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ABSTRACT. Motivated by the Schwartz space of tempered distri-
butions .#’ and the Kondratiev space of stochastic distributions
S_1 we define a wide family of nuclear spaces which are increas-
ing unions of (duals of) Hilbert spaces 7, p € N, with decreasing
norms || - ||,. The elements of these spaces are functions on a free
commutative monoid. We characterize those rings in this family
which satisfy an inequality of the form || f*g|l, < A(p—a)||fll¢llgllp
for all p > ¢ + d, where * denotes the convolution in the monoid,
A(p—q) is a strictly positive number and d is a fixed natural num-
ber (in this case we obtain commutative topological C-algebras).
Such an inequality holds in S_1, but not in .. We give an exam-
ple of such a ring which contains .. We characterize invertible
elements in these rings and present applications to linear system
theory.
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2 DANIEL ALPAY AND GUY SALOMON

1. INTRODUCTION

As is well known, the Schwartz space . of complex tempered distri-
butions can be viewed as the space of sequences of complex numbers
f = (fu)nen, subject to

Z (n +1)"?| f,|* < oo for some p € N.

n€eNg
Setting

1/2
1l = (Z (n+ 1)‘2”\fn\2> < o0,

n€eNg
one can represent .’ as a union of an increasing sequence of Hilbert
spaces S, 7, .. .of complex sequences, with decreasing norms:

(1.1) A ={f = (fa)neno © I fllp < 00}
In Hida’s white noise space theory, a counterpart of .’ was introduced

by Kondratiev, see [21] and the references therein, in the following way.
We begin with a definition:

Definition 1.1. ¢ denotes the set of sequences of elements of Ny, in-
dexed by N,

(v, (g, .. )
where a; # 0 for at most a finite number of indices.

The stochastic counterpart of . is the space S_; of families of complex
numbers f = (f,)ace indexed by ¢ and such that

Z | f2|?(2N) ™ < oo for some p € N.

ael
In the above expression, one sets

(2N)® = 2014926 . . .

We here set
1/2
(1.2) 1 £l = [[(fa)acell, = (Z | fal?(2N) ™ ) :
acl
and denote

A, ={f = (fa)aee : [Ifllp < o0}
In a way similar to .¥”, the space S_; is the union of the increasing
sequence of Hilbert spaces 7, %, ... with decreasing norms (L2)).
The elements of S_; are called stochastic distributions and play an
important role in stochastic partial differential equations, see [21]. We
also refer to the papers [2, 4, 5] where S_; is used to develop a new
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approach to linear stochastic systems. Recall that the convolution of
two elements of S_1, f = (fa)aecr and g = (ga)aer, (Which is called the
Wick product and denoted by ¢) is defined by

f<>g - (Z fﬁga—ﬁ>
acl

BLa

and satisfies the inequality
(1.3) If ogllp < Alp = @l fllallgllp, — forall p>q+2,

where

Alp =) = (Z@N)-@-‘”a)

acl
is finite. This inequality is due to Vage, see [32], [21]. It expresses in
particular that the multiplication operator

g foyg
is bounded from the Hilbert space %, into itself where f € ¢ and
p > q+ 2. It plays a key role in the applications mentioned above.

In view of (L3) it is a natural question to ask if a similar inequal-
ity holds in .#’. Here lies an important structural difference between
S and S_1. If f = (fu)nen, and ¢ = (gn)nen, belong to .7, their
convolution which is defined by

f*xg= (Z fmgn—m>
n€Ng

m<n

also belongs to .. Nevertheless, as will be proved in the sequel (see
Corollary [6.1]), one cannot have an inequality of the kind (L.3]), that is:

(1.4) 1f * gll, < Bp = )l fllgllgll,  for all p=>q+d,

where d € N is preassigned, B(p — ¢q) > 0 is a constant which depends
only on p — ¢ in N, and where f runs through 7 and g runs through
;). Since such an inequality does not hold, the origin of the present
study was to find nuclear spaces containing .’ such that an appropri-
ate inequality of the type (L3) holds for the convolution.

More generally, in the present paper we define a wide family of nuclear
spaces in terms of positive functions over a commutative monoid, and
give a characterization of those in which an inequality of the type (L3)
holds. Since such an inequality was first proved by Vage (in the setting
of the Kondratiev space of stochastic distributions) we call these spaces
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Vage spaces. We show that these spaces are in particular topological
C-algebras, and give a characterization of their invertible elements. We
then consider the tensor product of two Vage spaces, and show that it
is a Vage space too.

The Schwartz space of tempered distributions .’ is not a Vage space.
We define a Vage space, containing .. This space is the dual of a
space which is included in the Schwartz space of test functions .7,
consists of entire functions, and is invariant under the Fourier trans-
form. One can thus define the Fourier transform on its dual, and study,
as suggested to us by Palle Jorgensen, connections with the theory of
hyperfunctions (see [I1] for the latter). This will be done in another
publication. We present some important properties of this space, and
characterize it both in terms of sequences and in terms of entire func-
tions.

The paper consists of seven sections besides the introduction, and we
now describe its content. A family of spaces of functions over a commu-
tative monoid which includes the space ./, and which we call regular
admissible spaces, is introduced in Section[2l In Section [3 we character-
ize regular admissible spaces in which convolution satisfies an inequality
of the type (L3]). We also prove that these spaces are topological C-
algebras, which we call Vage spaces. Invertible elements in these rings
are characterized in Section [ In Section [§ we prove that the tensor
product of two Vage spaces is a Vage space. The last three sections are
devoted to examples and applications. In Section [l we define a Vage
space which contains .. Some results of E. Hille on Hermite series
play an important role in the arguments. In Section [7] we consider
the Kondratiev space. Finally, applications to linear system theory are
outlined in Section [§

2. A NEW FAMILY OF NUCLEAR SPACES AND GELFAND TRIPLES

In this section we introduce a family of nuclear spaces of functions over
a commutative monoid which we use in the sequel. We begin with a
definition and a preliminary result on such positive functions. Let A
be a subset of N. We denote

(2.1) Uy = N(()A) = {a € Ng‘ : supp(«) is ﬁnite} = PneaNoe,,
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where, for n € N, we have denoted by e,, the sequence with all elements
equal to 0, at exception of the n-th one, equal to 1. For two elements

a:Zanen and B:Zﬁnen

neA neA

in 04, we define o + 38 =3 _.(an + Bn)e,. In other words, (¢4, +,0)
is the free commutative monoid generated by the countable (or finite)
set {e, }nea. Moreover, we consider the following partial order induced
by the addition above: For a, 8 € ¢4, we define a < [ if there exists
v € {4 such that a + v = .

