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LINEAR STOCHASTIC SYSTEMS: A WHITE NOISE
APPROACH

DANIEL ALPAY AND DAVID LEVANONY

ABSTRACT. Using the white noise setting, in particular the Wick
product, the Hermite transform, and the Kondratiev space, we
present a new approach to study linear stochastic systems, where
randomness is also included in the transfer function. We prove
BIBO type stability theorems for these systems, both in the dis-
crete and continuous time cases. We also consider the case of dissi-
pative systems for both discrete and continuous time systems. We
further study ¢;1-¢5 stability in the discrete time case, and Ly-L,
stability in the continuous time case.
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1. INTRODUCTION

In this paper we propose a new approach for the study of uncertainty
within the theory of linear stochastic systems, and prove a number of
stability theorems. To set the problems and results in perspective we
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Key words and phrases. random systems, stability, Wick product, white noise
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2 D. ALPAY AND D. LEVANONY

begin with a brief historical introduction. Linear system theory, oper-
ator theory and the theory of analytic functions have a long history of
interactions, and two notable milestones are the work of M. Livsic on
the characteristic operator function, see [45], [46], [47], and the work
of R. Kalman, see [39]. The discussion of what is linear system theory
would lead us too far away, and we refer the reader to [38] for more
information. We also refer to [33] and [I] for surveys and to [24] for a
discussion of stability results in the continuous time case.

For the purpose of this introduction, a discrete-time, time-invariant
linear system will be described by an input-output relation of the form

(1.1) Yo = (W )y =D hy i, n €L

meZ

In this expression, the h, are pre-assigned complex numbers, which
stand for the impulse response of the underlying system, and the input
and output are required to define a continuous map between specified
spaces ‘H; and H, (and of course, this entails conditions on the coeffi-
cients h,). These various conditions are translated into properties for
the Z-transform

(12) IEED

of the sequence (h,). For instance, when the system ([LT) is causal,
that is, when h,, = 0 for n < 0, it defines a contraction from ¢(Z) into
itself (the system is then called dissipative) if and only if the function
B is analytic and contractive in the open unit disk (such functions are
called Schur functions), or equivalently, if and only if the operator of
multiplication by h is a contraction from the Hardy space of the open
unit disk Hy(D) into itself. This allows to resort to all the tools of
Schur analysis to study such systems; see for instance [20], [29], [30].

Note that 7 is called in system theory the transfer function of the sys-
tem. In certain fields (e.g. engineering) it is defined with (~! instead
of .

The system (LI]) commutes with the shift operators S
(1.3) S(x;) = (j41)

defined in the input and output spaces. In system theory terminology,
it is called time-invariant. In fact, every time-invariant linear bounded
system from ¢5(Z) into ¢5(Z) is of this form. The proof of this well
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known result is recalled in the sequel; see STEP 1 in the proof of The-
orem [5.Jl Such a characterization does not hold when one considers
loo(Z) instead of l5(Z), as we will explain below.

The notion of Schur function and the associated system theory inter-
pretations, have been extended in a number of directions, well beyond
the time-invariant case. We now discuss some of them. First, when
considering the time-varying case (that is, when h,,_,, in (1)) is re-
placed by h,, ), an approach originating with the work of Deprettere
and Dewilde, see [17], [19], consists of replacing the complex numbers
by diagonal operators. In the later works [3], [4], the Hardy space is
replaced by the Hilbert space of upper-triangular operators of Hilbert-
Schmidt class, and and Schur functions by upper triangular contrac-
tions. This allows, with an appropriate definition of point evaluation
of an operator on a diagonal, to extend much of the function theory of
the open unit disk, to the case of upper triangular operators, and hence
to apply the results to time-varying systems. See [21], [9], [2], [5] for a
sample of papers, and [22] for applications of this calculus on diagonals.

Among other directions of research and extensions we mention the case
of multi-indexed systems and their connections to several complex vari-
ables, see for instance [10], and the non-commutative case, see for in-
stance [11].

