functional and an
entire function, already classically known.

A very special class of convolutors on the space of entire functions is the
class of infinite order differential operators, which arise when we consider an
analytic functional p carried by the origin. The reason for the nomenclature
of infinite order differential operator stems from the fact that the Fourier-
Borel transform of an analytic functional carried by the origin is an entire
function of infraexponential type (i.e. it belongs to the space A, o, with
p(z) = |z|, see Remark , and therefore its Taylor expansion converges
everywhere on C and its action can truly be considered as the action of a
differential operator of infinite order. Specifically, we can give the following
definition, see [78].

Definition 4.2.4. An operator of the form
(o]
dm
> bn(2) 7
m=0

s an infinite-order differential operator, which acts continuously on holo-
morphic functions in C if and only if, for every compact set K C C,

lim x/sup |bg(2)| k! = 0. (4.2)
k—oo \/ zeK

While infinite order differential operators have great importance both per
se, and as part of the theory of hyperfunctions and microfunctions (see e.g.
[78], [79]), there are many instances when we want to consider operators
that may be defined in ways that remind us of infinite order differential
operators, while they do not satisfy condition . This is, classically, the
case for the translation operator, which is usually defined as

[e o]

Tf(x) = f(z + 1) = exp(d/dz) f(z) = Z

m=0

1 dmf

m! dz™

(). (4.3)
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While the operator appears to be expressed as an infinite sum of derivatives,
the function on the right hand side of does not converge, in general,
and in fact makes no sense, except in an intuitive way. To be precise,
the translation is only a convolutor on the space, say, of entire functions.
Operators of this kind are quite important (in fact, the case of the translation
is paradigmatic of what physicists use continuously, sometimes with some
abuse of notations), and therefore one may ask whether they can be treated
in a general way. That this is the case is guaranteed by Theorem
which can now be rephrased as follows:

Theorem 4.2.5. Let p, p' be real numbers such that p > 1, p > 1 and
1 1
+ /
p P
The space of convolutors on A, is isomorphic (via Fourier-Borel transform,)

to the space A, o and conversely, the space of convolutors of A, ¢ is isomor-
phic to A,.

4.3 Dirichlet series

We conclude this chapter by noticing that it may be worthwhile to consider
a more general setting, in which holomorphicity is required only on a subset
of C. Let us give a hint of why such a setting might be of interest. Indeed, up
to now, we have considered sequences of band-limited functions, converging
to exponentials of the form e“® with a large (at least larger than 1). But
one may want to consider the case in which we begin with a Dirichlet series
Z‘;‘;l cje_i)‘j”C , with real frequencies A;, A; — oo. In this case we will show
that it may be interesting to consider sequences of band limited functions
which converge to such series. As it is well known, however, Dirichlet series
only converge in half-planes, and so it is relevant to generalize the study
of Sections 4.1 and 4.2 to the case of functions which are holomorphic in
cones (half-planes being a special case of cones), and satisfying there suitable
growth conditions. As we will show in this section it is possible to prove
that, with natural adjustments, the fundamental results of Sections 4.1 and
4.2 extend to this more general setting. Those results are important if one
wishes to consider more general superoscillating sequences, and study how
they propagate when taken as initial values of suitable differential equations.

Let I be an open convex cone with vertex at the origin, for the sake of
simplicity, and contained in the right half plane II; = {z € C : Re(z) > 0}.
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We also assume that I' is of the form
I'={zeC : -0 <arg(z) <6},

for some 6 € (0,7/2]. In the particular case § = m/2 the cone I' coincide
with the right half plane, i.e. I' =I1,.

Let A, o(I") be the space of function f € H(I') such that, for all € > 0
and for all cones IV compactly included in T,

[f(2)] < Cexp(ep(2)), z€T,

for z € T”, for some constant C = C'(e,I”, f) > 0. It is standard to endow
Ay 0(I') with its natural projective limit topology. As we did in the previous
sections, it is important to the characterize the dual of this space, namely
the space of linear continuous functionals on A, o(I"). Any linear continuous
functional in A, o(I")" can be described as an integral against a measurable
function u, supported in some cone

K={z€lly : —a<arg(z)<a}l+ec, ceRT, ac(0,0),
and such that, for some A > 0 and some C > 0,
|u(2)| < Cexp(—Ap(2)), z € K.

By its definition, K is a cone with vertex at a positive real point and has
opening less than the opening of I', thus K is strictly included in I'.

To any u € A, o(I')’, we can associate, though not in a unique way, a value
c € RT and an angle a € (0,0). If u is supported by K = K(a,c), then u
is supported by any cone K’ = K'(o/, ') with a < o’ and ¢ < ¢. To define
the Laplace transform of a functional u € Ay o(T")" we first notice that the
functions

ew(z) = exp(—z ) w)

belong (as functions of z) to A, ('), for every w € C. Thus the Laplace
transform on A, (")’ is defined by the following formula:

w(w) = (u,exp(—z - w)) = / u(z) exp(—z - w)d\(z)

C

where dA(z) is the Lebesgue measure on C. Let us now write w, the dual
variable of z, in polar coordinates as w = |w| exp(ip), ¢ € [0,27) and define

61



the function

0 0<p<7/2—a
cos(m—a—y) m2—a<e<T—0«
Blp,a) = 1 T—a<p<mT+a
cos(m+a—y¢) T+a<p<3r/2+a
0 3n/24+a < ¢ <27

We have the following result (see [26] for its proof):

Theorem 4.3.1. The space A, o(T') is isomorphic, via the Laplace trans-

—

form, to the space, denoted by (Apo(T)"), of entire functions f € H(C) such
that, for some B > 0 and some « € (0,0) satisfy the inequality

7)] < Cexp(Blul”8(p,a)” — £ Re(uw).

Note that the theory of Cauchy problems on holomorphic functions shows
that their formal solutions may sometimes converge only in cones, see e.g.
[94], and as we pointed out this is certainly the case for Dirichlet series,
whose domains of convergence (and of absolute convergence) are always
half-planes. As it is well known, Dirichlet series are special cases of more
general series of the form

(o)
flz) =) ¢ ¢, ) €C,
j=1

which now converges on actual cones, whose amplitudes depend on the fre-
quencies A;, while the convergence itself depends on the growth of the co-
efficients ¢;. While Ehrenpreis hinted at the possibility of studying these
series in the framework of his theory (see [61]), it was only in [26], [28], [29]
that the proper framework for such an approach was identified. Since every
exponential in these series can be seen as the limit of a superoscillating se-
quence, one may want to study Dirichlet series themselves as limits of more
complex superoscillating sequences. This is what we will do, thus providing
a new class of interesting superoscillating sequences.
Thus consider a generalized Dirichlet series of the form

—+00

f(z) =) cjei7,

J=0

which we assumed to be absolutely convergent in a half plane of the form
Im(z) > 7 for some negative constant v (which can possibly be —c0). Now
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we can consider the restriction of such Dirichlet series to the real axis, and
replace the exponential e*i* with the limit of the superoscillating sequence

n

ei)\jx — lim c(n, )\j)ei(l—2k/n)x.
n——+00

As we have shown in Chapter 3, see Theorem this limit is uniform on

the compact set [—M, M] and the error, see Remark|(3.1.15] can be estimated
by
n
’ei/\jx o Zc(n? )\j)ei(lek/n)x’ <2
k=0

M

n

Aj,
and therefore

+oo +oo n
’Z Cjew\j:r - ch Zc(n7 Aj)el(lka/n)m‘
=0 j=0

k=0

+oo 4 n ) +oo M
< Z ‘Cj’ T _ Z C(TL, )\j)ez(l—2k/n)x < Z Q‘lei)\j;
n
j=0 k=0 j=0

which converges to 0 as long as the series ) ¢j\; converges absolutely. We
have therefore proved the following theorem:

Theorem 4.3.2. Let cj, \; be two sequences of complex numbers such that
Z;;OS cje”‘ﬂ" is convergent on R and ) c;\; is absolutely convergent. Then
the sequence {3 7 q¢j > p_qc(n, \j)etl=2k/m)ey i € N, is a superoscillat-
ing sequence whose limit is

+oo

Z Cjeij.

j=0
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Chapter 5

Schrodinger equation and
superoscillations

A natural question, that arises for physical reasons, is to study the evolution
of a superoscillatory sequence when we take such a sequence as initial value
of a Cauchy problem of some differential equations of physical interest. In
some cases the answer to this question is immediate. This is the case if we
investigate the behavior of a superoscillating initial datum in the case of the
wave equation

u(t, ) — czum(t, x) =0,

where ¢ € R, with the initial position u(0,z) = Y, (x), where Y, is given
by Definition and the initial speed u(0,2) = 0. The solution can be

written using the d’Alembert formula as

un(t,z) = = [Yn(x — ct) + Yy (x + ct)].

N |

If we replace the initial condition by u(0,z) = €*9(®)* and we keep u;(0, ) =
0 we obtain )

u(t, IL‘) _ 5[te,z‘g(a)(ac—ct) + eig(a)(:c-‘rct)]‘
We now consider the difference uy,(t, ) — u(t,z) and the estimate

Jun (t,2) —ult, z)| < %\Yn(x —ct) — 9@ =el) 4 %\Yn(x +ct) — e9(@ted)],

So, for (t,z) on every compact set [0,7] x K for K compact set in R,
we have uniform convergence. One can therefore say that superoscillations
sequences maintain their superoscillating character when evolved with the
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wave equation, when n — oo. On the other hand, it is important to note
that the persistence of superoscillations only occurs when one takes the limit
for n — 4o00. If one fixes the value of n, persistence is only for a finite time
and superoscillations are, for large n, exponentially weak, see [39].

In this chapter, we will consider a more delicate case, namely the evolu-
tion of a superoscillatory sequence for the Schrodinger equation when it is
taken as initial value for the free particle as well as for the quantum har-
monic oscillator. In the case of the Schrédinger equation, many continuity
results are known when the data are in £2(R), but since our functions do
not belong to £2(R), we need to follow a different approach which exploits
the analyticity of the initial data. In particular, we will look both at the
case of the Schrodinger equation for the free particle (in which case we prove
the longevity of the superoscillatory phenomenon in two different ways) as
well as the case of the quantum harmonic oscillator.

Note that in this chapter, to simplify the notation, we sometimes write
F,(z) instead of F,,(z,a) and Y, (x) instead of Y,,(z, a).

5.1 Schrodinger equation for the free particle

In this section we consider the Cauchy problem

D ), (,0) = Vi),
where (. 1)
Hy(z,t) := —TQ’.

First, we prove the following result:

Theorem 5.1.1. The time evolution of the spatial superoscillating sequence
Y, (x), is given by

Un(z,t) = Z C; (n, a)eikj(n)xe_itk?(”)'
7=0

Proof. To solve the Schrodinger equation with Y, (x) as initial condition,
we will work in the space of the tempered distributions S’(R) and use a
standard Fourier transform argument. Let us denote by 121()\, t) the Fourier
transform of ¢. Taking the Fourier transform of the Schrédinger equation
we obtain

A~

dw(Aat) 2,7
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and integrating we get

(A1) = C(A)e ™

where the arbitrary function C'(A) can be determined by the initial condition
and therefore

C\) = (), 0) = /[ancjna ik; W}e—mdx

J=

Cj(n,a)/eikj(")xe_imdx.
R

j=0
Here we use the equality F(e"™*) = 2w§(x —m), which has to be interpreted
in §'(R). It follows that

n

= Cj(n,a)6(\ - kj(n))

J=0

and
n

D) = 3 Cln, a)s(A — ky(n))e .
7=0

Taking now the inverse Fourier transform we have

- / [Z Cj(n,a)d(\ — kj(n))e—“ﬂ e\
R 50

=Y Cj(n,a) / (500 ky ()t ean
§=0 R

= Z Cj(n,a) / S(AN—kj (n))ei)‘me_w‘gtd)\
s R

_ZC Tl CL 'Lk (n)z —ztk:Q( )7

and the statement follows. O

Our next goal is to show that the function v, (z, t) exhibits, for all values
of t, the same superoscillatory behavior shown by Y,,(z). As a first step, we
give an equivalent representation of the time evolution 1, in terms of the
derivatives of the functions Y,.
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Theorem 5.1.2. The function
Yp(x,t) = Z Cj(n, a) etk (m) g =itk (n) (5.1)
j=0

can be written as
d2m

n(z,t) = Z m' R Yo ()
=0

for every x € R and t € R.