Definition 2.1. Let A be a subset of N, and let 4 be defined by (2.1]).
A positive function a : £, — R (that is o — a, where a, > 0 for any
a € ly) is called admissible if ag =1 and a., > 1 for alln € A.

Let d € N. The admissible function a is called d-regular (or simply
reqular) if furthermore

(2.2) > - 1_ o< o0

neA ©n

It is superexponential (resp. exponential) if
(2.3) a5 < Qotp  (T€SP. AaGg = Gaip) Yo, € Ly.
Two examples of exponential regular admissible positive functions are

as follows:

(a) The set A has cardinal one. Then, ¢4 = Ny. We take a,, = ¢ with
c> 1

(b) We set A = N. Then, {4 = ¢, where / is as in Definition [[.LT. We
take

(2.4) q = (2N)® = 2914°26% ... | o € (.

As mentioned in the introduction, this last example occurs in Hida’s
white noise space theory, in the definition of spaces of stochastic dis-
tributions.

Proposition 2.2. Let a : {4 — R be a superexponential d-reqular
admissible positive function. Then,

E a;d < o0.
aEly

Furthermore, if a is exponential rather than superexponential then d-
regularity is also necessary for the family (a,%)ace, to be summable.
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Proof. We first prove the theorem for the case d = 1. It follows from
23) that for every a € £4,

«
H a," < Qg

neA

2 ot <) [

aclp aclp ncA

(e e]
—_ —Qn
=11 > a

neA an=0

Therefore,

If agag = Gaqp, then Voo € £y, [],c4 a2" = a. Therefore,

_ 1
)

acA neA

which converges if and only if > 1 7 < o00. Incase d > 1, we take

n€A ae, —
a® instead of a. O

When A = N and a,, is given by (2.4]) we obtain as a corollary a result
of Zhang, proved in 1992, see [34], [21]. Zhang’s proof uses Abel’s
convergence test. The result itself is necessary in order to present some
important properties of Kondratiev spaces of stochastic test functions
and stochastic distributions.

Corollary 2.3 (Zhang [34]). Let d € N. >
only if d > 1.

Proof. We take {4 = (. Thus

(2N)79* < oo if and

a€el

1

—do
a€el neN
which is true if and only if d > 1. U

The spaces .’ and S_; are strong dual of Fréchet spaces. Namely, .’
is the strong dual of the Schwartz space . of Hermite series

(2.5) f@) = fabal@),
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where (&,)nen, denote the Hermite functions, and the coefficients f,
are complex numbers, and such that

Z (n+1)*|f,)* < oo for all p € N,
n€Np

and S_; is the dual of the Kondratiev space S; of stochastic test func-
tions which can be seen as families of complex numbers ( f,)ac¢ indexed
by ¢ and such that

Z (a!)?(2N)°?| f,|* < oo for all p € N,

a€el
where
(2.6) @N)” = J[@k)* and al = J](a).
k=1 k=1

The triples (%, Ly(R, dx),.¥") and (S1, W, S_1), where W denotes the
white noise space, are Gelfand triples. We now define a wide family
of nuclear topological vector spaces, which includes .’ and S_;, and
which is closed under tensor products, as dual of certain Fréchet spaces.

Let a : £4 — R be a positive function, that is « +— a, where a, > 0
for any a € £4. We denote the weighted Hilbert space with respect to
a by

(2.7) Ei = {(Qpa)aem : Z |90a|2a0c < OO} .

a€ely

When a is the constant function 1 we simply denote (2 = (2 (i.e (? =
(*(£4)). We define the countably normed space

(2.8) F,= {(%l)aegA : Z lpal?aP, < oo for all p € N} = ﬂ Uap.

aElp peN
Theorem 2.4. Let a: {4 — R be a positive function.
(a) The space F, endowed with the topology defined by the norms
lelz =" lpalal, p=1,2,...
a€ly

1s a Fréchet space.
(b) If a > 1 (that is, for any a € L4, a, > 1), then the space F, is
continuously included in (2.
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(c) The space F, is nuclear if and only if there exists d € N such that
(2.9) Z a? < oo
aEly

Proof.

(a) By definition, F, = () oy lar, and thus it is a Fréchet space. We
first note that the norms are non decreasing and compatible (i.e.
every sequence which is a Cauchy sequence with respect to the two
norms and converges to zero with respect to one of them, converges
to zero also with respect to the second). See [14], p. 17-18]

(b) We have
el = Y leal® < D leal’al = llellZ,

a€ly a€cla
(c) Defining 6, = (da,)pee, such that 0,3 = 0 if & # § and 0,5 = 1
if o = 3, it is clear that (5aa;p/2ba)aegA is an orthonormal base of
lew. Now, F, = ﬂpeN L4 is nuclear if and only if for every p € N
there exists ¢ > p such that the natural embedding ¢ : £, — (op is
Hilbert-Schmidt. The equality

tr (1) = > (1" 1(0aaz"?ba), (0aay?ba))q

aEly

= > le(Gaag?ba)|2
acly

- Z a;(q—p)HL(gaa;p/%a)Hi _ Z a; @)
a€cly acly

yields that F, is nuclear if and only if for any p there exists ¢ > p
such that

(2.10) > a i) < oo,
a€ly
If [Z9) holds for some d € N, then setting ¢ = p + d leads to
the requested result. On the opposite direction, if F, is nuclear,
then for p = 1 there exists ¢ > p such that (ZI0) holds. Setting
d=q—p=q—1 yields the requested result.

O

Definition 2.5. Let a be a d-reqular admissible positive function. The

space F. is called a d-regular admissible space. The space is called

reqular admaissible if it is d-reqular admissible for some d € N.
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We denote by (¢2,) the dual of ¢2,. Then
(631)/ - (632)/ c---C (ﬁzp)’ c...CF,

and the dual space F! is the union of the increasing sequence of the

spaces (£2,), i.e., ’
Fo=J@y
peN
See [14, p. 35-36]. Since a Fréchet space is nuclear if and only if its
strong dual is nuclear, F is also nuclear.