In all the directions outlined above, there is no randomness in the sys-
tem itself, although the input (and hence the output) may be a sequence
of random variables. In the present work it is a different kind of exten-
sion which we consider, allowing the h,, in (I.T]) to be random variables.
We use white noise space analysis, which has been introduced in 1975
by T. Hida, see [34], and the monographs [35], [36] and [41]. White
noise analysis allows to translate problems from the stochastic context
into problems involving analytic functions in a countable number of
variables in the Fock space, or in spaces of distributions which contain
the Fock space, in particular in the Kondratiev space. The Wick prod-
uct is a generalization for random variables in the Kondratiev space
of the pointwise product, and reduces to the pointwise product when
at least one of the factors is nonrandom. It became very useful when
stochastic calculus with respect to the fractional Brownian motion,
and more generally with respect to processes which are not necessarily
semi-martingales, began to be considered; see [36], [25], [26], [27].
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Obviously, a Gaussian input into a linear system with nonrandom coef-
ficients, will result in a Gaussian output. Here, we aim to model linear
Gaussian input-output relations when the underlying linear system is
random. While indeed a Gaussian input into a linear system with ran-
dom coefficients cannot be expected to result in a Gaussian output, we
will use the white noise space setting and replace the pointwise product
by the Wick product, enabling Gaussian input-output relations when
the underlying system has random coefficients. This has the advantage
of preserving the Gaussian input-output relation, while allowing un-
certainty in the form of randomness in the linear system under study.
Thus, we replace (I.1]) by

mMEZ

where the vy, u, and h, are now random variables in the Kondratiev
space (or more precisely, in some Hilbert subspace of it), and where ¢
denote the Wick product. We also consider the causal case, where now

(1.5) Yp = Zhn_mOum, n=20,1,2,...
m=0

The proposed setting can be used to model uncertainty of an other-
wise deterministic linear time-invariant system, a system that main-
tains Gaussian input-output relation, by a random uncertainty in the
impulse response. This is known as the Bayesian embedding approach,
by which the study of a nonrandom uncertainty is carried out through
an associated probabilistic analysis; see e.g. [40], [44]. We now turn
to the content of the paper, and first recall three stability theorems,
namely, Theorems [L.1] and [L4l The main aim of the paper is to
develop counterpart of these (and of some other) theorems in the sto-
chastic setting, as is explained below.

Consider a linear discrete time system of the form (I.I]). Various no-
tions of stability can be assigned to such a system; in this work we will
focus in particular on BIBO stability (bounded input bounded output),
01-05 stability and the case of dissipative systems. With BIBO stability
in mind, the following result is well known; see for instance [38, p. 177].

Theorem 1.1. There is a M > 0 such that the sums ZmEZ R U,
converge absolutely for all (u,,) € loo(Z), alln € Z, and

(1.6) sup |yn| < M sup |u,|
nez nez
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if and only if
(1.7) > lha| < M.

neL

Condition (LT) means that the Z—transform (L2)) of the impulse re-

sponse is in the Wiener algebra #; % is in particular continuous on
the unit circle, but it need not be defined in general for |(| # 1. In the
case of a causal system, and when h is rational, (I7l) can be given a
nicer interpretation. Recall first that a rational function which has no
pole on the unit circle is in the Wiener algebra; its Taylor coefficients
at the origin (if the function is assumed analytic in a neighborhood
of the origin) will not, in general, be equal to the Fourier coefficients
of its expansion as an element in #'. They will be the same when all
the h,, = 0 for n negative, that is, when the system is cauAsal. Still for
causal systems, condition (.7]) means that the function h is analytic
in the _open unit disk D, and continuous on the closed unit disk. Thus,
when h is assumed rational, it belongs to the subalgebra #. of #". We
also note that in this case, h has no pole in the closed unit disk. We
refer to [31] for these facts and for more information on the Wiener
algebra.

The system ([LI]) defines a linear bounded operator from ¢, (Z) into
(o (Z) which commutes with the bilateral S defined by (L.3); this last
property expresses the time-invariance of the system. We consider
linear time-invariant systems whose input-output relation is given in
the form of a convolution. We note however that not all linear time-
invariant systems from /., (Z) into itself are given by a convolution. For

instance, define Xy € ((oo(Z))* by

Xo(e) = 1 g
O D o 1

The operator
(1.8) X(x) = (XS (7)) ez

defines a bounded linear operator from (. (Z) into itself. which com-
mute with S, but cannot be expressed by a convolution.

We denote
N={1,2,...} and Ny=NuU{0}.