Proof. Using the expansion

o] +11.2 m
—ith?(n) _ [_ltkj (n)]
©c = Z m!

m=0

the function ¢, (z,t) can be rewritten as

Gl t) = 3 (—it) $°Cj(n, a)eh itk )

m=0 §=0
) g:o (Z;”z'm ;Cj(”» a) ddZS; ¢k ()
- mi:o (Zvjz'm df; ]Z::)Cg (n, a)ei™ki (™)
- mzzo (Z:rz'm dcf;n n(7)

We are now led to study the operator formally defined by

(L) 3

dx m! dx?m

and the spaces of functions on which it acts continuously. To this purpose,
we extend U (%, t) to an operator which may act on holomorphic functions,
i.e. we consider operators of the form

d )\ ~= (i)™ dm
U(dm’t>_z ol do
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and we denote by h((,t) the function which is its symbol. Then

o0
a
m=0
where a,, = (it)™. It is immediate to show that, unless t = 0, this symbol
does not define an infinite order differential operator (in the sense of Defini-
tion . However, h((,t) can be thought as the symbol of a convolution
operator for suitable choices of the coefficients a,,. For instance, if a,, = 1,
i.e. t = —i, then h((, —i) = e¢ and therefore is the symbol of the translation
of the unit operator which is nothing but the convolution with the Dirac
delta centered at z = —1, see . Moreover, the function €€ is clearly a
multiplier on Exp(C) and the convolutor that it defines is the translation as
indicated above. If we now consider the symbol

m=0

it is easy to see that such operator defines, for any value of ¢, a convolutor
on H(C), in fact the translation by it. This is easily seen because h((,t)
is actually nothing but exp(it(). The operator we are now interested in,
however, is

i (Zt)m d2m
| 2

= m! dz*m

whose symbol is h(¢2,t). It is obvious to see that h(¢2,t) does not define
a multiplication operator on Exp(C) because it grows at infinity too fast.
The appropriate space for which A would be a multiplier and therefore the
appropriate space for which A would induce a convolution operator is given
by the following result:

Theorem 5.1.3. For any value of t, the operator U(d%, t) acts continuously
on the space

A= {/€OC) : ¥e>0TA : |f(2)| < A}

of entire functions of order less or equal 2 and of minimal type.

Proof. It is immediate to verify that the function h(¢2,t) is a continuous
multiplier on As, regardless of the magnitude of t. Theorem shows
that any multiplier on Ay defines a convolutor on the space

Az = {fe(’)(C) YV e>03 a. ]f(z)|§age€‘z|2}.
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Therefore for every function f € Aso, and every ¢t € R, the function
d2m f
< t) f= Z m' dz2m

is a well defined function in A3 ¢ and the operator U(ali t) acts continuously
on ./4270. O

As a consequence of the previous discussion we can show that the su-
peroscillatory phenomenon persists for n — oo for all values of the time
t:

Theorem 5.1.4. For a > 1, and for every z,t € R we have

lim ), (z,t) = cig(@)z—ig(a)t

n—oo

Proof. The functions Y,, extend to entire functions of order less than or
equal 1 and finite type (i.e. of exponential type), and this space is clearly
contained in Ay . Therefore, in order to show that

lim 4, (2, ) = ei9(@)z—ig(@)*t

n—o0

it is enough to take the limit and recall that
Yo(z) — €9,

so we obtain

This finishes the proof. O

In the case in which Y, is taken to be F}, the results above reduce to the
main theorem in [7]:
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Theorem 5.1.5. If

n
djn(x, t) _ Z Cj (’I’L, a)eix(1—2j/n)e—it(l—Qj/n)2'
j=0
then for a > 1, and for every x,t € R we have
lim ¢, (z,t) = glaw—ia®t,
n—oo
Moreover for n large and small t the approximated error of

‘wn(wﬂf) - ei(ax—cﬂt)|

18
5(.’E,t, a, n) = 61(3;)1:’ a?”) + 52(x,t,a,n)
where
|z —at| |3
t = —(a?2 -1
ei1(z,t,a,n) - 2(& ),
and

ea(z,t,a,n) = [t|(a® + a).

Proof. The first part of the theorem is an immediate application of Theorem
In order to show the second part, let us observe that

|F(x — at) — '9°710%t 5

uniformly on the compact sets of R2. We now write the immediate inequality

2

|t (z,t) — eiaz—m%‘ < |n(x,t) — Fo(z — at)| + |Fp(x — at) — ef*=1a7t),

and we observe that |F,(z — at) — e?"~#*!| has been estimated in Remark

BI18 and it is
r—at] |3
e1(x —at,a,n) = n|\/2(a2 —1).

Thus we are left with the estimate of |i,(x,t) — F,(x — at)|. Consider

Un(x,t) — Fp(x — at)

n
_ Z Ci(n, a)eix(l—Qk/n)e—it(l—Zk/n)Q B Z i, a)ei(x—at)(l—Qk/n). (5.2)
k=0 k=0
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This expansion can be rewritten as
@ﬁn(ﬂ?,t) o Fn(l‘ o at) _ z Ck(n’a)ezw(l—Qk/n) [e—zt(1—2k/n) o e—wt(l—2k/n)].
k=0
When t — 0, we can approximate at the first order
e HA=2k/n)® _ o—iat(1=2k/n) — _j4(1 — 2k /n)2 + iat(1 — 2k/n) + o(t)
and, as a consequence,
Yn(z, )= Fu(z—at) ~t Y Cr(n,a)e™ =M [—i(1-2k n)*+ia(1-2k/n)]
k=0
=t [aF})(2) — F(2)].
Thus we have
[Yn(2,1) — Fu(z — at)| ~ [t||aF) (z) — F(2)],

and
ea(x,t,a,n) := |t||aFy (x) — Fp(2)].

Summarizing, the error is

E(ZL',t, avn) = 51(1:’ ta a, n) + 52($7t7 a, TL)

—at| /3
= 3 a2 1) ] laF @)~ F (),

and the statement follows using Proposition [3.1.16 O

‘We observe that the difference
@ZJn(iE, t) _ ei(a:v—a?t)
can be written as the sum of two contributions:
U (x,t) — gilaz—a®t) _ Zn(x,t) + Wy(x,t),

where
Zn(x,t) = Yy (x,t) — F(z — at)

Wh(z,t) == Fy(x — at) — eilar—a’t),
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Theorem yields

—at — at n
Wi (z, )] =1+ (0052 (m na ) + a? sin® (a: na ))

— at —at n/2
—2(0082 (CE a4 ) + a?sin® (3: a4 )) X
n n

X CcoS [n arctan (a tan (:/c :lat)) —a(r — at)].

So
Wy (z,t)]> -0, for allz € [~K,K], andt € [0,7] uniformly.

While we are unable to find an appropriate estimate for Z,(x,t), it is still
possible to provide a different representation for this term that might be
useful in the future and that is of independent interest.

Proposition 5.1.6. Let F,, and v, be the function defined above. Then
Zn(x,t) can be written as

Zn(2,t) =Y Ci(n, a)e™=2K/mOrnll) gin[(t/2)(1 — 2k/n — a)]

k=0

where
)= - SRl
Proof. The result follows from the equality
Zn(x,t) = Yp(x,t) — F(z — at)
_ zn: Ck(n’a)eim(l—mﬂ/n) 6it(1—2k/n)2 _ pita(1=2k/n) |
k=0

Observing that

eit(lka/n)Q _ pita(1=2k/n) _ pk,n(t)ei®k’n(t)
where Oy, ,,() is given by and

p%m(t) =2 —2cos[(t(1 — 2k/n)* — at(1 — 2k/n)],

with some computations the statement follows. ]
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5.2 Approximation by gaussians and persistence
of superoscillations

In this section we prove that the evolution of a superoscillating sequence
taken as initial datum of the Schrédinger equation remains superoscillatory
following a different approach which may be considered more direct and
which allows a more intuitive physical interpretation. To prove the result
we first represent the superoscillating sequence Y, (z) (we will omit the de-
pendence on a unless necessary) as a suitable double integral of a kernel
multiplied by a modified gaussian by means of the windowed Fourier trans-
form. Then we study an auxiliary problem, namely the time evolution of the
modified gaussians when taken as initial value for the Schrodinger equation;
we let Y, (x) evolve by taking its integral representation and evolving the
modified gaussians inside it. Finally, one obtains that the evolution of the
modified gaussians for any fixed ¢ and large enough n, results again in a
gaussian with asymptotically the same width and with its center translated
in such a way that its tails do not interfere with the original gaussian. Intu-
itively, one can explain the longevity of the superoscillations by noting that
the size of the tails grows at a rate proportional to a” while the exponential
tails oscillate at a rate proportional to 1/a. The exponential tail to the left
of the superoscillating region is both too slow and too far away to overcome
and destroy the superoscillating region. The exponential tails to the right
of the superoscillating region are more of a threat to the longevity of the su-
peroscillating region because the faster moving superoscillating region could
“catch-up” with the slower-moving exponential tail. Thus the superoscillat-
ing region can survive as long as the time ¢t < y/n. We now follow [I1] to
make this argument rigorous.

We begin by writing each function in the superoscillating sequence as
the inverse of its windowed Fourier transform, (see Gabor [66]). Using the
Gabor chirp centered at u:

Gug(t) == eiftg(t —u) (5.4)

where

one can define the so-called windowed Fourier transform:
Definition 5.2.1. Let f be in L2(R), then its windowed Fourier transform
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(also known as the short time Fourier transform) is defined as
0w = [ FBg(t — wexp(-igt) dr.
—00

We state below the following theorem which is well known (see [96]):

Theorem 5.2.2. If f is a function in L2(R) then Gf € L2(R), ||IGf]l = |If|

and

£0) = o /_ h /_ " G (. €)(t — ) explict)dedu.

In particular, we have:

Corollary 5.2.3. Let K be compact inR. Then there are functions g, (xo, ko)
such that

Yo(z,a) = /K/Z gn(x0, ko, a) exp <W> exp(ikox)dzo dko.

Proof. After a trivial change of variable, this is an immediate consequence
of Theorem [5.2.2 0

We now show how to solve the Cauchy problem for the Schrédinger
equation when the initial datum is the Gabor chirp centered at xg and
with initially a single wave number kg, and we use this result to conclude
the longevity of superoscillations. Consider

2
Z,qu(ga;,t) 0 ?g,t)’ 6(2.0) = exp <_

(z — 20)?
2A2

+ ikox> . (5.5)

where Ag is the initial spread of the gaussian.
Taking the Fourier transform of the Schrodinger equation we get

do(p, t)

_ .27
il o(p,t)

i
and integrating we obtain

3(p,t) = C(p)e "t

where the arbitrary function C'(p) will be determined by the initial condition.
Recalling the well known property

2
/Rexp(—;A%) exp(—ipx) dr = /2w A2 exp(—AZp?)

75



and the fact that Flg(z — x0)] = Flg(x)]e~"°P, we obtain

C(p) = d(p,0)
_ / _wmw0)® (—ipz)d
= Rexp oAz ikozr | exp(—ipx)dx
= /27 A% exp(—ipzo — Ad(p — ko)?).

Taking now the inverse Fourier transform we have

N 1 . .
30.1) = 5208 [ expl=ipao = A3(p — ko)) exlipa)dr.

We finally obtain (see also formula (5.4) in [I§] in which we have set h =
m=1):
1

t, 20, ko) = ————
¢(x,t, 20, ko) 127

k2 — 0 — 2kot)?
X exp (—i;t) exp(ikox) exp (— (z — 20 ot) ) ,

2(AZ + 2it)

which can be written as

2
1 (K,
mexp 7 ?t“‘ 0$+t

¢(x,t, o, ko) = St 2k0t)2>]

Af + 4t2

(w — Xy — 2k0t)2
205 +4%5)

X exp |—

Thus the evolution according to the Schrédinger equation of the functions
in the superoscillatory sequence is given by

Yo(a, ) = / / g0, ko) (i, £, 0, o) do do.

We are now ready to prove our result, namely that the functions Y,,(x,t) pre-
serve the superoscillatory behavior of Y;,(z), and therefore that superoscilla-
tions persist for large values of ¢, when evolved according to the Schrodinger
equation.