Proposition 2.6. F! can be viewed as

{(fa)aeeA : Z |fa\2a;p < o0 for some p € N} .

aEly

Proof. Let f € (£2,). It follows from Riesz’s representation theorem
that there exists ¢ = (¢) € €3, with [|¢]|l2, = || fll(2,) and such that

) =0,
Thus, for any ¢ = (¢,) € (2,
Flo) = (W, @), = > Pathadl.

a€ly

Setting f, = 1¥,ak,, we have
S lfalfaz? = 3 Wealta = 012, = 1£1 .

acly agly
Moreover, for any (f,) subjects to 3o, |fal?ag? < o0
(fo) > ((%) =3 %ﬁ)
a€ly

maps (f,) to a continuous linear functional over £2,, and any composi-
tion of this mapping with f — (f.), which was described before, yields
the appropriate identity. Hence,

1) (B)ye, = {(fa>aeeA Y alarr < oo} .

a€ly

Thus, F, can be viewed as

U 2., = {(fa)aegA : Z | ful?a,? < oo for some p € N} )

peN acly
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We note that the inner product (-,-)s.2 coincides with the antilinear
duality (-,-) s 7., whenever it makes sense. Considering the inclusion
of dual spaces (£?)’ in F, using Riesz theorem we have that,

F,.CPrCF.

It is clear that the second inclusion is also continuous, since

W,y = D falaz? < D 1l = IIF 11

acly agly

Proposition 2.7. (F,, *(€4),F,) is a Gelfand triple.

a

3. VAGE SPACES - A NEW FAMILY OF TOPOLOGICAL C-ALGEBRAS

Considering the monoid ¢4 for A C N, it has the property that for any
v E Ly

{(a, ) € %4 : a + B =~} is finite.
Thus it gives rise to the total C-algebra of the monoid ¢4, namely
(C*4, +, %), where * denotes the convolution multiplication defined by

(3.1) f*xg= ( Z fagﬁ) for all f,g € C.

otp=y YELA

We usually omit the *, and simply write fg instead of fxg. This algebra
is an integral domain and a topological ring with respect to the product
topology of C4. Denoting z, = (d, 5)ser, € C, = (T,)nea and

«

% = [],ca 25", we obtain 2* = (04,8)pee, = 0a- Therefore

fa acly — Z fa

a€ely

Thus, we obtain C*4 = C[[z]] and the convolution can be considered
simply as formal series multiplication. For more details about total
algebras of monoids see Bourbaki [9], p. 454].

The proof of the following proposition is straightforward and will be
omitted.

Proposition 3.1. Let f,g and h be in C*A. Then, it holds that:

(a) fg=9f.
(b) (fg)h = f(gh).
(c) flg+h)=fg+ fh.

Recall that we introduced regular admissible spaces in Definition 2.5
When it does not lead to any confusion, we simply denote by || - ||,

instead of || - [[2,) = | - ||éi7p.
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Definition 3.2. A regular admissible space F}, =\J 2, (2, is called a
Vage space if there is e € N such that for every p € N and for every

p=q+te
1 fall, < Al — DIl fllllglly

forall f € 2_, and g € (2_,, where A(p—q) is a finite positive number.
If Fl is a Vage space, we call the minimal e with this property the index
of the space.

We note that in particular, a Vage space F/, is a subalgebra of (C*4, +, x),
i.e., closed under convolution (and clearly under addition).

Theorem 3.3. A d-reqular admissible space F. is a Vage space if and
only if

aqap S Qo+, va> 5 € €A>

r.e., a:la — R is superexponential. Its index is then less or equal to

Proof. We follow the argument in [2I, p. 118]. First we assume that
for all a, 8 € l4, anas < aq4p. Since F. is a regular admissible
space, ag = 1, a., > 1foralln € A, and ) _, ﬁ < oo for some
d € N. Therefore by Proposition we obtain for any p —q > d

> acts aa? < D acr, Ga® < 00. We denote

o

0= (T )

a€ely
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Now, supposed that f € ¢2_, and g € £2_,, for some p > ¢ + d. Then,

2
1£912 =D 1) fagy-aa;™?

vE€La la<y
2
S (zuam Pl o M)
YEL A a<ly
sZ(Zummmwm%m MAwﬂ
vELa \aa/ <y
<y ('fa‘af”\fwwa;w S gy ala? \I>
a,a/ €6y y>ao,0f

IA

(Sui) (L) (S wer)

= (Alp — )" IIF1I31913-

Thus, F, is a Vage space of index which is less than or equal to d. On
the other direction, assuming that F, is a Vage space of index e. Let
g be a natural number and p = g 4+ e. Then,

221, = 122"l < A~ Dllallla”

IA

Therefore, a,}; < A(e)azPagz?. Then, A(e)‘l/paaa%/p < Ggtp. Thus,
we obtain ayas < an1p as p goes to infinity. U

Corollary 3.4. A Vage space is nuclear.

Proof. If F, is a Vage space then ), ag? < oco. Applying Theorem
2.4 F, is nuclear. However, since it is a Fréchet space, F. is also

nuclear. 0

We now show that the convolution is continuous in the strong topology
of a Vage space. Before that, we need the following proposition.

Proposition 3.5. Let F, be a regular admissible space and let (fy) be
a net in F.. Then f\ — f in the strong topology if and only if there
exists p € N such that fx, f € (2., and fy — [ in the strong topology
of 2,
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Proof. Suppose fy, — f in the strong topology of F.. In particular,
{fatrea U{f} is strongly bounded. Therefore, there exists p € N such
that

{AherU{frcez,

(see [14] §5.3 p. 45]). Let B be a bounded set in ¢%,, then BN F, is a
dense subset of B. Therefore,

sup [fa() = f(p)l = sup_[fa(p) = f(@)] = 0.

QOGB gDEBﬂ]'—a

Thus, fy — f in the strong topology of ¢2_,. The opposite direction is
clear. 0

Theorem 3.6. Let F! be a Vage space. Then the convolution is a con-
tinuous function F, x F. — F. in the strong topology. Hence (F.,+,*)
1s a topological C-algebra.