To discuss ¢1-¢5 stable and dissipative systems, it is easier to consider
signals indexed by Ny. We recall that the Hardy space Hy(D) is the
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space of power series

FO=> " fa€C,
n=0

with norm
£ lleam) = O 1)
n=0

The following definition and result are well known:

Definition 1.2. The system (1)) will be called ¢1-¢5 bounded if there
exists a M < oo such that

(zw) S
n=0 n=0

For the matrix-valued version of the theorem below, see [7, Theorem
5.1].

Theorem 1.3. The system (L)) is ¢1-¢5 bounded if and only if its
transfer function is in the Hardy space Hy(D).

The ¢5(Npy) norms of the input and output sequences are a measure of
the energy of the signals, and play an important role in system theory;
see [1] for a survey. The system (L) is called dissipative if the ¢5(Np)
norm of the output is always less or equal to the f5(Np)-norm of the
input. The following result characterizes systems of the form (L)
which are dissipative.

Theorem 1.4. A linear system is time-invariant, causal and dissipa-
tive if and only if it is of the form (1) with a transfer function which
15 analytic and contractive in the open unit disk.

In other words, the system has a transfer function which is a Schur

function. Equivalently, the lower triangular Toeplitz operator
ho 0
hi ho
(1.9) hy hi ho

is a contraction from ¢5(Np) into itself.

We note that, through the Z-transform, the space ¢3(Ny) is unitarily
mapped onto Hy(D), that is, onto the reproducing kernel Hilbert space
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with reproducing kernel

1

(1.10) K(Cr) = =a

¢,veD.

Therefore, h is the transfer function of a dissipative system if and only
if the operator of multiplication by A is a contraction from Hy(DD) into
itself, or, equivalently, if and only if the kernel

o~

1 — h(Oh(v)*
1— (v

is positive in the open unit disk. The associated reproducing ker-
nel Hilbert spaces were introduced and studied by de Branges and
Rovnyak, also in the operator-valued case; see [14], [15]. We will use
some of their results in the sequel; see Theorem

(1.11)

We wish to extend the notion of transfer function so as to include a ran-
dom aspect, and present counterparts of the three theorems mentioned
above in a random systems setting. We will also consider the contin-
uous case for BIBO stability, dissipative systems, and Ls-L., bounded
systems. Using the white noise setting and the Hermite transform this
random aspect will be expressed by dependence on a countable num-
ber of independent complex variables zi, zs,.... This is reviewed in
the next section. First we need to recall some of the relevant nota-
tions at this stage. In the following expressions, ¢ denotes the set of
finite sequences of integers indexed by N, that is, the set of sequences
(n1,ng,...) where n; = 0 for all large enough j, and we set (see [36],
(2.3.8) p. 29])

n) = T ).
jEN
The product is meaningful since a;; = 0 for all but for a finite number
of indices j.

In our approach, we replace the kernel (ILI0) by a kernel of the form

Kk(Z,U))
1— (v

where z = (21, 29,...) and w = (wy, ws,...) belong to the infinite di-
mensional neighborhood

K, = {Z = (Zl,ZQ, .. ) S CN : Z ‘Z|2a(2N)ka < OO}

a€el
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of the origin in CY (see [36], Definition 2.6.4 p. 59]), and where
(1.12) Ki(z,w) =Y 2% (w*)*(2N)*,
acl

with the use of the multi-index notation:

o (o5} g —
24 =20 257 where o= (o, q,...).

We denote by H(K}) the reproducing kernel Hilbert space with re-
producing kernel Kj(z,w). Elements of H(K}) are analytic in z =
(21, 22, . . .) in the set K. To take into account randomness, we replace

the Hardy space Hy by Hy ® H(K}). Note that

(1.13) H, @ H(K) = {f(g) => ("f.with f, € H(Kk)} :
n=0
with norm

||f||%—12®H(Kk) = Z ||f7L||$-[(Kk)'
n=0

A transfer function will thus be a function J#((, z) of the form

e}

(1.14) H(C2) = ("ha(2),

n=0

where now the h, € H(K}). In (II4), the nonrandom part of the
transfer function is

(1.15) A(C,0) = ("hy(0).
n=0
As we explain in the sequel, another possible generalization is to write
(1.16) H(C.2) = h(Q) + ) 2"calC):
acl

The nonrandom part in (LI6) is

(1.17) (¢, 0) = h(¢),

corresponding to a = 0.

