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ON THE CLASS RSZ OF RATIONAL SCHUR
FUNCTIONS INTERTWINING SOLUTIONS OF
LINEAR DIFFERENTIAL EQUATIONS

DANIEL ALPAY, ANDREY MELNIKOV, AND VICTOR VINNIKOV

ABSTRACT. In this paper we extend and solve in the class of func-
tions RSZ mentioned in the title, a number of problems originally
set for the class RS of rational functions contractive in the open
right-half plane, and unitary on the imaginary line with respect
to some preassigned self-adjoint matrix. The problems we con-
sider include the Schur algorithm, the partial realization problem
and the Nevanlinna-Pick interpolation problem. The arguments
rely on the one-to-one correspondence between elements in a given
subclass of RSZ and elements in RS. Another important tool in
the arguments is a new result pertaining to the classical tangential
Schur algorithm.
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1. INTRODUCTION

Functions S(\), which are CP*P-valued, analytic and contractive in the
open right half plane C,, or equivalently, such that the kernel

I, — S(w)*S(\

K - o= SIS

A+ w*

is positive in C,, play an important role in system theory, inverse
scattering theory, network theory and related topics; see for instance
IL], [BC], [DD], [Hel, [A]. Here, positivity of the kernel means that for

every n € N and every choice of points wy,...,w, € C, and vectors
&, ..., & € CY*P the n x n Hermitian matrix

[giK(wiv w3>£;)] i,j=1,..n

is positive (that is, has all its eigenvalues greater or equal to 0).

Far reaching generalizations of this class were introduced in [M MV(d],
in the study of 2D-linear systems (say, with respect to the variables
(t1,t2)), invariant with respect to the variable t;. To introduce the
classes defined in these papers we first need a definition.

Definition 1.1. Let 01, 09, v and 7, be CP*P-valued functions, contin-
uous on an interval I = [a,b]. Suppose moreover that o, and oy take
self-adjoint values, and that oy is differentiable and invertible on 1, and
that the following relations hold:

d
Y(t2) +y(t2)" = 7ulta) + Vul(t2)" = —Em(b), ty € L.
2

Then o1,09,7,7« and the interval I are called vessel parameters.

The class of functions SZ corresponding to some vessel parameters oy,
09, 7, 7« and I was introduced in [M [MV¢| (see Definition 2.6 below)
and consists of the functions S(A, t3) of two variables A, t5 such that for
every to € I the function S(\,ts) is meromorphic in C, and the kernel

(1.1) o1(t2) — S(U;: j%);o*-l(tQ)S()\,tg)
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is positive for A and w in the domain of analyticity of S(A,¢2) in C,.
For positive oy (t2), the positivity of the kernel implies that S is analytic
in C,; see [Dd], [A]. For general (invertible) oy (t3), the entries of S are
of bounded type and S has only poles in C,; see [ADRS]. It is also
required that S(A,t2) is analytic at infinity for each ¢, with value I,
there, and that S(\, t3) maps solutions of the input Linear Differential
Equation (LDE) with the spectral parameter A

)\Ug(tg)u()\, tg) — Ul(tg)%u()\, tg) + V(tg)u()\, tg) = 0,

to solutions of the output LDE

0
Aoz (t2)y(A, t2) — 01*(t2)8_ty()\’ ta) + 1u(t2)y(A t2) = 0.
2
It is proved in [M, [MV(c| that elements of SZ are the transfer functions
of ti-invariant conservative 2D systems; see Section

The purpose of this paper is to study various questions in SZ in the
case of functions rational in A\. A key result is the following theorem,
which we prove in the sequel; see Section [4l
Theorem [4.1] Let us fix the parameters oy, 04, and vy, and the interval
I. Then for every t3 € 1 there is a one-to-one correspondence between
pairs (V«,S) such that S € ST and 7. continuous in a neighborhood
of 19, and functions Y ()\), meromorphic in C,., and with the following
properties

(1) Y(oo) = I,

(2) Y(N)*o1(t9)Y (N) < 01(t9) for A € Cy where Y is analytic, and

(3) YN o (1Y (N) = 01(19) for every X\ satisfying R\ = 0, and

i a neighborhood of which Y is analytic.

As mentioned above the oy (ts)-contractivity of Y implies that Y is
of bounded type in C,, and thus the asserted non-tangential limits
exist almost everywhere. But it is important to note that the theorem
does not consider these limits, but only the points A in the domain of
analyticity of Y.

Definition 1.2. FunctionsY with the properties in Theorem/[4.1] will be
called o (t9)-inner functions, and their class will be denoted by S(t3).
The subclass of rational functions of S(t) will be denoted by RS(t3).

For the sequel, it is important to notice that the general tangential
Schur algorithm developped in [AD] can be applied to functions in
S(19), and in particular in RS.
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Definition 1.3. RSZ will denote the subclass of functions in ST
which are rational in A for every ty € L.

The paper consists of five sections besides the introduction, and we now
describe their content. In Section 2 we review the main results from
[M] and [MV¢] on ¢;-invariant conservative 2 D-systems, relevant to the
present work. In particular the class SZ mentioned above consists of
the transfer functions of these systems. In Section [3] we present the
reproducing kernel space approach to the tangential Schur algorithm
for the class RS, as developped in [AD]. We obtain in particular new
formulas which allow us to find the main operator in a realization of an
element of RS after one iteration of the tangential Schur algorithm;
see formulas (BI5), (BI7), (3I16) in Theorem In Section [ we
develop the tangential Schur algorithm for a function S(A,t;) € RSZT.
Applying directly the theory of the previous section to S(A,ty) leads
to a new function which need not belong to RSZ. Instead, we ap-
ply the Schur algorithm to the &y (¢9)-inner function S(A,t9) for some
preassigned t € I, and obtain a simpler (in terms of McMillan de-
gree) oy (t9)-inner function Sy(A,#9). We use Theorem K] to obtain
an element in a class RSZ from Sp(\,t9). We call this procedure the
tangential Schur algorithm for the class RSZ. We study in Section
the coefficients (called the Markov moments) H;(t3) of the expansion
of S(A,t2) around A = oo

=1
SAty) =1,- Y o Hilt2)

=0

It turns out that the first Markov moment Hy(t,) satisfies the Lyapunov
equation
(1.2)

ve(ta) = (t2) = oa(ta) Ho(ta) — o1(ta) Ho(ta)oy ' (t2)oa(ta), ta €1,

which means that given the functions oy, 09,7 and Hy on I, one can
uniquely reconstruct 7., and, as a result of Theorem [4.Il there will
exists a unique function S(\, ts) (t2 € I) with the given Markov param-
eters. We solve the following problem:

Problem 1.4 (Partial realization). Suppose that we are given the func-
tions 01,09 and the Markov moments H;,i = 0,...,n (n > 0) defined
in 1, and satisfying there the (necessary) conditions (5.5)

Hipyor! + (=1)" o HY = Z(—l)jHHz‘—jUlef

J=0
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and (5.6)
n—1
(—1)nH2n0'1_1 + Z(—1)i+n0'1_1H2-*0'1H2n_1_2‘0'1_1 > O,
1=0

fori=0,...,n—1. Fiz t € I. Find all functions y for which there
exists S(\, ta) € RST defined in a neighborhood of t3 with the moments

H;(ty) for . computed from (L2)).

In Section [ we study the Nevanlinna Pick interpolation problem in the
class RSZ. Let us recall that in classical Schur analysis, the solution
of Nevanlinna Pick interpolation problem plays a special role; see for
instance [FK]|, [Dy], [A]. Schur analysis gives a parametrization of all
solutions (when they exist) for the given data. In the classical case the
interpolation problem may be formulated in the following way:

Problem 1.5. Suppose that we are given N pairs of points < w;, s; >,
j=1,...,N i D x D, where D denotes the open unit disk. Then:

(1) Give sufficient and necessary conditions, so that there ezists
a function s(z) analytic and contractive in D, and such that
S(’(Uj) :Sj,j: 1,...,N.

(2) Describe the set of all solutions for this problem.

As is well known, and originates with the work of Pick [P], Problem
is solvable if and only if the N x N Hermitian matrix

| >

Nevanlinna [N] then gave a parametrization of all solutions, i.e., solved
the second part of Problem [LF] in the form S(A\) = T(Sy(A)), where
Te denotes a linear fractional transformation uniquely determined from
the initial data < wj, s; >, and where the parameter Sp(A) runs through
all functions analytic and contractive in the open unit disk (that is,
Schur functions). We refer to [BGR], [Dy] for more information on this
classical topic.

1 — sps%
P=[— 3
1—wgwj

As a generalization of Problem in the class RSZ we consider the
following question:

Problem 1.6 (Nevanlinna-Pick interpolation). Let oy, 02,7, 7. be ves-
sel parameters and let I be an interval. Let N € N and w;, 1 =1,...,N
be complex numbers. Suppose also that N input functions &;(t2) satis-
fying (ZI0) with corresponding spectral parameters w;’s, and N output
functions n;(ts) satisfying (2.17) with the given w;’s.
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(1) Give sufficient and necessary conditions, so that there ezists
S(A, t2) € RSZI such that S(wj, t2)&(ta) = ni(te), j=1,..., N,
on a sub-interval of 1.

(2) Describe the set of all solutions for this problem.

One can also consider a harder problem, which can also be considered as
a generalization of the classical Nevanlinna-Pick interpolation problem,
which uses the fact that we can also specify the data for different values
of tQZ

Problem 1.7. Given CP*P-valued functions oy, 09,7 defined on 1, and
given N quadruples < th,w;,&;,m; >, where th) € I,w; € C, &,n; €
C*P j=1,...N, then:
(1) Give sufficient and necessary conditions, so that there exists 7.
and S()\,tg) € RSZI such that S(w],té)@ = N, j=1,...,N,
on a sub-interval of 1 containing all the t}.
(2) Describe the set of all solutions for this problem.

If all the values ¢} = tJ are equal, we have to find a function S(\, )
satisfying S(wj, t9)¢; = n,;. Thus, the above problem is a generalization
of the classical Nevanlinna-Pick interpolation problem. We also remark
that we do not address the question of describing the set of all solutions.

Remarks: The present paper deals with the rational case; the general
case will be treated in a forthcoming publication. Some of the results
presented here have been announced in [AMV].

2. t; INVARIANT CONSERVATIVE 21) SYSTEMS.

The material in this section is taken from [M] and [MV1], where proofs
and more details can be found. The origin of this theory can be found
in the paper [Li].

2.1. Definition. An overdetermined conservative t;-invariant 2D sys-
tem is a linear input-state-output (i/s/o) system, which consists of
operators depending only on the variable t; and is of the following
form:

2 a(tr, 1) = Ay (b2)a(tr, t2) + Bi(t2)ults, t2)
to ~
(2.1) 1% : < x(t1,te) = F(to, 19)x(t1,t9) + [ F(t2, s)Ba(s)u(ty, s)ds
5
y(tl, tg) = U(tl, tg) — B(tz)*l’(tl, tg),

where the variable ¢; belongs to R, and the variable ¢, belongs to some
interval I. Furthermore, the input u(¢;,t2) and the output y(t1, t2) take
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values in some Hilbert space £ and the state z(t1, ) takes values in
Hilbert spaces H;,. We assume that u(t;,ty) and y(t1,ty) are contin-
uous functions of each variable when the other variable is fixed. The
operators of the system are supposed to satisfy the following:

Assumptions 2.1.

(1) Ai(te) : Hiy — Hey, and B(ta) : € — Hy, are bounded operators
for all ts,

(2) The functions o1,09,7,7 : € = &, are continuous in the oper-
ator norm topology.

(3) o1(te) is an invertible operator for every ty € 1.

(4) F(t,s) is an evolution continuous semi-group.

For continuous inputs u(ty,ty), the inner state is continuously differ-
entiable. Requiring now the invariance of the system transition from
(19,19) to (t1,t2) via the points (9,%5) and (1,t9), is equivalent to the
equality of second order partial derivatives of x(t1,1s):
0? 0?

z(t1,t) = ——=—x(l1,12).
ot ") = Gy g i )
Substituting in this equality the system equations we obtain that for
the free evolution wu(t1,t2) = 0 the so called Lax equation holds

(2.3) Ar(t2) = F(ty, 1) Ai(5) F (13, t2).
Inserting (2.3]) into (2.2) we see that the input wu(ty,?2) has to satisfy
the following PDE

B(ts)os(t) -ulty, t2) — B(ta)or (t2) o u(ty, ta)—

(Al(tg)B(tg)O'g(tQ) + F(tg, tg)%[F(tg, tQ)B(tQ)O'l(tg)])u(tl, tg) = O

Assuming the existence of a function ~y(ty) satisfying
(2.4)

Ai(t2) B(t2)oa(t2) + F(Q,tS)%[F(tS,t2)§(t2)o—1(t2)] = —B(t2)7(ts)

we obtain that it is enough that w(t1,ty) satisfies the PDE

(2.2)

(25) O'Q(tg)&itlu(tl,tg) — Ul(tg)%u(tl, tg) + ’Y(tz)u(tl,tg) =0.

The output y(t1,t2) should satisfy the output compatibility condition of
the same type as for the input compatibility condition (Z.3]), namely:

0 0
(2.6) oy (ta) =—y(t1, t2) — o1(te) m-y(t1, t2) + Yu(t2)y(ts, t2) = 0.
oty Oty



8 D. ALPAY, A. MELNIKOV, AND V. VINNIKOV

Inserting here y(t1,t2) = u(ty,t2) — B(te)*x(ta, t2) we obtain that

(27) 0 = o9(ta)B(ta) Ay (t2) F(t5,13) —
—01 (Q)%[E(Q)*F(t% £9)] + 7 (t2) B(t2)"F (12, 1)
(2.8) y(ts) = o1(ta) B(ts)* Blta)oa(ts) —

—02(t2) B(t2)" B(t2)o1(t2) + 74(t2).
The fact that the system is lossless comes from the requirement of the
so called energy balance equations:
0
%@(tlab)aﬁ(thb»ﬂw + (oi(t2)y(t1, t2), y(t1, t2))e =
= (oi(t2)u(ts, t2), uts, t2))e, i =1,2,

which means that the energy of the output is distributed between the
energy of the input and the change of the energy of the state of the
system. Immediate consequences of this requirement are

(2.9) 0 = A(t2) + Al(ts) + B(ts)o1(t2) B(ta)*,
<2.10>%[F*<t2,t2>F<t2,t8>] = F*(ts,13) B(t2)* 02 (t2) B(t2) F (t2, £3).

In this manner we obtain the notion of conservative vessel in the integral
form, which is a collection of operators and spaces

U = (Ai(ts), Flta,19), B(ta): 01(t2), oa(ts), ¥(t2), 1 (t2); Hay, E)

where the operators satisfy the regularity assumptions 2.1, and the
following vessel conditions:
0= Ay (ts) + Af(ts) + Blta)*o1(t2) B(ts) 29
1 (t2, £3)x(t1, t§)||2 — lz(t ) = _
= Ju' (o2(s) B(s)a(t, 5), B(s)x(tr, s))ds &.10)
F(ta, t9) Ar(t5) = Ai(ta) F(ta, 19) 2.3)

0= FL(F(t3,t2) B(ta)o1 (t2))+

+F(t9,t2) Ay (ta) B(t2)o2(t2) + F (13, t2) B(ta)(t2) 24

0 = 01 (t2) 5 [Blt2)" F (2, 1)) - N
—03(ta) B(t2)* A (ta) F(ta, 13) — 7. (t2) B(ta)* F(t2, 19) (2.7
2.3)

’7(t2) = —O'Q(tg)B(t%)*B(t%)O'l(tg)‘i‘
+01(t2) B(t2)" B(t2)02(t2) + 7:(t2)

In order to simplify some notations we make the following definition
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Definition 2.2. Let
U =U(A, Ags ta) = 02(t2) M1 — a1 (t2) A2 + 7(t2)
and similarly
U, = U.(A1, Aoj ta) = 0a(ta) A — 01 (t2) s + Yu(t2)

Then the vessel U is naturally associated to the system (2.)
D2ty 1) = Ai(ta) z(tr,12) + B(ta)o(t) ulty, 1)

X< x(ty,te) = Fte, t9)x(t1,19) + th(tg, $)B(s)oa(s)u(ty, s)ds

y(tl,tg) = U(tl, tg) — B(tg)* l’(tl, tg).

with inputs and outputs satisfying the compatibility conditions (2.5)
and (2.0), i.e. satisfy:

o 0 o 0
8—15178—1527t2)u(t17t2)_07 U*(ﬁ—h’a—tg7

The theory of such vessels, developed in [M, IMV1] enables to find a
more convenient form of the vessel. Denoting H = Hg, A1 = Ay(t9),

F*(t9, 19)F (t2,19) = X7(t,) and B(ts) = F(t3, 1) B(ts), we shall obtain
the following notion, first introduced in [M2].

U( ta)y(t,t2) =0

Definition 2.3. A (differential) conservative vessel associated to the
vessel parameters is a collection of operators and spaces

(2'11) U = (Ala B(tQ)a X(t2)§ Ul(t2)> 02(t2)a 7(t2)a 7*(t2); Ha 5)’

where the operators satisfy the following vessel conditions:

(212) 0= d%(B(tz)o—l(tg)) + A Blt2)oa(ts) + Blta)v(t),
(2.13) A1 X(ta) + X(t2) A} = B(te)oq(t2) B(ts2)",
(2.14) dizfgx(t2) = B(t2)0a(t2) B(ta)",
(2.15) Velta) = Y(t2) + 01 (t2) B(t2)* X! (t2) B(t)oa(ta) —

—O'Q(tQ)B(tg)*X_l (tg)B(tg)O’l (tg)

This representation of a vessel is the most convenient when one focuses
on the notion of transfer function, as we do in the next subsection.
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2.2. Transfer function. Performing a separation of variables as fol-
lows

U(tl, tg) = U)\(tg)e)\tl,

l’(tl, tg) = l’)\(tg)eMl,

y(ti,t2) = ya(ta)eM,
we arrive at the notion of a transfer function. Note that u(t;,ts) and
y(t1, to) satisfy PDEs, but uy(t2) and y,(t2) are solutions of LDEs with
spectral parameter A,

(216) U()\, 37 tg)u(tl, tg) = O,
Oty
0
2

The corresponding i/s/o system becomes
zA(t2) = (M — Al(t2))_lB(t2)Ul( 2)u(tz)
- () = F(ta, 19)x(19) +fF ts, ) Ba(s)ux(s)ds

tO

Ua(ta) = un(ta) — E(tz)*%(tz)

The output yy(t2) = ux(t2) — B(ts2)*zx(t2) may be found from the first
i/s/o equation:

Ya(ta) = S(A, ta)ua(t2),

using the transfer function

S\ t) =1~ g(tz)*()\] - Al(t2))_l

/—\

t2)o (t2)

= I — B(ts)* (A — F(ts, £3) A (13) F (13, t2)) " B(t2) o1 (t2)

= I — B(ty)* F(ta, 1) (A — Ay (13)) " F (13, t2) B(ts) o (t2)

= [—E(tg)*F*(tg,tg)F*(tg,tO)F(t ) (A — Ay B(t2)01 ()
=71 — B(tg)*x_l(tg)()\l — Al) (tg)O'l(tg)

and we obtain that
(218) S()\, tg) = I — B(tg)*x_l(tg)()\l — Al)_lB(tg)O'l(tg).

Proposition 2.4. The transfer function S(\, t2) defined by ([218)) has
the following properties:
(1) For all ty, S(A, t2) is an analytic function of X in the neighbor-
hood of oo, where it satisfies:
S(OO, tg) = Ip

(2) For all X, S(\, ta) is a continuous function of ts.
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(3) For A in the domain of analyticity of S(\,ts):
(2.19) S(A, ta) o1(t2)S(A, t2) < 01(t2), A >0,
and
(2.20) S\, ta)"o1(t2)S(A, t2) = 01(t2), RA=0.

(4) Maps solutions of the input LDE ([2.16) with spectral parameter
A to the output LDE (2ZI7) with the same spectral parameter.

Proof: These properties are easily checked, and follow from the defi-
nition of S(\, t2):

SO\ to) = I — B(ty)* (A — Ay (t2)) ' Blta)o (ts).

The function S(A,t2) is analytic for A > ||Ai(t2)|| and since all the
operators are bounded, we have S(o0o,t2) = I,. The second property
follows from the regularity assumptions 2.1l The third property follows
from straightforward calculations:

S()\,tg)*(fl(tg)S()\, tg) — Ul(tg) =

—2R(N)o (t2) B(t2)* (M — Af(t2)) " (AL — Ay (t2)) "' B(ts) o (t2)

Here the sign of —R(\) determines the sign of S(\, t2)*oy(t2)S(A, t2) —
01(t2) and thus the third property is obtained. The fourth property
follows directly from our construction. O

Remark: When dimH < oo, we obtain that S(A,ty) is a rational
function of A for every ts.

It is an interesting fact that also the converse of Proposition 2.4] holds.
It is proved in [M], [MVcdl chapter 5] .

Theorem 2.5. For any function of two variables S(\,ts), satisfying
the conditions of Proposition there is a conservative t;-invariant
vessel whose transfer function is S(\,ts).

We define the class of transfer functions mentioned in the introduction
as follows:

Definition 2.6 ([MV<]). The class ST = SZ(U(), pT ta), UL(A, %; ts))
2 2

consists of functions S(A,t2) of two variables, which are

(1) analytic in a neighborhood of X = oo for all ty and where it
holds S(00,ty) = I,,
(2) continuous as functions of ty for all A,

(3) satisfy ZI9) and Z20) in the domain of analyticity of S,
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(4) map solutions of the input LDE (2.16) with spectral parameter
A to the output LDE (2.17) with the same spectral parameter

Recall (see [CoLe]) that to every LDE can be associated an invertible
matrix (or operator) function ®(t,,19), called the fundamental solution,
which takes value I at some preassigned value tJ and such that any
other solution u(ty) of the LDE, with initial condition u(t3) = ug is of
the form

U(tg) = cb(tg, tg)U()
Let ®(\,2,19) and @, (\, t2,19) be the fundamental solutions of the

input LDE (2.16) and the output LDE (2.I7) respectively, where we
have added in the notation the dependence in A. Then,

(2.21) SN t2) (A, 12, 19) = . (N, ta, 19)S(A, 1)
and consequently S(\, ty) satisfies the following LDE

250 t2) = o7 (t2) (oa(t)A -+ 74 (12)) S )
(2.22) P00 1)o7 (1) (02(2)A + 7(t2)).

3. SCHUR ANALYSIS FOR THE CLASSICAL CASE

One of the approaches to the tangential Schur algorithm for a rational
matrix function S(A) € CP*P is based on the theory of reproducing ker-
nel Hilbert spaces of the kind introduced by de Branges and Rovnyak;
see [dBR1], [dBR2], [Dy| for information on these spaces. The paper
[AD] considers the case of column-valued functions. In this section
we adapt the results of [AD] to the case of row-valued functions. We
also present a new formula for a realization of a Schur function after
implementation of the tangential Schur algorithm.

3.1. Schur functions and Reproducing Kernel Hilbert spaces.
In this section o; denotes a fixed self-adjoint and invertible (but not
necessarily unitary) matrix in CP*P. Let S(\) be a rational function,
oi-inner in the open right half plane, i.e.