Proof. Assuming ((fx, gx))xea is @ net which converges to (f,¢g) in the
strong topology of F/ x F! then in particular, fy — f and g, — ¢ in
g gy a a g g
the strong topology of F.. According to Proposition B.5 there exist
p,q € N such that f\,f € 2., and g),g € (?_, where fy — f in
the strong topology of ¢2_, and gx — ¢ in the strong topology of
(2_,. We may assume that p > ¢ + d. Since F, is a Vage space,
for=f*gx, fg=fxge >, and = : (2_, x (>, — (>_, is continuous.
Since (fx, gx) — (f,g) in the strong topology of £2_, X (2_,. frgr — fg
in the strong topology of ¢2_,. Again, using Proposition B.5, we have
that fagx — fg in the strong topology of F.. Thus the convolution is

strongly continuous. O

We do not know if the convolution is continuous in the weak topology.
We end this section with the weak topology analogue of Proposition

Proposition 3.7. Let (fy) be a net in F.. Then fx — f in the weak
topology if and only if there exists p € N such that fy, f € (*_, and
fr = [ in the weak topology of (2_,.

Proof. Suppose fy — f in the weak topology .In particular, {f\} U
{f} is weakly bounded, and thus strongly bounded (see [14, p. 48]).
Therefore, there exists p € N such that {f,} U{f} C ¢2_,. Moreover,
fr — f pointwise on a dense subset of ¢2,, that is F,. Let ¢ > 0 and

¢ € (2, We may choose ¢ € F, such that || — ||, < T EET AL
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and \g € A such that for all A > Ay, [fa(¥)) — f(¥)] < §. Therefore,

[Fx(@) = F(@)] < [fale) = AW+ [A) = F)] + 1 F () = (@)l
< AN+ 17DIe = &1l + 112 () = f(&)]

€ n €
-+ - =

2 2

Thus f\, — f in the weak topology of ¢2_,. The opposite direction is
clear. 0

4. INVERTIBLE ELEMENTS AND POWER SERIES

The C-algebra (F!, +, *) is in particular a (unit) ring. We denote it by
R.

Definition 4.1. Let f = (fo)ace, € R. Then, fo € C is called the
generalized expectation of f and is denoted by E[f].

From this definition we have that

E[fgl = E[f]E[g], Vf,g€R.

We note that £ : R — C is a homomorphism which maps 1% to 1¢. In
the sequel, we will see it is the only homomorphism with this property
(see Proposition [A.7]).

Proposition 4.2. Let M be a positive number. Then, for any f € R
such that E[f] = 0 there is ¢ € N such that || f]|, < M.

Proof. Let f = (fa) € (2, with fo = 0. Since a., > 1 forn=1,2,...,
we have
Ao = H agr>1 forall a# (0,0,...).
neA
Therefore, for all a € £4 lim, o |fal?az? = 0 (recall fu = 0) and for
all ¢ > p, |fol?ag? < |fal?ag?, whereas 3 o, |fal?as? = ||f|7 < oc.
Thus, the dominated convergence theorem implies

lim [|£]2 = lim Y |fal’ag? = lim |fu|?a;? = 0.
q—)oo q—)oo q—)oo

a€ly a€gly

U

Definition 4.3. The n-th convolution power f* = f** of f is defined
inductively as follows:

= 1 ifn=20
SO e >0
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Proposition 4.4. Let R be a Vage space of index d and let f be in
2_,. Then¥n €N, f* € £2_,... Moreover, || f*||p+a < A(d)™| fI7-

Proof. Obviously, f®=1¢€ 2_,.,, and || f%|pra = A(d)°]| f]I}.
By induction, if we assume f* € R, we get f"*D = ff* € R, and
1" pa = 11 £ "l
< A f1plf " lp+a
< APl < o0
O

More generally, given a polynomial p(z) = ZnN:O pn2" (pn € C), we
define its convolution version p : R — R by

N
p(f) = puf"
n=0

By Proposition .4, we have that p(f) € R for f € R. The following
proposition considers the case of power series.

Proposition 4.5. Let ¢(2) = Y, .\ dn2" be a power series (with com-
plex coefficients) which converges absolutely in the open disk with radius
R. Then for any f € R such that |E[f]| < % it holds that

d(f) = ouf"ER.
neN

Proof. Applying Proposition[d.2] there exists ¢ such that || f—E(f)||, <
ﬁ — |E[f]]- Therefore,

1fllg < 1f = EC)Irlly + [EC)] < A

Then by Proposition 4] for all p > ¢ + d,

16l < > 1oul A" £

neN neN
=" |enl(A@DIFlg)"
neN
< Q0.
Since ¢2_, is a Hilbert space, ¢(f) = >, o @nf™ € 2_,. Thus, ¢(f) €
R. O

Proposition 4.6. The element f € R is invertible if and only if E[f]
15 invertible.
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Proof. If E[f] # 0, we can assume that E[f] = 1. By the Proposition
.5l we have that > (1 — f)" € R. Furthermore,

f <Z<1 —f)") =1

neN

neN

Conversely, assume f invertible. Then there exists f~! € R such that
f71 = 1. Hence, E[fIE[f~] = E[ff] = 1. O

Proposition 4.7. Let R be a Vage space. Then the following proper-

ties hold:

(a) GL(R) is open.

(b) The spectrum of f € R, o(f) ={A € C: f—Alg is not invertible }
is the singleton {E[f]}.

(c) E is unique as a homomorphism R — C mapping 1 to 1c.

Proof.

(a) By Proposition[d.6], we have that { f € R : E[f] # 0} is the set of all
invertible elements in R. In other words, GL(R) = E~'(GL(C)).
In particular, since £ is continuous, GL(R) is open.

(b) Clearly, f — Alg does not have an inverse if and only if A = E(f).

(c) Let ¢ : R — C be a homomorphism mapping 1z to 1c and let f €

R. Since ¢ (f = ¢(f)1r) = 0, ¢(f) € o(f), that is o(f) = E[f].
0

The notion of rational functions plays a key role in the theory of linear
systems over commutative rings. See Section [§ below for a discussion
and references. Here, using Proposition we define rational func-
tions with coefficients in R as in [5] and [2, Section 3] as elements
in the quotient ring of R[z]. Other characterizations can be given in
terms of finite dimensional backward shift invariant spaces and realiza-
tions. See [5]. We mention that in the non-commutative case similar
characterisations occur. See for instance [3], [6].

Definition 4.8. A rational function with coefficients in R™™ is an
expression of the form

(4.1) R(z) = p(2)(q(2)) "
where p € (R[z])™™, and 0 # q € R[z].