The transfer function 2((, z) of a dissipative random system will be
characterized by the positivity of the kernel

K, k(z ) ’LU)

(1.18) (1—22(, Z)%(Vaw)*)m
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in D x Ky, that is, #((, z) is a contractive multiplicator of the repro-
ducing kernel Hilbert space Hy(D) ® H(K}) with reproducing kernel
Kk(Ca Z)
1.19 —
( ) 1— (v
A similar interpretation will hold in the continuous case, where the
open unit disk is now replaced by the open upper half-plane.

The outline of the paper is as follows. The paper consists of eight
sections besides the introduction. In the second section, we review the
white space noise setting, and define analogs of the linear systems ([L.T])
and of their continuous time versions when we allow randomness both
in the impulse response (h,,) and in the inputs (u,,). In Section 3 we
prove the counterparts of Theorems [[LTI The cases of Theorems
and [[4] are considered in Section 4 and 5 respectively. The next three
sections are devoted to the continuous time case. In Section 6 we prove
the operator-valued version of the Bochner-Chandrashekaran theorem.
In Section 7 we consider the analog of BIBO continuous systems and in
Section 8 the case of continuous dissipative systems. In the last section
we consider the case of La-L,, stability.

The theory of random linear systems is yet not well established, and
it appears that the setting presented in this paper is the first which
permits to handle, in an efficient way, the case where randomness is
allowed in the impulse response.

We denote by

UF(t) = % /R F@)e ™ da

the Fourier transform, where f € Ly(R), or, more generally, belongs
to Lo(R) ® H for some Hilbert space H. For a Hilbert space H, the
symbol L(H) denotes the set of bounded operators from H into itself.

2. THE WHITE NOISE SPACE SETTING

We now briefly recall the definitions of the white noise space and of
the Kondratiev space. We refer to [35], [36],[41], [12] and [28] for more
information.

The function

K(s1 = 52) = exp(—|ls1 — 52/l /2)
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is positive on the Schwartz space S of rapidly decreasing, infinitely dif-
ferentiable functions. Since § is a nuclear space, the Bochner-Minlos
theorem (see [32, Théorme 2 p. 342]) ensures the existence of a prob-
ability measure P on the Borel sets F of 2 = &’ such that

/ ei<87w>L2<R>dP(w) = eXP(—||3||i2(R)/2)'
Q

The white noise space is W = Ly(2, F, P). An orthogonal basis of the
white noise space is given by the Hermite functions (H,)aer. These
functions are computed in terms of the Hermite polynomials, and we
refer to [36, Definition 2.2.1 p. 19] for their definition. Every element
in W can be written as
(2.1)

F(w) =Y caHa(w), co€C, with [F|}, =) |cal’al < oo

acl ael

In general, one takes real c,. Here we take complex coefficients, that is,
we consider the complexified real white noise space. A similar remark
holds for the spaces H(K}) defined below.

Let z = (21, 2,...) € CN. The linear map which to H, associates
the polynomial I(H,) = 2“ extends to a unitary map between the
white noise space and the real reproducing kernel Hilbert space with
reproducing kernel exp (z,w),,. This space is called the Fock space.
The map I is called the Hermite transform. The Wick product is
defined through the Hermite functions by

HQOHQ = Ha+5, Oé,ﬂ el

It is in fact independent of the chosen basis in the white noise space;
see [36, Appendix D, pp. 209-215]. In general, the Wick product of two
elements in the white noise space need not be in the white noise space.
The most convenient space which is stable with respect to the Wick
product is the Kondratiev space S_;. To define S_; we first introduce
for k € N = {1,2,...} the Hilbert space H; which consist of series of
the form (2.I]) such that

1/2
(2.2) Fi= (Z |ca|2<2N>-’W> < 0.

ael

Note that the the Hermite transform is a unitary mapping from Hjy onto
the reproducing kernel Hilbert space with reproducing kernel Kj(z, w),

where K}, is defined in (T.I2)). The Kondratiev space S_; is the induc-
tive limit of the spaces Hjy. We note that when either one of the factors
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forgin S_;is nonrandom, the Wick product f{g reduces to the point-
wise product fg.