S(A)*o1S(A) —o1 <0

at all points in the domain of analyticity Q(S) of S in C,, and
S(A)o1S(A\) —o1 =0

at all points on the imaginary axis where S is defined. Then, the kernel

o1 — S(w)*o1S(N)

(3.1) Ks(\w) = s
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is positive for A\, w € Q(S), and the space of rational C'*?-valued func-
tions

H(S) = {Z aic; Ks(\,w;) | oy € C,w; € Q,¢; € CP}

i=1

is finite dimensional. These well-known facts can be proved using re-
alization theory; see for instance |[AG]. Furthermore, H(S) is the re-
producing kernel Hilbert space, associated to the kernel Kg(A, w). The
inner product is defined by

<CKS(>\, I/), dKS()\, w))ys = <CKS(U), V)>Cl><p = CKs(w, V)d*
For an arbitrary f(\) € H(S) we have the reproducing kernel property

More generally, let now M be a finite dimensional Hilbert space of

C'P-valued functions defined in some set Q, and let {f1(A), ..., fv(\)}
be a basis of M. Let X € CP*? denote the Gram matrix with ¢, j entry
given by

(3.2) Xoj = (FiQ) felP))m, L =1,....p.

It is easily seen that the space M is a reproducing kernel Hilbert space
with kernel given by the formula

fi(A)
(3.3) K\ w)=[ filw) - fy(w) ]X7 :
fn(N)
We set
Si(A)
(3.4) FA) =1
fr(A)

Assume now that M consists of rational functions, defined on a set
Q(M). For a € Q(M) the backward-shift operator R, is defined by

Ry = TN T,

Suppose that:
(1) The space M is invariant under the action of R,,
(2) The functions f;(A) has the property that fi(co) = 0, i.e.,
F(oc0) =0,
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then the function F' given by (8.4 can be written as
F(\) = (M — A)™'Boy,

for suitably chosen matrices A, B. In this special case, formula (3.3))
takes the form

(3.5) K\ w) = o, B*(wl — A) "X\ — A) ' Bo,.

As mentioned at the beginning of this section we are interested in
kernels of the form (3.1]) for some o;-inner rational function S. We now
recall the characterization of these spaces, and first note the following:
equation (3] leads to

o1 — S(w)*o1S(N)

(3.6) T = F(w)*X'F(N).

If S is analytic at infinity and satisfies there S(co) = I,,, and letting
w — oo in this equation, we obtain the formula

(3.7) S(\) =1, — B*XY(\ — A)"'Bo,.

Theorem 3.1. Let M be a finite dimensional Hilbert space of C**P-
valued rational functions, which are zero at infinity. Suppose that
RM C M for a € QM) and let X be its Gram matriz with re-
spect to F(X). Then M = H(S) for S defined by B1) if and only if
the Lyapunov equation

(3.8) AX+ XA+ Bo1B* =0
holds.
When the spectrum of the operator A is in the open left half plane

R < 0, one has
?‘L(S) == H27o—1 S H2,0157

where Hy ,, is the Hardy space HS with the inner product

L/, g]HZ,o'l = (f, 901_1>H§-

—01 0

WesetJ:[ 0 o

}. Note that J is both invertible and self-

©11 O }
©21 O
be a J-inner rational function; we introduce the linear fractional trans-
formation

adjoint, and one can define J-inner rational functions. Let © = [

T@(W) = (@11 + W@gl)_l(@lg + W@Qg).
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Theorem 3.2. Let S and © be respectively oy-inner J-inner rational
functions. Then there exists a oq-inner rational function W such that

S =Te(W) if and only if the map
(3.9) F F { _S}W ]

p
is a contraction from H(O) to H(S).
This theorem originates with the work of de Branges and Rovnyak (see
[dBR1, Theorem 13 p. 305]), where it is proved in a more general
setting, and is one of the key ingredients to the reproducing kernel

approach to the Schur algorithm. The proof is the same as for column-
valued functions, and is omitted.

As a special case of the previous theorem we have:

Corollary 3.3. Given S € RS, wy,...,w, € C,, and row vectors
E1,...,&, € CY*P, define
—&S(w1)” &
B = : Co|, Ay = diag[—wi, ..., —wr.
Let M be a Hilbert space of row vectors spanned by the rows of the
matriz-valued function

F(\) = (M — A) 'BJ.
Let X be the solution of the Lyapunov equation

(3.10) AX+XA*+BJB* =0
and assume X > 0. Let © be defined by
(3.11) O(\) = I, — B*X"Y(\I, — A))'BJ.

Then there exists Sy € RS such that S = Te(Sy).

Proof: Let us denote by ¢ the map (39). For an arbitrary element
f(A) =nF(X), we shall obtain that

HO) =M — A)1BJ [ ‘%A) } _
—&S(w1)” &
= 7 diag[x7'7] : : ] [ 0;15 } -
=2 Af@igi(gl — S(w;)*o1S(N)) =

= ZZ &mKS()\a wi)
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and consequently,
tf.tf) = Q2 &miKs(Awi), 32, Emils(A wy)) =

= Zij nifiKs(wj,wi)njfj = nXn* =
= (. 1)

Thus t is an isometry and Theorem allows to conclude. O

The following result shows that the assumption X > 0 in the statement
of Corollary can always be achieved for n = 1.

Lemma 3.4. Given S € RS which is not the function identically
equal to I,. Then there exist a pair (§,w) € C'*P x C, such that the
corresponding X > 0.

Proof: We proceed by contradiction. Assume that for each w € C,
and for each vector &, it holds that

§o1§" = &S (w) o1 S(w)§™
or, equivalently,
EKg(w,w)&" = 0.
Then, £ Kg(A,w) = 0, and for each f € H(S)
§f(w) =< f(AEKs(A, w) >=0.
The space H(S) is thus trivial, and its kernel is zero:
o1 — S(w)*o1S(N)
A+ w

from where we conclude that for each w, A

S(\) = o7t S (w)oy.

=0,

and consequently, S(\) = I,,. O

3.2. Analysis of the tangential Schur algorithm. For n = 1, the
matrix function in (BI1]) becomes
(3.12)

O(\) =1, — B*X 'Y \[-A)™'BJ=

= | 1 1| T e -

I+ 7 N0y n*§oy
— P X()\ + 'lU*) X()\ + ’LU*) _ @11 @12
§'noy I — §*€oy O O |’

X +wr) P XA +w)



ON THE CLASS RST 17

where using the Lyapunov equation (3.10)
AX +XA* =X(—w* —w) =
S a2l
we find that

_ fon&” —nouny”

(3.13) X
w + w*

To the best of our knowledge, Theorem below is new. It will be of
much use in the following sections.

Theorem 3.5. Let Sy € RS with minimal realization
(314) S(]()\) = Ip - ngal(A] - Ao)_lBoO'l,

and let © be given by [BI2). Then S = To(Sy) € RS and a minimal
realization of S is given by

S(\) = I, — BEXg' (M — Ag) ' Bgoy,

where

(3.15) By = { Bo }

n—=¢
X 0
X O 0 * *
(3.16) Xg = [ 00 X] = £01§" — noin ]
w + w*
A, Byo&*
pu— X

—no1 BiXgt —w X

Proof: From the definition

SO = To(So(N)) =
= (@11 -+ SO)SA)@Ql)_l(@lQ + 5%0*()\)@22) =
_ nnor noy 4
A ST IS euTOY

n oy §*§on
- (W Sy = W]) |
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Let us denote here Sy(A)E* = a; then the preceding expression be-
comes
SA = ”ﬁxﬁ*ﬂ*) B X(O;T;*))_lx
sy SN = ) =
= (g Iy 4 LN

Using (I +b*a)™' =1 —b*a we get

1+ ab*
(" — a)no, 1 (" — a”)éor
S\ = (I, — A) 4+ STy
_l’_ - "
X(A + w)
(" = 50(A)E§) [no1So(A) — o]
XA+ w*) +no1(n* — So(A)€¥)
Suppose further that there is a realization of the form (B.I4]) for the
function Sp(A). Inserting it here we shall obtain

_ (" = So(N)E)[no1So(N) — Eon]
S = S - XQA +w*) +noy(n* — Se(N)E)
= Ip — BSX(; ()\I — AQ)_IB()O'l—
(" — So(M)E)no15o(A) — €01
X(A 4 w*) + noi(n* — So(MN)E¥)

So(A)

Let us denote
M =X(A+w") +noi(n” — So(A)E) =
= X\ +w*) +noy(n* — &) + BiXg (A — Ag) ! Byo i £*.
The preceding formula for S(\) becomes

(0" = So(AN)E)[no1So(N) — Ean]

S(\) = I, — B;Xg (A — Ag) ' Byor — a
(A) » — BiXq ( o) Boon XA+ w*) +no1(n* — So(N)EF)

1 —1
= Ip_M[Bg 77*_5*]|:X8 (1)
a ‘M +a'Bdat —a”lp By
X _So-t 1 n— 01,
where
a =M — A(]
B = —Byo&*

§ =noBiX;t.
By definition of M we have
M = X(X +w*) +noy(n" — &) — da™ ',
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and hence we obtain from the formula

a 8170 1 a YD —6a~18) + o 1Bda"t —a~'j
6 D " D—6a18 —da! 1
that the last expression for S(\) is
SO = Lo [ By e ]| U
" a ‘M +a'pdat —a”lp By
—da! 1 n—¢ |7
= I, — [ By n*—¢ } l 8 1 } X
(0% 5 - B()
X % * * 01 =
0 XA +w") +nou(n”—£) n—¢
* * * Xal 0
= ]P - [ BO n _g :| 0 X1 X
* —1
M- Ay _Bog'glf By
% noi(n* — &) [ n—=_¢ } oL

no1BiXgt A 4wt + <

Thus we have obtained the realization (3.15)—(3.17). Furthermore, the
Lyapunov equation (3.1I0) holds since

ASXS + XSA* =
Byoi&*
_ Ao X [ Xo 0 } N
_nalBSXal —w* — 770-1(77X_ 5 ) 0 X
XO 0 Aa —XalBoUlﬂ*

+ [ 0 X ] §oBy ("= &)’

_ X X
_ A(]XO + X()AS —B()O'l (7]* - f*) :|

(=8B —X(w+w*) —nor(n* = &) — (" =)o’

o [ A(]Xo + X()AS —B(]O'l(ﬂ* — f*) :|
L —(n =& By non* —Eo1§* —nor(n* — &) — (" =)o’

= —BS(TlBE.

The last equality follows easily from the Lyapunov equation for the
given realization of Sy and the formula (B.13)). O
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4. THE TANGENTIAL SCHUR ALGORITHM IN THE CLASS RSZT

Our strategy to the tangential Schur algorithm in the class RSZ re-
lies on the following theorem. This theorem shows in particular that
one cannot use the naive approach of applying the classical tangential
Schur algorithm for each ¢, (that is, looking at ¢, as a mere parameter).
The theorem itself is stated and proved for the non-rational case.

Theorem 4.1. Let us fix the parameters o1, 05, and vy, and the interval
I. Then for every tS € 1 there is a one-to-one correspondence between
pairs (V«, S) such that S € 8T and vy, continuous in a neighborhood of
19, and functions Y (\) € S(19).

Proof: Let ¢ be the map which to a pair (7., S) associates the func-
tion S(\,t9) € S(t9). The converse map ¥ : Y(\) — Y(\, t3) was
introduced in [M], [MV1] chapter 7] in a more general setting, and is

defined as follows. Suppose that we have realized the transfer function
Y ()A) in the form

Y(A) =1, — BiXgH A — Ay) "t Byoy (19).

Then we construct B(ty) from the differential equation with the spec-
tral matrix parameter Aj:

(41) (B () + A BE)oalta) + Bty (1) =0, BUS) = B

In fact, the function B(ts) is given by the formula

(4.2) B(ty) = jq{(M — AT Boo '@ (N, to, 15)dA.

Next we construct X(¢;) on the maximal interval Z, where it is invert-
ible (ZI4]) via the formula

43) K = Bl)n) B, K= Yo

Finally, we define

Vult) = (t2) + 02(t2) Bta) X (ta) B(ta) o (t2) —
—01 (tg)B(tg)*X_l(t2>B(t2)O'2 (tQ)

Then easy computations show that the function
(4.4) S\, ta) = I, — B(ta)*X ! (t2) (M — A1) "' B(ta) o1 (t2)

is in the class CZ corresponding to the parameters oy (ts),02(t2),7(t2),
and ~.(t2) for to € I. Moreover, the Lyapunov equation (3.8) holds for
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every ty € I, and thus the realization (4.4)) is minimal for every 5 € L.

Note that the composition ¢ oY) = id, since starting from a function
Y € 8(19), constructing Y (), t5) and taking its value at t9, we shall
obtain again Y from the initial conditions of the differential equations

(A1) and (@3] defining B(ts), X(t2).

In order to show that 1yo¢ = id, we start from a function S(\, t3) € ST
and take its value S(\,#) € 8(#9). Using the construction above, we
shall obtain a function Y (A, t3). Note that the two functions S(A,ts)
and Y (A, t3) have the same value at tJ and maps solutions of the same
input LDE to (possibly different) output LDEs, i.e. :

S(A ta) = (X, 12, 19)S(A, 13) DN, ta, 19),

Y()‘v t2) = ®:k()\7 lo, tg)S()‘v t(2)>q)_1()‘7 lo, tg)
Then the function S™(\,t2)Y (A, t9) is equal to I, at infinity and is

entire. By Liouville’s theorem it is a constant function and is equal to
I,,. Thus

D, (N, 1o, 19) = ®L(A 1o, 1)),
from where we obtain that
O (N, b2, 1) DL (A, 2, t5) = T,
Differentiating both sides of this last equation we get to

0
= 8—t2 [(I)*_l()\7 t27 tg)q);()‘v t27 tg)] =

= @ (N b, 19)07 " (12) (= (t2) + 7' (2)) DL, B2, 1)

Since the matrices @, (A, ta,19), . (X, 1o, 19), 01(2) are invertible we ob-
tain that v(t2) = v/(t2). O

0

Remark: Last theorems claims that the correspondence is between
”initial” values S(A,t3) and pairs (S(),t2),V«(t2)). Notice that it is
possible to obtain functions with the same 7, (t2) with different initial
conditions:

Proposition 4.2. Suppose that there exists a function Y € S(t),
which commutes with ®(\, t2,13) and suppose that a function S € ST
corresponds to certain vessel parameters oi,09,7,v«. Then the func-
tion SY belongs to the class ST and corresponds to the same vessel
parameters o1, 02,7, Vs-

Proof: Using formula 2.21] we obtain that
S(A\t2) = (A, 1o, 1) S(N, 15) 271 (A, ta, 1)
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Consequently,
S(Au t2)Y()‘) = (I)*()‘v lo, tg)‘s()\u tg)Y()‘>(I)_1(>‘7 lo, tg)

intertwines solutions of the input (ZI6) and the output (217) ODEs
with the spectral parameter A, and is identity at infinity, because S
and Y and their product are such. Thus by the definition the function
SY € 8T and corresponds to the same spectral parameters as S. [
For example (to be studied in subsection [5.2)), taking

101 110 100
A= o127 lo o770
we shall obtain that
—k(t2—t9)
(I)(Aut%tg) = V_l |i ‘ o ! ) :| ‘/7

0 ehk(ta—t3

where

Y L (HD)VA

A

vk | 2
A

Taking Y, which commutes with o7 (go\ + ) = [

V =

}, i.e. of the

=

0
A

form

1c(A
Y(N) = I [“(A) A ]
c(A) a(X)

we shall obtain that for any S € S8Z, the function SY € SZ and
corresponds to the same vessel parameters.
A stronger condition on 7,(ty) will be presented in section [ after we
shall study Markov moments of the transfer functions.
We now focus on the rational case. We first note that starting from dif-
ferent realizations at t9 we shall obtain the same 7, (t;). More precisely
we have the following theorem:

Theorem 4.3. Suppose that there are two minimal realizations of the
function S(\,t9) € RS:

SO =1, — BiX; A — A7 Buoy (1), £=1,2,
with associated similarity matriz V. Then the functions
Se(\ ta) = I, — Bo(ta) ™ X, M (ta) (M — Ap) "' By(ta)oy(ty), £=1,2,

obtained from these realizations via the construction in Theorem [{.1]
are the same, and this holds if and only if:

(4.5) Bs(tz) = V Bi(ta),
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where ty varies in a neighborhood of t3. Moreover, in this case the
following formula holds

Xg (tQ) == VXl (tQ)V*

Proof: Equality of the two realizations means that there exists an
invertible matrix V' such that

Ay = VAVTY Byoy(ty) = VBioy (1Y), BiX['V = B3X; 1,
from which follows (see [AG, Lemma 2.1 p. 184] for instance) that
Xo = VX V™
By the construction described in Theorem A1} the function By (t2) will

satisfy (4.1))
d

d—w[31(t2)01(t2)] + A1By(t2)0s(t2) + Bi(t2)(t2) =0,  Bi(t9) = B,

and the function By(ty) will satisfy the same equation with Ay instead
of Ali
d

d—7§2[32(t2)01(t2>] + Ay By(ta)oa(ta) + Ba(t2)v(t2) = 0,  Ba(t3) = Bo.

Using the equalities Ay = VA, V™!, By, = VB, we obtain that the
function V=1 By(ty) satisfies

=V By(ta)o (ta)] + AtV ' Ba(ta)oa(ta) + V' Ba(ta)(ta) = 0,

dto

V_lBg(tg) = Bl,

which is the same differential equation as for Bj(ty). Thus By(ty) =
V By (t2). Similarly, considering the differential equations

d
EXZ-(@) = Bi(ty)o1 Bi(ty)*, X)) =X;, i=1,2,

2
we obtain that

XQ(tQ) == VXl(t2>v*
Consequently,
B; (tQ)X;l(tz)B(tQ) - Bik (t2)V*V_1*X1_1(t2)V_1VBl (tQ)
= Bi(t2) X1 (t2) B (t2),

from where we conclude that the same function ~, is associated to
S1(A,t2) and Sy(\, t2). Since these functions coincide for ¢, = t§ and

map the same input ODE, we obtain that they are equal in a neigh-
borhood of . O

The following notion has been introduced and studied in [M2].
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Definition 4.4. Let S € RSZT with a realization (A4]). The function
T(tg) = det X(tz)
is called the T-function associated to S.

It follows from Theorem that the 7 function is well defined up to a
multiplicative strictly positive constant. Indeed using the notation of
the theorem,

det Xg (tQ) = det [VXl (tg)v*] = det Xl (tg) det(VV*)

We now introduce the counterpart of the tangential Schur algorithm
in the class RSZ. Let S € RSZ and fix ¢t € I. The function
S(A\, 1Y) € RS. Consider now a space M with X > 0 and corresponding
function © as in Corollary[3.3] This is always possible in view of Lemma
3.4l It follows from Theorem that there exists Sy € RS such that

(4.6) SN 19) = Top (So(N)).
Applying Theorem [4.1] to Sy, we obtain a uniquely defined function
So(A, t2) € RSZ, such that at tJ the relation (Z.G]) holds.
Definition 4.5. The map Tg 4
S(A, tg) = So(A, t2)

is the time-varying counterpart of the linear fractional transformation
[@Q). We will call it a generalized linear fractional transformation.

If S(A\,ty) € ST corresponds to the vessel parameters oy, oa, v, Vs,
then Sy(\,19) € ST corresponds to the vessel parameters oy, o9, 7,
Yo« for a uniquely defined function vy .(t2). Moreover, for t, = t3 we
have the usual linear fractional transformation (Z.Gl).

As a consequence of Theorem A.1] the following lemma holds.

Lemma 4.6. For a given J-inner function © and a given point t3, the
map Tg g is one-to-one from RS into RSZI.

Proof: Notice that for a given tJ the map Te is injective. Further-
more, using Theorem [A1], every S € RSZ is uniquely defined by the
function S(A,t9) € RS. The result follows. O

Suppose now that we start from Sy(A) = I, and apply n linear frac-
tional transformations for a fixed t9, using the data < w;, &,n >
(¢ = 1,...n) to construct the corresponding J-inner functions. We
obtain a function

S,(N) =Te(I)=1—B: X' (M — A,) 'B,o; € RS.
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Using iteratively formulas (3.15)), (3.16]), (8317) we obtain that

m—&
Bn - s
nn: gn _
X, = diag[Xy, ..., X,],
and
4.7)
ot moi(i — &) (m —&)o1&3 (m —&)oi&y
! X1 Xo Xn
_m2o1(nf — &) ot M1 — &5) (n2 = £2)o1 &5
An = Xl ? Xz . X” )
(0] — &) o (ny — €5) e o1 (s — €2)
Xl XZ o " X?’L

where X; is defined by @I3):

%, = §io1&; — miown;
w; + wy

, 1=1,...n.

Assume now that, starting from the identity matrix we apply this pro-
cedure for two different sets of data (with the same n) at two different
points t3 and #3. The following theorem answers the question as when
we obtain the same function, that is, when do we have:

T@ht% ([p) = T@z,t% (Ip) .

Theorem 4.7. Suppose that there are given two sets of n triples
< whH&hnt > and < w? E2,n? >, with corresponding Oy, 0 = 1,2.

Then necessary and sufficient conditions for equality of the two func-

tions
SZ()\a t2) = T@g,t% (I) = IP - Bﬁ(XfL)_l()\I - Afz)_lelala (= 1a 2
are:

(1) The corresponding matrices AL and A? defined by [@T) are sim-
ilar, i.e. there exists an invertible matriz V such that Al =
VA2V

(2) $(N — AL)IBloy @~ (N, 13, t))d\ = V B2

Proof: From Theorem [L1], a necessary and sufficient condition for the
functions to be equal is that

Sl(>\7 t%) = 52()‘7 t%)
From [£3] this holds if and only if
AL =VAVT, Bi(ty) = VB, X(t3) = VX,V
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for a uniquely defined invertible matrix V. The result follows using
formula (4.2)). O

A more general construction in this setting is obtained if one supposes
that at each step different values of ¢ are chosen. In this case the
construction of the function S, (A, t2) is more complicated, and can be
computed recursively. The formulas are very involved in this case and
we can see no real advantage to develop them at this point.

4.1. Linear Fractional Transformations in terms of intertwin-
ing positive pairs. Suppose that we are given a data of the NP in-
terpolation problem [LG. Following the notations of corollary B.3]let us
write

=&1(t)"S(wy, t2)* &ita)”
B(ty) = : : , Ay = diag[—wi, ..., —w;].
—&En(t2)"S(wn, t2)" &ulta)”

Let us denote by capital Greek letters the following vessel parameters

S (ty) = { —o1(ty) 0 ] _J

0 o1(ts)
zwﬂzlﬁ%)ﬁaﬂ,
e = | 00y |

then simple calculations show that B(ty) satisfies (4.1])
B (1) + AiB(0)Salts) + B)T() =0, BU) = B,
Suppose that X(¢3) > 0 is a solution of
A1 X(tg) + X(t2) A7 + B(t2)X1(t2) B*(t2) = 0,
(1) = Blt2)Zalt2) B (1),

which is always possible if Rw; # 0 for each ¢ = 1,...,n. Then the
following collection

U = {A1, B(t2), X(t2); i (ta), Za(ta), L (t2), Tu(t2); C™ E @ £}
is a vessel for I',(¢2) defined from the linkage condition (2.15)

[.(ty) = [(ty) + X1 (t2) B(t2)* X (t2) B(ta) Xa(ta) —
— Yo (tg) B(t2)* X (ta) B(ty) X1 (1),
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Transfer function of the vessel U is
@()\, tg) — Igp - B(tQ)*X_l(tQ)()\[n - Al)_lB(tg)Zl(tg),

which is in RSZ(U, @ U, U) for

~ d

ta

If we denote further the decomposition of O(t,) as
O11(A,t2) O12(A, t2)
O21(A,t2) On(A t2)
then if one defines Sy(\, £2) so that

(©11 + S0021) 1 (O12 + 5pO2) = S,

then the function S(A, t5) usually does not intertwine solutions of LDEs
with spectral parameter \.
Instead, we define

W\ t) = [ Wi\ t2) Wa(Xto) ]

O\ ty) =

so that
WiO11 + W09 = 1,,, WiO15 + Wo09 = 5,

then the following lemma holds
Lemma 4.8. The pair of functions W(\,ts) is in ST(U,U,) and

>
WA 1) 3 :Etg)W(,u, t2) > 0 on the domain of analyticity of W (A, ts).
U

Proof: Since O(\, ty) is invertible for all A out of the spectrum of A;,

an element of U is of the form O(\, t,) [ Zkg?g } , where y(t2), ux(t2)
Alt2

satisfy (217) and (2ZI0) respectively. Then
WA )0\, t) |

(t2)

| ua(t2) |
o 01 (N t2) O\ ta) | [ ua(ta) |
= [ Wi\ ta) Wa(A ta) ] {@21()\’152) Oaa(\, t) } ’ (ts)
(t2)

(t2)

= [ W1011 + WaOq1 WiO1p + W09 } y,\

~[1 s ][ 20 ] =) + S0 st € U

since yx(t2) and S(A, ta)ux(t2) are in U,.
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From the formula WO = [ I S }, it follows that
W(At)=[1 S(\t2) O\ ).