Note that, for any f € R such that E(q(f)) # 0, R(f) is well defined
as an element of R™.
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In Section [8 we discuss some problems in the theory of linear systems
using rational functions with coefficients in R.

To conclude this section, we remark that one may consider classical
interpolation problems (of the kind developed in [§]) in the present
setting. For instance one can consider the following Nevanlinna-Pick
interpolation problem:

Problem 4.9. Given N € N and N pairs of points (a1,b1), ..., (an,by)
in R?, find all power series ¢ such that

qﬁ(aj):bj, jzl,...,N,

and such that, moreover, the function z — E(¢(z)) is analytic and
contractive in the open unit disk.

This problem, as well as more general interpolation problems, have
been studied in [2] when R is the Kondratiev space S_;. Two important
tools used there, and which are still valid in the setting of Vage spaces
are the permanence of algebraic identities (see [7, p. 456]) and the
definition and properties of analytic functions with values in the dual
of a countably normed Hilbert space.

5. TENSOR PRODUCT OF VAGE SPACES

When one considers the tensor product £ ® F' of two locally convex
Hausdorff spaces E, I, some "natural” topologies may be considered.
Two such topologies are the m-topology and the e-topology (see [15],
[30, Chapter 43, p. 434]). These topologized tensor products of F and
F' are denoted respectively by F ®, F and F ®. F. The completions
of the tensor product of £ and F' with respect to the m-topology and
the e-topology, will then be denoted by E®,F and E®.F respectively.
However, when it comes to nuclear spaces, things are getting much
easier.

Theorem 5.1. Let E be a locally convexr Hausdorff space. Then, E
is nuclear if and only if for every locally convexr Hausdorff space F,
E®.F = EQ.F.

A proof can be found in [30, Theorem 50.1 p. 511]. Thanks to this last
theorem, we simply denote

EGF Y E& F = E&.F

when one of the spaces F or F is nuclear. We also denote the usual
tensor product of two Hilbert spaces E and F' by £ ® F'. We recall the
following result of Grothendieck on tensor products, see [15]:
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Proposition 5.2. Let E be a complete locally convex space of func-
tions defined on a set T', such that its topology is finer than the point-
wise convergence topology, and assume E to be nuclear. Then for every
complete locally convex space F, the tensor product EQF can be inter-
preted as the space of all functions f : T — F such that for all y' € F”,
t— (Y, f(t)r F is a function of E.

For A, BCN,leta:¢4 — Randb: /g — R be two positive functions,
such that the associated countably Hilbert spaces F, = [,cy /%, and
Fp = ﬂpeN (%, are nuclear. Since JF, is a complete locally convex space
of functions defined on the free commutative monoid /4, and since its
topology is finer than the pointwise topology, that is since

|Pax = #al’al < Y |0ar — ¢al’ah

a€ly

F,&F, can be interpreted as the space of all elements of the form V.o
such that for all f = (fs)sees € Fo, ({f, Vp.0) 77 )aces € Fa-

Theorem 5.3. It holds that

Fu®F, = ﬂzz

Proof. Let 1 = (13,4) be an element of F,®@F, with 15, > 0 for any
a €Ly, B € lg. Then for all f = (fﬁ)ﬁefg c ./_"lg, (<f, wﬁ,a>}'é,}'b>a€€,4 €

q9
Fa. In particular, we may choose fz = bj for any g € N. Therefore,

2

Z Z |wﬁo¢| bqap < Z Zb wﬁa aa
a€ly BEL acly |BELR
q 2
= > [{08), el | ah < o0
a€ly

Thus, (Yga) € N, ler®L. In case (Pp) € Fo®F, is an arbitrary
element, then applying the last inequality to its positive real part, neg-
ative real part, positive imaginary part and negative imaginary part
yields the requested result.
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To prove the opposite direction, take (1g,) € ﬂp,q 2,@02,. Then for
all f = (fs)per, € F there exists ¢ such that f € ¢7_,. Thus,

2
) _
[(f, s sl =D fovbsa
Belp
2

=D obs vsab;
Belp

< (Z \fﬁ|2b§q> (Z |¢ﬁ,a\2b}§>
BELB Belp

= Hf”%—q > sl

Belp

Hence for all p € N,

S W mn [ a < IR D7D [sal?bhal < oo

a€l g a€ly BEL

and 50 (Vp.0) € Fa®F. O
Proposition 5.4. [t holds that

(@l = () Cr L3
2 p

Proof. One direction is clear. The other direction follows from the
inclusion

2 2 2 2
EamaX{P,q} ®€bmaX{p,q} g Eal’®€bq

Applying Theorem and Proposition 5.4 ;we obtain:

(5.1)  FudF=[)]Wap): D |salf(bsaa)’ < oo

peN (a,B)ELsx LR

Now, we can concatenate the indices in an obvious way. We define
C = 2B U (2A — 1) (disjoint union), Pg : C — B, Py : C — A
the appropriate projections, ¢, = bpy(y)ap,(y), and ¥y = Vpy(),Pa(y)-
Therefore, we may write

Fa®Fy = ﬂ {(¢v)v€€c : Z |¢v|20’-'§ < OO} )

peN yELC
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and

(Fu®F) = U {(¢v)v€éc : Z |¢V|2c;1’ < oo}

peN yELC
Proposition 5.5. Leta : {4y — R and B : {g — R be two admissible
positive functions. Then:

(a) c: C' = R (where C = 2B U (2A — 1) and ¢, = cpy(y)ap,(y)) 15
admissible.

(b) If a and b are both d-reqular, then so is c.

(c) If a and b are both superexponential, then so is c.

Proof. c is admissible, since ¢y = bpag = 1 and c., > 1 for all n € C.

Moreover,
1 1 1
ch —1 :Zag —1+Zb§ 1
neC ©n neA ©n neB ©n
and hence d-regularity of both a and b yields d-regularity of c¢. Finally,
if both a and b are superexponential, clearly so is c. O

Finally, we give the following theorem.

Theorem 5.6. Let E, F' be two Fréchet spaces. If E is nuclear, we
have the canonical isomorphism

(EQFY = E'QF'

A proof, in case both E and F' are nuclear, is given in [30, (50.19), p.
525]. We can now state:

Theorem 5.7. A tensor product of two Vage spaces is also a Vage
space.