We will consider stochastic processes in the series form

(2.3) X(r,w) = ZCQ(T)Ha(w),

ael

where the ¢, (7) are nonrandom functions depending on a parameter 7.
We require that the series (2.3]) belongs to the Kondratiev space S_; for
every value of 7. Here 7 belongs to the integers or to the real numbers.
We note that other choices of indices are possible (for example, Z?2, or
the case of the vertices of a binary tree). We also note that a case of
special interest arises when one applies the Hermite transform and the
Laplace transform (for the continuous time case) or the Z-transform
(for the discrete time case), to obtain a function which depends on a
finite number of variables z;, which, in addition, is a rational function
in these variables, that is, is a function of the form

(2.4) D(¢) + C(OIn = Y aAn(Q) 'O 2rBr(Q)).

Here, ¢ denotes the variable corresponding either to the Laplace trans-
form, or the Z-transform. The functions of ¢ in that expression are
also assumed rational. See [8]. Other type of realizations are possible;
see Theorem below.

3. BIBO STABLE LINEAR DISCRETE TIME STOCHASTIC SYSTEMS

Fix some integer [ > 0, and let & > [+ 1. Consider h € ‘H; and u € Hy.
Then, Vage’s inequality (see [36, Proposition 3.3.2 p. 118]) is in the
form

(3.1) [Oulls < A(k = DIAlllullx,

where

(3.2) Ak —1) =) (2N)=he,
aecl

It is not a trivial fact that A(k—1) is finite; see [52] and [36, Proposition
2.3.3 p. 31] for a proof.

Inequality (B.I]) expresses the fact that the multiplication operator
Ty, : u— hdu
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is a bounded map from the Hilbert space Hj into itself, and that its
operator norm |1}, ||opx satisfies the inequality

(3.3) [ Thlopae < Ak = D)]IA]l:.

The norm of T}, depends on k& and [ and will be in general different
from [|A||;. It implies in particular that H; endowed with the norm

def.
IRl = M1 Thlop.

is a normed algebra.

To simplify the notation, we set
[ Tllop.k = [ITnll-

Definition 3.1. A random discrete time signal will be a sequence (u,)
indexed by 7., of elements in the Kondratiev space, such that there exists
a k € N (depending on the signal) such that

U, € Hg, Vn € Z.
We note that k is imposed to be independent of n.

Theorem 3.2. Let k > 1+ 1 and let (h,) be a sequence of elements in
H, indexed by Z. Then

(a) The sums (4]
Yn = Z hy—mQUpm, n € Z,
meZ

converge absolutely in Hy, for all inputs (um)mez such that sup,,cq, ||tm||r <
oo, and

(b) There exists an M > 0 such that, for all such inputs (up)nez, it
holds that

(3.4) sup [yl < M sup [Jun |«

nez neL
if and only if for all v € Hy, with ||v||x = 1 it holds that
(3.5) STy @)l < M.

ne”L

We note that, in the nonrandom case, where the h,, are (nonrandom)
complex numbers, the Wick product reduces to a pointwise product,
and we have systems of the form (LI]). Furthermore, in this case,

175, vllk = [al - ll0llk,
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and we retrieve the well known BIBO stability condition (L), with
Theorem B.2] reduced to Theorem [I1]

Furthermore, we notice that condition

YTl <M

neL

on the norms of the operators T}, implies condition (3.5]). Expressions

of the form
> ("D,

neL

DTl < o0

nel

with

form an algebra, which appears to be the counterpart of the classical
Wiener algebra in the present setting.

Proof of Theorem First note that, in view of the restriction
k > 1+ 1, each of the terms in (L)) belongs to Hj.

Assume that (3.4)) is in force. Then, for every n € Z, taking sequences
(ty,) which have only a finite number of non zero entries, one has for
any preassigned n € 7Z,

M sup ([l > 11> T Otim 15
meZ

meZ

vEH
lolle=1 ™2

= sup ( g U, Tpy (V)
vEH}, MmEZ
lell=1 <
The special choice

Um = IIT;:n—m (W’ lf HThnfm (U>Hk % O

0. i T, @l=0

leads to

YT )l < M.

MEZL
Um#0
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This expression stays the same also for the indices m such that wu,, # 0
since u,, # 0 if and only if |7 ~ (v)|x # 0. Finally, since the right
handside of the above inequality is independent of the support of (u,,)
we get the result.