W(A, tz)*?l(b)w(%b)
A+ p
the domain of analyticity of W (-,t3) becomes

WA, t2) 51 (t2) W™ (1, t2)

N+ i
@_1()\ tg)zl(tg)@_l*(,u tg) |: I :|
=1 S\t ’ ’ . .
[ (A1) ] A+ [i S* (1, t2)

Since ©(\, t5) is a transfer function of a conservative vessel, its inverse
is a transfer function too and satisfies

O (A, ta) X1 (t2)O(p, to) ™M
A+ [i

considered on

Consequently, the expression

> ¥ (t2)

and consequently,

W()\, t2)21(t2)W* (,u, t2
A+ i

I

[ |: S*(/J,,tg)
>[1 Sty ]|~
S

S(At2) ] 21(t2)

0 (Jl(tg) S*(u,tg)
( )61(t2)5*(:u’7t2) 61(t2>

Notice that
W (A, t2) Sy (t2)W (=X, t2) =
=[ 1 S(\t2) |71 (N 1)1 (t2) O (=N, o) [ S*(—[)\,tg) } =

—[1 SO\t) | Si(ta) [ o z N }
= S()\,tg)(fl(tg)s ( )\ tg) — 0’1(t2) = O

by the properties of transfer functions for vessels. O
As a consequence of this theorem, we define

Definition 4.9. A pair of functions
WA t) = [ Wi\ ta) Wa(ta) |
is called positive if the conditions of lemmal[{.8 hold:
W(\ty) € ST(U,U,), WA t)JW(Ats) >0 onCy
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5. MARKOV MOMENTS AND PARTIAL REALIZATION PROBLEM IN
THE CLASS RSZT

Let S € RS, and consider the Laurent expansion at infinity
* Y — — - 1 * — i
SN =1, = BX "M = A)'Boy =T, - ) 77 B'X 'A'Bo
i=0

in terms of a given minimal realization. The matrices H; = B*X 1 A’Bo,
are called the Markov moments of S. The Partial Realization Problem
(or moment problem at infinity) in RS is defined as follows: Given
the first n + 1 Markov moments Hy, ..., H,, find all functions (if any)
S € RS with these first n+ 1 moments. See [GKL] for a general study
of the partial realization problem. Similarly, one can define the Markov
moments for an element S € RSZ. We now give necessary conditions
which the moments of a function S € RSZ have to satisfy. Then we
consider the partial realization Problem [[.4], that is, given n + 1 CP*P-
valued functions Hy(ts),. .., H,(t2), for a fixed choice of oy, 09, find all
S € RSZ with these first n + 1 moments.

It is important to notice the following: fixing ¢, = 3 and solving the
corresponding classical moment problem will not lead to a solution of
the problem in the class RSZ because we cannot obtain the function
v (and hence +,) from this solution.

5.1. Restrictions on Markov moments for functions in RSZ.
We study the Markov moments of a function S € RSZ, which maps
solutions of the input ODE (2.16]) to the output ODE (2.I7) using a
minimal realization (£4]) of S. First we develop an analogue of the
formula ......... for 2D vessels with constant coefficients.

Theorem 5.1. For fixed o1, 045,7, a necessary condition on v, so that
there exists a vessel with the vessel parameters o1, 09,7, Vs 1S

det ®, (), t2,19) = det ®(\, ty,19)

Proof: Let S € 8T be a function corresponding to the parameters
01,02,7,Vx- LThen using a realization (4.4))

S()\,tg) = [p — B(tg)*X_l(tg)()\[ — Al)_lB(tQ)Ul(tg)
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and Lyapunov equation (B.8) we shall obtain that
det S()\, tg) = det [p - B(tQ)*X_l(tQ)()\[ — Al)_lB(tQ)O'l(tQ))

=det (I — B(tQ)O-l(tQ)B(t2>*X_1(t2>(>\] — Al)_l)
= det (I + (A1 X(t2) + X(t2) ADX T (t2) (A — Ay) ™)
=det (I + Al()\[ — Al)_l + X(tg)ATX_I(tg)()\] — Al)_l)
— det (AT + X(t2) ATX (1)) AT — A;)1)
= det(A + A}) det(A — Ay)~!
= det S(\, 19).

Consequently, taking determinant of the formula (2.21)

SN 1) PN, ta, 15) = @ (N, Lo, 19)S(N, 15)

we shall obtain that det @, (), ty,19) = det ®(\,to,13) for all points A,
where det S(), t9) exists and is different from zero. Since it happens for
all points outside the spectrum of A; and the functions det @, (), to, 19),
det (N, to, 19) are entire they are equal for all . O
Since A; is a constant matrix, at some stage the elements I, A, ..., A}
will be linearly dependent and we obtain:

Lemma 5.2. Given S € RSZ, with Markov moments H;(t2), i =
0,1,.... Then exists N and constants p;, j =1,..., N such that

N+1

(5.1) > wiH, j(ta) =0, n>N+1.
7=0

We notice that the first moment Hy(to) satisfies the linkage condition
(T2):
Yu(ta) = (ta) = oa(t2) Ho(ta) — 01(ta) Ho(ta) oy ' (t2)oa(ta).
Let us denote
Hy(tz) = C(t2) B(t2)o1(tz) = (B(t2))" X~ (t2) B(t2) o (L)
The functions B(ts), C(t2) satisfy the following differential equations
d

(52) d_tQ[B(t2>al(t2)] + AlB(tQ)O'Q(tQ) + B(tz)”y(tQ) = O
(53) 01 (tg)d;iC(tg) — O'Q(tg)C(tg)Al — ’7*(t2)0(t2) = 0,

see [M| [MV1]. Thus, differentiating Hy(t2), we obtain
d=Ho(ta) = 7E[C(t2) B(t)ou (ta)]
= 0'1_1(tQ)O'g(tQ)C(tg)AlB(tg)O'l(tg) — C(t2)A13(t2)0'2(t2)+
+07 " (ta) Ve (t2) Ho(t2) — Ho(ta)or ' (t2)y(ta).
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In other words the second moment H;(ty) = C(t2) A1 B(t2)o1(t2) satis-
fies the following differential equation

01 (ta)oa(ta) Hy(ta) — Hy(ty)oy ' (t2)oa(ts) =
= J-Ho(tz) — o7 'y Ho(ta) + Ho(tz)oy ' (t2)y(t2).

In the same manner the moments H;(t) and H;.(t2) are connected
by the following differential equation

01 (t2)oa(ta) Hiyr — Hipa(t2)oy ' (t2)oa(ta)
= L Hy(ty) — 07 ' (t2)ve(t2) Hilta) + Hi(ta)oy  (t2)7(t2).
Notice also that
Hio'Hioy = B*X'A'BoB*X 'Bo, =
=B* X 1A [-A X — XA} X' Bo, =
= —Iljy1 — B*X_lAZiXATX_lBO'l =
= —Iljy1 — B*X_lAZi_l[—BO'lB* — XAT]ATX_lBO'l =
= —H;41 + B*X_lAZi_lBUlB*ATX_lBO'l—F
+B* XA X AT A3 X Boy =
= —H;41 + Hi_lal_leal + B*X_lAZi_lXA%*X_lBOj =

(5.4)

=—Hip + Hi—lUlefal — Hi_s0y ' Hyor+
Tt (_1)201_1H;+1‘71
Consequently, the following formula holds:
(5.5)  Hioy'+ (—Dioy'Hyyy =Y (-1 H,_joy 'H;.
=0
Finally, we show how the third condition in Proposition 2.4]is reflected
in the moments H;(t;). This condition means that the function S(A, t2)
is 01 (t9) contractive, and, for example, the first moment Hy (o) satisfies
Hy(ty)o7 (ty) > 0. Using the minimality property, we have

span A"BCP = C?,
where P is the dimension of the state space. Thus, in order to have
X >0 (or X~! > 0) it is enough to demand
B*(A")"X"'A"B > 0, for each n.

Using the Lyapunov ([B.8)) equation iteratively we shall obtain that this
condition becomes

Hyoi' >0 n =0,

—Hyoy ' — oy Hio1Hyoy ' >0 n=1,

Hyoi' + o Hio1Hso ' — o7 ' HioyHyoy P >0 n=2,
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More generally, for each n
(56) ( nHQnO' —+ Z Z+n0'1_1HZ-*O'1H2n_1_Z‘O'1_1 > 0.

Theorem 5.3. Suppose that we are given moments H;(ts), defined in
a neighborhood of the point t§ € 1. Then there exists ng < p* such that
each element H;yy 1s uniquely determined from Hy, ..., H; using the
algebraic formulas (5.3)), and ng LDEs with arbitrary initial conditions,
obtained from (B.A4I).

I

Remarks: 1. This theorem is of local nature. The number "ng” ap-
pearing in the theorem may vary with the point ¢, but is unchanged
in a small neighborhood of tJ by continuity.

2. We emphasize that in order to generate moments one needs produce
ng initial conditions for each moment H;. In other words, one need 2n
complex numbers to determine Hy, Hq, etc.

3. The proof of the theorem allows to produce an algorithm to deter-
mine explicitly, up to ng initial conditions, the Markov moments. The
arguments in the proof of the theorem are illustrated on an example
in the following subsection. This example exhibits all the difficulties
present in the general case.

Proof of 5.3t From formula (5.5]) we obtain that the real or imaginary
part of H;,1(t2) is uniquely determined from all the previous moments.
Suppose that 8 H; 1 (t2) is known (that is, 7 is even); then using formula
(54) in which we insert the formula for RH;,(t) we shall obtain
an algebraic equation which gives p? — ng relations on the elements
of SH;y1(ty), where ng is the dimension of the kernel of the linear
operator defined by the left handside of (54]). Let us demonstrate it
more explicitly, let us rewrite the equation (5.4)) as a system of p? linear
equations in p? variables SHM, k.1 =1,...,p%

2 of S = G HY + D5 HE + 0 R

(57) Yo aSHEL, = dt2H12 + 2B + 04 RH 1]

) aﬁngﬁl = Hm + D[BEH 4 6 RH 4]
Here az, B,Z, 5,?1 are functions of t, derived from the vessel parameters.

Using basic algebra manipulations, it is enough to find a maximally
independent subset of equations in the left side of (5.7)), and to obtain
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a system of p? — ng independent equations
(5.8)
( d
> a(t)SHEL, = fl(d_\SH (to)™, SH;(t2), RHi11)

2
S Qb)) SHEL = fo(— \SH(tz) ,SH;(to), RH;41)

dty

2_, d
Doy C(t)SHE, = fp—no( JH(Q) SH;(t2), RHi41)

\
for linear functions f; and a system of hnear dependent ones

(

0= (diJH (ta), SH;(ts), RHiy1)
2
d
0= gg(d—\S‘H (tQ) %Hl(t2>’ §RHZ‘+1)
2
d Cx Cx
0= QNO(E\SHZ'(Q% SHi(tz), RH;11)
\ 2

for linear functions g;.

Consequently, from (5.8) we express p? —ng elements of SH;; as func-
tions of other ng elements of H;,; and of H;. On the other hand, using
the same formula (5.4)) with i+1 plugged instead of ¢, we shall obtain n
differential equations for elements of &H, 1, which can be considered
as restrictions on ny unknown elements:

d )
EgHi+l(t2)>gHi+l(t2))a] =1,...,np.
2

Notice that there are at least ny unknown elements between these equa-

(5.9) 0 = g;(

d
tions, because of the appearance of %%Hé_‘.l(tg) at the functions g;.

Since we obtain algebraic (5.8) and d2iﬁerential (59) equations, they
are all independent. So, if all elements of &H,; ., appear at these equa-
tions we shall obtain that one can uniquely solve them up to ng initial
conditions.

If this is not the case, some of the elements, say py < ng will not appear
in the equations (5.8)) and (5.9). We sum up these consideration with
the following description: we have obtained that p? — py elements of
S H;yq are determined from pg unknown elements of SH;; and from
H; via p? equations (5.8) and (5.9)).

By induction the same will hold for H; ,. In other words, p?> — po
elements of H; o are determined from py, unknown elements of H;
and from H;,; via p? equations (5.8) and (5.9). This means that p
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relations are obtained for the elements of H,, s, which are actually
equations on the elements of H;,;. This produce differential equations
on py unknown elements of H;,;. Notice that the unknown elements
will appear only with one differentiation, since their derivatives did not
appear at the previous stage. Thus H; . is uniquely determined up to
no initial conditions for some of its elements. O
Next theorem put some light on the connection between equations,
which determine the transfer function S(A,t2) and its moments. This
theorem is similar to the property of a solution of a Riccati equation
|Zel theorem 2.1]

Theorem 5.4. Suppose that S(\,t3) is a continuous function of to
for each A\, meromorphic in \ for each ty and satisfies S(oo,ts) = I.
Suppose also that S(\,t3) is an intertwining function of LDEs (2.16)
and 21IT). Then if the equality

S\ ta) = 07 (t2) ST (=X, 1) a1 (L)
holds for t3, then it holds for all t,.

Proof: Since S(\,t2) intertwines solutions of (ZI6) and (ZI7), then
it satisfies the differential equation (2.22)

iS()\, tg) = Ul_l(tg)(O'g(tQ))\ + ’7*(t2))5()\> t2) -

Ot9
—S(A ta)oy  (ta) (o2(ta) A + ().

Consequently, using properties of ~,,y appearing in definition [L.1] we
obtain that the function o, '(t3)S™(—\, t)0y(ty) satisfies the same
differential equation. If these two functions are equal at t3, from the
uniqueness of solution for a differential equation with continuous coef-
ficients, they are also equal for all 5. O

Corollary 5.5. Suppose that S(\, t3) satisfies conditions of theorem
then the moments the equation for the moments (B.5) is excessive.

Proof: From theorem [5.4] it follows that
S\ t2)ar (12)S* (=X ta)on(ta) = 1,

where taking the expansion in moments for S(\,t,) and for S*(—\, t,)
we will get the formulas (B.5]). O
We want to present next a necessary restriction on 7, (t3), derived from
the existence of a finite dimensional vessel:

Theorem 5.6. Let 0q,09,7,7« be vessel parameters, and U a finite
dimensional vessel corresponding to the m parameters. Then the en-
treis of the function v, satisfies a polynomial differential equation of
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finite order with coefficients in the differential ring R, generated by
(the entries of) o1, 07", 09, 7.

Proof: Suppose that the transfer function of the vessel U, defined in

RII) is

S\ ta) = I — B*(1)X (1) (A — Ay) "L B(ty) o (1) = Z X
=0

and the linkage condition is

o1 (t2)7:(t2) = 07 (t2)V(t2) + [o7 ' (t2)0a(ta), Ho(t2)]-

Notice that if we differentiate this formula and use the equation for the
derivative of Hy(t2) from the equation (5.4]), we shall get

(O (1) = 2 (7 127(0) + (o ()a12), Holta)]+

_ d
Hoy (t2)oa(ta), = Hol(t2)] =
d , _
= d_t2(01 1(152)7@2)) + foo(Ho(t2)) + for(Hi(t2))
for linear in moments functions fyo, fo1 with coefficients depending on
R and ~,. Similarly, differentiating this expression and using formula

d d
(E4) for —Ho(t2) and %HI(Q) we shall obtain that the second

derlvatlve 1s
2

(o () =

= j—t%(a;l(tz)v(tz)) + fio(Ho) + f11(Hi(t2)) + fi2(Ha(to)).

for linear in the moments functions fig, fi1, fiz with coefficients de-
d
pending on R and 7,, —,. Continuing this differentiation further at

dty
each step ¢ we shall obtain an equation of the form

% %

d d
d—%(afl(tz)%(tz)) = dtl( V(t2) +me

where f;; is a linear function of H; with coefficients, depending on R
and first ¢ — 1 derivatives of v, (this can be immediately seen by the
induction). But at some stage the moments start to repeat themselves
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due to equation (5.1]). So, taking K derivatives we shall obtain equa-
tions of the following form

(5 10)
L (t2)ye(t2) = o7 (tz)g(b) + foo(Ho(t2))
C2%(01 (t2)7(t2)) = %722( ta)) + f 2 o(Ho(t2)) + fi1(Hi(t2))
d—%(afl(tz)%(tz)) = d_tg( ta)) + Z:: foj(H

.dN dN

G (o7 (7.(02)) = o (07 (2] (02) +§ fs(H))

‘dK K

T 07 ta.(0) = o o7 (02) + 2 s (0T

\

Suppose that that the dimension of the inner state is n (i.e. dimH =
n), then we get that each of the matrices H; has n? entries and there is
the total number of n?(N + 1) entries for the moments Hy, . .., Hy. So,
taking ”enough” derivatives of 7, (t2) (i.e., taking K so that K dim(&)? >
n?(N +1)) and eliminating all the entries of the moments, we shall ob-
tain a finite number of polynomial differential equation for the entries
Remark: From this theorem is follows that v, satisfies an equation of
the form

Pz, 2", ... 25 =0,

where P(xq, 1,2, ...,%k) is a non-commutative polynomial with co-
efficients in R.

5.2. Sturm Liouville vessel parameters. The following example
was extensively studied in [M2]. It deals with the Sturm Liouville
differential equation

d2

d_t%y(tZ) —q(t2)y(t2) = Ay(t2),

with the spectral parameter A. The parameter ¢(t3) is usually called
the potential. For q(t2) = 0 this problem is easily solved by exponents
and in this case we shall call this equation trivial. In [M2] one connects
solutions of the more general problem with non trivial ¢(t3) to the
trivial one.
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Definition 5.7. the Sturm Liouville vessel parameters are given by

w2 3] [2 2] -2
(i) = | T )]

for real valued continuous functions w1 (t2), B(ts).

The input compatibility differential equation ([2.I6) is equivalent to

>\U1(>\, tg) — %Ug()\,tg) =0
0 Ul()\, tg) + iUQ()\,tg) =0

ot
ui (A, t2)
u2(>\7 t2)
one finds that uy(\,ts) = —z'(%ul()\,tg) and plugging it back to the
first equation, we shall obtain the trivial Sturm Liouville differential
equation with the spectral parameter i\ for ui(\, to):

82

8—%1“()\7 tg) = Z>\U1(>\, tg)

where we denote wuy(ty) = [ } From the second equation

yQ()\a t2)
equivalent to the system of equations
{ (A = im1 (t2))y1 (A, t2) — (55 + B(t2))y2 (N, t2) = 0
(B(t2) = 4= y1 (A t2) + iga(A, 12) = 0 ’

from which we immediately obtain that ys(\, ta) = i(5(t2) —%)yl()\, to)
and plugging it into the first equation
82

8—153‘%()\’ ty) — (1 (ta) + B'(t2) + B2(t2))yr (N o) = idyr (N, t),

which means that y;(\, ;) satisfies the Sturm Liouville differential
equation with the spectral parameter ¢\ and the potential ¢(ts) =

(m11(t2) + B'(t2) + B2(t2))-

For the output y,(t2) = [ (A, o) }, we shall obtain that (2.I7) is

Hll H12
The first equation (L2) considered for Hy = [ H%l H%2 } becomes
—imn(ts) —=6(t:) | _ | Ho' — H3* Hy®
By o = g o ]

from where we conclude that
(5.11) Hy? = —B(ty), Hy' — HZ? = —imy(ty).
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Let us consider the differential equation (5.4]), where we use the nota-

Hll H12
tion H, = H121 H122 . Substituting the expressions for the vessel
1 1
parameters, we shall obtain
dgz Hll BH&l _ ZHgl — _]'_[1127
= H12 5H12 + Z'(Hll ng) — 0’
LR 4 i AL+ BHD — g - HZ,

sz HZ + imy HE2 + BHZ +iHZ = HI2.

and consequently, using the formulas (5.17]) the second equation results
in

5.12 = — 2
( ) ™1 = dts 5 5.
Together the first and the fourth equations give
d d
Hil2 ( Hll ﬁHOll H021) _H22 + Z7T11H12 + ﬁH22 + ZH21

dty
from where we obtain using (5.11))

dts

d
E[H&WHO??] =0= Hy' + H? =C € C,
2

Additionally, Hy has to satisfy Hy = o, Hioy. Using this relation we
shall obtain that

£ ¥ IR IEHE

(5.13)

H' HE 10| (H® (H2 |10
Hll (H22)*

N H&z—(le)*
H21 (H21)*
H22 (Hll)*

from where we conclude that
(5.14) Hy' = (HP?)*, Hy* = (Hy?)*, Hy' = (HF')".

As we can see HZ' = h2' is a real valued (arbitrary at this stage)
function, and Hj is as follows

r — ’i?TH

—p
— 2
(515) H() - h21 T+i7rll 9
0 2

where r € R.
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Let us perform the same calculations for H;. From the algebraic equa-

tion (B.5])
—1 —1 rrx —1 r7x*

we obtain that
HP o (HP) H) 4 (HP)
Hy o+ (HYY P+ (H]):

From the equation (5.4]) with i = 0 we obtain as before that

_ —1 ryx*

d
(5.16) HIY — H? = d—H +im HY' 4 BHE,
2
d
(5.17) H? = EH(? +im Hy? + BHS? 4+ iHY'
2

and the same equation (5.4]) with ¢ = 1 produces similarly to the pre-
vious case

d
(5.18) d—le2 BH? +i(H* — H?) =0,
d
(5.19)  —(H{' + H?) = —inm H? 4+ B(H{' — H?).

dts

Plugging (5.16) and (5.17) into (5.I8), we shall obtain that H3' = h3!
have to satisfy the following differential equation of the first order:

d
i — (= HY? + imy Hy* + BHE? +iHG')—
—ﬁ(dt H§? 4 imy Hy? + BHG? + iHG' )+
i H21 —m Hy' +iBH = 0.

or after cancellations

: : d?
(520) 2Z(H021)/ = Z(7T11H52), + +,B7T11H52 - 7T11(H022 - Holl) — wH(?
Inserting here the expressions for Hy appearing in (5.15) we shall ob-
tain that the real part of the last equality can be derived from the

equation (B5.12):

,

5[5 - ﬁz - 7T11] = 0.
The imaginary part gives the following equation

d d
4d_tgh0 dty —(m18) + 5”11 ﬁ27T11 - 7‘-%1 - 771/1-

/
Suppose (see [M2]) that there exists a function 7 such that § = .
T

"

-
Then using (5.12) 73 = —— and inserting these equations into the
T
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formula for 7-hg" we obtain that

d 7
4—h3! =

dto T T

Let us write down the formulas for the elements of H;:

H? = SLHE? + imy Hy? + BHE? + i HG', GI7)
H' — H{? = JLH +im Hy' + SHY, (G-16)
dn (HI' + HP?) = —imy H? + B(H{' — HP), E.19)

QZ(H%I), = i(7T11H112)/ + B7T11Hil2 - 7T11(H122 — Hlll) - %H122 (E]ﬂl)/

The last equation (5.20) is obtained from (5.20) by substituting the
index 0 at H{ by the index 1: H}.