Proof. Applying (B.1)), Proposition and Theorem B3, (F,®F,) is
a Vage space. Theorem yields the requested result. O

6. AN EXTENSION OF THE SPACE OF TEMPERED DISTRIBUTIONS
In this section we consider the special case £4 = Ny (i.e. A ={1}), and
an = (n+1)2%

The corresponding space F, (defined by (2.8])) is identified with the
Schwartz space . of rapidly decreasing smooth functions, and its dual
is the space .’ of tempered distributions. We will show (see Proposi-
tion below) that .’ is a regular admissible space, but it is not a
Vage space. We will also construct a Vage space containing ..
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We recall (see [26, Chapter IV, Section 2, p. 303], [29, p. 105]) that
the Hermite polynomials h,(x) are defined by

dr 2
6.1 hy () = —1”2—(—1‘), —01,...
(61) (0) = (-1 T ()
Various notations and conventions are given for these polynomials. See
the discussion on the end of page 105 of [29]. In particular, the multi-
plicative factor (—1)™ (which does not appear in Sansone’s book [26])
insures that the factor of 2™ in h,, is positive. The Hermite functions

&n(x) are defined by
(6.2)  &(z)=m1(2"n) ze 2% hy(z), n=0,1,2,....

The Hermite functions (&, )nen, form an orthonormal basis of Ly (R, dz).

The Schwartz space . of smooth rapidly decreasing functions on R is
defined by

S = {f € C*(R) : sup ‘xpf(q)(a:)‘ < oo for all p,q € NO}

zeR

The Hermite functions are elements in the Schwartz space, and we have
(see [24, Theorem V.13 p. 143]):

y:{f: > fabn Z|fn|2(n+1)2p<ooforallpeN}.

neNg neNg

Identifying > . fon With (fn)nen, allows to identify Ly (R, dz) with
(*(Np) and . with F,.

Proposition 6.1. .%’ is a reqular admissible space which is nuclear,
but is not a Vage space.

Proof. First, we note that defining a,, = (n+1)? implies that a : n — a,
is a 1-regular admissible function. It is indeed admissible since ag = 1
and a; = 4 > 1, and it is indeed 1-regular, since the sum in (2.2)) is
over the finite set A = {1} and in particular does converge. Therefore,
" is a 1-regular admissible space. Since, »_ .y ((n + 1)?)7 < 00, S
is nuclear, and hence . is also nuclear (of course, the nuclearity of
& and ¢ is a standard result; see for instance [30]). Since a is not
superexponential, that is

(n+12*m+12* £ (n+m+1)3%

<" is not a Vage space. O
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We define the following subspace of .7

G = {angn : Z | fa]?2™ < oo for all p € N}.
n=0

n€eNp

Proposition 6.2. 4’ is a Vage space containing the Schwartz space
" of tempered distributions.

Proof. Using the identification of )y fn&n With (fo)nen,, and defin-
ing a, = 2", we have that ¢ is the corresponding countably Hilbert
space JF, associated a (and as before, Ly (R, dz) is identified with £%(Ny)).
Clearly, a is a l-regular admissible function. It is indeed admissible
since ap = 1 and a; = 2 > 1, and it is indeed 1-regular, since the sum
in (2.2)) is over the finite set A = {1} and in particular does converge.
Therefore, ¢’ is a 1-regular admissible space. Since a : n +— 2" is an
exponential function, ¢’ is a Vage space and is in particular nuclear.
Moreover, the natural embeddings ¢4 C . and .’ C ¢’ are clearly
continuous. Hence ¥ is a closed subspace of ., and .¥’ is a closed
subspace of ¥4’. O

Theorem 6.3. ¥ is the space of all entire functions f(z) such that

// 1£(2)]” eigif’ﬁ_ig:f’de:cdy <oo forallpeN.
C

In the proof we make use of two results of Hille. The first result appear
in [20, formula (1.3), p. 81] and [19, Theorem 2.2 p. 885]. For the
second formula, see [20, formula (2.1) p. 82] and [I8, p. 439-440]. In
that last paper one can also find a history of the formula.

Theorem 6.4. (Hille, [20]) The domain of absolute convergence of the
series y - o Fr&n(2) is the strip S, = {z € C: |Im(z)| < 7}, where

7= —limsup(2n + 1)"2 log |F,|.
n—o0
Theorem 6.5. (Hille, [I8]) The series Y -, &n(u)én(v)s™ converges
for arbitrary complezx values of u and v when |s| < 1, and

1 (1+32)(u2+v2)74suu

S 6 ()6 (v)s" = w3 (1 — 2y ST
n=0

Furthermore, we make use of the easy following proposition. See [25,
§6, p. 61]. The space I', bears various names, and in particular is
called the Fock space.



NEW TOPOLOGICAL C-ALGEBRAS 23

Proposition 6.6. For all0 < a <1,

r, = {f is entire : — // 1F(2))? e dady < oo}
T™JJc

is a Hilbert space with a reproducing kernel K, (z,w) = e*™=.

Proof of Theorem[63. Let p € N. For each f € ¢, f = > f26n
whereas Y 7 | fn|*2" < oo for all p € N. In particular, lim,,_, | f,,|?2" =
0. Therefore, for every n large enough, log |f,| < —nlog+/2. Thus, in
the notations of Theorem [6.4]
7= —limsup(2n + 1)"2 log | f,| > liminf(2n + 1) 2nlog v2 = cc.
n—o0

n—oo

Therefore, denoting by ¢, the space of all functions f = "7 fu&,
subject to > 07 [ful?2" < 0o (i.e., ¥, = (%), it is a Hilbert space of
entire functions, and in particular, ¢4 = ﬂpeN ¢, is a countably Hilbert
space of entire functions.

Now, since (5"2_%)%1\10
s = 277, the reproducing kernel of the Hilbert space ¥, is given by

G(z,w) = Z gn(z>m2_w = Zgn(z)gn(w)sn

Applying Theorem [6.5], we have that
1 gy 1 (452 (P 4w?) —dszw
G(z,w)=m 2(1 —s%) 2e 2(1-s%)
_ 1+s2 22
Denoting r(z) = 771 (1—s2)"1e 20-5°  considering the kernel Ko (z, w) =
e®* with its associated Hilbert space I', for a = 1388 5 (see Proposition

[6.6]), we have that

is an orthonormal basis for ¢,, and denoting

G(z,w) = r(2)Ky(z, w)r(w).