Conversely, assume that (3.3]) is in force. Then, still for sequences (u,,)
with only a finite number of non zero entries, we have

H Z Thn mumHk - Sup Z um’Thn m U >

meZ

Um#£0 ”U”k 1 u.,,ﬁéo
< s Y Junlhl T, 0l
ozt <
< suIZ) [tk - sup (Z 175, (v Hk)
im0 ezt \meZ
< M sup ||tk
meZ
Um 7#0

Assume now that the sum

Z Thnfmum

mMEZL

converges absolutely in Hj. The result is then obtained by continuity
by considering partial finite sums. O

Applying the Hermite transform to equations (I.4]), that is to
= Z hn—mouma n e Z>
meZ
leads to the following: let
= Zya(n)Ha(w) and Ay, ( Z he(
ael ael

where the coefficients y,(n) and h,(n) are nonrandom complex num-
bers. Then,

=S Haw) (Z S hoep(n — m>u6<m>> . nez,

ael meZ f<a
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that is, after taking the Hermite transform

I(y,) = Zza (Z Z ho—p(n — m)u5(m)> , neZ,

acl meZ B<a

and hence,

(3.6) Yo(n) =Y Y " hap(n — m)ug(m), n€Z.

meZ f<a

Equation (B.6]) exhibits two convolutions: the first is with respect to
the index in ¢, which is related to the stochastic aspect of the system;
the second is with respect to the time variable.

The Z transform (denoted by 7, with variable () then leads to

9(¢,2) =D T(ya)C"

nel

=32 has(Q)Es(0)

ael BLa
= <Z zaﬁa@)) (Z zaaa@)) :
ael acl
Definition 3.3. The function

H(C2) =Y 2 ha(C) = ¢"(I(hn))(2)

acl nez

is the called generalized transfer function of the system.

When all ﬁa(g ) = 0 for a # 0, we retrieve the classical notion of the
transfer function. We can thus define a hierarchy of systems, depend-
ing on the properties of the function J#((, z). The rational case will
be when the function (¢, z) is of the form (2Z4]). Another case of
interest would be the isospectral case, when the function A({) in (2.4))
does not depend on the variable (.

4. ¢1-¢5 STABLE RANDOM SYSTEMS

The analog of Theorem is the following;:
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Theorem 4.1. Let | > k + 1 and assume that in the system (L3
h,, € H;. Then there exists M > 0 such that

(znynnz) <3S
n=0 n=0

for all inputs (u,) such that the right handside of the above equation
is finite, if and only if its transfer function belongs to Hy(D) @ H(K]),
i.e. if and only if there exists a number ¢ > 0 such that the kernel

K
(4.1) K)o, ) (w, w0y

1— (v
18 positive in D x K.
The system (L4]) is then called ¢1-¢5 bounded. In the proof of the theo-
rem, we use the already mentioned fact that the spaces Hy and H(K})
are unitarily equivalent via the Hermite transform. This allows us to
make use of Vage’s inequality in the spaces H(Ky).

Proof of Theorem (4.1): We first remark that the equivalence of
(A1) with the condition # € Hy(D) ® H(K}) directly follows the

characterization of the elements of a reproducing kernel space. We
proceed in three steps. Recall that A(k —[) has been defined by (3.2).

STEP 1: Assume that (&) holds, and let u € H(Kj},). Then,
(42) [ m@ernm,) < Ak = O ||moenc) - [ullri-

Indeed, let (C,z) = > " ("hn(2), with h,, € H(K,). Then,

17Ul ey = D IBnull}
n=0

< A(k —1)? Z 1o ey 12 3 1,

n=0
= A(k = D12 | myem) - Nullrm,-
STEP 2: Assume that (4.1]) holds. Then, the system is {1-{5 bounded.

We first note that, from the definition of the norm in Hy(D) ® H(K;),
the operator M, of multiplication by ¢ is an isometry from Hy(D) ® H(K))
into itself:

(4.3) || McF|smenm) = |1FlH.oenm), YF € Ha(D) @ H(K).
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Let u(C,2z) = > 7 ("un(2), where the u,, € H(K}). Then,
0(¢,2) =Y A 2)C " un(2),
n=0

where the convergence is in Hy(D) ® H(K]), as will be justified by
equation (€4]) below. So, using (£2) and (£3)), we have, with y((, z) =
Z;L.Ozo Cnyn(z)>

o 1/2
<Z ||yn||$-{(Kk)) = Y]l m)emm)
n=0

= |1 M |11y m4(0)

n=0
(4.4) < 1wl
n=0
< A(k —1) Z |72 || 1,y ) | o)

n=0

=M (Z ||Un||H(Kk)> ;
n=0
with M = A(k — )| ||, yemx) -
STEP 3: We complete the proof.