Finally, we obtain that in the general case H;.; is derived from H;
using a system of similar equations. Denote

M; = %HEQ +im Hj? + BH? + iHY,
L; = %HEI +im H}' + BH!

then
(5.21)
12 _
gifil _ g2 _ ﬁ/[,Z
AT T Y
@(Hi—i-l _I—Hi-l—l) = —Z7T11MZ' —FﬁL,,
- d 21 LQ/ i / (ﬁL2>/
2ig-H, =T + §(W11Mi) + 5 + B M; + 7 Ly

from where we see that Markov moments are defined up to initial con-
ditions for ng = 2 elements. Notice that py = 1 in this case.

Let us also demonstrate theorem [5.6] for the Sturm Liouville parameters
from definition 5.7l We will take the simplest case n = 1 and as a result
the transfer function is

1 =1 .
S\ ty) =1 — )\—HC(tQ)B(tg)al =7 - ; W(—,z) C(ts) B(ts) 0.

We have already seen (in (5.12)) that -, is necessarily of the form
i /292 _
ey = [ 1057 P

6] 1
for a real valued function §(t3) on I. In this case, N = 0 which means
that the first moment is a multiple of the zero moment: H; = —zH,.

Since the vessel parameters are constant the differential ring R = C
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is trivial. Using the formulas developed in [M2] we shall obtain that
T = exp [ 3 satisfies

d d - ,d d -

— —k)(— —k)(=—+k)(—+k)T=0.
for kK = y/—iz, which may obviously be rewritten as a polynomial
differential equation for j3, after inserting the formula for 7 = exp [ 3
and multiplying by 771
5.3. Partial realization problem. In this section we want to solve
the partial realization problem [I.4l The key idea here is analyzing of
the equations (L2) and (5.4)). First, from the equation (L.2]) we find
that

Velta) = Y(t2) + 02(t2) Ho(tz) — o1 Ho(t2)o1 'oa(ts)

Consider now the system of equations (5.4]) for i = 1,...,n — 1, where
we substitute 7, (t2) by the formula (2] above:

L H; — oy '"wH;i + Hioy 'y = 0y 'oaHipy — Hipyoy 'og &
J-H; — o1 (v + 02Hy — 01 Hooy 'oo) Hy + Hioy 'y =

=0y '09Hiy1 — Hip107 'on &

—O’l_l’yHi + Hi(Tl_l’}/ =

= —%Hi + (09Hy — o1 Hooy ' o9)H; + 07 oo Hiyy — Hip107 "oy

This condition can be rewritten in a more compact way as

diHi — 01[Ho, 07 '09]H; — [Higa, 07 o),

)

where [A, B] = AB — BA denotes the commutator of A and B.

So, the question which arises here is whether every function ~, which
solves (5.22)) produces a solution of the partial realization problem [T.4]
We connect the solution of the partial realization problem [L.4] to the
classical one.

(5.22) [Hi,Ul_lv] _ _

Theorem 5.8. Assume that we are given functions oy, 09 and Markov
moments H;(t3),i = 0,...,n (n > 0) defined in a neighborhood of a
point t3 € 1, satisfying the necessary conditions (5.5) and (5.6). As-
sume also that the following necessary conditions are also satisfied:

(1) The classical partial realization problem for the moments H;(t39)
i1 =1,...,n has a solution, which we denote by S € RS with a
manimal realization

S()\, tg) =1- Boxo_l()\l - Ao)_lBoO'l(tg>
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(2) There exists a solution 7(ty) of the equations (5:22)) for each
i € {0,...,n}, and such that B(ts), X(t3) defined from the
formulas (A1), (A3) using By, Ao, Xo and ~y(ty) realize the
first moment:

Ho(t2) = (B(t2))"X(t2) "' B(ta)oy (ta).
Then, the function
S\, ta) = I — B(t2)X(ta) " (M — Ag) ' B(ty)o1(t2)

is a solution of the partial realization problem [1.]], with v.(t2) given by
the equation (L2l).

Proof: Using simple calculation and the definitions of B(tz), X(t2) it
follows that the function S(A,t3) intertwines solutions of the input and
output LDEs, with v, defined as in the theorem, is equal to I, at oo, and
is continuous for each A. Since the Lyapunov equation holds, the func-
tion S(A,t2) € RSZ. It remains to show that it has the given Markov
moments. By construction the first moment of S(\,ts) is Ho(t2). By
Theorem the second moment of S(\, ty) satisfies (5.4) with ¢ = 0,
and differential equations with ng initial conditions. But these initial
conditions are obtained from the realization S(A,9). This way we ob-
tain the first moment of S(\,t2). The other moments are obtained by
iteration. U

n—1
Remarks: 1. If there is a linear combination H(ts) = > a;H;(ts)
i=0

which has its spectrum disjoint from —H (¢5) then 7 is uniqflely deter-
mined from

n—1

(S o, 7] =

=0 d n—1 . n—1 n—1 . .

= > ailly —oy[Ho, 00 00 Y il — [ aiHiyy, 00 0]
t2 i=0 i=0 i=0

2. Case 0y(t3) > 0: The equation (5.22]) is then uniquely solvable
for ~ if the spectrum because the first Markov moment Hy(ts) is self
adjoint and strictly positive, and thus the spectra of Hy and —H, are
disjoint.

6. NEVANLINNA-PICK INTERPOLATION PROBLEM
Nevanlinna-Pick (NP) interpolation problem [[L@is similar to non com-
mutative, Riemann surface cases and involves specifying the exact class

of input-output mappings, and a finite number of inputs that are to
be mapped to the corresponding outputs. In our case this yields fixing
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0 0
both U(A, 8—t2; to) and U, (A, a—tz; ta),
the spectral parameter, and corresponding solutions &;(t2) and 7;(t2)
of the input and the output LDEs, respectively, as it is defined in the
problem
Since everything is determined by the initial conditions, this reduces to
the NP problem at some fixed t) € I, except that now ~, is fixed, yield-
ing a constraint on the solution parameter Sy. According to remark,
following the theorem v, satisfies an equation of the form

Pz, o' 2", ... ey =0

a set of values w;, 7 =1,..., N for

for a non-commutative polynomial with coefficients in R. Since the
derivatives of «, may be represented using the moments H;(t5) differ-
entiating the linkage condition (2.8]) and using (5.4]), we shall obtain
that the moments have to satisfy an equation of the form

P'(Hy,Hy,...,H,) =0

for a non-commutative polynomial P’ with coefficients in R. On the
other hand, they must be linearly dependent, which is a necessary con-
dition and the formula (5.0]) must hold. Consequently, there must be a
minimal (with respect to the index N - the biggest moment appearing)

linear combination
N
> wiHi(ts)
i=1

of the moments such that it divides from the left and from the right
the polynomial P'(Hy, Hy, ..., H,). In this way we shall be obtain the
coefficients p;, which are also coefficients of the minimal polynomial for
the final operator A;.

Next we shall look for functions Sy € RS, which has A; with the
prescribed minimal polynomial. Notice that this also means that the
Jordan block structure of the class of A; is defined in this manner. It
is remained to choose values for By, X so that the system of equations
(5.I0) will be satisfied at the point ¢5. This follows from the fact that
7«0 corresponding to the function Sy will have the same initial values as
the given v, and, moreover, there will be obtained the same differential
equations for the v, and 7, 9. We now present the exact statement

Theorem 6.1. Suppose that there is a realization of Sy € RS
S()()\,tg) =1- ng_l()\[ - Al)_lB()O'l(tg),

then Sy is a solution of the Nevanlinna-Pick interpolation problem [1.0,
if the minimal polynomial of Ay is equal to the minimal polynomial
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defined from ~, and if the moments H; of the functions Sy satisfy the
system of equations (5.10) at t9.

Proof: We construct first a polynomial P(x,z’,2", ... 2%)) from ~,
as it is explained in the text preceding the theorem. Then we find a
minimal polynomial for Ay, obtained from P'(Hy, Hy, ..., H,) by sub-
stituting H; with z*. Then the moments of the function Sy(\, t2) RST
constructed from Sy € RS will satisfy the same differential equations
appearing in theorem (B.I0). As a result the output v, of the function
So(A, ty) will satisfy the same polynomial differential equation as the
given 7, and will have the same initial conditions, which means that
V.0 = Vs, Which finishes the proof. U
We now solve Problem [L.71

Theorem 6.2. Given CP*P-yalued functions o1, o9, 7, an interval 1
and N quadruples < té,wj,fj,nj > where té el,w; € Cy, &,m; € CHP
7 =1,...N, and assume that the corresponding matrices X; > 0. Then
there exists a solution of the Nevanlinna-Pick problem [1.7, i.e. there
exists a function S € R8I satisfying S(w;, t5)& = n; if and only
if there exists n € N, matrices A}, Xy, € CO=DX0=1 gith Xi > 0,
Bl € Cpx(n=1), Vi; € C™" such that for A;, B;, X; defined by

(6.1) B, — { B; ]

ni — &
X5 0
(62) X, = {0 X}
Al ng’l@é)&:
0 ~
63) & = o) — &)
= (1) (BY)(55) " —wp — AR

it holds that
(1) A; = V5 AV,
(2) (M — A) "' Bioy L (t) D1 (N, 8, t3)d)\ = Vi, B;.
and the matriz X (t3),

t2

X(ty) = X, + / Bi(y)oa(y) (Bi(y)) dy

th
18 1nvertible on the interval 1.

Proof: For each ¢} all the functions which satisfy S(w;, té)&' = 1); are

of the form Te, (S§(A, t2)), provided §§Z — §io1 (t2)§i*;77i01(t2)77i > 0.
’UJZ- w;
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Here
I+§§7(7i77i01 ) X?ifial )
' . i( A+ w i(A+w
S = Emor |, eeo

and S} € RS. Given a minimal realization
So(A) =1 = (By)"(Xp) (M = Ay~ Byon (t3)

of S, we shall obtain from formulas (3.15), (8.16)), (3.17) the formulas
1), ©2), (E3) in the theorem. In view of Theorem 7] a necessary
and sufficient condition to obtain the same function S(\,ts) for every
¢ is that there exist invertible constant matrices V;; such that the op-
erators A; are similar. In other words there must exist V;; such that
A = VZ-]-AJ-VZ-;I. Moreover, the second part of theorem (.7 tells that
additionally the equality

]{ (M = A) "' Bioy ()@ (N, 8, th)dA = V;; B,

must hold. 0
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ON THE CLASS SZ OF J-CONTRACTIVE
FUNCTIONS INTERTWINING SOLUTIONS OF
LINEAR DIFFERENTIAL EQUATIONS
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ABSTRACT. In the PhD thesis of the second author under the
supervision of the third author was defined the class SZ of J-
contractive functions, depending on a parameter and arising as
transfer functions of overdetermined conservative 2D systems in-
variant in one direction. In this paper we extend and solve in the
class 8Z, a number of problems originally set for the class S of
functions contractive in the open right-half plane, and unitary on
the imaginary line with respect to some preassigned signature ma-
trix J. The problems we consider include the Schur algorithm,
the partial realization problem and the Nevanlinna-Pick interpo-
lation problem. The arguments rely on a correspondence between
elements in a given subclass of SZ and elements in §. Another
important tool in the arguments is a new result pertaining to the
classical tangential Schur algorithm.
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1. INTRODUCTION

Functions S(\), which are CP*P-valued, analytic and contractive in the
open right half plane C,, or equivalently, such that the kernel

I, — S(w)*S(A)
A+ w*

is positiveﬁ in C,, play an important role in system theory, inverse
scattering theory, network theory and related topics; see for instance
[L], [BC], [DD], [He], [A]. Here, positivity of the kernel means that for

every n € N and every choice of points wy,...,w, € C, and vectors
&, ..., & € CY*P the n x n Hermitian matrix

[giK(wiv w3>£;)] i,j=1,..n

is positive (that is, has all its eigenvalues greater or equal to 0).

K\ w) =

Far reaching generalizations of this class were introduced in [M [MVT]
MVd], in the study of 2D-linear systems (say, with respect to the vari-
ables (t1,t3)), invariant with respect to the variable ¢;. To introduce
the classes defined in these papers we first need a definition.

Definition 1.1. Let 01, 09, v and 7, be CP*P-valued functions, contin-
uous on an interval I = [a,b]. Suppose moreover that o, and oy take
self-adjoint values, and that oy is differentiable and invertible on 1, and
that the following relations hold:

d
Y(t2) +y(t2)" = yulta) + Vul(t2)" = —Em(b), ty € L.
2

Ipositive-definite in the classical terminology
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Then o1,09,7,7« and the interval I are called vessel parameters.

The class of functions SZ corresponding to thr vessel parameters oy,
09, ¥, V= and the interval I was introduced in [M, MV¢] (see Definition
27 below) and consists of the functions S(\, t2) of two variables A, ¢,
such that for every to € I the function S(\,t2) is meromorphic in C,

and the kernel
01 (tg) — S(’LU, tg)*O'l (tQ)S()\, tg)
(1.1)
A+ w*

is positive for A and w in the domain of analyticity of S(A,¢2) in C,.
For positive oy (t3), the positivity of the kernel implies that S is analytic
in C,; see [Da], [A]. For general (invertible) oy (t3), the entries of S are
of bounded type and S has at most poles in C,; see [ADRS]. It is also
required that S(A,t2) is analytic at infinity for each ¢, with value I,
there, and that S(\, t3) maps solutions of the input Linear Differential
Equation (LDE) with the spectral parameter A

)\Ug(tg)u()\, tg) — O'l(tg)aitzu()\, tg) + V(tg)u()\, tg) = 0,

to solutions of the output LDE
0
Aoa(t2)y (A ta) — ou(ta) 5
2

It is proved in [M, [MV(¢] that elements of SZ are the transfer functions
of ti-invariant conservative 2D systems; see Section

y(A t2) + Ya(t2)y(A, t2) = 0.

The purpose of this paper is to study various questions in the class ST
such as Nevanlinna-Pick interpolation, property of moments, etc. A
key result is the following theorem, which we prove in the sequel; see
Section @]
Theorem [4.1] Let us fix the parameters oy, 0o, and v, and the interval
I. Then for every t3 € 1 there is a one-to-one correspondence between
pairs (., S) such that S € 8T and ~y. continuous in a neighborhood
of 19, and functions Y ()\), meromorphic in C,, and with the following
properties

(1) Y(o0) = 1,

(2) YN o1 (t9)Y (N) < 01(t9) for A € Cy where Y is analytic, and

(3) Y(N)*o1(t)Y (N) = a1(t3) for almost \ satisfying RX = 0 and

where Y () is the non-tangential limit.

As mentioned above the o (t3)-contractivity of Y implies that Y is of
bounded type in C,, and thus the asserted non-tangential limits exist
almost everywhere.
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Definition 1.2. The class of functions Y with the properties in Theo-
rem [£1) will be will be denoted by S(t3) and the functions will be called
o1(t9)-inner. The subclass of rational functions of S(3) will be denoted
by RS(19).

For the sequel, it is important to notice that the general tangential
Schur algorithm developped in [AD] can be applied to functions in
S(19), and in particular in RS(t9).

Definition 1.3. RSZ will denote the subclass of functions in ST
which are rational in A for every ty € L.

The paper consists of six sections besides the introduction, and we
now describe their content. In Section [2] we review the main results
from [M] (see details in [MV1] and [MVc]) on ¢;-invariant conservative
2D-systems, relevant to the present work. In particular the class SZ
mentioned above consists of the transfer functions of these systems.
In Section [l we present the reproducing kernel space approach to the
tangential Schur algorithm for the class 8, as developed in [AD]. We
obtain in particular new formulas which allow us to find the main op-
erator in a realization of an element of & after one iteration of the
tangential Schur algorithm; see formulas (3.10), (317), (B.I6) in The-
orem In Section [ we develop the tangential Schur algorithm for
a function S(\, ty) € SZ. Applying directly the theory of the previous
section to S(A, ty) leads to a new function which need not belong to
SZT. Instead, we apply the Schur algorithm to the o (¢9)-inner function
S(A, t9) for some preassigned tJ € I, and obtain a simpler (in terms of
McMillan degree) oy (t9)-inner function Sp(A,t3). We use Theorem E.T]
to obtain an element in a class ST from Sy(A,t3). We call this pro-
cedure the tangential Schur algorithm for the class SZ. We study in
Section [l the coefficients (called the Markov moments) H;(t3) of the
expansion of S(\,ts) around A = oo

= 1
(1.2) S\ ty) =1,- ) 7 Hit)
=0

It turns out that the first Markov moment Hy(t2) satisfies the Lyapunov
equation
(1.3)

Yultz) = y(t2) = oa(t2) Ho(tz) — o1 (t2) Ho(tz)or ' (t2)on(tz), t2 €1,

which means that given the functions oy, 09,7 and Hy on I, one can
uniquely reconstruct ., and, as a result of Theorem [1.I there will



ON THE CLASS 8T 5

exists a unique function S(\, ts) (t2 € I) with the given Markov param-
eters. We prove the following theorem on the structure of Markov
moments:

Theorem Suppose that we are given moments H;(ty), defined in a
neighborhood of the point t3 € 1. Then there exists ng < p? such that
each element H;,q 1s uniquely determined from Hy, ..., H; using the
algebraic formulas (B.8), and ng LDEs with arbitrary initial conditions,
obtained from (5.4l). Moreover, ny equations must be satisfied by the
elements of 7.(t2).

Starting from the Markov coefficients at infinity, constructed under
conditions of Theorem we recover in Section [ the transfer function
S(A,t2). In the arguments we make use of a Krein-space realization
theorem of Dijksma-Langer—de Snoo for analytic functions at infinity
[DLdeSl Theorem 3]. By a counterexample, we show that it is not
always possible to reconstruct the function using Hilbert space realiza-
tions.

In Section [7] we study two generalizations of Nevanlinna Pick inter-
polation problem in the class SZ. Let us recall that in the classical
Nevanlinna Pick interpolation problem [N| [P] Schur analysis plays a
special role; see for instance [FK]|, [Dy], [A]. Schur analysis gives a
parametrization of all solutions (when they exist) for the given data.
The first problem [[.4] is similar to the non commutative and Riemann
surface cases and involves specifying the exact class of input-output
mappings, and a finite number of inputs that are to be mapped to the
corresponding outputs. In our case this yields fixing vessels parameters
and a set of values w;,7 = 1,..., N and corresponding solutions &;(t»)
and 7;(t2) of the input and the output LDEs, respectively:

Problem 1.4 (Nevanlinna-Pick interpolation). Let o1, 09,7, 7. be ves-
sel parameters and let I be an interval. Let N € N and w;,1 =1,...,N
be complex numbers. Suppose also that N input functions &;(t2) satis-
fying (ZI0) with corresponding spectral parameters w;’s, and N output
functions n;(ts) satisfying (ZIT) with the given w;’s.

(1) Give sufficient and necessary conditions, so that there exists
S(A, t2) € 8T such that S(wj, t2)&(t2) = ni(te), 7 =1,...,N,
on a sub-interval of 1.

(2) Describe the set of all solutions for this problem.

The second problem uses the fact that we can also specify the data for
different values of ¢, and is more similar to the classical one:
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Problem 1.5. Given CP*P-valued functions oy, 09,7 defined on 1, and
giwen N quadruples < t%,wj,gj,nj > where t% cl,w; € Cy, &,n; €
C*P j=1,...N, then:
(1) Give sufficient and necessary conditions, so that there exists -,
and S(\, ty) € ST such that S(w;,t3)¢; =n;, j=1,...,N, on
a sub-interval of 1 containing all the t}.
(2) Describe the set of all solutions for this problem.

If all the values ¢}, = t3 are equal, we have to find a function S(\,t3)
satisfying S(wj;, t3)€; = n;. Thus, the above problem is a generalization
of the classical Nevanlinna-Pick interpolation problem. We also remark
that we do not address the question of describing the set of all solutions.
Remarks: Some of the results presented here have been announced in
[AMV].

2. t; INVARIANT CONSERVATIVE 21) SYSTEMS.

The material in this section is taken from [M, MV1,MV¢|, where proofs
and more details can be found. The origin of this theory can be found
in the paper [Li].

2.1. Definition. An overdetermined conservative t;-invariant 2D sys-
tem is a linear input-state-output (i/s/o) system, which consists of
operators depending only on the variable t, and is of the following
form:

aitll’(tl, tg) = Al (tg)l’(tl, tg) + §1 (tg)u(tl, tg)
to -
(2.1) 1% : < x(ty,te) = F(to, 19)x(t1,t9) + [ F(ta, s)Ba(s)u(ty, s)ds
10

2
y(tl, tg) = U(tl, tg) — B(tz)*l’(tl, tg),
where the variable ¢; belongs to R, and the variable t, belongs to some
interval I. Furthermore, the input wu(tq,t3) and the output y(ty,ts)
take values in some Hilbert space £ and the state (1, t2) takes values
in the Hilbert space H;,. We assume that u(ty,t2) and y(t1,t2) are
continuous functions of each variable when the other variable is fixed.
The operators of the system are supposed to satisfy the following:

Assumptions 2.1.

(1) Ay(ts) : Hey = Hy,, and B(ty) : € — My, are bounded operators
for all t,

(2) The functions o1,09,7,7 : € — &, are continuous in the oper-
ator norm topology.
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(3) o1(ta) is an invertible operator for every ty € 1.
(4) F(t,s) is an evolution continuous semi-group.

For continuous inputs u(t,t3), the inner state is continuously differ-
entiable. Requiring now the invariance of the system transition from
(t9,19) to (t1,t2) via the points (£, t5) and (¢, t9) respectively, is equiv-
alent to the equality of second order partial derivatives of (1, ts):

0? 0?
or.0r, t b t) = o

Substituting in this equality the system equations we obtain that for
the free evolution wu(t1,t2) = 0 the so called Lax equation holds

(2.3) Ay (ty) = Fto, )AL () F (19, t2).

(2.2) (t1,t2).

Inserting (2.3)) into (2.2) we see that the input wu(ty,?2) has to satisfy
the following PDE

B(ts)os(ta) Zu(ty, ta) — Blta)or (ta) foulty, t2)—

(Al (tg)B(tg)O'g(tQ) + F(tg, tg)%[F(tg, t2)B(t2)O’1 (tz)])u(tl, tg) = O
Assuming the existence of a function ~y(t5) satisfying

(2.4)

Ai(t2) B(t2)oa(t2) + F(Q,t‘%)%[ﬁ’(tg,t2)§(t2)o—1(t2)] = —B(t2)y(ts)

we obtain that it is enough that u(t1,ts) satisfies the PDE

(25) 02(t2>8it1u(t1’t2> — Ul(tg)%u@l, tg) + ”y(t2)u(t1,t2) =0.

The output y(t1, o) should satisfy the output compatibility condition of
the same type as for the input compatibility condition (2.5, namely:

(2.6) 02(152)i (ti,ta) — <71(t2)i

o 8t2y(t1’t2) + 7 (t2)y(t1, t2) = 0.

Inserting here y(t1,t2) = u(ty,te) — B(te)*x(ta, t2) we obtain that

(27) 0 = 0a(ta) Bta) As(t2) F(t, 1) —
_— (tz)%[é(tz)*F(tz, t9)] + 7. (t2) B(ts)*F(t2, 9)
(2.8) Y(ta) = o1(t2) B(t2)*B(ta)oa(ts) —

—03(t2) B(t2)" B(tz)o1(ta) + 7s(t2).
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The fact that the system is lossless comes from the requirement of the
so called energy balance equations:

i@(thh)ax(thb))%@ + (0i(t2)y(t1, t2), y(ta, t2))e =

ot;
= (oi(t2)u(ts, t2), ults, t2))e, i =1,2,

which means that the energy of the output is distributed between the
energy of the input and the change of the energy of the state of the
system. Immediate consequences of this requirement are

(2.9) 0 = Ai(ta) + A(t2) + B(t2)o (t2) B(ta)",
(2.10)%[15’*@2,753)1%2,tg)] = F*(t,19) B(ta)* oo (t2) B(ta) F (£, 19).