Theorem 5.2.4. Let Y, (x) be a superoscillatory sequence. Then, for any
fized time t, its evolution Y, (z,t) obtained by solving the Cauchy problem for
the Schrddinger equation with initial datum Yy, (z) is still a superoscillatory
sequence on any arbitrary large set in R.
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Proof. For any time t we can choose an n such that ¢ ~ n~¢. Now we know
that the time evolution of ¢(z) is, up to the factor (1 + 2it)~!, the product
of an oscillatory function (with an amplitude of 1)

. k% (CE — Xy — 2k0t)2
exp [z <2t+kox+t ALy a2

and of a translated gaussian

(.7} — Xy — 2k0t)2
2
2 (A3 +445)

The spreads of these new gaussians are given by A?(t) = AZ + ¢?/A2. The
assumption on ¢ and the choice Ag = ns show that the spreads are approxi-
matively the same at any given moment. Now observe that this wave packet
has width which is approximately /n, therefore if we consider it centered
in the point xo + 2kot, and so in the interval [A\y/n, (A + 1)y/n] for some A,
we see that its contribution outside its spread does not interfere with the
original superoscillatory region. O

exp | —

Remark 5.2.5. We have demonstrated the permanence of superoscillations
in two different ways. On one hand, the use of the theory of Analytically
Uniform spaces allowed us to directly show that superoscillations remain
when n goes to infinity. On the other hand, by the use of the windowed
Fourier transform, we have shown that if we fix n, the superoscillatory phe-
nomenon lasts until ¢ < y/n. This last result obviously implies the first, but
it would be interesting to fully understand the relationship between the two
statements.

5.3 Quantum harmonic oscillator

The mathematical strategy that has been used in Section to study the
evolution of superoscillations works well in most cases when we have explicit
solutions for Green’s functions and propagators for the physical system un-
der consideration. We will now show how to use this strategy in the case of
the quantum harmonic oscillator described by the Hamiltonian

From a physical point of view, this Hamiltonian represents a harmonic os-
cillator of mass m and time-dependent frequency w(t) under the influence
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of the external time-dependent force f(t). For the sake of simplicity, in the
sequel we will rescale the variables in order to solve the Cauchy problem for
the quantum harmonic oscillator

2
Z,éwgft,ﬂ?) _ %(7 % +x2)¢(t’ z), (0,z) = Fy(z,a),

and we will show that its solution is

bn(t, ) = (cost) Y2 exp ( — (i/2)a? tan t)

X ZCk(n, a) exp(iz(1 — 2k/n)/ cost — (i/2)(1 — 2k/n)? tant).
k=0

Taking the limit for n — oo one obtains

nh—>Holo Yn(t, ) = (cost) 2 exp(—(i/2)(x? + a?) tant + iax/ cost),
and so the superoscillations are amplified by the potential and the analytic
solution blows up for ¢t = 7/2. Moreover, even when a € (0, 1), the harmonic
oscillator displays a superoscillatory phenomenon since the solution contains
the term exp(—(i/2)(x? + a?) tant + iax/ cost), which increases arbitrarily
as t approaches /2. This is a new feature which does not occur for the free
particle.

We start by writing the solution of the Cauchy problem for the quantum
harmonic oscillator using its Green’s function G(t¢,x,0,2’). The Green’s
function is such that G(t,z,0,2') = 0(t)G(t, z,0, z'), where 6(t) is the Heav-
iside function and G(t,z,0,') is the propagator, see [64], [68], [98], [112].
So the solution of the Cauchy problem

x 2
@-Wg;’ ) _ %( _ % +a2)(ta),  U(0,2)=vo(x)  (56)

is
ult,) = [ Glt.a0. Yol 6.7
R
where
G(t,CC, O,SU/) — (27_” Sint)—1/2e(2mm/—(x2+m’2)cost)/(Qisint)'

We first prove the following useful result.
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Proposition 5.3.1. Let a € R. Then the solution of the Cauchy problem

0 52 ‘
' wg; 2 %( To2 T ”52)1/’@»56)7 Y(0,z) = e* (5.8)

Yalt,z) = (cost) ™Y exp(—(i/2)(z® + a®) tant + iax/ cos t). (5.9)

Proof. Using the Green function we get

Valt,x) = (2misint) "2 / exp((2xa’ — (2% + &%) cost)/(2isint)) €™ da’
R
= (2misint)"Y/? exp(—a? cost/(2isint))

X / exp((2z2’ — 2'? cost + iax’ (2isint))/(2isint)) da’,
R

and with some computations we obtain
Va(t,z) = (2misint) ™2
x exp(—22 cost/(2isint)) exp(—i(x — asint)?/(2sintcost))

X / exp(i(a’ cost — (x — asint))?/(2sint cost)) dr’.
R

We now perform a change of variable and we use the regularized integral

/ e dy = lim [ e (F7i0) gy = (ij)l/2a
R p—0t Jr Q@

which yields

1
/ exp(i(z’ cost — (x — asint))?/(2sint cost)) da’ = —t(2m' sintcost)/?,
R cos

from which one finally obtains

Yalt,z) = (2misint) ™2 exp(—ax? cost/(2isint))

1
x exp(—i(x — asint)?/(2sintcost)) x —t(2m' sint cost)'/2.
cos
Now the statement follows from some standard computations. ]

Now we can prove the following:
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Theorem 5.3.2. The solution of the Cauchy problem

T 2
00t ) _ 1(_%+x2)w(t,x), $(0,2) = Fy(z,a) (5.10)

o 2
where Fy(z,a) = (cos (£) + iasin (£))" is
Un(t,z) = (cost) /% exp(—(i/2)z? tant)

X ZCk(n, a) exp(iz(1l — 2k/n)/ cost — (i/2)(1 — 2k/n)? tant).

k=0
(5.11)
Moreover, if we set ¥(t,x) = limy, 00 P¥n(t, ), then
Y(t,z) = (cost) 2 exp(—(i/2)(x? + a®) tant + iaz/ cost). (5.12)

Proof. To prove that the solution of the Cauchy problem is given by
(5.11]) we observe that the initial datum F,(z,a) is a linear combination of
the exponentials e?*(1=2k/7) " Formula then follows from Proposition
5.3.1. We now compute lim,,_,oc ¥y (t, ) in two steps.

We first observe that Formula ({5.11)) can be written as
Un(t, ) = (cost) /% exp(—(i/2)a? tan t)
X ZC’k(n, a) exp(iz(1 — 2k/n)/ cost — (i/2)(1 — 2k/n)? tant),
k=0

e—(1/2)(1-2k/n)? tant

and the exponential can be expanded in series as

0o . _ 2 m
o (i/2)(1—2k/n)? tant _ Z[ (/2)(1 = 2k/n)” tant]™
m!
m=0
The identity

(_ 6082 t)m Qm ei:c(l—Qk/n)/cost — (1 o 2k/n)2mei:c(1—2k/n)/cost
ox?m
and some additional computations give

_ ~1/2 —(i/2)2> tant RN m o
Yn(t,z) = (cost)” ' <e Z " (2 sin t cos t) pyem F,(x/cost).

m=0
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Now we consider the operator

2m

d — 1 /i m d
U<da:’t> :zmzzjoml(2s1ntcost) o (5.13)

Note that U is continuous on the space A and the functions F;, extend
to entire functions of order less than or equal 1 and finite type (i.e. of
exponential type), and this space is clearly contained in Ay . Thus we can
compute the limit below as follows

P(t,x) = ILm U (t, x) = (cos t)_l/ze_(i/Q)thant U(t) ILm F,(z/cost)
= (cos 1%)‘1/26_(1'/2)”2 tant r7(¢)F(z/ cost)

where F(z) := €', since, by Theorem F,(z/cost) converges uni-
formly to F'(z/cost) on the compact set |z| < M, where M > 0, for every
fixed ¢ in [0,7/2).

The continuity of the operator (%, t) yields

Y(t,x) = (cost)*l/Ze*("/Q)x2 tant (d,t F(z/cost)

dx >
o) . om
i /9)2:2 1 /2 m .
= (COS t)—l/Qe—(z/Q)ac tant Z - (7 sin  cos t) ezaw/cost
| 2
0 ml\2 dx?m
1 /i m 2m
(COSt) 1/2 —(1/21 tant Z ﬁ(i SlntCOSt) (ia/cost) eiam/cost
m=0 m
=1
1/2 —(i/2)x>tant I iax/ cost
= (cost)” Z m'( a” tan t) e ,

from which we obtain (5.12]). O
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Chapter 6

Superoscillating functions
and convolution equations

6.1 Convolution operators for generalized Schrodinger
equations

We now consider the Cauchy problem associated with a modified version of
the Schrédinger equation. In order to state the results, it is convenient to
distinguish two cases, because different differential equations are involved.
As customary, F,(z,a) denotes the function defined in We begin with
the following case:

Theorem 6.1.1. Consider, for p even, the Cauchy problem for the modified
Schréodinger equation
0t ()

5 = w0  V@0)=Fulz,a) (6.1)

Then the solution 1y, (z,t;p), is given by
n
@Z)n(l‘, t;p) _ Z Ck(n, a)eim(1—2k/n)eit(—i(1—2k/n))p‘
k=0
Moreover, for all t € [T, T, where T is any real positive number, we have
lim 1, (z, t; p) = 77" i,
n—oo

for x € K, where K is any compact set in R.
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Proof. We will prove the result by working in the space of the tempered
distributions S’(R) and use a standard Fourier transform argument to solve
the Cauchy problem (6.1). We start with the equation

i = —(=iA (A1)
and, integrating, we obtain
B(A 1) = C(A)e TV

where the arbitrary function C()) is determined by the initial condition

C( ch n,a / i(1-2k/n)x —dex
= QWZ Cr(n,a)d(A — (1 — 2k/n)),
k=0

and where we have used the fact that in S'(R) it is F(e"™®) = 276(z — m).
Thus we have

&n(A7 t;p) =27 Z Ck(n) CL)(S()\ (1 - 2]43/77,)) i=inre )
k=0

and taking the inverse Fourier transform we obtain
n

nlati) = [ [ 3 Culma)d(a = (1 = 2k/m)e = e

k=0

_ch n, a i(1-2k/n)x zt( i(1—2k/n))P

Since we can write:

[e.e]

Git(—i(1=2k/n))P Z i(1 —2k/”)) "

m=0
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Since the operator
= (it)™ dmp
m! dxmp’

m=
is continuous, when we replace = by z, in the space A, we can pass to the
limit and thanks to Theorem [£.2.5 we have:

Ue tip) = lim (o tip) = 3 &

Observing that

we finally obtain

At this point one may wonder if it is possible to compute the limit
n
: i(1-2k/n)x
nlgrolo 50 Ci(n,a)e

when we replace (1 — 2k/n) by (1 — 2k/n)P where p is an arbitrary natural
number and to obtain new superoscillating functions. In more precise term,
we consider the following problem.
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Problem 6.1.2. Leta € R, t € [-T,T| where T is any real positive number.
Show that the sequence

n
Yalta,p) = 3 Chln, a)eit-28/m?
k=0

is f-superoscillating for p € N and for a suitable function f.

Theorem gives the answer that solves Problem [6.1.2] in fact we
have the following corollary:

Corollary 6.1.3. Let a > 1, p even, and let T be a real positive number.
Then, for all t € [=T,T], the sequence

un(t) _ Z Ck(n, a)eit(fi(172k/n))p
k=0

. it(—1a)P . . .
is €'~ _superoscillating, i. e. we have

lim u,(t) = e*7)",
n— o0
When p is an odd number we have to modify the differential equation in
Theorem [6.1.1] removing the imaginary unit in front of the time derivative
and changing the sign, in order to get the analogue of Theorem and of

Corollary

Theorem 6.1.4. Consider, for p odd, the Cauchy problem for the modified
Schréodinger equation
oplat)  Pp(a,t)

5% = o 0 P®0)=Fuza) (6.2)

Then the solution 1, (z,t;p), is given by

Yn(z,t;p) = Z Cir(n, a)ei(1_2k/”)$et(—i(1—2k/N))p.
k=0

Moreover, for allt € [=T,T], where T is any real positive number, and all

z € R, we have
lim by, (x, ¢, p) = (70 ¢ia
n—oo

The limit is uniform for x in the compact sets of R.
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Proof. The proof follows the lines of the proof of Theorem In fact, we
observe that

Yn(w,t,p) =/ [Z Cr(n,a)d(\ — (1 — 2]{;/”))6(—1')\)1715} AT
R " r=0
= Z Cro(n, @)1= 2k/m)z ot (=i(1=2k/m)P
k=0

To pass to the limit, we use the strategy used in the proof of Theorem [6.1.1
and we get the statement. O

One may ask what happens if we use a different modification of the
superoscillating datum, specifically, if we use a datum of the form

Z Ck(n, a)efiz(lek/n)z
k=0

for the modified Schrodinger equation. The next result shows that, in this
case, we do not further enlarge the class of superoscillating sequences.