Therefore, the space ¥, is equal to the space of functions of the form
f =rg, with g € I', and norm

1 fll%, = llgllr.-
We note that for z = x + iy,
] 9 9 1 N2 .2 96( 12 2
0. 1t pory o 2 p o (EE 2y 2 +4)
2(1 — s?) 1 — s2 1—s2 1 — 52

-5 4 1+s,
7 — Y.
1+s 1-s

Thus,
r(@)] 7 = V/a(l = Bt T
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and, with K, = 21 "

/r(1-2-2p)’
. . 2 2 %:ﬁ—%;ﬂ
Y, =4 [ isentire : [[fllg = K, g |f(2)|"errz?™ 1272 dady < oo ¢,

and in particular & = [ oy %, is the space of all entire functions f(z)
subject to

// |f(2’)|2 eigif’ﬁ_i;;’fdxdy < oo forall peN.
C
O

We note that there are functions in the Schwartz space . which have
no analytic continuation to an entire function but only to a holomorphic
function on some strip. For example, one may consider the function

F(z) = Z eVIFle (1) € .S

n€eNg

It is indeed in the Schwartz space since ), o e >V*"*(n 4+ 1)* < oo
for all p € N. However,

7= —limsup(2n + 1)"2 log |F,| = liminf(2n + 1)"2(2n + 1)% = 1.
n—00 n—o0

Furthermore, clearly there are functions in the Schwartz space which

have no analytic continuation to any holomorphic function, e.g., func-

tions with compact support.

Remark 6.7. As mentioned in the introduction, connections with the
theory of hyperfunctions will be considered elsewhere.

Remark 6.8. Having now ¢’ at hand, one can consider the tensor
product 9’ @ S_1, where S_1 is the Kondratiev space of stochastic dis-
tributions (see Section[7). By Section[d it is a Vage space, and can be
an appropriate setting to study stochastic linear systems. This will be
done in a future publication.

Remark 6.9. If we define ag = 1 and for n > 0 a,, = 22", then a is
again a 1-reqular admissible function. The associated countably Hilbert
space F, is a space of entire functions. Moreover, since the function
a 1is superexponential its dual is clearly a Vage space. We can define
many other Vage spaces in a similar manner.
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7. THE KONDRATIEV SPACES

In this section we consider the special case {4 = ¢ (i.e. A=N), and
= (2N)“.

Then the corresponding space F, (defined by (2.8)) is identified with
the Kondratiev space of Gaussian test functions Sy, and its dual is the
Kondratiev space of Gaussian stochastic distributions S_;. We will
show (see Proposition below) that S_; is a Vage space. We also
consider the Kondratiev space of Poissonian stochastic distributions,
and show that it is also a Vage space.

We first need to recall a few definitions pertaining to the white noise

space. The function s — e_% 512, @,00) 1 positive definite on the Schwartz
space of real-valued functions .7k, and continuous at the origin. The
Bochner-Minlos theorem (see for instance [27, p. 10-11]) insures the
existence of a probability measure du on the Borel o-algebra of the
dual space .4, such that

I sy / G du(s’)  for all s € F,

where the brackets denote the duality between .#& and .#%;. This equal-
ity induces an isometric map

s Qs, where Qu(s')=(s,s) (s€ I, s €.H)
from & C Lo(R, dx) into Ly(A%, B, 1).

The space W = Lo(%%, B, 1) is called the Gaussian white noise space.
We recall that the Hermite polynomial functionals (Hg)aee € VW, which
are defined by

H ag Q5k1 ) (3/€§ﬂ[é)7

form an orthogonal basis of W, where (hy) and (&) denote respec-
tively the Hermite polynomials and the Hermite functions (see (6.1)
and (6.2])). More precisely,

(7.1) W = {ZfaHa:Z|fa\2a!<oo},

a€el a€el
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where ol = [[,2, (ax)!. The Kondratiev space of Gaussian test function
Sy is defined by

a€el a€el

S = {Z faHy : Z | fa|?(2N)*?(a!)? < oo for all p € N} :

Clearly, W can be identified with ¢? using the isometry

> fulo v (fulah)?)

acl )
ael A

In a similar way, defining

Sip = {Z JaHo Z | fal?(2N)*P(al)? < OO} ’

a€el a€el

it can be identified with ¢?(aP) (for a, = (2N)%). Hence,
Fo=()0(a") = ()81, =St

peN peN
The Wick product of two formal series f = ZaeeA faH, and g =
ZaeeA goH,, denoted by o, was introduced by Hida and Ikeda, see
[T7]. It is defined by

(7:2) fog=>_ ( > fagﬁ> H,.

v€l \a+pB=y

The Kondratiev space of Gaussian stochastic distributions S_;, which
is the dual of &; and can be defined by

S = {Z JaHo : Z | fa]?(2N)? < oo for some p € N} ~ F

acl ael

is not only closed under the Wick product, but as we present in the
following proposition, also a Vage space. The following proposition is
a result of Vage, proved in 1996, see [31] and [21], p. 118].

Proposition 7.1. The Kondratiev space of Gaussian stochastic distri-
butions S_1 = S} is a Vage space.

Proof. We note that a : o — (2N)* is a 2-regular admissible positive
function. It is admissible since ag = (2n)? = 1 and a,, = 2n > 1, and it
is 2-regular since ) (%)%_1 < 00. Therefore,S_1 = F, is a 2-regular
admissible space. Since a is exponential, S_; is a Vage space. O
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Hida’s theory can also be applied to Poisson processes. One then con-
siders the function

exp [ /R (¢is@) _ 1)@«} (s € F)

which is positive definite on %, and continuous at the origin. Here
too, the Bochner-Minlos theorem insures the existence of a probability
measure 7w on . and such that

exp [/ (e — 1)d:c] :/ e dm ().
R 7

The Poissonian white noise space is W™ = Ly (%%, B, ), and admits
a representation of the form (7.I]), replacing the Hermite polynomial
functionals (H,)aee with the Charlier polynomial functionals (Cy,)ace,
computed in terms of the Poisson-Charlier polynomials; see [21], p. 185];
we refer to [29, Chapter II, §2.81, p. 34-35] for the Poisson-Charlier
polynomials. More precisely,

WT = {Z faCa: Y |fal?al < oo} .

acl agl
The Kondratiev space of Poissonian test function ST is defined by

T = {Z faCot > | fal(2N)*?(a1)? < oo for all p € N} .
ael acl

Since the associated positive function a : a — a, remains the same as

before, we conclude the following proposition.