In this manner we obtain the notion of conservative vessel in the integral
form, which is a collection of operators and spaces

B = (Ai(ta), Fta,19), B(ta): o1(t2), oa(ta), ¥(t2), 1 (t2); Huy E)

where the operators satisfy the regularity assumptions 2.1 and the
following vessel conditions:

0= Ay (ta) + Ai(ts) + B(ts) o1 (t2) B(ts) Z3)
||F(t2vt(2))x(tlat§)”2 — [lz(t, t))1* =

— ft; (o9(8)B(s)x(t1, ), B(s)x(t1,s))ds (2100
F(ta,19) A1(t9) = Ai(t2) F(ta,19) 2.3)

0= L (F(13,t2) B(ta)o1 (t2))+

+F (9, t2) Ay (ta) B(t2)o2(t2) + F (19, t2) B(t2)y(t2) 24

0= 01(t2) 55 [B(t2) F(t2, 13)]—

Oto ~

—03(t2) B(ta)* A1 (t2) F(t2, 13) — 7 (t2) B(t2)* F (12, 19)  (20)

V(ta) = —o2(ta) B(ta) B(ta)oi(t2)+

+01(t2) B(t2)* B(tz)oa(ta) + v« (t2) (2

In order to simplify some notations we introduce the following defini-
tion.

Definition 2.2. Let
U= U()\l, )\2; tg) = O'Q(tg))\l — O'l(tg))\g + V(tg),
and similarly

U, = U, (A1, Ags ta) = 0a(ta) A1 — o1(t2) Aa + 7 (t2).
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The vessel U is naturally associated to the system (2.1])
D a(ti 1) = Ai(f) 2(t1, 1) + Bta)or(t2) ults, 2)

to —
Y% x(ty, ) = F(to, t9)x(t1,13) + [ F(ta, s)B(s)oa(s)u(ty, s)ds
N 3

y(tl,tQ) = U(tl,tg) — B(tg)* l’(tl,tg).
with inputs and outputs satisfying the compatibility conditions (2.5])
and (2.6), i.e. satisfy:

o 0 o 0
U(=——, —to)u(ts, t2) =0, U,(=——, —:t2)y(t1,t2) =0
(8t1’8t2’ 2)u(ty, ta) ) (8151 oty 2)y(t1,t2)

The theory of such vessels, developed in [M, MVI] enables to find a
more convenient form of the vessel. Denoting H = H,g, A1 = Ay (t9),
F*(t9,19)F (t5,19) = X~1(t3) and B(ty) = F(t3, 1) B(ts), we shall obtain
the following notion, first introduced in [M2].

Definition 2.3. A (differential) conservative vessel associated to the
vessel parameters is a collection of operators and spaces

(2.11) U = (A, B(ta2), X(t2); 01(ta), 02(t2), v(t2), Ve (t2); H, E),

where the operators satisfy the following vessel conditions:

D (Blta)r () + AuB(t2)oa(ts) + Blta) ().

(2.12) 0=

(2.13) A1 X(ta) + X(t2) AT = B(te)oq(t2) B(ts2)",
(2.14) d%X(tQ) = B(t)o(t2) B(ta)"
(2.15) e(ta) = (ta) + 0a(t2) B(t2) X~ (t2) B(t2) o1 (t2) —

—01(t2) B(ta) X7 (ta) B(t2)oa(t2)
It turns out that Lyapunov equation (2.13) is partially redundant.

Lemma 2.4. Suppose that B(ty) satisfies (ZI2) and X(to) satisfies
(2I4), then if the Lyapunov equation (ZI3)
A1X(t2) + X(tg)AI + B(tz)O’l(tg)B(tg)* =0

holds for a fized 13, then it holds for all t. If X(t)) = X*(19), then
X(tz) = X(tg)* fO’f’ all t2.

Proof: By differentiating the left hand side of (2I3)), we will obtain
that it is zero. The derivative of X(¢5) is selfadjoint. O
This representation of a vessel is the most convenient when one focuses
on the notion of transfer function, as we do in the next subsection.
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2.2. Transfer function. Performing a separation of variables as fol-
lows

U(tl, tg) = U)\(tg)e)\tl,

l’(tl, tg) = l’)\(tg)eMl,

y(ti,t2) = ya(ta)eM,
we arrive at the notion of a transfer function. Note that u(t;,ts) and
y(t1, to) satisfy PDEs, but uy(t2) and y,(t2) are solutions of LDEs with
spectral parameter A,

(216) U()\, 37 tg)u(tl, tg) = O,
Oty
0
2

The corresponding i/s/o system becomes
zA(t2) = (M — Al(t2))_lB(t2)Ul( 2)u(tz)
- () = F(ta, 19)x(19) +fF ts, ) Ba(s)ux(s)ds

tO

Ua(ta) = un(ta) — E(tz)*%(tz)

The output yy(t2) = ux(t2) — B(ts2)*zx(t2) may be found from the first
i/s/o equation:

Ya(ta) = S(A, ta)ua(t2),

using the transfer function

S\ t) =1~ g(tz)*()\] - Al(t2))_l

/—\

t2)o (t2)

= I — B(ts)* (A — F(ts, £3) A (13) F (13, t2)) " B(t2) o1 (t2)

= I — B(ty)* F(ta, 1) (A — Ay (13)) " F (13, t2) B(ts) o (t2)

= [—E(tg)*F*(tg,tg)F*(tg,tO)F(t ) (A — Ay B(t2)01 ()
=71 — B(tg)*x_l(tg)()\l — Al) (tg)O'l(tg)

and we obtain that
(218) S()\, tg) = I — B(tg)*x_l(tg)()\l — Al)_lB(tg)O'l(tg).

Proposition 2.5. The transfer function S(\, t2) defined by ([2I8)) has
the following properties:
(1) For all ty, S(A, t2) is an analytic function of X in the neighbor-
hood of oo, where it satisfies:
S(OO, tg) = Ip

(2) For all X, S(\, ta) is a continuous function of ts.
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(3) For A in the domain of analyticity of S(\,ts):
(2.19) S(A, ta) o1(t2)S(A, t2) < 01(t2), A >0,
and
(2.20) S\, ta)"o1(t2)S(A, t2) = 01(t2), RA=0.

(4) Maps solutions of the input LDE ([2.16) with spectral parameter
A to the output LDE (2ZI7) with the same spectral parameter.

Proof: These properties are easily checked, and follow from the defi-
nition of S(\, t2):

SO\ to) = I — B(ty)* (A — Ay (t2)) ' Blta)o (ts).

The function S(A,t2) is analytic for A > ||Ai(t2)|| and since all the
operators are bounded, we have S(o0o,t2) = I,. The second property
follows from the regularity assumptions 2.1l The third property follows
from straightforward calculations:

S()\,tg)*(fl(tg)S()\, tg) — Ul(tg) =

—2R(N)o1(t2) B(t2)* (A — Aj(t2)) " (A — Ay (t2)) " B(t2) o (t2)
Here the sign of —R(\) determines the sign of S(\, t2)*oy(t2)S(A, t2) —
01(t2) and thus the third property is obtained. The fourth property
follows directly from our construction. O

Remark: When dimH < oo, we obtain that S(A,ty) is a rational
function of A for every ts.

It is an interesting fact that also the converse of Proposition holds;
see [M], [MVd, chapter 5].

Theorem 2.6. For any function of two variables S(\,ts), satisfying
the conditions of Proposition [2., there is a conservative ti-invariant
vessel whose transfer function is S(\,ts).

We define the class of transfer functions mentioned in the introduction
as follows:

Definition 2.7 ([MVd]). The class ST = SZ(U(\ ta), UL(A, %; ts))
2

) 0—152;
consists of functions S(\,t2) of two variables, which

(1) are analytic in a neighborhood of A = oo for all ty and where it
holds S(00,ty) = I,
(2) are continuous as functions of to for all X,

(3) satisfy ZI9) and Z20) in the domain of analyticity of S,
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(4) map solutions of the input LDE (2.16) with spectral parameter
A to the output LDE (2.17) with the same spectral parameter

Recall (see [CoLe]) that to every LDE can be associated an invertible
matrix (or operator) function ®(t,,19), called the fundamental solution,
which takes value I at some preassigned value tJ and such that any
other solution u(ty) of the LDE, with initial condition u(t3) = ug is of
the form

U(tg) = (b(tg, tg)U()

Let ®(\,2,19) and @, (), ty,19) be the fundamental solutions of the
input LDE (216) and the output LDE (217 respectively, where we
have added in the notation the dependence in A. Then,

(2.21) S\ t2) P\, tg,15) = Bu (N, 1o, 19)S(N, 15)
and consequently S(\, t9) satisfies the following LDE

o S\ t2) = 07 (t2) (02 (t2) A + 7 (t2)) S(A, 12) —
—S(\ t2)oy (t2)(02(t2) A + 7(t2)).

The symmetry conditions (2.19) and (2.20), which are a result of Lya-
punov equation (B.8) gives us

(223) S()\, tg) = Ul_l(tg)s_l*(—j\, t2)0’1(t2)

(2.22)

3. SCHUR ANALYSIS FOR THE CLASSICAL CASE

One of the approaches to the tangential Schur algorithm for a rational
matrix function S(A) € CP*? is based on the theory of reproducing ker-
nel Hilbert spaces of the kind introduced by de Branges and Rovnyak;
see [dBR1], [dBR2], [Dy| for information on these spaces. The paper
[AD|] considers the case of column-valued functions. In this section
we adapt the results of [AD] to the case of row-valued functions. We
also present a new formula for a realization of a Schur function after
implementation of the tangential Schur algorithm.

3.1. Schur functions and Reproducing Kernel Hilbert spaces.
In this section o7 denotes a fixed self-adjoint and invertible (but not
necessarily unitary) matrix in CP*P. Let S(\) be a rational function,
oi-inner in the open right half plane, i.e.

S()\)*alS()\) — 01 S 0
at all points in the domain of analyticity Q(S) of S in C,, and
S()\)*alS()\) — 01 = 0
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at all points on the imaginary axis where S is defined. Then, the kernel
op — S(w)*o1S(N)

W+ A
is positive for A\, w € Q(S), and the space of rational C'*P-valued func-
tions

(3.1) Ks()\,’w) =

H(S) = {Z OéiCiKs(A,wi) | a1 € (C,wi S Q,Ci € CIXP}
i=1
is finite dimensional. These well-known facts can be proved using re-
alization theory; see for instance |[AG]. Furthermore, H(S) is the re-
producing kernel Hilbert space, associated to the kernel Kg(A, w). The
inner product is defined by

(cKs(A\,v),dKs(A\, w))ye = (cKs(w,v))crxw = cKg(w,v)d".
For an arbitrary f(A) € H(S) we have the reproducing kernel property

More generally, let now M be a finite dimensional Hilbert space of

C'?-valued functions defined in some set 2, and let { f;(\), ..., fv(A\)}
be a basis of M. Let X € CP*P denote the Gram matrix with ¢, j entry
given by

(3.2) Xoj = (FiQ) felP)m, L =1,....p.

It is easily seen that the space M is a reproducing kernel Hilbert space
with kernel given by the formula

fi(A)
(3.3) K\ w)=[ filw) - fy(w) ]X7 E
fn(A)
We set
A
(3.4) FA)=|
£,

Assume now that M consists of rational functions, defined on a set
Q(M). For a € QM) the backward-shift operator R, is defined by

fA) = fle)
R.(f(N)) = ————.
(o ==L
Suppose that:
(1) The space M is invariant under the action of R,,
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(2) The functions f;(A) has the property that f;(c0) = 0, i.e.,
F(oc0) =0,
then the function F' given by (8.4 can be written as
F(\) = (M — A)~'Boy,

for suitably chosen matrices A, B. In this special case, formula (3.3))
takes the form

(3.5) K\ w)=o,B*(wl — A*)'X Y\ — A)~'Bo,.

As mentioned at the beginning of this section we are interested in

kernels of the form (3.1]) for some o;-inner rational function S. We now

recall the characterization of these spaces, and first note the following:

equation (3] leads to

o1 — S(w)*o1S(N)
W+ A

If S is analytic at infinity and satisfies there S(oco) = I,,, and letting

w — oo in this equation, we obtain the formula

(3.7) S(\) =1, — B*X"Y(\I — A)"'Bo;.

Theorem 3.1. Let M be a finite dimensional Hilbert space of C1*P-
valued rational functions, which are zero at infinity. Suppose that
R.M C M for a € QM) and let X be its Gram matriz with re-
spect to F'(N). Then M = H(S) for S defined by B.1) if and only if
the Lyapunov equation

(3.8) AX+ XA+ BoB* =0
holds.

(3.6) = F(w)*X'F(N).

When the spectrum of the operator A is in the open left half plane
RA < 0, one has

%(S) = H270'1 o H2,0’157
where Hy,, is the Hardy space HS with the inner product

L/, g]HZ,o'l = (f, 901_1>H72’-

—01 0
0 01

We set J = [ } Note that J is both invertible and self-

©11 O }
©O21 O
be a J-inner rational function; we introduce the linear fractional trans-
formation

adjoint, and one can define J-inner rational functions. Let © = [

T@(W) = (@11 + W@gl)_l(@lg + W@Qg).
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Theorem 3.2. Let S and © be respectively oy-inner J-inner rational
functions. Then there exists a oq-inner rational function W such that

S =Te(W) if and only if the map
(3.9) F F { _S}W ]

p
is a contraction from H(O) to H(S).
This theorem originates with the work of de Branges and Rovnyak (see
[dBR1, Theorem 13 p. 305]), where it is proved in a more general
setting, and is one of the key ingredients to the reproducing kernel

approach to the Schur algorithm. The proof is the same as for column-
valued functions, and is omitted.

As a special case of the previous theorem we have:

Corollary 3.3. Given S € RS, wy,...,w, € C,, and row vectors
E1,...,&, € CY*P, define
—&S(w1)” &
B = : Co|, Ay = diag[—wi, ..., —wr.
Let M be a Hilbert space of row vectors spanned by the rows of the
matriz-valued function

F(\) = (M — A) 'BJ.
Let X be the solution of the Lyapunov equation

(3.10) AX+XA*+BJB* =0
and assume X > 0. Let © be defined by
(3.11) O(\) = I, — B*X"Y(\I, — A))'BJ.

Then there exists Sy € RS such that S = Te(Sy).

Proof: Let us denote by ¢ the map (39). For an arbitrary element
f(A) =nF(X), we shall obtain that

HO) =M — A)1BJ [ ‘%A) } _
—&S(w1)” &
= 7 diag[x7'7] : : ] [ 0;15 } -
=2 Af@igi(gl — S(w;)*o1S(N)) =

= ZZ &mKS()\a wi)
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and consequently,
tf.tf) = Q2 &miKs(Awi), 32, Emils(A wy)) =

= Zij nifiKs(wj,wi)njfj = nXn* =
= (. 1)

Thus t is an isometry and Theorem allows to conclude. O

The following result shows that the assumption X > 0 in the statement
of Corollary can always be achieved for n = 1.

Lemma 3.4. Given S € RS which is not the function identically
equal to I,. Then there exist a pair (§,w) € C'*P x C, such that the
corresponding X > 0.

Proof: We proceed by contradiction. Assume that for each w € C,
and for each vector &, it holds that

§o1§" = &S (w) o1 S(w)§™
or, equivalently,
EKg(w,w)&" = 0.
Then, £ Kg(A,w) = 0, and for each f € H(S)
§f(w) =< f(AEKs(A, w) >=0.
The space H(S) is thus trivial, and its kernel is zero:
o1 — S(w)*o1S(N)
A+ w

from where we conclude that for each w, A

S(\) = o7t S (w)oy.

=0,

and consequently, S(\) = I,,. O

3.2. Analysis of the tangential Schur algorithm. For n = 1, the
matrix function in (BI1]) becomes
(3.12)

O(\) =1, — B*X 'Y \[-A)™'BJ=

= | 1 1| T e -

I+ 7 N0y n*§oy
— P X()\ + 'lU*) X()\ + ’LU*) _ @11 @12
§'noy I — §*€oy O O |’

X +wr) P XA +w)
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where using the Lyapunov equation (3.10)
AX+ XA =X(—w* —w) =
S a2
we find that

' w + w* '

To the best of our knowledge, Theorem below is new and uses a
realization theorem of M. Livsic [BLi]. It will be of much use in the
following sections.

Theorem 3.5. Let Sy € & with minimal realization
(314) S(]()\) = Ip - ngal(A] - Ao)_lBoO'l,

and let © be given by BI2). Then S =Te(Sy) € RS and a minimal
realization of S is given by

S(\) = I, — BEXg' (M — Ag) ™' Bgoy,

where
By
3.15 Bg =
X 0
X O 0 * *
(3.16) Xg = [ 00 X} = §o18* —non ]
w + w*
A, Byo&*

- . noin” = &)

Proof: From the definition

SO = To(So(N)) =
— (@11 -+ SO)SA)@Ql)_l(@lQ —+ 5%0*()\)@22) =
_ nnoi noy 4
BRSSO RS e Y

n oy §*§on
- (W Sy = W]) |
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Let us denote here Sy(A)E* = a; then the preceding expression be-
comes
SA = ”ﬁxﬁ*ﬂ*) B X(O;T;*))_lx
sy SN = ) =
= (g Iy 4 LN

Using (I +b*a)™' =1 —b*a we get

1+ ab*
(" — a)no, 1 (" — a”)éor
S\ = (I, — A) 4+ STy
_l’_ - "
X(A + w)
(" = 50(A)E§) [no1So(A) — o]
XA+ w*) +no1(n* — So(A)€¥)
Suppose further that there is a realization of the form (B.I4]) for the
function Sp(A). Inserting it here we shall obtain

_ (" = So(N)E)[no1So(N) — Eon]
S = S - XQA +w*) +noy(n* — Se(N)E)
= Ip — BSX(; ()\I — AQ)_IB()O'l—
(" — So(M)E)no15o(A) — €01
X(A 4 w*) + noi(n* — So(MN)E¥)

So(A)

Let us denote
M =X(A+w") +noi(n” — So(A)E) =
= X\ +w*) +noy(n* — &) + BiXg (A — Ag) ! Byo i £*.
The preceding formula for S(\) becomes

(0" = So(AN)E)[no1So(N) — Ean]

S(\) = I, — B;Xg (A — Ag) ' Byor — a
(A) » — BiXq ( o) Boon XA+ w*) +no1(n* — So(N)EF)

1 —1
= Ip_M[Bg 77*_5*]|:X8 (1)
a ‘M +a'Bdat —a”lp By
X _So-t 1 n— 01,
where
a =M — A(]
B = —Byo&*

§ =noBiX;t.
By definition of M we have
M = X(X +w*) +noy(n" — &) — da™ ',
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and hence we obtain from the formula

a 8170 1 a YD —6a~18) + o 1Bda"t —a~'j
6 D " D—6a18 —da! 1
that the last expression for S(\) is
SO = Lo [ By e ]| U
" a ‘M +a'pdat —a”lp By
—da! 1 n—¢ |7
= I, — [ By n*—¢ } l 8 1 } X
(0% 5 - B()
X % * * 01 =
0 XA +w") +nou(n”—£) n—¢
* * * Xal 0
= ]P - [ BO n _g :| 0 X1 X
* —1
M- Ay _Bog'glf By
% noi(n* — &) [ n—=_¢ } oL

no1BiXgt A 4wt + <

Thus we have obtained the realization (3.15)—(3.17). Furthermore, the
Lyapunov equation (3.1I0) holds since

ASXS + XSA* =
Byoi&*
_ Ao X [ Xo 0 } N
_nalBSXal —w* — 770-1(77X_ 5 ) 0 X
XO 0 Aa —XalBoUlﬂ*

+ [ 0 X ] §oBy ("= &)’

_ X X
_ A(]XO + X()AS —B()O'l (7]* - f*) :|

(=8B —X(w+w*) —nor(n* = &) — (" =)o’

o [ A(]Xo + X()AS —B(]O'l(ﬂ* — f*) :|
L —(n =& By non* —Eo1§* —nor(n* — &) — (" =)o’

= —BS(TlBE.

The last equality follows easily from the Lyapunov equation for the
given realization of Sy and the formula (B.13)). O
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4. THE TANGENTIAL SCHUR ALGORITHM IN THE CLASS 8T

Our strategy to the tangential Schur algorithm in the class SZ relies
on the following theorem. This theorem shows in particular that one
cannot use the naive approach of applying the classical tangential Schur
algorithm for each ¢, (that is, looking at ¢y as a mere parameter).

Theorem 4.1. Let us fix the parameters o1, 04, and vy, and the interval
I. Then for every t3 € 1 there is a one-to-one correspondence between
pairs (Y., S) such that S € 8T and ~y, continuous in a neighborhood of
t9, and functions Y (\) € S(¢9).

Proof: Let ¢ be the map which to a pair (7., S) associates the func-
tion S(\,t9) € S(#9). The converse map ¥ : Y(\) — Y (), t3) was
introduced in [M], [MV1] chapter 7] in a more general setting, and is
defined as follows. Suppose that we have realized the transfer function
Y (A) in the form

Y(A) =1, — BiXgH A — A) "t Byoi (19).

Then we construct B(ty) from the differential equation with the spec-
tral matrix parameter Aj:

d
(41) E[B(tg)Ul(tg)]‘l‘AlB(tg)Ug(tg)—I—B(tg)’)/(tg) = O, B(tg) = BO.
2
In fact, the function B(ts) is given by the formula

(42) B(tz) = %()\] — A1>_IB(]O'1_1(I)_1()\, tg, tg)d)\

Next we construct X(t3) on the maximal interval I, where it is invertible
(2.14) via the formula

d
2
Finally, we define
Vult2) = (t2) + 02(t2) B(ta) X7 (t2) B(t2) o1 (t2) —
—0'1(tz)B(tz)*X_l(tg)B(tg)O'g(tQ).

Then easy computations show that the function
(4.4) S\ ta) = I, — B(t)* X Hta) (M — Ay) ' B(ty) o1 (t2)
is in the class CZ corresponding to the parameters oy (t2),02(t2),7(t2),
and 7, (tg) for to € 1. 22222727272727277 Moreover, the Lya-
punov equation (38) holds for every t; € I, and thus the real-
ization (4] is minimal for every ¢, € 1.
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Note that the composition ¢ o ) = id, since starting from a function
Y € 8(t9), constructing Y (), t2) and taking its value at t3, we shall
obtain again Y from the initial conditions of the differential equations

(A1) and (@3] defining B(ts), X(t2).