Theorem 6.1.5. Let a > 1, let p be even, £ € N and t € [-T,T], where T
is any real positive number. Consider the Cauchy problem for the modified
Schrodinger equation

OY(x,t)  OPY(x,t)
’ ot  Oap

o (2,0) =Y Ci(n,a)e @072/ (6.3)
k=0
Then the solution 1, (z,t;p), is given by

Un(z,t;p) = Z Ch(n, a)e—ir(1—2k/n)2ez’t(—z’(l—2k/n)é’)p
k=0

Moreover, for allt € [T, T], where T is any real positive number and any
x € R, we have
. _ iz‘,(fz')l’ap2 ax
nl;rl;o Up(x,t) =€ e,

The limit is uniform for x in the compact sets of R.

Remark 6.1.6. Using the nomenclature of Definition [3.1.3] we see that
the previous result shows that g(a) = aP* and thus it does not provide any
generalization with respect to Theorem [6.1.1] and [6.1.4] If we want to find
a more general limit function €9(®)% then we have to leave the realm of the
differential equations as we show in the next result.
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We will now consider a much more general situation in which the right
hand side of the differential equation to solve is an infinite series of deriva-
tives. This will lead us to consider convolution equations and to use the
general theory of AU-spaces.

Let {ap} be a sequence of complex numbers and consider the convolution
equation formally defined by

[e.o]

8¢1:t Z pl/]l‘t'

o (6.4)

p=0

In order to understand if the superoscillatory behavior persists when we take
a superoscillating initial datum, we first need to understand on which space
the infinite series of derivatives actually operates. As we saw in Section
to study the Schrodinger equation we are naturally led to the study of the
convolution operator

d =L (it)™ d*m
% (dz’t> o Z m! dz?m’

Similarly, as we have shown, if one wants to study the modified equation

81/1(:B t) 8”1[)(:1:, t)

ot ozxp

one naturally needs to consider the operator:

d = (i)ymarmf
Ur (dz’t> T Z m! dzpm’

where, depending on the parity of p € N, one might have to replace it by
—it. Then if we want to solve equation , we will see that we need to
study the operator that can formally be written as the infinite product of
the operators we have just considered, i.e. the operator

Uso (ii) :ﬁ (i (itfff. j:;> HU ( >

p=0 \m=0

This operator can actually be regarded as the operator associated with
the multiplier given by the function

Unlct) =1 (2 ”ﬂf“cm) .

p=0 \m=0
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Thus this multiplier can be written in the form

Um<<,t>—H<Z L (ita,crym )

p=0 \m=0

= H exp(ita,CP)

p=0
o0
=exp | it Z apCP
p=0

Under suitable conditions on the sequence {a,}, the function 17OO(C ,1) is
holomorphic, as a function of ¢, in the open disc (| < 1. This is true,
for example, in the case a, = 1, for all p. In fact we obtain Uy ((,t) =

exp (1 C) As a consequence, and in view of Proposition|4.1.15| the operator

Uso (E’ t) acts continuously on the space Exp, (C).

Remark 6.1.7. Under stronger restrictions on the sequence a,, one has that
the function Us, (¢,t) can be made holomorphic on a disc of arbitrary radius
R. For example, in the case the coefficients a, are such that they define an
infinite order differential operator, the function y > a,(? is entire and so

is Uso(C,1).

Noting that every function of the form

)i= 3 Gy, a)etts ()2
§=0

with |kj(n)| < 1 belong to Exp,(C), we can summarize this discussion in
the following result.

Theorem 6.1.8. Let {a,} be a sequence of complex numbers such that the
function Y7 apC? is analytic in the disc || < R for some R > 0. Then

the function
oo(Ca t) = €xp (it Z ap<p>

n=0
s a continuous multiplier on the space of functions analytic in the disc
IC| < R and the associated operator

d 7 [~ (it arm
U <dz’t) — H (Z 4 Sf' dzpm> H Up ( apt>
p=0 \m=0
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acts continuously on the space of entire functions of exponential type less
than R.

Proof. This is an immediate consequence of Proposition and the pre-
vious discussion. O

Remark 6.1.9. It is immediate that by the root test, the function Z;O:() apC?
is analytic in Ap if and only if lim,_,o R {/|a,| < 1.

Theorem 6.1.10. Let a € R, a > 1. Consider a sequence of complex
numbers {a,} such that the function Z;io apCP is holomorphic in Ay for
a' > a and assume that G(ia) is real and |G(ia)| > 1. Consider, in the space
of entire functions of exponential type less than a’', the Cauchy problem for
the generalized Schridinger equation

(=) _ ( d

i

ot dz> Y(z,t),  P(2,0) = Fy(z,a), (6.5)

where
d N dP
G (dz) = Z ap@.
p=0
Then the solution ¥y (z,t), is given by

Un(z,) = En: Ck(n’a)e—iz(l—Qk/n)eitG(—i(l—Qk/n)).
k=0
Moreover, for all fized t we have
nll_}ngo Yz, 1) = etCGlia)gioz,
and the convergence is uniform on all compact sets of C.

Proof. Using the previous method we have

dp(\t) e
= = —G(—iN) Y\, t)

and integrating we obtain
DA 1) = C(N)e T,
where the arbitrary function C'(\) can be determined by the initial condition
R n
C(A) =v(\0)= > Ci(n,a)d(A— (1 —2k/n)).
k=0
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We then have

n

PN t) = Z C(n, a)d(\ — (1 — 2k/n))e "GN,

k=0

SO
n

Un(z,t) =Y Cr(n, a)e™=0172k/m) iG(=i1=2k/m),
k=0
Now we observe that

n

Yn(2,t) = ZCk(n, a)e~#(1=2k/n) it SopZ ap(—i(1=2k/n))"

k=0
SO
wn (2’7 t) = Z Ck (’rl, a)e*iz(lka/n) H eiml"(*i(1*2k/n))p
. p_O
~2 o = I S W9 i1 — 2k
. p=0m=0
= H Z Ztap ch n,a)(i(1 —2k/n))"Pe —iz(1-2k/n)
p=0m=0 m!
0o 00 (itap)m n AP ot
p=0m=0 s
_ oo 00 (Ztap) dmp 712(1 2k /n)
_pl;[)n;) ml dmp Z Cr(n,a)
o oo . .
11> (ztap') d ),
p=0 m=0 m!  d™P

Thanks to Theorem [6.1.8], we can pass to the limit for n — oo

mdmr 'az
SN )

p=0m=0
[oe) o t
_HE: Zap a)"Pei
m
p=0m=0
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so we have

bty =[S (itapiri‘!b)p)m piaz

p=0m=0
0o

_ H e(itap(ia)p)eiaz
p=0

_ eit E;’f’:o(ap(ia)p)eiaz’
and we obtain
lim v, (Z, t) — eitG(ia) elaz

n—oo

O]

Remark 6.1.11. By setting g(a) = G(ia) and by suitably choosing the
coefficients a,, of the series expressing G, we can obtain a very large class of
superoscillating functions.

6.2 Formal solutions to Cauchy problems for lin-
ear constant coefficients differential equations

Formal solutions of Cauchy problems for linear constant coefficients partial
differential equations in the complex domain are known since the early work
of S. Kowalevski who considered, in [85], the characteristic Cauchy problem
for the complex heat equation:

Doty = Lot u(z,0) = o(2)
gz t) = sgulz 1), u(z,0) = o(2),

where t and z are complex variables and ¢ is a function holomorphic in
a neighborhood of the origin. In [85] it is proved that the unique formal

solution
0 tm a2m

u(z,t) = Z 1 9aam

m=0

¢(2)

of the Cauchy problem converges if and only if ¢(z) is an entire function of
exponential order at most 2. Since then, the question of how to construct
formal solutions to generalizations of the heat equation, and how to ensure
their convergence, has been considered by several mathematicians, see e.g.
[24], [77], [94], and the references therein.
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We will consider the case, see [T7], in which one studies the Cauchy problem
associated with the differential equation
oV r(v=3) gip

ot (z,1) Z Jatr(v 7) 2P

—u(z,t) =0 (6.6)

where r,p,v € N, 1 <r <p, v >1, a; € C and with initial conditions

Y4 arl/—l
ET u(z2,0) =0, £=0,. -2, Wu(z,O) = ¢(2). (6.7)

The differential equation can be rewritten as
o 0 -
P t) =
(a m) e 1;[

g 0 o oP
b= P(an o g

;, p are suitable natural numbers, and a; € C are the distinct roots of the
characteristic equation

where

=) g\ =0, (6.8)
j=1

Theorem 6.2.1. The formal solution to the differential equation with
initial conditions s given by

m trm—i—rl/ 1
u(z,t) = Z U (t2) — ml Zurm-i-r‘l/ l(tz)m
m>rv—1 m>0
where
Urmir1(2) = Am)g® (), m >0

and A(m) are coefficients that can be explicitly computed by solving a suitable
difference equation.

Remark 6.2.2. It turns out, see [7(7] for the details, that the coefficients
A(m) are of the form

£;

I
S Yt mzo

j=1 k=1

where £, i, aj are as above and c¢;;, are suitable complex numbers.
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Theorem and Remark yield the following result:

Corollary 6.2.3. The formal solution to the Cauchy problem given by the
differential equation with initial conditions , and x replaced by z,

s given by

&(z,t) — Z trm—i—ru—l

m>0

T ) = (ci t) P (69

We now want to study the case when we specifically take ¢(z) to be
a function of the form F,(z,a). To do so, we need to take the limit of

ﬁp(d%? t)F,(z, a) when n becomes arbitrarily large, where the operator Up(%, t)
is defined in . We will fully answer this question in Section

6.3 Differential equations of non-Kowalevski type

Let us now go back to the differential equation whose formal solution is
given in Theorem and let us study some special cases in which we can
guarantee that, when we assign a superoscillatory initial condition in the
Cauchy problem we have that the solution to is superoscillating.
We begin with the case v = r = 1, which is a very simple modification of
what we have done in Section [6.21

Theorem 6.3.1. The solution ¢, (z,t) to the Cauchy problem
p

0 0
aw(%t) a1y (m,t)

P(x,0) = Fy(x,a)

(6.10)

s such that A A
Y(x,t) = lim Yy (z,t) = etar(i@)? giaz,
n—oo

and Y(x,t) is superoscillating in time when:

i) p is even, and ay is purely imaginary or ay = o+ if and (ia)Pa > 0,
i which case the superoscillation is amplified, or a1 = o + i and
(ia)Pa < 0, in which case the superoscillation is damped.

i1) p is odd, and ay is real or a1 = o+ if and i(ia)?B > 0, in which case
the superoscillation is amplified, or a1y = a +if and i(ia)?B < 0, in
which case the superoscillation is damped.
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Proof. To prove the result we consider the previous problem in the complex
domain by substituting x with a complex variable z. Theorem yields
that the formal solution is

'pm

Ztm m! e men(z,a)

m>0

where A(m) = a}", since the characteristic equation is A—a; = 0. By taking
the limit, see Theorem [6.1.8 we have

dm
hm Un(z,t) Ztmm'd o Fo(z,a)

m>0

_ Z m 7 iaz
m' dzpm
m>0
= 3" (@) mi(ia)meie:
m>0

Cp
— etal(za) elaz.

Assume first that p is even. Then et (@)” = e(_l)p/Qtalap, thus if a; is purely

imaginary the superoscillation persists in time. If a; = a4+ ¢f then

etal(ia)P _ 6t(o¢+i5)(ia)p _ eta(ia)peitﬁ(ia)p'

The factor e/’ is amplifying or damping the superoscillation according
to the sign of «a(ia)P.