Proposition 7.2. The Kondratiev space of Poissonian stochastic dis-
tributions is a Vage space.

We refer to [22 Theorem 3.7 p. 192] for another example of a space
where Vage inequality holds in the setting of white noise space analysis.

8. STATE SPACE THEORY AND VAGE SPACES

The results presented in [5, 2] for the case of the Kondratiev space
S_1 of stochastic distributions extend to general Vage spaces. We refer
to [12), 13, 23] for general background on the theory of linear systems
when the coefficient space is C (we also refer to [I] for a survey), and
to the papers [28, [16] and to the book [10] for more information on
linear system on commutative rings, and in particular for the notions
of controllable and observable pairs. These various notions are also
reviewed in [5].
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We begin this section with the following proposition. For completeness
we give a short outline of the proof.

Proposition 8.1. A matriz-valued rational function R(z) = p(2)(q(z))~*
for which E(q(0)) # 0 can be written as

(8.1) R(z) =D+ 2C0(I —zA)™'B

where A, B, C', and D are matrices of appropriate dimensions and with
entries in the ring R.

Proof: We first note that a constant and the function z trivially have
realizations of the form (BI)). Furthermore, if R; and R, are in the

form (8.1]),

Rj(2) = Dj + Cj(In; — 2A;)7'Bj,  j=1,2,
one has the realization formulas
(8.2) Ri(2)Ray(2) = D+ C(zIy — A)7'B,
where N = Ny + Ny, D = DD, and

B,D A, B, C
C=(C1 DiCy), B:(éj) and A:<01 11122)

and
(8.3) Ry(2) 4+ Ry(2) = D +C(Iy — zA)™'B,
where N = Ny + Ny, D = Dy + D5 and

B A 0
C=(Cr ), B:(B;) and A:(01 Az).

for the product and sum (provided the dimensions of R; and R, are
such that these make sense). Next, if R is RP*P valued of the form
(81) and D is invertible in RP*? then,

R Y2)=D"'-D'C(Iy —2(A— BD'C)"'BD™!,

which is also of the form (81]). To conclude it remains to verify that
realization is a property which stays under concatenation: If R; and
Ry are of the form (8J]) so are the functions

(g;) and (Rl RQ) s
provided the dimensions make sense. 0

We note that, as was already mentioned after Definition .8, one can
compute the value of a rational function of the form (4.1]) at every point
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f € R such that E(q(f)) # 0. Let ¢(z) = Z%:o gmz™. Then, this last
condition can be rewritten as

> Blan)(E())" #0.

Similarly, one can compute (8.1]) at every f € R such that (I — E(fA))
is invertible.

It is convenient to introduce the operators D,,, n = 1,2, ... defined by
pxe if o, >0
D, (2%) = QU if ‘
0 otherwise

and by linear extension to any finite linear combination of such ele-
ments. We have in particular D,(XY) = D,(X)Y + XD, (Y).

As in [5] for S_1, given a Vage space R we define a rational function
to be an expression of the form

D+ 20(I — zA)'B,

where A, B, C and D are matrices of appropriate dimensions and with
entries in R. See Proposition [R.Il above. Before giving a sample result
we recall that a pair (O, A) € RPN x RM*N s called observable if the
map

f—(Cf CAf CA*f ...
is injective from RN into (R?)". See [10, §2.2 p. 58]. In [3] it is proved
for §_; that an equivalent condition is:
O —zA) f =N — f=0N.
The proof is the same for any Vage space.
Theorem 8.2. Let h be a rational function with realization
(8.4) h(z) = D+ 2C0(I — zA)™'B.

If the realization E[h](z) = E[D]+ zE[C](I — zE[A])) "' E[B] is obseruv-
able, then the realization ([84) is observable.

Proof. We assume that A € RV*N. Let f € RN be such that C(I —
2zA)7 f = 0. We want to show that f, = 0 for all a € £4. Since

A~

E[h](z) = E[D] + zE[C](I — zE[A]) ' E[B]
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is an observable realization, we have that E[C](I — zE[A])"'E[f] = 0
implies E[f] = 0, and thus f; = 0. Now, since

D (C(I — 2A)7 ) = Du(C)YI — 2zA) 7 f + CDL (I — zA) ™) f+
+ C(I — zA) D, (f)
=0,

and since E[f] = 0, we have that E[C](I —2E[A]) "' E[D,(f)] = 0, and
thus f., = 0. Furthermore, by a simple induction, since

D(C(I—zA)"' f) =Y UpDE(f) + C(I — zA)7' D (f)

k<m

for some Uy, and since D™(C(I — zA)™! f) = 0 we have that
E[C)(I - zE[A]) " E[D;(f)] =0,

and therefore f,,., = 0. Thus, f, = 0 for all « € ¢4 such that a =
(0,...,0,,,0...).
We may complete this proof as in [5]. O

In conclusion, Theorem 8.2 as well as Problem [4.9] (or more precisely, its
solution presented in [2]) suggest that most of the classical linear system
theory can be extended to our setting. This is important when one
wants to take into account stochastic aspects of the theory. One such
avenue consists of continuing the line of research initiated in [2] 4 [5].
One then considers input-output systems of the form

where the input sequence (u,),en, and the impulse response (A, )nen,
are in some Vage space. The choice of the given Vage space is done
to express for instance that the system is stochastic (then one chooses
S_1). When the sequences consist of complex numbers, the product
reduces to the product of complex numbers, and we are back in the
classical theory.

As was already mentioned in Remark [6.8, another avenue is to define
a stochastic linear system as a continuous mapping from the nuclear
space ¢4 ® &7 into its dual, to use Schwartz’s kernel theorem and then
to follow Zemanian’s approach to linear systems. Test functions are
now functions of the form (we write w rather than s’ for the variable
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in 31)
(8.5) s(t,w) =Y Ho(w)én(t)ena

n€Ng
ael

where the coefficients ¢, , are in C and subject to

Is]|., = Z Z(a!)ﬂcn,a\?(zN)qazw <00, Vp,gqeN.

n=0 ac/t

See [33] for the latter. Since the dual of 4 ® S, is a Vage space, one
can get more precise results than the ones in [33].
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