In order to show that 1) o¢ = id, we start from a function S(\, t;) € ST
and take its value S(\,t9) € 8(#3). Using the construction above, we
shall obtain a function Y (A, t3). Note that the two functions S(A,ts)
and Y (A, t3) have the same value at 3 and maps solutions of the same
input LDE to (possibly different) output LDEs, i.e. :

S()‘v t2) = (I)*()‘v lo, tg)‘s()\u tg)Q_l(Av ta, tg)’
Y()‘v t2) = ®:k()\7 lo, tg)S()‘v t(2)>q)_1()‘7 lo, tg)

Then the function S™!(\,#2)Y (A, t2) is equal to I, at infinity and is
entire. By Liouville’s theorem it is a constant function and is equal to
I,. Thus

(I)*()‘a lo, tg) = Q;()" ta, tg)a
from where we obtain that
O (A o, 1) DL(N T, 1) = I,
Differentiating both sides of this last equation we get to

0
= 8—t2 [(I)*_l()\7 t27 tg)q);()‘v t27 tg)] =

= @ (N b, 19)07 " (2) (= (t2) + 7/ (2)) DL, B2, 1)

Since the matrices @, (), ta,19), @, (A, t2,19), 01(t2) are invertible we ob-
tain that v(t2) = +/(t2). O

0

Remark: Last theorems claims that the correspondence is between
7initial” values S(\,t9) and pairs (S(),t2),V.(t2)). Notice that it is
possible to obtain functions with the same 7. (t2) with different initial
conditions:

Proposition 4.2. Suppose that there exists a function Y € S(t9),
which commutes with ®(\, t2,13) and suppose that a function S € ST
corresponds to certain vessel parameters oi,09,7,v«. Then the func-
tion SY belongs to the class ST and corresponds to the same vessel
parameters 01,02, Y, Vs-

Proof: Using formula 221l we obtain that
S 1) = Bu(N 1, 1) SN 1) 27 (A B, 15).
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Consequently,
S(Au t2)Y()‘) = (I)*()‘v lo, tg)‘s()\u tg)Y()‘>(I)_1(>‘7 lo, tg)

intertwines solutions of the input (ZI6]) and the output (217) ODEs
with the spectral parameter A\, and is identity at infinity, because S
and Y and their product are such. Thus by the definition the function
SY € 8T and corresponds to the same spectral parameters as S. [
For example (to be studied in subsection [5.5]), taking Sturm-Liouville
(SL) vessel parameters

101 |10 100
A=l 0 1"2T oo "7 T 0 g
we shall obtain that

—k(t2—t9) 0
0y _ € -1
(I)(Aa t27 t2) =V |i 0 €k(t2_t8) :| Vv )

1 1
1 1

where

Taking Y, which commutes with o7 (go\ + ) = { ())\ 8 ], i.e. of the
form
ic(\)
(4.5) wng_lﬂﬂ S ]
(A a(d)

for functions a(A), ¢(\), which are zero at infinity, we shall obtain that
for any S € 8Z, the function SY € 8Z and corresponds to the same
vessel parameters. But in this case (which can be also generalized) it
turns to be a necessary condition as the following theorem states:

Lemma 4.3. Given SL vessel parameters o1, 09,7, v«(x), there exists
a unique initial value S(0,\) up to a scalar ty-independent symmetric
and identity at infinity function.

Proof: For this it is enough to prove that if a function Y (\ t3) €
SZ intertwines solutions of the input LDE (2I6]) with itself, then
Y(\ ta) = Y(A 1Y), ie is a constant function, which moreover com-
mutes with ®;(), ts,19). Indeed, if we are given two functions S; (), t2),
Sy(A, t2), then the function Sy *(\, £2)S2(), t2) will intertwine solutions
of the input LDE with itself and as a result is constant Y(\) € 8, which
is moreover commutes with ®;(\,¢2). Following the paragraph preced-
ing the theorem, Y (\) = I and this means that S; (), %) = Sy(\, 19).
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Let us show first that if S(\,t3) intertwines solutions of the input LDE
(2.16]) with itself and is identity at A = oo, then it is a constant matrix,
which commutes with ®(),t,,9). Performing simple calculations, we
can find that

_ 0 i] e~ k(t2—t3) 0 _
04 1(U2>‘+7) = { A 0| q)(Avt?vtg) =V |: 0 ek(tg—tg) vV 17
where

) )
V=1 VX Vx|, k=Vi
1 1

Consequently, for the expression S(\, t5) = ®(\, ta, 19)So(N) P\, £2,19)
to be identity for A = oo, it is necessary to ”cancel” the essential sin-
gularity arising from two entire functions ®(\, t5,t3) and ®~1(\, to, 19)
(or more precisely, let them cancel each other).

Using the formula for ®(\, t5,19)

DN, ta, 19)So (N, 1) D1\, 1o, 19) =
6k(t2_t(2)) O
0 e—k(tz—tg

—k(t2—t9)
4 ‘ 2 k(tg_tg) ] V_ls()\atg)v_l l

0 e )}V

and considering coefficients of the exponents, we may conclude that in
order to cancel the exponents it is necessary to demand

VIS )V = { o) d&) } |

for some analytic in v/A at infinity functions b()\),d()\) which are 1
there. From here it follows that
1 )
—/ 3O +d(A) 1 d(A) = b(A)
S\ 1) =

d(A) = b(A) —1/ 3 (2 +d(A))

A
we shall obtain that Sy(\) is of the form (45), i.e. commutes with the

fundamental matrix ®(\, to,9).
Finally, let us consider a function of this form and will require the
symmetry condition for it:

S*()\,tg)alS()\,tg) = 01.

denoting here 1 —a(\) = —\/z(b(k) +d(N)) and —c(X) = d(X) —b(N),
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Plugging here the expression (3] for S(\,19)
a(\) ic(\) ]

S\) =1, — [

we shall obtain that on the one imaginary axis, where A\ = —\, the
following system of equations must hold

(((1—a*(=A))e() + (=M1 = a(N) =0,

(1—a*(=N)(1 —a(N) + =c*(=N)ec(N) =1,

Subtracting the second and the third equation we obtain that (remem-
ber that A = —\)

. 1 1 - 2
N5 — 3) = ¢ (ReN)5 =0
from where it follows that on the imaginary axis at the points of an-
alyticity of ¢(\) it holds that ¢(A) = 0. Since it is analytic there, it
will be globally zero. Notice that the last system of equations for the
trivial ¢(\) gives
(1—a"(=A)(A —a(¥) =1,
Which means that 1 — a(\) is of norm one on the imaginary axis. [
We now focus on the rational case. We first note that starting from dif-
ferent realizations at t9 we shall obtain the same 7, (). More precisely

we have the following theorem:

Theorem 4.4. Suppose that there are two minimal realizations of the
function S(\,t9) € RS:

St =1, — BiX, ' (M — A) ' By (1), €=1,2,
with associated similarity matriz V. Then the functions
Se(\, ta) = I, — Bo(ta) ™ X, M (to) (M — Ap) T By(ta)oy(ta), £=1,2,

obtained from these realizations via the construction in Theorem [4.]]
are the same, and this holds if and only if:

(4.6) By(te) = V By (t2),

where ty varies in a neighborhood of t3. Moreover, in this case the
following formula holds

Xg (tQ) == VXl (tQ)V*
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Proof: Equality of the two realizations means that there exists an
invertible matrix V' such that
Ay = VAV By (t9) = VBioy (1)), BiX['V = B3X; !,
from which follows (see [AG, Lemma 2.1 p. 184] for instance) that
Xy = VX, V™
By the construction described in Theorem [.T], the function By (t3) will

satisfy (1))
d

d—w[31(t2)01(t2)] + A1Bi(t2)oa(ta) + Bi(t2)v(t2) =0,  Bi(ty) = By,

and the function By(t2) will satisfy the same equation with Ay instead
of Ali
d
E[B2(t2)0'1(t2)] + AgBs(t2)0s(ta) + Ba(t2)y(ta) = 0, Ba(ty) = Ba.
2
Using the equalities Ay = VA, V™!, By = VB, we obtain that the
function V! By(ty) satisfies

[V By(t)o1 (t2)] + AtV ' Ba(ta)oa(ta) + V' Ba(ta)(t2) = 0,

dto
V_lBg(tg) = Bl,
which is the same differential equation as for Bj(ty). Thus By(tz) =
V' Bi(ty). Similarly, considering the differential equations
d
Exi(h) = Bi(t)on Bi(ta)",  Xi(t9) = X;, i=1,2,
2
we obtain that
XQ(tQ) == VXl(t2>v*
Consequently,
Bj(t2)X5 (1) B(ta) = Bi(t2)V*V X[ (t2) V'V By (1)
= Bi(t2) X1 (t2) Bi(t2),
from where we conclude that the same function -, is associated to
S1(A, t2) and Sy(\, t2). Since these functions coincide for ¢, = 9 and

map the same input ODE, we obtain that they are equal in a neigh-
borhood of #. O

The following notion has been introduced and studied in [M2].
Definition 4.5. Let S € RSZ with a realization (&4]). The function
T(tg) = det X(tg)

1s called the T-function associated to S.
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It follows from Theorem 4.4 that the 7 function is well defined up to a
multiplicative strictly positive constant. Indeed using the notation of
the theorem,

det Xg (tg) = det [VXl (tg)v*] = det Xl(tg) det(VV*)

We now introduce the counterpart of the tangential Schur algorithm
in the class RSZ. Let S € RSZ and fix ¢t € I. The function
S(A,t9) € RS. Consider now a space M with X > 0 and corresponding
function © as in Corollary[3.3l This is always possible in view of Lemma
3.4l It follows from Theorem that there exists Sy € RS such that

(4.7) S(A13) = To)(So(N))-

Applying Theorem E1] to Sy, we obtain a uniquely defined function
So(A, t2) € RSZ, such that at t9 the relation (7)) holds.

Definition 4.6. The map Tg 4
S()\, tg) — S()()\, tg)

is the time-varying counterpart of the linear fractional transformation
@), We will call it a generalized linear fractional transformation.

If S(A\,ty) € ST corresponds to the vessel parameters oy, o2, v, Vs,
then Sy(\,19) € ST corresponds to the vessel parameters oy, o9, 7,
Yo« for a uniquely defined function g .(t2). Moreover, for t, = t3 we
have the usual linear fractional transformation (4.7]).

As a consequence of Theorem A.1] the following lemma holds.

Lemma 4.7. For a given J-inner function © and a given point t9, the
map T 49 is one-to-one from RS into RSI.

Proof: Notice that for a given ¢J the map Tg is injective. Further-
more, using Theorem [L]], every S € RSZ is uniquely defined by the
function S(\,t3) € RS. The result follows. O

Suppose now that we start from Sy(A) = I, and apply n linear frac-
tional transformations for a fixed t3, using the data < w;, &,n >
(1t = 1,...n) to construct the corresponding J-inner functions. We
obtain a function

S,(N) =Te(I)=1—B: X' (M — A,) 'B,o, € RS.
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Using iteratively formulas (3.15)), (3.16]), (8317) we obtain that

m—&
Bn - s
nn: gn _
X, = diag[Xy, ..., X,],
and
(4.8)
ot moi(i — &) (m —&)o1&3 (m —&)oi&y
! X1 Xo Xn
_m2o1(nf — &) ot M1 — &5) (n2 = £2)o1 &5
An = Xl ? Xz . X” )
(0] — &) o (ny — €5) e o1 (s — €2)
Xl XZ o " X?’L

where X; is defined by @I3):

%, = §io1&; — miown;
w; + wy

, 1=1,...n.

Assume now that, starting from the identity matrix we apply this pro-
cedure for two different sets of data (with the same n) at two different
points t3 and #3. The following theorem answers the question as when
we obtain the same function, that is, when do we have:

T@ht% ([p) = T@z,t% (Ip) .

Theorem 4.8. Suppose that there are given two sets of n triples
< whH&hnt > and < w? E2,n? >, with corresponding Oy, 0 = 1,2.

Then necessary and sufficient conditions for equality of the two func-

tions
SZ()\a t2) = T@g,t% (I) = IP - Bﬁ(XfL)_l()\I - Afz)_lelala (= 1a 2
are:

(1) The corresponding matrices AL and A2 defined by [ES)) are sim-
ilar, i.e. there exists an invertible matriz V such that Al =
VA2V

(2) $(N — AL)IBloy @~ (N, 13, t))d\ = V B2

Proof: From Theorem [L1], a necessary and sufficient condition for the
functions to be equal is that

Sl(>\7 t%) = 52()‘7 t%)
From [£4] this holds if and only if
AL VAW, BY) = VL, Xi8) - VELY”
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for a uniquely defined invertible matrix V. The result follows using
formula (4.2)). O
A more general construction in this setting is obtained if one supposes
that at each step different values of ¢y are chosen. In this case the
construction of the function S, (A, t2) is more complicated, and can be
computed recursively. The formulas are very involved in this case and
we can see no real advantage to develop them at this point.

5. MARKOV MOMENTS AND PARTIAL REALIZATION PROBLEM IN
THE CLASS SZ

Let S € &, and consider the Laurent expansion at infinity

1
\itl

S(A)=1,-BX (M = A)'Boy =1, )

=0

B*X 'A'Bo,

in terms of a given minimal realization. The matrices H; = B*X 1 A'Bo,
are called the Markov moments of S. The Partial Realization Prob-
lem (or moment problem at infinity) in S is defined as follows: Given
the first n + 1 Markov moments Hy, ..., H,, find all functions (if any)
S € 8 with these first n+1 moments. See [GKL] for a general study of
the partial realization problem. Similarly, one can define the Markov
moments for an element S € SZ. We now give necessary conditions
which the moments of a function S € SZ have to satisfy.

It is important to notice the following: fixing ¢, = 3 and solving the
corresponding classical moment problem will not lead to a solution of
the problem in the class SZ because we cannot obtain the function
(and hence ~,) from this solution.

5.1. Fundamental properties of S(\,t;). Before we consider mo-
ments of the function S(\, t2) we present some of its fundamental prop-
erties which shed more light on the deriving of the moment equations.

Theorem 5.1. For fixed o1,045,7, a necessary condition on v, so that
there exists a vessel with the vessel parameters o1, 09,7, Vs 1S

det @, (X, t,19) = det (N, t5,19)

Proof: Let S € 8T be a function corresponding to the parameters
01,02,7,Vx- LThen using a realization (4.4])

S()\,tg) = [p — B(tg)*X_l(tg)()\[ — Al)_lB(tQ)O'l(tg)
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and Lyapunov equation (B.8) we shall obtain that

det S(\, t2) = det (I, — B(t2)* X (t2) (M — Al) 'B(t2)o1(t2))
=det (I — B(tQ)Ul(tQ)B(t2>*X ( ) >\I Al )
=det (I + (A;X(ts) + X(t2) A7)X (¢ )(AI AT
= det I+A1()\[ — Al)_l —I—X(tg)A* ( )()\[ Al)_l)
= det (A + X(t2) ATX (1)) (A — A;) )
= det(\ + A7) det(N — A;)~!
= det S(\, 19).

Consequently, taking determinant of the formula (2.21)
S(Au t2)q)()‘7 lo, tg) = (I)*(Av ta, tg)S()‘v tg)

we shall obtain that det @, (), to,19) = det ®(\, t5,13) for all points A,
where det S(\, 19) exists and is different from zero. Since it happens for
all points outside the spectrum of A; and the functions det @, (), t,19),
det ®(\, to,t9) are entire they are equal for all . O
Next theorem put some light on the connection between equations,
which determine the transfer function S(\,t2) and its moments. This
theorem is similar to the property of a solution of a Riccati equation
[Zel, theorem 2.1]

Theorem 5.2. Suppose that S(A\ t3) is a continuous function of ts
for each X\, meromorphic in A for each ty and satisfies S(co,ty) = 1.
Suppose also that S(\,ta) is an intertwining function of LDEs (2.16])
and 2I7). Then if the symmetry condition ([2.23))

S()\, tg) = Ul_l(tg)s_l*(—j\, t2)0’1(t2)
holds for 13, then it holds for all t,.

Proof: Since S(\,t2) intertwines solutions of (2.I6) and (2.I7), then
it satisfies the differential equation (2:22)

iS()\ tg) = Ul_l(tg)(O'g(tQ))\ + ’7*(t2))5()\>t2) -

Ot9
—S(A ta)or (t2) (o2(ta) A + ().

Consequently, using properties of ~,,y appearing in definition [L.I] we
obtain that the function oy '(t2)S™1 (=), t)01(t;) satisfies the same
differential equation. If these two functions are equal at t3, from the
uniqueness of solution for a differential equation with continuous coef-
ficients, they are also equal for all ¢5. O
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5.2. Restrictions on Markov moments for functions in SZ. We
study the Markov moments of a function S € SZ, which maps solutions
of the input ODE (2.16) to the output ODE (2.I7) using a minimal
realization (£4) of S.

If A, is a constant matrix, at some stage the elements I, A4;,..., A}
will be linearly dependent and we obtain:

Lemma 5.3. Given S € RSZ, with Markov moments H;(t2), i =

0,1,.... Then exists N and constants p;, j =1,..., N such that
N+1

(5.1) > wiH, j(ta) =0, n>N+1.
§=0

Next we present formulas, which hold for the moments of a function in
SZ. They can be easily derived from theorem 5.2 We notice that the
first moment Hy(ts) satisfies the linkage condition (3)):

Ye(ta) = (t2) = oa(ta) Ho(ts) — o1 (t2) Ho(ta)oy ' (t2)oa(ts).

Let us denote
Hy(tz2) = C(t2) B(tz)on(t2) = (B(t2)" X~ (t2) B(t2)ou(t2).
The functions B(ty), C(t2) satisfy the following differential equations

(5.2) %[B(@)UI(Q)] + A1B(t2)o2(t2) + B(t2)7v(t2) = 0
(53) 01 (tg)d;iC(tg) — O'Q(tg)C(tg)Al — ’7*(t2)0(t2) = 0,

see [M| [MV1]. Thus, differentiating Hy(ts), we obtain
T Ho(ty) = 4-[C(t2) B(t)o: (ta)]
= 0'1_1(tQ)O'g(tQ)C(tg)AlB(tg)O'l(tg) — C(t2)A13(t2)0'2(t2)+
oy (ta)va(ta) Ho(ta) — Ho(ta)oy * (t2)y(ta).

In other words the second moment H;(ty) = C(ts) A1 B(t2)o1(t2) satis-
fies the following differential equation

o1 (ta)oa(ta) Hy(ta) — Hy(ty)oy ' (t2)oa(ts) =
= g Ho(t2) — o7 "7 Ho(ts) + Ho(ta)op ' (t2)y(t2).

In the same manner the moments H;(ty) and H;,(ts) are connected
by the following differential equation

o1 (ta)oa(ta) Hivt — Hiva(t2)oy  (ta)oa(ts)
= G- Hy(ta) — 07 (t2) Ve () Hilta) + Hilta)oy " (ta)7(ta).

(5.4)
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Notice also that
Hioy'Hioy, = B*X'A'BoB*X'Bo, =

= B*X 1A [-A X — XA X 'Bo, =
= —IHjy1 — B*X_lAiXATX_lB(Tl =
= —Hi\y — B*X A [-Boy B* — X AjJA}X ' Boy =
= —Hi1 + B* X 'AT ' Boy B* A} X ' Boy+
+B* XA X AT A X Boy = |

= —Hiyy + Hi o7 ' Hioy + B XA X A?* X' By =

=—Hi 1+ Hi—10f1Hf01 — H;_ 907 ' Hyoy+
++ (S Hipon

Consequently, the following formula holds:

(55)  Hipoy' + (=D'oy'Hyyy =Y (=1 H;_jo; 'H; .

§=0

Remark: One can obtain the same equations (5.4) and (5.5]) by taking

the expansion of S(\, t5) into Taylor series around A = oo and equating
1

the coefficients of each X More precisely, the algebraic condition ([5.4))

is a consequence of the symmetry condition (Z23]) and the condition
(5.5) is a result of the differential equation (2.22)).

Finally, we show how the third condition in Proposition is reflected
in the moments H;(t;). This condition means that the function S(A, t2)
is 01 (t2) contractive, and, for example, the first moment Hy(ty) satisfies
Hy(ty)oy (ty) > 0. Using the minimality property, we have

span ATBE = H.

Thus, in order to have X > eI, e > 0 (so that X~! exists) it is enough
to demand

(x! ZAkBek, ZAkBek) > ¢, for any choice of e, € £.
k=0 k=0
Thus we obtain that the following Pick matrix arises
B*
B* A} .
, X'[B AB ... A{B|>el
Br(A})"
which is equal to

P, = [pyl}; = [B*(AN)XYAIB] > el, n=0,1,2,...
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Notice that the elements of the matrix are indexed from zero to n for
convenience. Using Lyapunov equation (B.8)) iteratively, we shall obtain
that

B(A"XATB = B*(AN)" ! (—X By B*X~' — X'A,)A"B
= —o;'HY _,01H,07" — B*(A)™ IX~1AM B

I
NERE

—D)Mor Hy | yoHy oy, m >0,
B*X"'A'B =H,.

So the Pick matrix is of the following form

(5.6)

(=0 o Hy o Hyyport, 0> 1

Il
Ms.

P= [pij]z‘,jzm !

e
Il

0

5

po,] =

Next theorem shows that moments of a transfer function in & satisfy
recursive equations, involving algebraic and differential equations: The
positivity of the matrix P, in that case does not necessarily hold.

Lemma 5.4. Denote the real and the imaginary parts of Hop 107! =
Ropi1 + iMs,y . Then if the moments Hy, ..., Ho, satisfy the differ-
ential equations (5.4) and (5.H), then the real part Rony1 satisfies the

imaginary part of differential equation (B.5):

-1 -1
2[01 U2R2n+1 - R2n+10201 ] =

d

(5.7) = g Honlor! = o7 oot + Hano oy -
L d e
_Ul dtz [HQn] o) IHZnV*O-l 0-1 fy oy 1H2n

Proof: Multiplying equation (5.4) by o; ' on the right and using the

notation H2n+101_1 = Rony1 + 1My, we shall obtain that

-1 i . -1
04 02(R2q+1 + ZM2n+1> — (R2n+11 + ZM2n+11>0'20'1 = )
=0y 02Ropy1 — Ropy10207 " + Z(0201 M1 — Moy 110907 ) =

= E[Hgn]afl — afly*Hgnal_l + HQnO'l_l’)/O'l_l
2
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Since 0;102R2n+1 - R2n+10'20'1_1 and 0'20'1_1M2n+1 - M2n+10'20'1_1 are
skew adjoint, last equation is equivalent to equality of real and imagi-
nary parts of both sides:

(5.8)

d _ aod
2i07 02 Mapy1 — Mopy10207 '] = ——[HanJor ! + o7 ' —[H, |+

dt% dt L
+Hypor ' vor !t — o7 'y Howoy ' — oy T Hy oy 4 o iyt or T H

and (5.7

d

i —[Haploy ' — o7 'y Hanoy ' +

—1 —
2[01 oo Ropy1 — R2n+10201 ]

d * — * _— *
—[H;,] + 0, 1H2n%<71 — 0 17 0y 1H2n‘

+Hypoy ' yoyt — oyt dts

Let us show that Ry,.1, defined in equation (B.5]) also satisfies (5.7]).
Indeed,

2[01_ 0-2R2n-51 - R2@+10'20'1_1] = , |
=0y 0y [ZJZO(_l)J+1H2n—jO'1_1H;] — [ijo(_1)y+1H2n_j01—1H;]0201_1 _

= E[Hgn]afl — al_lfy*H%al—l + H2n01_1701_1—
2

—o;! il —[H3,] + oy ' Hyviort — o7 'y*or  H,.

Performing rearrangement and using (5.5) for ¢ = 2n — 1, we shall
obtain

o1 a3 (—1)7 Hyp_joy " HY] — [Z?—Lo(—1)j+1H2n—j0'1_1H*]0'201_1 =

J

d d _
= _[H2nal1 01 1H§n] — 01 "W Honoy ' + Hanoy 'yoy ' — Hyp——07 '+
dtg d dt2
‘o H ot — oty o T HE L+ d—tZ[al_l]Hgn -

d e . e _ _ 1
= —[25:01(_1)]+1H2n—1—j01 lHj] — 0 17*H2n<71 b Hapoq 1701 -

*
H2n7

d
—Hop—— +01 1H2n7*01 _Ufl”Y*Ul_ngn"‘

d
dg dt[ ]
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Here we can use formula (5.4]) in order to differentiate the expression
Hon_1_jo; 'HY. From (5.4) it follows that

(5.9)
d 1
——[Hyoy Hyl =

dty )

[0'1 O'iZHk_H — Hk+101 092 + 0'1 ’Y*Hk — Hkal ’)/]0'1 H*

‘|‘de [ N ]H;;—l-

13
—I—Hkal [anﬂagal ! 0201 tHx ma1 T anv;kafl — v*aler*n] =
=0 U2Hk+101_1H;1 + Hyoy Hm+10201 —
—Hk+1<71_ Yoo tHY — Hypoy 0'20'1_le+1+

+oy o Hyoy "HY, + Hyoy "HYyior !