If p is odd then ¢'1(i@) — (=)D 2ta10” {115 if g, is real the superoscil-
lation persists in time. If a; = « + i then

etal(ia)P _ et(a+iﬁ)(ia)p _ etoe(ia)peitﬁ(ia)l"

The factor ¢#(i@)” is amplifying or damping the superoscillation according
to the sign of iB(ia)P. By restricting to the real axis we obtain the statement.
O

We can extend this result to a more general differential equation: con-
sider the symbol g(,t) of the operator U, (L, ):

g(C: t) _ Z trm—l—ru—l A(m) <pm.

— 1)
= (rm+rv —1)!
We now prove the following result:

95



Proposition 6.3.2. The function

Q(Ca t) _ Z trm—l—rv—l ( A(m)

¢
—1)!
o rm+rv —1)!
is an entire function in ¢ of order p/r
Proof. To prove that a function f(z)

= Y >0 Cmz™ is entire, it is enough
to show that the number

mlogm
1

log

Cm

is finite. This, by formula (1.05) in [90] will also automatically prove that

the order of the entire function is p. In the case of the function ¢({) the
formula gives, for ¢t € [-T,T):

pmlog(pm)

p =limimn—yoo o (rm+rv—1)1\"
g ’A(m)trm+r1/71|

By applying the Stirling formula to the factorial, we can rewrite as follows

) —Tm pm(log(m) + log(p))
" (rm 4 v — 1) log(rm 4 rv — 1) — log(JA(m)|[t|rm+rv—1)
e pm(log(m) + log(p))
"% rm(log(m) + log(r)) — log(|a|™mM) — (rm + rv — 1) log(|t])
_m pmlog(m)
"% rmlog(m) — mlog(|a)

p
— Mlog(m) —rmlog(|t])

O

We now prove a result in which the derivative with respect to time can
be of order higher that 1.

Theorem 6.3.3. The Cauchy problem associated with the differential equa-
tion

TV

r(v—j) §ip
at”’ ,1 Z Jatru 7) (@)

amjp

(6.11)

where r,p,v €N, 1 <r <p, v 2 1, a; € C and with initial conditions
8@ arzzfl
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has formal solution

trererl
U (z,t) = Z U ( th’ Z Upmtrv—1,n(t )m,
m>rv—1 m>0
(6.13)
where
urerrufl,n(x) = A(m)Fr,(me) (l’, (1), m > 0.

Moreover, this formal solution actually converges to a function v and it is
possible to compute its limit when n — oo to be the function

tm trm—l—ry 1
w(l’, t) = Z Um(tl' m Z Urm+rv— 1(tl’)m
m>rv—1 m>0
where
Urmarv—1(z) = AmM)FP™ (), m > 0.

Proof. We begin by complexifying the Cauchy problem and by Corollary
we know that the formal solution 1, (z,t) is obtained by applying the

convolutor

& trm+ru—1 n dqrm
mz:o (rm+rv—1)! (m)dzpm

to F,,(z,a). Since the symbol of the convolutor has order p, see Proposition
and thus it belongs to A,, we see that the limit can be taken inside the
series as long as the initial condition is a function in A,y o and the statement
follows by observing that p > 1 and therefore p’ > 1, that F,, € Ay and,
finally, by restricting to the real axis. O

Heat equation

We now consider, following the lines of the previous discussion, a Cauchy
problem for the heat equation:

9 0?
50 t) = 5v(at),  $(@,0) = Fa(z,a).

With techniques similar to those used to treat the Schrédinger equation, we
deduce that the formal solution to the complex version of this problem is,

see Z



Computations similar to those done in the proof of Theorem [6.1.1, and
noticing again that the symbol of the operator belongs to Ay, show that
when we restrict to the real axis we have that for all t € [-T,T], T > 0

2 .
lim oy, (z,t) = e e,
n—oo

thus the superoscillation is damped in time.

6.4 An application to the harmonic oscillator

We conclude by considering a more general type of superoscillating initial
datum for the harmonic oscillator.

Theorem 6.4.1. Let p even. Consider the superoscillating function

Yala) = 3 Cyln, a)ei0-20/m)”
k=0

Then the solution of the Cauchy problem

ov(t,x) 1 0?

i = 5( — 53t x2>w(t,m), B(0, ) = Yo () (6.14)

s given by

Un(t,z) = (cost) /% exp(—(i/2)z? tant)

n

X Z Cr(n,a) exp(iz(—i(1 — 2k/n))P/ cost — (i/2)(—i(1 — 2k/n))?P tant).
o (6.15)

Moreover, if we set (t, x) = limy, o0 ¥y (t, x), then
Y(t, x) = (cost) 2 exp(—(i/2) (2% + a®) tant + i(—ia)Px/ cost). (6.16)

Proof. The solution ([6.14)) is obtained using Proposition and as initial
datum the sequence

Yn(l‘) _ ch(n’ a)eiz(—i(l—Qk/n))p‘
k=0
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To prove the second part of the theorem we write (6.16]) as

Un(t, ) = (cost) /% exp(—(i/2)a? tan t)

n

X Z Cr(n,a) exp(iz(—i(1 — 2k/n))P/ cost — (i/2)(—i(1 — 2k/n))?P tant),
k=0

and we replace the term exp(—(i/2)(1 — 2k/n)? tant) by the series expansion

- - n))?P tan
exp(—(i/2)(—i(1 — 2k/n))* tant) = Z 1m2'k/ )% tan t]™ 7
m=0 :

so we get

Un(t, ) = (cost) /% exp(—(i/2)a? tan t)
i(1 —2k/n))?P tant]™

X ZC’k(n, a)exp(iz(—i(1 — 2k/n))P/ cost) Z

k=0 m=0

= (cos t)*l/2 exp(—(i/2)z* tant)

X Z ch n,a)[—(i/2)(—i(1 — 2k/n))? tan t]™
m= 0

X exp[z:n(— (1 — 2k/n))P/ cost].

m!

Now observe that

m

g XPir(=i(1 = 2k/n))? [ cost)

_ (L)m(_i(l — 2k /n))P exp(iz(—i(1 — 2k/n))?/ cost),

cost
so that

2m

_ ~1/2 (s 2 v
Y (t, z) = (cost) exp(—(i/2)z" tant) mEZO ! (2 sin t cos t) pym Y, (x/ cost).

Since it is o
lim Yy (z) = 9" .= Y (2)

n—oo
uniformly on the compact sets, thanks to Step 2 in the proof of Theorem
(.32, we get:

2m

Y(t, x) = (cost) e ~(i/2)a® tant Z |< smtcost)maa 5—Y (z/ cost)
m x

m=0
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SO

U(t, x) = (cost) % exp(—(i/2)z? tan t)

i m _ap m
(5 sintcost) < ) exp(ix(—ia)?/ cost),

X
hE
3|~

o cos? t
i.e.
(t,z) = (cos t)_l/ze_(’ﬂ)””2 tant
=1 7 m
X Z 7( — —a®Psint cos t) eir(—ia)P/ cost
|
L 2
The statement follows. O

Remark 6.4.2. A similar result holds also in the case p is an odd number
and the sequence is Z,(z) = > }_, Ck(n, a)ef‘f(—i(l—?k/"))p_

Driven harmonic oscillator

Consider the time-dependent Schrédinger equation

[ihaat - H(t,az)] P(t,x) =0 (6.17)

for a Hamiltonian H(¢,2). The Green’s function G(¢,z,t',2’) for equation

(6.17) satisfies

[ihgt — H{(t, x)] G(t,z,t',2") = ihd(t — t')6(x — 2'). (6.18)

It follows that

[iha — H(t, x)] G(t,z,t',z") =0, (6.19)
Gtz t, ') = 6(x — '),
where G (t,x,t',2) is the propagator for equation , and
P(t,x) = /RG(t,x,t’,x')w(t',x')dx'.

100



Explicit solutions for Green’s functions and propagators are known only
for a few physical systems. One of them is described by the Hamiltonian

Physically this Hamiltonian represents a harmonic oscillator of mass m and
time-dependent frequency w(t) under the influence of the external time-
dependent force f(t). The corresponding propagator is

Gtz t' 2') = S 1/Qexp 3.S(t x,t' ')
B 2mihg(t, ) [

where

S(t,a,t'a!) = /

t/

t s 2
lim (22 - gt + f(S)y(S)] s

y(s) is the solution of the boundary value problem

2 S
TV 1 )ls) = ),
y(t) =,
y(t') = o,

and g(t,t’) is the solution of the initial value problem

azg(t?t/) 2
—op VW (t)g(t,t") =0,
g(t/7 t/) = 07
dg(t,t')
=1.
ot |,_,

The following four limiting cases of the above Hamiltonian are of partic-
ular interest.

(1) A free particle

R 02
H =
(t,) 2m 0x?’
gt t)y=t—+t,
oy mla —a’)?
S(t,x,t', ') = 20— 1)
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(2) A particle in a uniform field

2 92
H(t,x)——;maamz—fm, f = const,
gt,t)y=t—-1t,
ro _m(m_x/)Z 1 oy / _fQ(t_t/)S

(3) A harmonic oscillator

H(t,z) = Dy + gmw e, w = const,
ot t) = sinw(t — t’)7
w
S(t,z,t',2") = e [(2* 4+ 2") cosw(t — t') — 2z2'] .

2sinw(t —t')

(4) A driven harmonic oscillator

H(t,z) = I 82+1 2 + f(t)r, w = const
, ~ 5 A2 mwz x, w = const,
gt 1) = sinw(t —t )’
w
S(t,x,t',2") = 25111:7:75,)[@2 +2"?) cosw(t — t') — 2za’

+2xI(t,t') + 22" I(¢',t) — 2J (¢, t’)} :

where
1

It t i —t

.0) =~ [ 1) simests — )05,
and

t s
t,t') = - !
J(t,t) m2w2/t/ ; f(s)f(s)sinw(t — s)sinw(s’ — t')ds'ds.

We consider the case of a driven harmonic oscillator since the first three
cases can be obtained as its appropriate limits and of course we have dis-
cussed in detail the first and the third cases in Sections [5.1] and [5.3] respec-
tively. The computations are justified as in the previous section and for this
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reason we simply put the main points. For the initial values
¢(0, :II) — eiapac/h7
- ipx 2k
n\Y = ) el )
Un(0,2) = 3 Ciln a)exp[h ( n)]

k=0

we find

- I(O,t)>2

Y(t,z) = (COSwt)*1/2 exp{ mw { 1 <$ _ apsinwt

ohsinwt | coswt mw
+a? coswt 4 2x1(t,0) — 2J(t, 0)] },
and

1MW
tx) = )~1/2 —[—2'2t 2xI(t,0 t
Ui (t, x) = (coswt) eXp{thinwtcoswt x“sin” wt + 2x1(t,0) cosw

—2J(,0) coswt + 221(0,2) — 1%(0,1)| }

o ) m 2m
1 th . 0 z—10,¢)
X 2:: % <2mw sin wt cos Wt> ame wn <0, COSLUt) '

m=0

Using
— 1(0,¢ ; —1(0,¢
hm wn O,x ( ) ) :exp Zap(l’ ( ) )) ,

n—o0 coswt hicoswt
we obtain
lim g (¢ )_( t)_1/2 1MW _ 1 _ ap sin wt —I(O t) 2
oo Al L) = €05 W P onsinwt | coswt \© mw ’

+a2? coswt + 2xI(t,0) — 2J(t, 0)} } = Y(t,x).

The amplitude and frequency of (¢, z) simultaneously diverge for wt =
(2k + 1)(n/2), k € Z, while the frequency of oscillations of ¥(t,z) in z
increases with |z| without bound for any a. This is rather a consequence of
the Hamiltonian of the harmonic oscillator generating the time evolution of
a wave function with the infinite norm.

Persistence of superoscillations

We now introduce another large class of superoscillating functions and
we show that for this class the superoscillatory behavior persists in time,
and in fact cannot arise if the initial datum is not superoscillating.
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Theorem 6.4.3. Consider a sequence of functions {1, (t,x)}22, of the form

%(t,f) = Z cn,k‘(t) exXp <Zi];f)’ (6.20)

k=—n

with suitable coefficients ¢y . Suppose that each 1y, (t, x) satisfies the time-
dependent Schrodinger equation

[iha + 7228;2 — Val(t, x)] U (t,z) =0 (6.21)

for a certain potential energy Vy(t,x). Then the sequence {1, (t,x)}22 is
superoscillatory at any given time if and only if it is superoscillatory at any
other time.