Now we can insert the formula (5.9]) into the left hand side of the
previous expression and we shall obtain

d

2 (500 (=1 oo H] = 07 e Honoy ! o Hapo o7
2

J

d d
~Ha o ;o 1Hs, =
_Z2n 1( )j—H[O' U2H2n ]0'1 H —I—Hgn 1—501 1H]*+1O'20'1_1—
—Hs,_ ]01 10201 lH]* Hyp1-j07 10201 1H*+1+
‘|‘0'1 7*H2n 1-071 H + H2n 1-071 H*7*01 1]_

—oy 7*H2n0'1 —i—l‘bna1 fyal

—1 _ % _—1717r%
+U1 Hzn%(ﬁ — oy Yoy Hj, +

d —1,_ % _—177* d -1 *
_H2"d2 Yoy Hy ot — oyt H2"+d_tg[al |H;, =
It is easy to recognize telescopic sums in this expression and we obtain
that finally it equals to

_Z2n 1( )j—H[O' 0’2H2n ]0'1 H —I—Hgn 1— ]0'1 1H;+10'20'1_1]+
+H2n01 10201 1H Hocf1 02011H§n+
+22n 1( )j+1[01 7*H2n 1 ]01 H +H2n 1— ]01 H*7*01 ]_
—0y 7*H2n01 + Hopoy oy ' —
—Hy,— d +U1 len”Y:Ufl — 0y ”Y 01 IHSn d [Jl_l]Hgn =
dtg dts
—Z o( =1 o oy Hy,,joy 1H]* Hy,_joy H*0'20'1_1]+
+Z2n 1( )]+1[01 YeHon-1-j01 H*+H2n 1-507 H*fy:al_l]—
—0y ”Y*H2n‘71 +op Hn%tal_l =

In other words, we obtain that the compatibility condition (5.7]) be-
comes

anol( 1)]+1[01 7*H2n 1— ]01 H +H2n 1— 301 H*'}/*Ul ]_

1 ~1
—0y e Honoy 4 oy Hy Yot =0
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or after multiplying by o; from both sides
2n—1

VoHan—Hy, s = Z(—1)j+1[%Hzn—l—jale;m+01H2n—1—j01_1H;7:]>
j=0

U

Theorem 5.5. Suppose that we are given moments H;(t3), defined in
a neighborhood of the point t§ € 1. Then there exists ng < p* such that
each element H;,q is uniquely determined from Hy, ..., H; using the
algebraic formulas (B8), and ng LDEs with arbitrary initial conditions,
obtained from ([B.A4l). Moreover, ny equations must be satisfied by the
elements of v.(t2).

Remarks: 1. This theorem is of local nature. The number "ng” ap-

pearing in the theorem may vary with the point ¢, but is unchanged
in a small neighborhood of tJ by continuity.

2. The proof of the theorem allows to produce an algorithm to deter-
mine explicitly, up to ng initial conditions, the Markov moments. The
arguments in the proof of the theorem are illustrated on an example
in the following subsection. This example exhibits all the difficulties
present in the general case.

Proof of 5.5t We have seen in lemmal[5.4] that the real part of Ho, 1 =
R + iM, defined by equation (5.4)) satisfies (5.7). Let as concentrate
on the equation (5.8]) in order to solve for M. For example, if

spec oy top Nspec(—og0y ) = ()
then one can uniquely solve for M. But in general, there will be some
undefined entries of M in this manner. In the later case, we can rewrite

these equations as linear equations in the entries of M. But before we
do that we also rewrite the equation (5.8)) as following
(510) 2i[0;102M2n+1 — M2n+10'20'1_1] =
d
= d_t2R2" - al_lfy*H%al_l — H2n01_1fy*0'1_1 —
—oy ' Hy,yior !t — oy yor tH,
And further, we are able to rewrite this equation as a system of p?
linear equations in p? variables M* k. 1=1,...,p*
d

ol = 0 T S
> o Moy = g5 Ron + 22184 Ray) + 2010 Ma,]

(5.11)

S ap Mgy = FERY 4+ YO[B RS+ Yo [og M3
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Here akl, s 5,2]1 are functions of ¢y derived from the vessel parameters.
Using basic algebra manipulations, it is enough to find a maximally
independent subset of equations in the left side of (5.11I), and to obtain
a system of p? — ng independent equations

.
Zkl Oéilcz(t2) 2n+l fl( 2n7 Rzm Mégrlz)

(5.12) Zkl akl(t2) 2n+1 f2( 2n7R2n’ M%)

2. d
Zkl O‘Zl 0(t2)M§7lz+1 = fp2—no(_dt2 2n7R2n7 M%)
\

for linear functions f; and a system of linear dependent ones

( d
0= (dt R2naR2n>M§7lz)
d2
0= Ry, REL M
(dtg 2n; £l2p, 2n)
d kl
0= gnO(dt R2TL7 R2n7 M2n)
\ 2

for linear functions g;.

On the other hand, using the same considerations for Hs, .o, we shall
obtain ng equations of the same type, which are additional restrictions
on Mopiq

d .
(513) 0 :gj(d_hMQTL—l-l?MQn-‘rl?RQn-l-l)v.] = 1,...,71,0.

Notice that we obtain algebraic (5.12) and differential (5.13]) equations
which are independent (since all algebraic and differentials are, and
they are of different nature). So, if all elements of My, 1 appear at
these equations we shall obtain that one can uniquely solve them up
to ng initial conditions:

Zkl akl(t2) 2n+1 fz( 2n>RzmM§lL)
2
(5.14) ; Z—l,...,p no,
0= (d Mo i1, Mons1, Ron1),
ta
L 1=1,...,n9

(See example of NLS at section [0.6). If this is not the case, some of
the elements, say py < ng will not appear in the equations (5.14]). As
a result, using the algebraic expressions (5.12)) and plugging them into
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differential ones, (5.I3]) we shall obtain py < nq differential equation of
second order on the elements R», and Ms,:

d? d d
dt2 R2n7 R2n7 R2n7 d_tQ

0=nhi(— s

M2n7 M2n)7j = 17 -+, Po-

By induction the same type of equation will hold for Hs, ; (for j =
1, NN ,po):

d? d d

(515> 0= h (dt2M2n+17 dt M2n+17M2n+17 dt R2n+17R2n+1)

Finally, we shall obtain the following system of differential equations

Zklakl(tQ)M2rlL+1 fi(=- R§L>R§L>M§r€)

dts
i=1,...,p*—ng,
d
(5.16) ¢ 0= (dt2M2n+1aM2n+l>R2n+l)
1= 1 ..,y — Po
d? d d

Ozhz_Mn a_Mn aMn a_Rn aRn )
(dt% 2n+1 dtg 2n+1 2n+1 dtg 2n+1 2+1)

\ 'ézl,...,p()

O
Remark: This theorem means that the equations (5.4) and (5.5) are
compatible, i.e. one can always solve them, once ny equations are
satisfied for 7.(ty). But if we consider the differential equation (5.4)
only and ignore (5.5]), then one obtain the following

Corollary 5.6. Suppose that Moments of H; satisfy the differential
equations ([B.A4), then there exist Ko(ta), K1(t2), Ka(t2), K3(t2) depend-
ing on vessel parameters only such that

dH —KH+KdH+Kd2H+Kd3H
dtQ n+l1 — 0Lln 1dt2 n 2dt2 3dt% n

(5.17)
Proof: All we have to do it to imitate the proof of theorem ignor-
ing the additional constrain (5.5]) on the real/imaginary parts of the
moments. Denoting by H* the entries of H,,, we will obtain from (5.4])
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p? equations (like (5.11]))
)
d
1kl ki 11 kL
>y, = d_Hn + 2B Hy']

d
S aff il = g HE + A HY

d
St = M+ ST

\

and analogously to deriving the formulas (5.14]), we will obtain

Zkl %z(t2) fl(dt2H"’H ) i=1,... 7172 — T,
d .
Ozgl(dt Hn+1,Hn+1> Zzl,...,no

So, if these equations are independent, differentiating the first one, we
shall obtain

dH —KH+KdH+Kd2H
dtg n+1 — H0dln 1d2 2dt§ n-

Otherwise, there will be py equations analogous to (5.15) of the form

d? d

0= h’z _Hn )
(dtg 1 dt,
Moreover, the independent entries of H,,,, will appear with one differ-
entiation only, because, otherwise they would appear at the previous

d
o H,1,H,11), and would be derived
2

from ng differential equations. So, this last equation means that the
remaining pg elements are found from

d d d?
Hn+1 LOHn—H + Ll Hn+1 + L2

—Hy1, Hoy1),j =1,...,po.

stage at the equation 0 = g¢;(—

Hn+1

dty dts s
so that only the known entries appear at the left hand side. From here
it immediately follows the corollary. U

We want to present next a necessary restriction on 7, (t3), derived from
the existence of a finite dimensional vessel:

Theorem 5.7. Let 0q,09,7,7 be vessel parameters, and U a finite
dimensional vessel corresponding to the m parameters. Then the en-
tries of the function . satisfies a polynomial differential equation of
finite order with coefficients in the differential ring R, generated by
(the entries of) oy, 07", 09, 7.
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Proof: Suppose that the transfer function of the vessel U, defined in

R.11) is

S(A,ty) = I — B* ()X (t) (A — Ay) "' B(t2)o (ts) = Z ey
=0

and the linkage condition is

o7 (ta) e (t2) = o7 (t2)y(t2) + [o7 () oa(t2), Ho(ta))].

Notice that if we differentiate this formula and use the equation for the
derivative of Hy(tz) from the equation (5.4)), we shall get

O (1) = 2 (7 (1) + (o7 ()oa(r), Holta))+

+[o7 ()02 (t2), diQHo(tz)] =
d

= d—t2(0'1_1(t2)”)/(t2)) + foo(Ho(t2)) + for (Hi(t2))

for linear in moments functions fyo, fo1 with coefficients depending on
R and ~,. Similarly, differentiating this expression and using formula

d d
(E4) for —Ho(t2) and %HI(Q) we shall obtain that the second

derlvatlve 1s

j—tg(o—#(mmta)) -

— j—%(a;l(tz)v(tg)) + fro(Ho) + Fir(Hi(t2)) + Fia(Ha(ts)).

for linear in the moments functions fig, f11, fi2 with coefficients de-

pending on R and 7, —.. Continuing this differentiation further at

dty

each step ¢ we shall obtain an equation of the form

% %

d—%(afl(b)%(b)) dt’( v(t2) +me

where f;; is a linear function of H; with coefficients, depending on R
and first ¢ — 1 derivatives of v, (this can be immediately seen by the
induction). But at some stage the moments start to repeat themselves
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due to equation (5.1]). So, taking K derivatives we shall obtain equa-
tions of the following form

(5 18)
L (t2)ye(t2) = o7 (tz)g(b) + foo(Ho(t2))
C2%(01 (t2)7(t2)) = %722( ta)) + f 2 o(Ho(t2)) + fi1(Hi(t2))
d—%(afl(tz)%(tz)) = d_tg( ta)) + Z:: foj(H

dN P

G (o7 (7.(02)) = o (07 (2] (02) +§ fs(H))

K K

jtK( (t2>7*(t2)) ;ZtK( (tz) (T,g)) —|—]§:0ij([—[])

\

Suppose that that the dimension of the inner state is n (i.e. dimH =
n), then we get that each of the matrices H; has n? entries and there is
the total number of n?(N + 1) entries for the moments Hy, ..., Hy. So,
taking ”enough” derivatives of v, (t3) (i.e., taking K so that K dim(€)? >
n?(N +1)) and eliminating all the entries of the moments, we shall ob-
tain a finite number of polynomial differential equation for the entries
of Y, (t2). O
Remark: From this theorem is follows that ~, satisfies an equation of
the form

Pz, o' 2", ... %)) =0,
where P(xq, 21,2, ...,2) is a non-commutative polynomial with co-
efficients in R.
Using an outer space transformation it is possible to bring the matrix
o' (t2)o3(ts) to a simpler form. Suppose that there is an invertible
matrix V(t3) : £ — & such that

07 H(ta)oa(ta) = V(t2) L(ta)V ™' (t2)

for a ”simple” matrix L(ty), where L(#3) is in a Jordan block form.
Define new operators (omitting ¢,-dependence)

(5.19)

51 = V*O'l‘/, 52 = V*O'Q‘/, ? = V*”}/V - 01V', i* = V**y*V - 01V'

then simple calculations show that 7y (ts), 02(t2), 7(t2), Vs (t2) are vessel
parameters in the same interval I and the collection of operators and
spaces

B = (A, B(ts), X(ts); 1 (t2), G2 (ta), 7 (t), Fu(t2); H, E),
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is again a Vessel. By multiplying the original vessel conditions of U by
V or on V* we check that the the vessel conditions are satisfied for J.
But for this new vessel 20 we obtain that

1 H(ta)Ta(ta) = V™ (ta)oy  (t2)oa(t2)V (t2) = L(ts).

The first step to understand the equations arising in theorem (5.5 we
study the cosntant case.

5.3. Moment equations for diagonal constant o; 'oy. At the spe-
cial case oy ‘o, = diag[sy, so,...,sg| (E = dim&) for some constants
s; € C we can explicitly find the formulas for the moments using equa-
tion (5.4).

First we consider the linkage condition (IL3]), which may be considered
as the ”—1” equation of (5.4). Taking diagonal form for o *(ts)os(t2)
and denoting the k, j-th entry of Hy(t;) by HE, we shall obtain

o7 (t2)[1e(tz) = y(t2)] = 07 (t2)o2(ta), Holt)] = [ HY (t2) (s — s;) | -

Cases for which s; — s; = 0 give restrictions on the entries of

oy 1((152))[7*(152) — 7(t2)] and other cases uniquely determine entries of
HO t2 :

(5.20) eyt (te) [1a(t2) — Y(t2)les =0, sp—s; =0,
(5.21) HY¥(t,) exoy (%)i%(_tzz ’— 7(152)]6;" 5o — 55 40,

But there more equations arise when we consider (5.4) for i = 0:
(o1 o2, Ha(ta)] = [ Hy () (s — 55) | =

= diQHo(h) — o7 (t2) 7 (t2) Ho(tz) + Ho(t2)oy  (t2)y(t2)

Here again if we focus on the cases s, —s; = 0, we shall obtain that the
following differential equations must hold (suppressing notation for ¢,
dependence)

d .

d—t2H§9 — exloy ' Ho 4+ Hooy '7]el =0, s, —s; =0,
1 6k[iHo — 0.—1,}/ Hy + Hoa_l’y]et- S — S5 7& 0
Sk — 5 dtg 1 * 1 7 J

HY(ty) =

The first line gives a linear differential equation for the elements Hj’
in terms of vessel parameters and other known entries of Hy:

d .
EH(?] = ekafly*Hoez» — ekHoal_lfyez-, 1<k<r,
2

Finally we obtain the following
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Lemma 5.8. Suppose that

1

Ul_ 02 = diag[817 82y SE]a

then the entries of 7, V. satisfy the following equations
(5.22) eroy (ta)[ve(t2) — v(ta)]el. =0,  when s, — s; = 0,

where ey stay for the standard elementary row vector with 1 at k-th
place and 0 everywhere.

An interesting question arises, is whether any continuous vessel pa-
rameters satisfying the conditions of this lemma gives rise to a transfer
function.

5.4. Moment equations for Jordan-block constant o, Y5y, Sup-
pose now that o; 'y is a Jordan block matrix with arbitrary eigenvalue

s e C.

s 1 ... 0 07
0 s 0 0
o toy = Jordan(s,r) = | 1 ¢ .. 1o
00 ... s 1
(00 ... 0 s

then we can again consider the linkage condition (L.3)):

o1 H(ta)[1e(t2) — y(t2)] = [o7 ' (t2)oa(t2), Ho(ta)] =
= [Jordan(s, ), Hy(t2)] = [Jordan(0,r), Hy(t2)] =

r 21 22 11 23 12 2r 1,r—1
H'  HP - H2 HP - HZ ... HY —HY"
3,r—1
H41 H42 _ H31 H43 _ H32 H4r — H>
0 0 0 0 0 te 0 0
—1,1 —1,2 —2.1 —-1,3 —2,2 -1, —2,r—1
b PR - o et S A - e Y & A i
-1,1 —-1,2 —1,r—1
HY  HP?—H™  HP-H™ ... Hr—H'Y
rl r2 ryr—1
L 0 _HO _HO .« .. _HO

where the value s on the main diagonal is canceled. It turns out that
sums of elements of each diagonal under the main one is 0. This may
be rewritten also in the following form

tr[oy (. (t2) — y(t2)) Jordan(0,7)*] =0, k=0,1,...,r — 1.

From the other equations we find expressions for the entries of Hy(tz)
using its first row as parameters. In other words, from the linkage
condition (3] we find r restrictions on o} ' (7.(t2) — Y(t2)) and all the
entries of Hy(ty), while the entries of the first row HJ!',... HJ" are
unknown.




ON THE CLASS 8T 43

Considering next the equation (5.4]), we will similarly obtain that
d
tl"[(EHo — o7y Hy + Hoal_lv) Jordan(0,7)"] =0,k =0,1,...,7r — 1.
2

These equations may be considered as additional equations on the first
row of Hy(t2), which was unknown before. It is also possible that these
differential equations will not determine the first row of Hj, in this
case we shall obtain additional differential restrictions on the elements
of o7 (7.(t2) — Y(t2)) (see (5:24) below). In this case, the elements of
the first row of Hy will be determined from differential equations on
the next level, involving H;(t2) (see (0.32) below).

5.5. Sturm Liouville vessel parameters. The following example
was extensively studied in [M2]. It deals with the Sturm Liouville
differential equation

2
@z’

with the spectral parameter A. The parameter ¢(ty) is usually called
the potential. For q(t2) = 0 this problem is easily solved by exponents
and in this case we shall call this equation trivial. In [M2] one connects
solutions of the more general problem with non trivial ¢(t3) to the
trivial one.

(t2) — q(t2)y(t2) = Ay(t2),

Definition 5.9. the Sturm Liouville vessel parameters are given by

a0 e 48] - [80)
(i) = | Tl ) |

for real valued continuous functions w1 (t2), 5(t2).

Notice that these parameters correspond to the Jordan block form of
0 0
—1

The input compatibility differential equation (2.I6) is equivalent to

Xy (A, ty) — -uz(A, ty) = 0
—%Ul()\, tg) + iUQ()\,tg) =0

uy (A, t2)
Us(A, t2)
one finds that us(A, ty) = —i%ul()\,b) and plugging it back to the

where we denote uy(ty) = [ } From the second equation
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first equation, we shall obtain the trivial Sturm Liouville differential
equation with the spectral parameter i\ for ui(\, to):

82

8t2 ur (A, t2) = idug (A, t2).

For the output yy(t2) = [ 528’23 ], we shall obtain that (2.17) is

equivalent to the system of equations
{ (A = (t2))yr (N 1) — (5% + B(t2))y2(X, 12) = 0
(B(t2) = &)y (A t2) + iya (X, t2) = 0 ’

from which we immediately obtain that yo (A, t2) = i(B(t2) — 5, 9 Yy (N, t2)
and plugging it into the first equation

2
g—t%%(% ty) — (1 (t2) + B'(t2) + B2 (t2))yr (N o) = idyr (N, t),

which means that y;(\, ) satisfies the Sturm Liouville differential
equation with the spectral parameter i\ and the potential q(ty) =

(m11(t2) 4 B (t2) + B2(t2))-

) ) Hll H12
The first equation (L.3) considered for Hy = H021 H22 becomes
0
—im(t2) —PB(t2) Hy' — H§?  Hy?
B(t2) 0 —H? 0 |-
from where we conclude that
(523) H&2 = —5(t2), H&l — Hg2 = —iﬁll(tg).
Let us consider the differential equation (5.4]), where we use the nota-
11 7712
tion H, = glgl glm } Substituting the expressions for the vessel
1 1
parameters, we shall obtain
dgz Hi' — BHy' — iHg! = —HP?,
. Hl2 BHY? +i(H — HZ?) =0,
s
H21 + Z7T11H11 + ﬁHm — Hlll _ H122,

iHO” +im Hy? + BH? +iHg' = HJ”.
and consequently, using the formulas (5.23)) the second equation results

in

_ 2
(5.24) T = d_tgﬁ 5.
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Together the first and the fourth equations give

d d .
—( dtzﬂgl BHy' — i) = ——Hg? + imy Hy® + SHg? + iHg'

H12
1 it
from where we obtain using (5.23))

d
— [H' + H?* =0= H'+ H? =C €C,

5.25
(5.25) T

Additionally, Hy has to satisfy Hy = oy Hio,. Using this relation we
shall obtain that

EF IRl thE

2 HP 10| | (H (H2) |10
Hll (H22)*

N H&2—(H12)*
H21 (H21)*

Hg2 — (Hll)*
from where we conclude that
(5.26) Hy' = (H?)*, Hy* = (Hy?)*, Hy' = (HF')".

As we can see HZ' = hZl is a real valued (arbitrary at this stage)
function, and Hj is as follows

r — ’i?TH

—B
(5.27) Hy = h221 r4amy |
0 2

where r € R.

Let us perform the same calculations for H;. From the algebraic equa-
tion (B.5)
Hio7' + o Hf = —Hopo [ ' H
we obtain that
Hy?+ (H{?) Hy'+ (HP?)

. . —Hyo 'H?
HP 4 (YY) HY  (H7) o

From the equation (5.4]) with i = 0 we obtain as before that

d
(5.28) HI' — H? = d—H2 +im Hyt + BHGY,
2
d

(5.29) H* = iHf" — EH“ + BH,".
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and the same equation (5.4]) with ¢ = 1 produces similarly to the pre-
vious case

d
(5.30) d—le2 BH? +i(H* — H?) =0,

(5.31) H* + H?) = —im HP? + B(H' — HP).

dty 5!

Plugging (5.28) and (5.29) into (5.30), we shall obtain that H3' = h2!
have to satisfy the following differential equation of the first order:

d
dt2 (ZHgl dt2 Hll + 6H11)

—B(iHg" — o Hg' + BHG )+
+ig-Hy' — mu Hy' + ifHG' = 0.

or after cancellations
(5.32) 2i(HZ') = d—2H11 — 2ﬁiH11
' 0 dt3 dty
Inserting here the expressions for H{ appearing in (5.27) we shall ob-
tain that the real part of the last equality can be derived from the

equation (5.24):

r

5[5, — 3% =] = 0.
The imaginary part gives the following equation

d d y
4d—7§2h21 dts — (m18) + 57711 527711 - 77%1 — M1

/
Suppose (see [M2]) that there exists a function 7 such that g = T
T
7

. T . . . .
Then using (5:24) m; = —— and inserting these equations into the
T

formula for 7-Rg" we obtain that

d +(4) "

T \2
4—p2t = — — (—)".
dty ° T ( T )
Let us write down the formulas for the elements of H;:
d
HY? = Y (awis)
IV~ HE = i(f 0}~ pHP) E2)

%(H}l + H?) = —z7r11H112 + B(H — H?), (E3])
. 2
2i(H?) = &' — 25 L HY 632
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The last equation (5.32)" is obtained from (5.32) by substituting the
index 0 at H by the index 1: HY.
Finally, we obtain that in the general case H;,; is derived from H;
using a system of similar equations.

d

12 _ d g2t 11 11
Hi7 = H - dtgHi + BH; ",
11 22 _(d pp12 12
(5.33) gi-i-l :1Hi+1 N Z(@Hi+112— 5Hi+11)1, N
a0 (Hig + Hiy) = —ZWHHiH + B(Hiy — HE),
S d 21 _ & d prit
2ZEHZ'+1 - @HHI - 25@Hz‘+1-

from where we see that Markov moments are defined up to initial con-
ditions for ng = 2 elements. Notice that py = 1 in this case.