Proof. Substituting (6.20]) into (6.21)), we find

i [ihacn’k(t) il (t)—Vn(t,w)cn,k(t)] exp (ikp x) =0. (6.22)

— c
k ot omn2 ™k nh
=—n

Although the set of functions

{exp [ikpx/(nh)|}i-_,

is not complete on [—nwh/p, nmh/p| for any finite n, we have that equation
holds for all z if and only if the expression in the square brackets is
identically zero. Furthermore, since t is arbitrary in this expression, this
implies that V,,(¢,x) does not depend on z. After setting V,,(¢,x) = V,,(t),
the resulting differential equation has the solution

Rt i /
Cnk(t) = cn i (t") exp [ ST + i), Va(s)ds|,

which leads to

n

ik2p?(t —t! ik
Z cmk(t')exp [—Z alt ) + ! px].

= 2mhn? nh
(6.23)

Yn(t,z) = exp [; /t,t Vn(s)ds]

Setting ¢ = t’ in equation ((6.23]), multiplying the result by exp [—ilpz/(nh)],
where —n <[ < n, and integrating over = € [—nwh/p, nwh/p|, we find

nh/p ilpx
cnﬁl(t’) P / U (t', x) exp <_Tfh>dx’

~ 27mnh —nh/p
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which leads to

Yalt,7) =5 exp [; /t t Vn(S)ds} «
nrh/p - ik?p?(t —t')  ikp(x — 2’
/mrh/p Yt 2 kz_:nexp [— é)m(th ) + p(nh ) dx’.
Setting
U(tw) = lim 1, (t,), oo
V(t) = nl;n;o Va(t)

and taking the limit n — oo in (6.24)), we find

0t ) =L exp [;/ﬂt{/(s)ds]x

o] 21.2,2(4 4/ : !
/ P(t',2') lim / exp —Zk p(t—t) + ikplz = o) dkdx’,
n—oo n 2mhn? nh

o0

which leads to

Y(t,x) =

= [27rih(t — 15’)]—1/2 exp [;/ﬂ ds] / Yt 2") exp [m] dr’.
(6.25)

Suppose that, for a fixed ', the function ¢ (¢, x) is periodic in z with
the period X, namely

Yt x+ X) =y, ). (6.26)

It is straightforward to prove that, at any other time ¢, the function (¢, x)
is also periodic in = with the same period X. Indeed, from (/6.25),

Wtz + X) = [2rib(t — )] exp [; /t t V(s)ds}
x /_Z W(t,z') exp [im(m X - ”W] da’,

2t — t)
which, after the change of variable 2’ — 2’ + X and use of (6.26]), gives
Uitz + X) = ¥(t, z).

Applying this result to the case X < 2wh/p, we obtain the statement. ]
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Remark 6.4.4. When we take as superoscillating initial datum F,(z,a),
as we did in Chapter 5, the limit solution in the case of free particle is

. g
lim ¢7f1ree(x7t) — glar—ia t/2,
n—00

while in the case of the harmonic oscillator is
nhi& Yho(t, ) = (cost) /% exp(—(i/2)(z? + a®) tant + iax/ cost).
For |z| < 1 and 0 <t < 1, we have
(cost)_l/2 ~ 1, tant ~ t, 22~ 0,
S0

(cost) ™2 exp(—(i/2)(x® + a®) tant + iax/ cost) ~ exp(iax — ia’t/2),

and a similar result holds by taking a more general superoscillating sequence
Y, (x,a) as initial datum.

106



Chapter 7

Superoscillating functions
and operators

In this chapter, we consider sequences of operators F), (T, a) where T is a self-
adjoint operator on a Hilbert space H, and F}, is a superoscillating sequence
of the form (L.1)). For any fixed n € N and for any self-adjoint operator T'
in H we can define, by the spectral theorem, the sequence of operators

Fo(T,a) = / . F() a) E(d)), (7.1)

where E(d)) is the spectral measure associated with 7.
From the quantum mechanics point of view, the most interesting case is
when o(T) = R and T is the momentum operator. When considering the
sequence of functions F;,, for every fixed n € N, we have

sup [Py (2. )| = a”,
zeR

so the operators F,,(T, a), for any fixed n, turn out to be bounded operators

on ‘H and their norm is ||F,(T,a)|| = a". However, when we take the limit

for n — oo the norm || F,(T,a)| goes to infinity. This is the reflection of

the fact that on the compact sets of R, the sequence of functions F),(z,a)

converges to F(z,a) = %% for x € R, but for a > 1 we have

sup |Fp(z,a)| = oc.
neN, zeR

Thus, this is the difficulty when considering the limit for n — oo of the
sequence of the operators F, (T, a).
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The problems we want to solve can be formulated as follows.
For a > 1 we consider the sequence of functions F,,(z,a) and a self-adjoint
operator T' on a Hilbert space H.

e A first problem is to define the sequence of operators F), (T, a) when the
spectrum of T is limited to a superoscillation set of F;, and compute
the limit for n — oc.

e A second problem is to consider a suitable variation of the definition
F,(T,a), when the spectrum of T is unbounded, in order for this new
sequence to converge to a bounded operator.

We will show how to solve both problems using the von Neumann spectral
theorem for unbounded self-adjoint operators on a Hilbert space.

7.1 A quick review on operators

We denote by D(T') the domain of the linear operator 7" and we will always
assume that D(T) is dense in the Hilbert space H. We equip H with the
scalar product (-,-) and we denote by || - || the norm in H. By E we will
denote the countably additive self-adjoint spectral measure defined on the
Borel sets of the complex plane.

We now recall the spectral theorem for self-adjoint operators. For more
details, we refer the reader to [57, Theorem 3, p. 1192].

Theorem 7.1.1. Let T be a self-adjoint operator on the Hilbert space H.
Then its spectrum is real and there exists a unique countably additive self-
adjoint spectral measure E defined on the Borel sets of the complex plane,
vanishing on the complement of the spectrum o(T) of T. The relation be-
tween the operator T' and the spectral measure E is given by

DT) = {beH - / WP (B 0) < o,

n

Ty = lim [ AE@\,  for all ¢ €D(T).

n—oo [_ .

The unique spectral measure (appearing in the spectral theorem) asso-
ciated with the self-adjoint operator T is called resolution of the identity.
For every bounded Borel function f defined on the spectrum of o(7T) of a
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self-adjoint operator 7', we may define the bounded normal operator f(7')
by the equation
f(T) = FA) E(dA).
o(T)
Using the spectral theorem we give the following definition which holds
also for Borel functions f that are not bounded.

Definition 7.1.2. Let E be the resolution of the identity for the self-adjoint
operator T and let f be a complex Borel function defined almost everywhere
on the real axis. Consider the sequence of functions f, defined by

_J fN), i [f(N)] < n,
fn(A) = { 0, it |FO) > .

We define f(T) as follows:
D(f(T)={vYeH : nlggo fn(T)Y  exists },
F(T) = T fo(T)6,  for all o € D(F(T)).

From the definition it is evident that if f(A) = X\ we have f(T') = T but it
is not clear what happens in general, for example when f(\) is a polynomial.
Next theorem shows that the Definition is a good definition (see [57,
Theorem 6, p. 1196]).

Theorem 7.1.3. Let E be the resolution of the identity for the self-adjoint
operator T and let f be a complex Borel function defined almost everywhere
on the real axis. Then f(T) is a closed operator with dense domain, moreover

D(f(T) ={y e : [ (BN, ) < oo},

o(T)

(f(T)y, ¢) = F) (E(dA), ¢), ¢ eD(f(T)), ¢eH,

and

o

IF(T)y)? = /(T) [P (BN, 9), € D(f(T)).
In the sequel, the following result will be important (see [57, Theorem
9, p. 1200]):

Theorem 7.1.4. Let T be a self-adjoint operator and let f be a complex
Borel function defined almost everywhere on the real axis. Then we have

[F(T)II = ess sup [f(A)

Aeo(T)
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7.2 Superoscillations and operators

Using the spectral theorem, we can now give the precise definition of the
operators we will study. Note that, in this section, it is not necessary to
consider a > 1, so a will vary in R, unless otherwise specified.

Definition 7.2.1. Let T be a self-adjoint operator in a Hilbert space H, let
F,, be the function defined in and set F(x,a) = €. Using the spectral
theorem we define the operators

Fo(T,a) :/ Fu(\a) E(dN),
@) (7.2)
F(T,a) = /(T) F(\a) E(dN).

Proposition 7.2.2. Let T be a self-adjoint operator in a Hilbert space H.
Then for every fited n € N and a € R the operators F,,(T,a) defined in

are bounded operators on H.

Proof. Tt follows from the spectral theorem and from the fact that the func-
tions Fy, (A, a) and F'(A, a) are bounded functions on R for every fixed n € N
and a € R. O

Proposition 7.2.3. Let T be a self-adjoint operator on a Hilbert space H.
Then F(T,a) defined in is a strongly continuous one-parameter group
with respect to a € R, that is, it satisfies the relations

F(T,a+b)=F(T,a)F(T,b), for all a,beR,

and
lim F(T,a)Y = F(T,a0)y if ¢ €H.
a—rag
Proof. 1t follows by standard arguments from the spectral theorem. O

The following proposition shows that the problem of the convergence of
the sequence of operators F,,(T, a) to the operator F (T, a) is a delicate issue.

Proposition 7.2.4. Let T be a self-adjoint operator on a Hilbert space H
and let F,,(T,a) be the sequence defined in . Then we have:

(1) For any fixred n € N the family of operators F,(T,a) is not a group
with respect to the parameter a € R.
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(2) For everyn € N, a € R, and for every arbitrary compact set K C o(T)

we have
A A\ \ /2
Fo(T,a)|| = 2(=) +a®sin® (= 7.3
1Bl = sup (cos® (D) +a®sin® (3))7 (@)
and
Jim |[E,(T, a)|| = 1. (7.4)
(8) In the case o(T) =R, a € R, we have

[1En (T a)|| = a”. (7.5)

Proof. To show that the property F,(A\,a +b) = F,(\, a)F,(\b) is not

satisfied, we write
F,(\a) = (COS (%) + iasin (%))n,

then, it is immediate that

AN (A A\ (A A\ o (A
cos <ﬁ> +i(a+Db)sin (ﬁ) + (cos (ﬁ) +iasin (ﬁ)) (cos (E) +ibsin (E))
so Fr(A,a+b) # F(A a)Fy, (A, b). Using the spectral theorem, (1) follows.
The relation ([7.3]), stated in point (2), follows from Theorem

IF(D)l = sup [Fu(A a)l
AeKCo(T)

and the fact that
n/2
|[En (A a)| = (0052 <i> + a? sin? <5)> .
n n
Simple computations show that
A A\ "7
. 2 2 i 2 _
Jim (cos? () +a?sin® (7)) =1
so (7.4) holds. Finally, relation (7.5) in point (3) follows from the fact that

sup |EFy, (A, a)| = a”.
AER
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Proposition [7.2.4] implies that, when a > 1, we have

sup |F, (A, a)| =a" — 00 as n — oo.
AER

This is due to the fact that for fixed A € R the sequence

A AN\ /2
_ 2 (A 2.2 (A
|En (A a)| = (COS <n) + a” sin (n))
converges to 1, but if we take A = n7/2 then
|Fy(nm/2,a)| = a”.

So we consider the case in which the integral, in the spectral theorem, is
computed on compact sets in R N o(7') and then we consider the case in
which the spectrum in unbounded.
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The case of compact sets.

In this case instead of the operators F,, (7T, a) and F(T') defined by ((7.2),
we consider two modified operators:

Definition 7.2.5. Let T be a self-adjoint operator on a Hilbert space H and
let K is a compact set in R. Then we define

Fﬂﬂaﬁi/ Fo(\a) E(dN), Puyoz/ F(\a) E(d)).
o(T)NK o(T)NK (7 6)

The operators P,(T,a) and P(T,a) of course depend on the set K. In
the case in which the operator T" has bounded spectrum then, if we choose
K such that o(T") C K, then

F,(T,a) = P,(T,a)

and
F(T,a)=P(T,a).

Theorem 7.2.6. Let T be a self-adjoint operator on a Hilbert space H, and
let Po(T, a) and P(T,a) be the operators defined in (7.6) for K a sufficiently

large compact set in R. Then we have
|[Pu(T,a) — P(T,a)]||* = 0, forall ¢ € H.

Proof. We recall that

FaOva) = FOG)P = 1+ (cos? (2) +a?sin? (2

—2<cos2 (%) + a®sin® (%))n/z cos [n arctan (a tan (%)) — a)\]

From the spectral theorem, for ¢ € D(P(T,a)) N D(P,(T,a)), we have that

I1Pu(Tea) = PE P = [ (Faa) = FOL o) (N, 0)

o(T)NK

We know that |Fj,(\,a) — F(\,a)*> = 0 as n — oo on the compact sets
K of R, where the superoscillation phenomenon described in Theorem [3.1.8
holds. Since K can be chosen arbitrarily large, we have

|F, (X a) — F(\a)]? <G
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where

G(A) = sup [Fu(X, a) = F(\, @) |
AeK

note that for n sufficiently large G(\) does not depend on n and it is inte-
grable. The dominated convergence theorem implies that

I[Pn(T @) = P(T, a)e||* — 0.

Since F,, (A, a) and F(\,a) are bounded functions on any compact set of R
and the spectrum of 7' is compact we have D(P,(T)) ND(P(T)) =H. O

The case in which o(T) is unbounded.

We now study the case in which the whole unbounded spectrum is taken
into account. The previous results suggest the following definition.

Definition 7.2.7. Let T be a self-adjoint operator on a Hilbert space H and
assume that o(T) C R. Lety > 2 be a fized number and define the operators

Qn(T,7) as

ulT.an)i= [ Fuha) B@) (1.7
en(7)
where Y 1
n/Tr n/m
en(y) = | — , 7.8
=]~ (7.8)
Observe that e, (y) C [—%, %], for all ¥ > 2 and n € N. This means

that when n goes to infinity the sequence of operators @, (7,7) remains
bounded as it is proved in the next result.

Theorem 7.2.8. Let T be a self-adjoint operator on a Hilbert space H such
that o(T) = R. Let Qu(T,~) be the family of operators defined in (7.7).
Then, for every v > 2, we have

n—oo
Proof. For any fixed n € N, we have

1Qn(T,a,7)|| = sup [Fu(N a)Xe, (| = sup [Fn(Xa)l

Aea(T) A€en(v)
- o (o (3) et (3)) -1
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A
in fact — cannot be £7, thus supyc., (y) [Fn(A, a)| is attained in a point Ag

n
which cannot be ”7” So we conclude that
n—oo
for every v > 2. O

Inspired by Definition and by the fact that lim, o ||Qn(T,7)|| =1
is independent of v, when is 7 > 2, we give the following definition.

Definition 7.2.9. Let T be a self-adjoint operator on a Hilbert space H
such that o(T) =R, and let v > 2. We set

Qn(T7 a) = Qn(Tv CL,’)/), €n = en('V)a (79)

and we define
D(Q(T,a)) ={YpeH : nh_}r{)lo Qn(T,a)y exists },

QT ay = lim Qu(T,0) ¥, ¥ € D(Q(T,a))
We can now prove the following:

Theorem 7.2.10. Let T be a self-adjoint operator on a Hilbert space H,
with o(T) = R and let Qn(T, a) and F(T,a) be the operators defined in (7.9)
and , respectively. Then we have

1[Qn(T,a) — F(T,a)|||> = 0, for all ¢ € H.
Proof. We have

féleli |En (A, a) — F(X, a)|2 = féleli (1 + (cos2 (%) + a?sin® (%))n

~2( cos? (%) + a®sin’ (%))"/ * cos [narctan (a tan (%)) ~a)),

and since \ € e, we also have that

sup |Fn(X\, a) — F(\a)]> =0 as n— oo.
)\Een

We now define the operator

9]

EiT.ay) = | _FOva) B@),
En Y
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and we observe that, for any n € N fixed
D(Fp(T,a)) ND(Qn(T,a)) = H.
The spectral theorem gives

lim ||[Qn(T, a) — Fu(T, a,7)]¢|?

n—0o0

= lim |E, (A a) — F(\a)]? (E(dNY, ), ¥ €H.

"0 Jen(v)

By the dominated convergence theorem we obtain

1[@n (T a) = Fu(T,a,)]¢|* — 0.

Moreover, for v > 2, we have
I (T. a) = Fu(T, a,7)0* — 0,

and so by

1[Qn(T,a) = F(T,a)l|| < [[[Qn(T,a) = Fu(T,a, 7)Y

v

+ (T, a,7) = F(T, )¢

the statement follows.
O

Remark 7.2.11. Our discussion shows that when n is an arbitrary large
natural number and 7T is any self-adjoint operator with unbounded spectrum,
then the operators F, (T, a) are bounded operators for any a > 1.
When n — oo, and T is any self-adjoint operator with unbounded spectrum
then, if we consider that part of the spectrum that is contained in some
compact set, then we have lim,_ o P,(T,a) = P(T,a) for any a > 1 and
P(T,a) is a bounded operator which depends on the parameter a.
Since we have

sup | Fy(z,a)| = a”,

zeR
in the case we consider any self-adjoint operator 1" with unbounded spec-
trum, the family of operators @, (7, a) is such that lim,_,. @n(7T,a) con-
verges to the bounded linear operator F(T',a).
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Remark 7.2.12. If P is the momentum operator —iD, = P we have

1 AN 1-—
at exp(iLP) + a
n

(P = ( exp(~-LP))"

F(P) = exp(iaLP),

(7.10)

and

(Qu(P)¢, ) = (F(P)g, ), forall ¢ € D(P), e H.

lim

n—oo
We finally recall that the problem of approximating a function by super-
oscillating sequences arises from the fact that (7.10) can be written as

Fu(P,a) = Cj(n,a)exp(i(1 — 2j/n)LP).
j=0

The action of F,(P,a) on functions ¢ € S(R) gives a linear combination of
the function ¢ computed at the points = + (1 — 2j/n)L and yields:

n(x) 1= Fn(P,a)y(z) = Y Cj(n,a)v(z + (1 - 2j/n)L).
j=0
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Chapter 8

Superoscillations in SO(3)

In this chapter, we expand on our earlier paper [7] to show how superoscil-
lations may occur in the framework of group representation theory. Specifi-
cally, we will analyze the case of the group SO(3), though our results should
extend to SO(n) for any integer n. In our original [7], we considered the
situation for 2¢ particles with equal spin, while here we will show how this
restriction is not necessary, and we will describe the necessary modification
to consider the general case in which we have ¢ + m particles with spin %
and £ — m particles with spin —%. The main byproduct of superoscillations
in this context is a new asymptotic relationship involving the well known

Wigner d-functions (see [53] as well as [I11]).

8.1 The weak value of the operator eXp(z'ﬁA[ZN](Sgp)

Before to treat the topic systematically, we want to offer a heuristic argument
which suggests the existence of superoscillations in SO(3). This argument
comes from the same general reasoning that is applied when one computes
the weak value of operators in the time-symmetric formulation of quantum
mechanics [16] and that is discussed in Chapter2.

Let IA@, f/y, L, be the quantum operators associated with the components
of the angular momentum. These three operators can be seen as generators
of SO(3). Let |1in) and |¢gyn) be the states defined by

A|¢ﬁn> = (I:Z cosf — L, sin 0)|vgn) = £|Vgin) (8.1)

BWin) = (f/z cosf + Ly sin 0)|Yin) = £)tin) (8.2)

119



where ¢ = max \f)z| is related to the total angular momentum and can be
computed from the relation

L?thin) = £(0 + 1) [thin)
or, analogously, from I:2|¢ﬁn> ={4(¢ + 1)|vgn). Since we have
i ﬁzcosﬁ—I:xsin9+ﬁzcosﬁ+ﬁxsin9_A—l—é

7 2 cos 0 ~ 2cosf’ (8.3)
we can compute the weak value of (L.):
o (Vtin] L2 [tim) 1 (YanlA + Bltn) 14
(L2)w = = (8.4)

(Van|tm)  2cosd (Vi |[Vin) ~ cosh’

Assuming sufficient regularity for the functions on which the operators
act, we can now compute the weak value of ¢?=% with the same pre- and
post-selection, when ¢ small, as follows:

(fin| L2p|in)
<¢ﬁn|d}in> .

For small values of ¢, the last bracket can be seen again as a first order
approximation of an exponential and so

(el €2 thin) 2 (Vin| L + iLo0|tin) = (Vrin|tin) (1 +i

A

which suggests the existence of superoscillations in ¢ with a frequency much
larger than ¢ (the maximal eigenvalue of L,) which occurs when cos 6 is very
small.

To show this, using ({8.3)), we write:

(inlexp [iL:p(2c050)] [} = (inl exp [i(A + B)o] [G),  (3.5)

where
A:=1L,cosf — L,sin0, B:=L,cosf + L,sin.

We now use the Baker-Campbell-Hausdorff formula for a pair of operators
A and B, that is:

exp(Agp) exp(e??)

o o o (8.6)
A, Blg? + ([ [4,B)) - [B,[A,B)¢* + ..

:exp((A+B)g0+ 15

1
2
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If [A,B] and all the various commutators involving A and B can be ne-
glected, then we may rewrite (8.5)) as:

(Ysin| exp |iL. (2 cos 9)} |$in) = (pin|€ A2 B2 hin) = €249, (8.7)

where, as above, we act with B to the right and with A to the left. In the
sequel we assume that ¢ is large and we consider small variations of ¢ so
that ¢ = ¢’ /¢, with ¢’ bounded. The first commutator under consideration
is

2 0
[ASO BY ] E—sm@cos@gp’QL CO; )

I

where we used the fact that, in general, \L | is bounded by ¢. In the case of
interest L is almost orthogonal to both angular momenta Aand B defining
the 1n1t1al and final state. Thus its value is O(1) and the commutator is in
fact approximated by 1/¢2. Morever, the various k-fold commutators in the
Baker-Campbell-Hausdorff formula will always give just one angular
momentum operator with some pre-factor depending on 6 which is bounded
by one and with 1/¢* suppressions. The series in formula is strongly
convergent, thus we can neglect all the commutators in the limit, when £
becomes large. This then recoups which exhibits extremely strong
sensitivity to small ¢ cos @ rotations or, in other words, superoscillations.

We now recall some notations and properties of quantum operators for
the case of Spln—* The following well-known matrices S.. S " S. represent
the following spm—f operators:

A 10 1 - 1(0 —i 5 1(1 0
S’”‘2[1 o}’ Sy‘z[z‘ 0]’ S'3_2[0 —1]'
Easy computations show that S., Sy, S. satisfy the commutation relations

B0, 551 = icusn,

wr=1[s 1)

We also have the so-called raising and lowering operators which act as fol-
lows:

N

and

S, =S, +iS,, S_=8,-iS,, (8.8)
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which satisfy the relations

ofl-sBoo S[-GL BB e

Let us now consider a system of N non interacting spin—% particles with
associated commuting operators

s .8V s

(note that Sg) operates only on the particle j). The total spin operator for
all IV particles is defined by the operator:

NG
=3 gy

One can verify that the commutation relations between the individual spin-
5 operators namely Sa, translate into the same commutation relations for

the N particle system, Ea
AINT  3[N] 5[N]
(Lo s Lg ] =icapy L,
Proposition 8.1.1. In the product wavefunction |¢[N]), with each individual

particle j in the state \Sij) =1y

(V] ~1 1 N ) 1
"y =18 = )8 Hs] L s
we have N
£y = 5!1#[]“) (8.11)
and NN
AN v NN [NV]
€2 ™) = (5 +1) M. (8.12)

Proof. The relation (8.11)) follows directly from the definition and hence
ANl Ny (N2
€ ™) = (5) 1™,
Formula (8.12) then follows from:

A[N] AIN] (Nl N | N

(L) + (L) ™y = ). (8.13)
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To verify this relation we expand LAL:N] and £27 in terms of the individual

raising and lowering operators SSZ) and g(j), see 1} The mixed terms in

(8.13)) can be written as

M2

v S;p TS )a@ | a(Ma®?)