Let us also demonstrate theorem [5.7]for the Sturm Liouville parameters
from definition 5.9 We will take the simplest case n = 1 and as a result
the transfer function is

Clt)Blt)or = 1=y A}H (—2)1C(ts) B(ts)os.

1
=] —
S()‘>t2) A

+ z

We have already seen (in (5.24))) that -, is necessarily of the form
—i(B = B2 —

B i
for a real valued function §(t3) on I. In this case, N = 0 which means
that the first moment is a multiple of the zero moment: H; = —zH,.

Since the vessel parameters are constant the differential ring R = C
is trivial. Using the formulas developed in [M2] we shall obtain that
T = exp [ 3 satisfies
d d -, d d -
— —k)(— —k)(—+k)(— + k)T =0.
(G, PG, — PG, TR, +R)r =0

for k = v/—iz, which may be rewritten as a polynomial differential
equation for f, after inserting the formula for 7 = exp [ # and multi-

plying by 77 1.
5.6. Non-Linear Shrodinger equation parameters.

Definition 5.10. Non-Linear Shrodinger equation parameters are given

by
a=[3 ). mm2[3 2] e=[22]
@ = i
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Then the output and output compatibility conditions take the form of
the classical non linear Schrodinger equation with the spectral param-
eter ¢\

0 .
%u(x, A) = (INA+ Q(x))u(z, N),
where
I =oy, = —% [ (Z) _02 } = —ioy, Q(x) = —7.(x).

We may perform the same calculations for the moments as in the
Sturm-Liouville case. Using formula ([.2]) and denoting n-th moment

Hll H12
by H,(t2) = o e } we shall find that the moments has to sat-
isfy the following relations
(
d
H2 =~ (H2L) = 5 () B
HI? = S (H2,) - B() 2,
(5.34) $ g i
d—@(Hflll) = B(t2) Hy',
d
() = )
\ 2

while the first moment Hj is found from the linkage condition (2.15))

_ | Hyt B(t)
HO - |:5*(0tg) H022 :| )

and the entries H}', H3* are found using two last equations of (5.34):

() = B = 5050,

d 22\ ax 12 g«
d_tQ(HO ) = —B*(t2) Hy* = —*(t2) B(t2).

6. INVERSE PROBLEM AT INFINITY FOR GIVEN VESSEL
PARAMETERS

In order to discuss the reconstruction of the transfer function from its
moments, we will show first that for almost arbitrary vessel parame-
ters one can solve the ng moment equations, appearing in Theorem [5.5
Once a symmetric, equal to identity at infinity, function is constructed,
we will use a Krein space realization for it. Finally, by a counterexam-
ple, we will show that not all vessels parameters admit Hilbert space
(with positive X) realizations.
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We have seen that there is a differential equation (5.17]), which connects
the moments, and means that the next moments is roughly speaking
a second derivative of the previous one. If we start to estimate its
growth, we will end with factorial growth for the moments, because
consecutive applying of derivative produces many terms due to Leibniz
rule. Instead, we will assume that there is a ”big” function M (t3) which
majorizes all the moments. Of course such an assumption narrows the
class of function, to which the realization theorem is applicable.
On the other hand, the algebraic equations (5.5)) connects the real/
imaginary parts of the moments with all the previous ones. Again, we
found assumptions, which will enable us to handle the growth of such
elements.

From theorem it follows that we have to demand the symmetry
condition (5.5) only at t. Examining the equation (5.5) and supposing
that || H,(t9)|| < f,C™"', we will obtain that

[Hnoy '+ (=1)' 0y Hy oy ]| < Z g oy NI <

7=0

<o 1D fayC" I HCTH = o Y famsfiC7F
=0 =0
So, if the series {f,} has the property
(6.1) st = o 1D fasifss
=0

we will obtain that

[ Honro7" + (=107 Hyy | < ot an i[O < fria O
7=0
One can find generating function F(z) = > fiz*. Multiplying (6.1]) by

2" and summing, we will obtain that

(@) = @) — F(0) = F(z) = ~— V1 1F0 =g

from where it follows that for F'(0) =1
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Let M(t3) be a positive function with positive derivatives on [t9, ],
which satisfies the following differential equation

C d
(6.2) 3—\/§d—th(t2):

d d? d?
= O () + 1B M) + | Kol g M) + | Kol g M (1)

then, if Hy" (t2) < f,C"HEM®) (ty) we will obtain that

d
—H,.| <
I Hasall <

< SuC (B I+ B H ||+||K2HH H [+ ol 4, Iy

dt3
. d2 d3
< f,C"F (||Ko||M(t2)+||Kl||—M(t2)+||K2||WM(Q)*'HKSHﬁM(h))

Jn
NG

and by induction on k, further differentiating the equation (5.I7) and

LN (1) € fua O (1)

dk
using triangle inequality and additional assumption || K (k) (L)l < ik | K (t2)]],

we will obtain that

fn
1H®, (1)) <

32

Using these ideas we obtain the following

2O MP () < frpa1 CMPM B (2y),

Theorem 6.1. Suppose that the vessels parameters and the norm are
chosen so that Ko, K1, Ko, K3 satisfy for all k > 1

k

d .
SelEta)l, =012
2

Suppose also that M (t3) is a solution of the differential equation (6.2)
with the initial value I, which magjorizes Hy(ts) and all its derivatives:
||Hék)(t2)|| < foCM(ty) on [t9,t2]. Then if at each step the imaginary
(for even n) and real (for odd n) part of H, 107", which is uniquely
determined from the first line in (5.10) also satisfies

(64) [ He (o — (~1)ioy " Hy (1) < furiC™,

then the series
Z 2+1
n=0 >\

(6.3) 1K ()] <
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determines an analytic at A = oo function S(\, ty) not necessary oy (ts)-
contractive function (i.e. condition (2.19) of proposition [2.3 does not
necessary hold), which maps solutions of 2.6l to solutions of (2.1
and which is symmetric (i.e. satisfies (2.23))). Radius of convergence

d\= t least —.
aroun oo is at leas e,

Proof: Let us write down all the ideas, preceding the claim of this
theorem. We will prove the theorem, using induction on n. The basis
of the induction follows from the assumptions, namely.

IHP|| < foCM(ty).

Suppose that | H ) (t,)|| < f,CF M®) (ty) for i = 0,1, ..., n, then from
(517) it follows that

Il <
d2 d3

< fu O IKo || Hr ||+||K1|||| H ||+||K2|||| H ||+||K3||||dt3H )
d2 a3

< fnCn+1(||Ko||M(t2)+||K1||%M(t2)+||K2||d—%M(h)*'HKst—t%M(h))

_fa
32

and by induction on k, we obtain that for &k > 1,

k
1H®, (t2)]) =

LN (1) < foa O (1)

F1§T‘I|:w

(k) (KD EE==D ¢ @ =i gl prle=isy) | @ ety

( ){HKJ e e e e R e [l B e [l
=0
using assumption
k
< 3 (§) Rl O O U Bl O )

=0

IA

vt 3 () O M O a1 =
1=0
— fnC"“(—C

M (k—1) < f, Cm+2M(k)t ]
373 )5 < fan (t2)
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1 Hoar (83)07 (1)o7 Hyy (9)1 < D I Humy (89) o I (1) <

j=0
< Ho_l—lH Z fn_jcm—j+1fjcj+1 — HO_1—1|| Z fn—jij"+2 < fn+lcn+2
j=0 Jj=0
From (6.4) and this inequality it follows that
_ 1 — T _— *
[Hnsr ()00 | < S Hnpa(t2)or + (=1) o7 Hy (£2) 1+
]_ _ 1 _— *
+ 5 H i (t)or " = (=1)'or Hyp ()] <

< (fu1C"2 + [ CMF2) = [ CF2

N —

Then

1o ()07 | = | Ho (807 + / () |y <

to
l
&9
to
< fon O™ + / Fra O 20 () dy =
t2

= fo1C" 2+ fo1 C" 2 (M(ty) — 1) = f1C" T2 M (2y).
From these estimates we obtain that
Hn(t2) S fnCn+1M(t2)

and as a result its radius of convergence is

1
= lim {/H,(t)2 < lim / f,C"H1M(ty) = 4C.
n—oo n—oo
because f, ~ and the proof is finished. O

V1
Using results in [DLdeS| we can easily show using Cayley transform

that there exists a Krein space realization for the just constructed func-
tion S(A, t2).

Theorem 6.2. Let S(\ t3) be an analytic at infinity function with
value I there symmetric with respect to the imaginary azis (i.e. satisfies
(223)) ), then there exists a realization

S()\,tg) =] - B(tg)*x_l(tg)()\[ — Al)_lB(tQ)O'l(tg)
such that the Lyapunov equation holds
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Proof: The idea behind this theorem is that one can construct a Krein
space realization at the given time ¢5 and then obtain a vessel with an

inner Krein space K instead of H, using the formulas in theorem [4.1]
Indeed, suppose that there is constructed a Krein space realization at
t9 (which will be done in (G.8)):
S()\, tg) =1- BSXJI()\[ - Al)_lBo(Tl(tg).

Define next B(ty) as the solution of (4.1])

o

dts
and X(ty) as a solution of (43

d
EX(tQ) = B(tz)O’g(tg)B(tg)*, X(tg) = XO.

2
and define 7} (#;) using the Linkage condition (Z.I5) for which we shall
denote by ®L(\, t,,19) the fundamental matrix of (2.I7). Then we will
obtain that

B(tQ)O'l(t2>] + AlB(tg)O'Q(tg) + B(tg)’}/(tg) = O, B(tg) == B(]

Y(Au t2) = (I)i()‘v lo, tg)‘s()\u tg)q)()‘v lo, tg)

On the other hand, in theorem we proved that one can construct a
function S(\,t;) with suitably chosen initial values, i.e. with S(\,9)
such that

SN ta) = Pu(N, ta, ) SN PN, Lo, 13)
for the given 7, (t2). It is remained to notice that
Y (A t2) ST A ta) = PL(A, b2, t9)Pu(N, t2,19)
is entire and identity at infinity, i.e. is I, which means that
Y (A ty) = S(\ ts)

and from here immediately follows (as at the second part of .1]) that
Y«(t2) = vL(t2) and we have obtained a Krein space realization for the
function S(\,t) constructed in theorem [6.1]

It remains to show that there always exists a realization at t3. Define
a function Q(\) using Cayley transform, which satisfies

65)  SiLD) =+ LQNRE)T ~ SR (1)
Actually, this function is given by
Q) = 2107 (8)(1 = S(=iX, 8))(1 + S(=iA, 1))
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and is well-defined at the neighborhood of infinity with value 0 there.
Then from a simple equality, resulting from the symmetry condition
([2:23) considered with —i\ instead of A

(I = S*(=iX13))or (1) (I + S(—id, t3)) =
= —(I + 8 (=i, t9)or  (t2) (I — S(—i, 1))

it follows that Q(\)* = Q(\) and Q()\, t,) is zero at the neighborhood
of A = oo. Thus [DLdeS| Theorem 3] Q(A,t2) admits the following
Krein space realization

Q) =TH(A=XI)"'T

where for a Krein space IE, there is a bounded self-adjoint operator Ae
L(K), and a bounded I" € L(E,K). So, we can insert this realization
formula into (6.5]) and simplify:

S(—iNt0) = (I + %Q(A)Ul(tg))(f - % (Now(t3)) ! =

l l
=21 =1+ 500 = 50\ (t2) ™ =
i
= —1+2(I = STH(A = ATy (1))
There is a simple formula [BGR] for evaluating the inverse of a matrix

in a realized form:

(I - %ﬁ(ﬁ — M) Ty (89) " =1+ %rwﬁx — \)"'To, (£9),
where AX = A — %Fal (t9)T*. So, the last formula becomes

S(=idty) = I +2(I —il* (A= XI)"'Toy(t9)) 7 =

— T4+ 2(1+ %mﬁx Doy (1)) =

= I 4T+ (A = AD)7'Toy (1)) =

=1 —TH(GA —iX)"'Toy (19)
Let us define 4; = —iA* then we obtain that

Ap+A] = —iA i At = »
(6.7) = (A %ral(tg)rﬂ +i(AT + %ro—l(tg)m -
= —To,(t3)TT,

(6.6)

since A is selfadjoint. In the Krein space, the Krein space adjoint may
be represented by an invertible selfadjoint operator X in (the Hilbert
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space sense), when one considers the Krein space with its inner product
[-,-] as a Hilbert space with its initial norm (-, -):
[u,v] = (Xu,v),Yu,v € K.
Then the formulas for Krein space adjoint becomes:
Af =XTTAX, TH =XTI*
and the last equation (6.7
Al -+ Aii_ = —FO'l(tg)FJr ~
A+ X_IATX = FO’l(tg)F*X <~
Alx_l + X_IAT =Toy (tg)f‘*
which is the Lyapunov equation (3.8) at t after defining By = I' and

Xo = X~!. Notice that Lyapunov equation (3.8)) will also hold for all
ty as a result of lemma 2.4l Moreover, substituting A for —i\ in (6.6),
we also obtain

(6.8) S\t =T — BiXg (A — A)) ' By (19).

O
It turns out that there are examples for which there is no a realiza-
tion with strictly positive X. For, example considering the Non-Linear
Schrodinger equation parameters, defined in section for constant

0 p
7*:|:ﬁ* 0:|

we can easily find that the fundamental matrices for the input and
output LDEs are (for convenience t3 = 0)

q>()‘at2) = 60 6St2 ] )
X -1
R E P Dpepy
o, (\ts)=| 2L T—5 T+j EF )
_6* [E B E_l] (F — §)E n (F + §)E_1
2r 2T 2T
where

['=4/ )\ZZ — pp*, E =exp(lty).
a(A) b(N) ]

Let us search for a constant in ¢, matrix S(A,0) = [ ) dN)
such that the constructed S(\, t3) = @, (), 12)S(\, 0)®~(\, ty) satisfies
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conditions of the proposition Considering the identity at infinity
requirement, we come to the conclusion that

o) = Toralh), Y

_ =B
o A
I+ 3

(),

where the square root at the Right Half Plane (RHP) is taken so that
at the infinity its argument coincides with the argument of 5 In this

case the expression I' + % is analytic in the whole C, except for a cut

from —v/2|8| to v/2|3]. In other words this can not be defined as an
analytic function at the right half plane. On the other hand, if it were
possible to realize this function with A, satisfying Lyapunov equation
(B.8) with positive X, this would mean that the spectrum of A; is at
the left hand side, since o1 = [ and is a positive matrix:

A X + XAf = —B*B <0.

As a result S(\,0) would have spectrum only at the left hand side of
the complex plane, contradicting the previous argument.

Finally, we present in this section a lemma, which says that one can
always define moments so that the corresponding Pick matrices are
positive, but as the example above shows they will not always define
an analytic function (the radius of convergence may be zero)

Lemma 6.3. Suppose that equations (5.3), (5.4]) hold so that the eigen-
values of the Pick matriz P, are strictly positive on a finite interval I.
Suppose that initial values are chosen for Hs,.1, then there exists an
imnitial values for Hoy,yo such that all eigenvalues of P,y are positive
on arbitrary finite interval around t).

Proof: Let us use Sylvester criterion for positive definiteness of a
matrix. Denote the entries of the matrix (—1)"Hy,o; " as follows

hii hia ... hlp

" B hotr hoa ... ho
(—1) Hgn(fll = [h”] = . . . :p ) Dn = [dm]

hoi hos oo By

and suppose that P, > 0 on a fixed interval Z including 3. We will
consider main minors of the matrix P,,,. First minors come from P,
and as a result are positive, the next one is

P, ct
(CHY* hy +dy |
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where C! is the first column of the matric C,,. Its determinant, using
a formula for block matrix is

P, C

det |\ ey iy + dy

= det ]P)n det(hn + d11 - (C}J*]P);lc%)
In order to obtain here a positive result, we have to demand that (since
det P, > 0 and since hy; + dy; is real valued)

Rhqi > (C}L)*PEIC}L — Rdy;.

Using the continuity and taking hq1(29) big enough we obtain that the
same inequality will hold on the interval Z. Consider now the next
main minor
P, (! c?
(C)* hiy+diy hig + dys
(C2)* oy +day hao + dao

Its determinant can be expressed as

P, C, c
det | (C})* hiy+dn hip+dip | =
(C2)* hor +dar hag + dao
P, cl
(CH* hi+dn ] %

) P, a1 e
x det (h22 + day — [ (Cn)* har + doy ] { (Cl)* hi1 —|—nd11 } [ his —i—ndlz } )

= det

from where we obtain that the necessary condition for its positiveness
is

P, 1 -1 2
Wm>[&%*@ﬁ%m}{ Co } [ C

(Ch)* hiy +dn hia + diz ] Rz

And so on for all the real parts of diagonal elements h;;. It remains to
remark that the conditions (5.5]), (5.4]) do not involve real parts of hy;
and they can be determined from the positive definiteness of P, ;. [

7. GENERALIZED NEVANLINNA-PICK INTERPOLATION PROBLEM

We address the two kinds of Nevanlinna-Pick interpolation problems
[L4] and [L5] defined in the introduction. The first one is solved using
the notion of positive pairs and for the second one we present a criterion
in terms of the of the initial data.
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7.1. Linear Fractional Transformations in terms of intertwin-
ing positive pairs. Suppose that we are given a data of the NP in-
terpolation problem [[L4l Following the notations of corollary 3.3 let us
write

=& (t2)"S(wi, t2)" &i(te)”
_gn(t2)*5(wn>t2)* gn(t2)*

Let us denote by capital Greek letters the following vessel parameters

0 = [ 5 ey | =

22(@:[@(1&2) 0 }

0 02(t2)
(ta) 0
He) = [ 0" ot ] ’

then simple calculations show that B(ty) satisfies (4.1])

d
d—b[B(tz)Zl(h)] + A1B(ts) s (t2) + B(t2)T'(t2) = 0,  B(ty) = B.
Suppose that X(¢3) > 0 is a solution of

d «
G X(t2) = B(t2) D (t2) B (t2),

which is always possible if Rw; # 0 for each ¢ = 1,...,n. Then the
following collection

U = {Ay, B(ta), X(t2); %1 (t2), La(ta), T(ta), Tu(t2); C* € @ £}
is a vessel for I',(t2) defined from the linkage condition (2.15)
Lu(tz) = D(t2) + X1 (t2) B(t2) X7 (t2) B(t2) Za(t2) —
—Y(ta) B(ta) X (t2) B(t2) X1 (ta).
Transfer function of the vessel U is

O\ ty) = oy — B(t)* X H(ta) (M, — A1) "' B(t2) 1 (1),

which is in SZ(U, ® U, U) for

~ d
2
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If we denote further the decomposition of O(t,) as

911 (>\7 t2) @12()‘7 t2)

O(A ty) = Oa1 (A, ta) Oaa(A, 1)

then if one defines Sy(\, t2) so that
(©11 + S0021) 1 (O12 + SpO2) = S,

then the function S(A, t3) usually does not intertwine solutions of LDEs
with spectral parameter \.
Instead, we define

WA t) = [ Wi(Ata) Wa(ta) |
so that
W01 + We09 =1,, WiBOi9 + W509 = 5,
then the following lemma holds

Lemma 7.1. The pair of functions W(X,ty) is in SZ(U,U,) and

A o) (2 t
W t2) )\:E 2)Wip t2) > 0 on the domain of analyticity of W (A, ts).
o

Proof: Since O(\, ty) is invertible for all A out of the spectrum of A;,

an element of U is of the form O(\, t,) [ Zig?% } , where yy(t2), ux(ts)
2

satisfy (2.17) and (2.10) respectively. Then

[ un(ta) | _
W (A, t2)O (A, 1) _ui(m |=
O11(N t2) O1a(A, 1o [ ya(tz) |
— [ Wl()\,tz) Wz()\,tg) ] { @212>\,t2§ @22E)\,t2§ } Z)\Etzg | —
— [ WiO11 + W20y WOz + W3Oy, | Zig‘i; _

—[1 S(\t) ] [ nie) } — ya(ta) + SO\ )ua(ta) € UL,

since yx(t2) and S(A, ta)ux(t2) are in U,.
From the formula WO = [ I s }, it follows that

W(Ats)=[1 S(A\t2) |07 (A ta).
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WA, t2) S (T2) W (1, t2)
At
the domain of analyticity of W(-,¢2) becomes
WA t2) X1 (L)W (1, t2)
A B
O~ (N, t2) B ()0 (1, o) { I }
A+ i S*(p,ta) |-
Since O(A, t2) is a transfer function of a conservative vessel, its inverse
is a transfer function too and satisfies

O (N, 19) X1 (t2)O (1, ta) ™1 — ¥y (1)

Consequently, the expression considered on

=[1 S(\ty) ]

>0
A -
and consequently,
WA, t2) X1 (L) W (1, t2) 1 [ I }
> I S\ tg) | 21(¢ .
At i —A+ﬁ[ 2] | 5(t2) S*(u, ta)

ET@“ S(At2) | {_UB(“) O—I?m] [S*(i,m)]

= Py

by the properties of transfer functions for vessels. O
As a consequence of this theorem, we define

Definition 7.2. A pair of functions
WA t) = [ Wi(Ata) Wa(ta) |
such that the matriz W (X, ts) has full rank is called positive if the
conditions of lemma[7.1] hold:
W(\ty) € ST(U,U,), WA t)JW(A ts) >0 onCy

Previous arguments result in the following ”partial solution” of the
Nevanlinna-Pick interpolation problem [T.4%

Corollary 7.3. There exists a one-to-one correspondence between so-
lution of the Nevanlinna-Pick interpolation problem[I.4] and the positive
pairs W (A, ts), which are analytic at the interpolation points.

7.2. Nevanlinna-Pick interpolation problem .5l Using the pre-
vious results, we present a criterion for solvability of the Problem

Theorem 7.4. Gwen CP*P-valued functions oy, o3, 7, an interval I
and N quadruples < th,w;, &;,m; > wheret) € I, w; € Ci, &my € Clxp
7 =1,...N, and assume that the corresponding matrices X; > 0. Then
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there exists a solution of the Nevanlinna-Pick problem [1.J, i.e. there
exists a function S € R8T satisfying S(w;,t5)& = n; if and only
if there exists n € N, matrices A}, Xy, € CO=DX0=D gith Xi > 0,
B € Crxn= V. € C™™ such that for A;, B, X; defined by

(71) B, — [nfé&}

(12) X, = mﬁ 52]

(7.3) A —

Xi.
—mioy (8)(BE)* (X)L —wr — 7h'<71(t2)£7],~ - &)

it holds that
1
(1) A = Vi AV,

(2) $(N — A) ' Bioy H(#5) D1 (\, 1, t5)d\ = Vi; B;.
and the matriz X (t3),

X(ty) = X, + / " Bu(y)oa(y) (Bi(y))*dy

2
is invertible on the interval 1.
Proof: For each t} all the functions which satisfy S(w,t5)¢; = 1; are

a0 (t o (¢
of the form T, (S§(12)). provided &, = SIS — WAl

w; + w;
Here
I+ X?gimal ) X Z?ifial )
' . i(A+ ’LU;( (A4 ’LU;‘
SN=1" Tdne g0
Xi (A + wy) X(A 4+ w*)

and S} € RS. Given a minimal realization
So(A) =1 = (B)"(X) ™1 (A — Ap) By (t)

of S, we shall obtain from formulas (3.15), (3.16)), (3.17) the formulas
(1), (C2), (C3) in the theorem. In view of Theorem L8 a necessary
and sufficient condition to obtain the same function S(A,ts) for every
¢ is that there exist invertible constant matrices V;; such that the op-
erators A; are similar. In other words there must exist V;; such that
A = V;jAjVi;l. Moreover, the second part of theorem [4.§ tells that
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additionally the equality
FOI = 4) BT )6 O 6 )ix = VB,

must hold. O
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