& Ma@ _ aMg
S y Sy =SS+ 878)
and similarly for the other cases. This expression clearly vanishes due to

the presence of gsrl) or Sf) which operate on ]SS) = 1) and \S(ZQ) =1
respectively, thereby yielding 0 by . This leaves only the diagonal terms

so that

N
AIN] AIN] [N] a(9) 0) (V] N v
L2+ L) ™) = > (8072 + 807 ™) = S ™)

j=1

since

() (V] 1, 4() (V) 1,
(8w =) and () wT) = )
and we have NN such terms. OJ

Remark 8.1.2. From now on we will consider systems with an even number
of particles and we set % =/.

Remark 8.1.3. The calculations we have done in this chapter have assumed

that we are looking at the system of 2¢ particles, all of which have spin-%
and this has allowed us to calculate the eigenvalues for (E[N])2, £
(ﬁLCN])Q + (EALN])Q. Let us now repeat the same calculations for a system
with ¢ 4+ m particles in the state |SS) = 1) and ¢ — m particles |§S) =—1)
(therefore N = 2/). First of all we notice that in Proposition we obtain

. and

L™y = mlp™) (8.14)
and therefore AIV] (V] (V]
(L2 = m2e™). (8.15)
Since ANy ANy o AINT| o AINT 2
(L) —(['z ) +(£y ) +(£z )
and

(L2 + (L)1) = g™,
we conclude that
L2y = (€ + m?)™).

Clearly when m = ¢ we obtain the previous result.
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Our next goal is to compute the weak value of the operator exp(iﬁ[ZN] dp)
for a small angle d¢p.
We will again utilize the N Spin—% particles, but now we use the initial
state:
\1/11[1]:]> = |ﬁLN] cosf + EAEEN] sinf = /),

and the final state:
\ﬁ$%=ﬁf%@9—ﬁfkm9:zy

Then |¢1[: ]) and |¢g§) can be realized in two different ways. Consider first
\1/11[21 ]> which is the eigenfunction of the angular momentum operator

N] AN .
, cosO+ L, sinb,

i.e. the result of rotating £ of the original spin—% particles 1| by an
angle 6 close to 7/2 with respect to the y-axis, which is realized by the
operation exp(iﬁ;N]H). In the spin—% product basis, this is obtained using

exp(i Zjvzl Sz(/])e)' This amounts to rotating each of the individual spin-3

~(j 1
states |Si]) =1 = [0] in the same way, giving
0
cos 5
|win> = .
S1n 5

for each of the N spin—% particles. Similarly, |¢gi]>, the corresponding eigen-

state of [’,[ZN] cosf — L

1. . . . . .
, sinf with maximum eigenvalue m = ¢, is obtained

by rotating |@ZJ1[: ]) by ¢ = 7 around the z-axis. In the z-basis of the original
N spin—% particles, the rotation of each individual spin—% by ¢ modifies the
above |¢j,) to:

)
cos geU

. _i®
sin ge 2

Thus, |1gn) can be written as (apart from an overall phase of €'2 ):

[
COS 5

‘wﬁn> -

in?
—sin 3

We now prove the following result:
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Theorem 8.1.4. The weak value of the operator exp(i[iLN] dp) for a small
angle 0 when we take N = 2 spins is:

<6052(9/2) exp(i&p ) — sin2(0/2) exp(—i & ))%
) ¢’ )] B 20 20 .

[exp(w 20 (c0s 0)%

(8.16)

Proof. To begin with, we note that the scalar product of the initial and final

state for a single spin—% particle is:

(fin|thin) = cos®(0/2) — sin?(0/2) = cos b

so that the scalar product of the initial and final state for the system of the
N independent spin—% particles is:

WI&T |¢1[;V]> = [0052(9/2) — Sin2(9/2)]N = (cos 0)N = (cos )%

We now set d¢’ =£dp and compute the weak value:

AN

) ] i
{exp( ﬁ ? )} <wﬁn |eXp[( N] [N]
< fin W}m > (8 17)
DL e S ST T el
T () T )

Since )
k)&, G
(Vi 192" [012) = .
it suffices to calculate one of the products and take the result to the N-th
power. Thus we can rewrite formula (8.17) as:

N @)

H <¢ﬁn | exp(i 54

7j=1 <wﬁ ’1/}1

N N
#8010y _ { Wnalexp (%75 )} 518
J

§> B (cos )N

Since the eigenvalues of S(Z]) in the state [1 0] and [0 1]7 (the superscript T
denotes the transpose) are respectively % and —%, we deduce that for |i)i,):

¢ 4 L 09" o\ [cos(6/2)] | cos(0/2) exp(i i)
o (1775 ) = st ) [(015) - [sm(@/m exp(~ f")] |
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Computing the scalar product with the post-selected state, we have:

/ 5!
omten (4451 = o s [P
2/

= 6052(0/2)ei% — Sin2(0/2)e*i2ié. (8.19)

When we take N = 2/ spins, we obtain the weak value:

cos2(6/2) exp(i%8) — sin2(0/2) exp(—i%E ) Y
o (2] - (Ot o o)
(8.20)

O

Remark 8.1.5. Let us consider the case in which we have ¢ + m spin
% particles and ¢ + m spin —= partlcles The state corresponding to —%
particle can be represented as the vector [0 1] which after a 6/2 rotation
gives us the initial state |1i,) = [—sin(6/2) cos(0/2)]T. Arguing as in the
proof of the previous Theorem we obtain that, up to a phase change factor,

[Ygn) = [—sin(0/2) — cos(6/2)]T. This implies that
(Yin|gn) = sin®(0/2) — cos?(8/2) = — cos .
If we replace (Yin|tan) with (2| ) we obtain

(Uinlvfn) = (=1)™(cos 9)*

The rest of the computations carry over in the same way and demonstrate
the same superoscillatory phenomenon even in this case.

Remark 8.1.6. A key observation is that (8.20) has the same form as the
standard superoscillating sequence

Fo(z,a) = [cos (2%"’3) + iasin (27:”)}” (8.21)

where a := ﬁ. Since cos 6 can be arbitrarily small, depending on the pre-

L
cos 0

large, well outside the spectrum of ﬁLN] which is [/, ¢] and thus we see that
the largest wavelength in the expansion is one. However, as we have shown
previously, as long as |z| < \/n, F,,(z,a) can be approximated as F,(z,a) ~
e’279% \When ¢ becomes large, this expression behaves like exp(iady’) which,
recalling that d¢’ = £dp and d¢ is small, is just exp(i Cose&p)

and post-selection, the weak value of ﬁLN] (which is

) can be arbitrarily
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The SO(3) superoscillatory phenomenon discussed before depends on
the choice of |1/)g¥1]> In the example above, we generated |1/)grvl]> by rotating

|¢1[;V ]> by an angle ¢ := ¢ = 7 around which we performed a further small
rotation dp. In general, this phenomenon depends on the choice of .

Remark 8.1.7. To better understand the conditions under which super-
oscillations occur, we consider the case |wg;]> = |LZJ1[;V ]>, corresponding to
@ = 0. In this case we can repeat the argument given before Where |¢ﬁn>
is now given by the vector [cos(6/2) sin(6/2)]7 so that <1jjﬁn |¢m ) =
Therefore the weak value is given by

/

/ 20
[eXp(Z[, 5‘; )]w = ((:052(9/2) exp(i%) + Sin2(9/2) eXp(_Z(Zz)>

590, 20 . (5(,0/
<1 + Zﬂ cos 0) ~ exp(i cos 97)

Since cosf < 1, it is evident that superoscillations do not occur.
Next goal is to consider the case in which we take a small rotation d¢p

centered around g and, for simplicity, we will still consider |iin) = [Vfn)-
The computations we have done before show that

<1;Z)ﬁn’ €xXp |:2[’,[sz (‘;00 + 5):| Wﬁn)

— cos?(6/2) exp(L (20 + 22)) + sin®(8/2) exp(— L (0 + 2£)
0 o' oy . 0

= cos(?) cos(2—£) - sm(?) 5111(7)

op

2
20 )

Ll

+ i cos H[Sin(@zo) cos(—— 57

) + Cos(g sin(——
and since d¢’ is small, we can approximate the above expression as

/
cos(@) _d sin(g ) +icos 9(81n(20) + 62% cos(%)).

By taking the 2¢-th power we obtain

©o Yo ) 20

©o ©o d¢' icosf cos() — sin(F
1
<COS(2>+ZCOSQSIH<2)) [ + ¢ cos(%) +icosfsin(F)
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For ¢ large, the right hand side converges to exp(i(a + ib)(d¢'/¢)) where a
corresponds to the imaginary part of

icos @ cos() —sin(3)

cos(%2) + icosfsin(%)

namely
cos

cos?(£2) 4 cos? fsin?(£2)’

When ¢ approximates 0, then a approximates cos and thus there are no
superoscillations. When if ¢ is near 7 then a ~ 1/cos6 and the super-
oscillation phenomenon occurs. This is fully consistent with the previous
analysis.

To conclude this section, we note that the same argument can be applied
to the case in which 15, is associated with the vector [cos(#/2) —sin(0/2)]".
In this case, we obtain that the frequency is, up to the factor dp/¢, given by

cos 0
sin?((pg) + cos? 6 cos2 ()’

which reproduces the superoscillations when

1
COS < — .

8.2 Asymptotic expansion for the Wigner func-
tions

In this section we use the preceding discussions to show a new interesting re-
lationship for Wigner’s déﬁi matrices. These matrices are the representation
of the rotation group in the standard |¢,m) basis defined by

exp(—iLy0) [6,m) = 3" |6, m/)d'e),. (0). (8.22)

The dﬁfgm(ﬂ) are orthogonal functions on the sphere, and for any given 6,
form a (20 + 1)(2¢ + 1) unitary matrix. In general, ") (#) are polynomials

9 m'm
in cos 3 and sin 5
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These polynomials simplify into just one term in the special case m = ¢
(see e.g. [111]):

-0~ ] ()] ()]

Thus [dff;), ((0)]? is the (j — m’)-th term in the binomial expansion of

o (0 ()

As a consequence we have, as expected,

Z Al () = (inthin) = 1.

By computing the scalar product (¢gn|tgn) in two different ways, gives us
the following (probably very well known) result:

Proposition 8.2.1. With the notations above, for any angle 6 we have:

ST (=1 d),0)dl),(8) = (cos6)*

m/

Proof. We consider the initial and final state |¢i,), |1g,) introduced above.
We first note that

=Y ltmdiy
m/
and, due to the 7 rotation around the z-axis (leading to the (—1)™ factor):

[oh) Z [, m'y(—1)™ d%),(6)

and so the scalar product of the initial and final state (%Eﬁ \wl[: ]>, see ,
is given by:

(o [y = S (=1)™ d),(0)d),(8) = (cos 6)*

m/
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The same scalar product can also be computed directly:

S (-1)™dY),0)dY),(0)

- %:(—1)ml {(5 n mf)z,?g'_ m,)!] [cos (Z)]Hm{ [sin <§>]€m/
= {COSQ (Z) — sin® (g)]% = (cos0)%,
and the statement follows. 0

More interesting and novel, however, is the following asymptotic formula
which concludes this section.

Theorem 8.2.2. With the notations above, for any angle 6 and any small
value of do we have, for large £:

| N ) 20
Z(—l)m diﬁ),ew)d%zg(e)em S _ [a (cos (?) + ta sin <5280>>} )

where a = ﬁ, which, again, is of the superoscillating form .

- A[N]
Proof. The weak value of e**: 9¢ is given by (8.1.7). On the other hand we
have

. A[N] m’ YA Y4 im!
(€= O7]ghn) S (1) dily (0) i) (6)e™ %%
(Vi [0 (cos )% '

from which the assertion follows.

We can also directly compute:

m’ (£ 14 im’
Do (=)™ dl (0)d,) (0)e ™

m/

= (20)! ispr2,. 2 (9 e —isp)2 2 (0 t=m
_%; [(€+m’)!(€—m’)! e sy e sin® { 5

[ 0 . 0 2/
= ibp/2 2 (YN —idp/2 .2 (Y

_e cos ( 2) e sin <2 )]

- ) o gy T20
_ eiéso/?w _ 6*7?5%0/2% (cos 9)%
cos @ cos b

!

_ op 1 (6p\]* 20
= _cos( 5 > +Zcosesm <2>] (cos®)
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yielding the same result as above.
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