Assume the system ¢;-f5 bounded. Since 1 € H(K}) we have that
H((,z) € Hy(D) ® H(K}), and we can use the previous step to con-
clude the proof. O

When the system is not random, that is, when 2 is only a function
of ¢, the positivity of the kernel (@] is equivalent to the fact that

S € Hy(D). Indeed, the tensor product space Hy(D) @ H(K}) can
be seen not only as the representation (IL.I3]), but also as the space of
functions of the form

F(C,Z):Zzafa, fo € Ho(D),
agl

with the norm

I fall3s
2 D)
||F||H2(]D>)®H(Kk) = Z (2N)I2foz )

a€el
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5. DISSIPATIVE DISCRETE TIME RANDOM SYSTEMS

We denote by M, the operator of multiplication by ¢ and by M., the
operator of multiplication by z; (in both cases, the domain and range of
these operators is given below). In the next theorem, the first condition
expresses the time-invariance of the system. The second condition is
needed to ensure that we get a multiplication operator. It can be
interpreted as the property of invariance with respect to randomness.
In the following statement, recall that the kernel K has been defined

by ([L.12).

Theorem 5.1. Let k € N. The operators M., are bounded from H(K})
into itself. A linear operator from Ho(D) ® H(K}) into itself is con-
tractive and such that

T(Mcf) = MTf
T(M.,f)=M.,Tf
if and only if it is of the form

(T'1)(¢,2) = Z(C,2) f(C, 2)
where . is such that the kernel (LI8]):

(5.1)

(- 762 w)*)%

15 positive in D x K.

Proof: We divide the proofs into several steps.

STEP 1: Let ‘H be a Hilbert space, and let T be a bounded operator
from Hy(D) ® H into itself which commutes with multiplication by (.
Then, T is of the form

Tf(¢) = S(Q) (<),

where S is an L(H)-valued function analytic and contractive in the
open unit disk.

This is a well known fact (see for instance [43, Lemma 1 p. 301]), being
the discrete analog of the Bochner-Chandrasekharan theorem (see [13|
Theorem 72, p. 144] and Section [6l below for the latter). We briefly
review its proof for completeness. Let ¢ € H. We have

(Te)(¢) =) ¢"Tule),
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where the operators T,, are readily seen to be linear bounded operators
from ‘H into itself. Furthermore,

ITall < IT°1l, Vn € No,

since

ITelbumyer = 3 1 Tmelly > | Tuclld Vee ™ and Vn e N,

m=0

The L(H)-valued function

(5:2) S() =) ¢,

is analytic in the open unit disk (we refer to [49, pp. 189-190] for a re-
view of operator-valued analytic functions, and the equivalence between
strong and weak analyticity). We now show that it takes contractive
values and that 7' = Mg. Since Hy(D) ® H is the reproducing kernel
Hilbert space with reproducing kernel

Iy
1— (v’
convergence in norm implies weak pointwise convergence in the coeffi-

cient space H. Thus, for every ¢ € H, and every f € Hy(D) ® H in the
form

FO) =D C"fa,
n=0

using continuity of T, we have

(T = (T MZF))NQ); e

WE

(MET(f))(€); )

S
I
o

WE

(T F)(C): )m

3
Il
o

NE

(C"S(C) s )

0
= (S(O) ()
Thus T' = Mg. Furthermore, the formula

()0 - 2
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implies that the kernel

Iy — 5(¢)5(v)"
1—(v*

is positive in D and in particular S takes contractive values.

(5.3)

STEP 2: The operators M., are bounded in H(K}).

Indeed, let g(z) = >, caz® with
193 = D leal?(2N) ™ < 0.
acl

Then, with e; € ¢ denoting the sequence with all elements equal to 0,
at the exception of the j-th, equal to 1, we have

%9(2) =Y ca?®t,

acl
and
D leal?(@N)THOFED = g [P(2N) T ((2N)F (2) Hete))
ael a€el
< 3 leal?@N)

a€el

and so M, is a contractive operator in H(K}).

STEP 3: We now take H = H(K}). The fact that T" commutes with
the operators of multiplication by z; implies that

(T f)(2) = sn(2) f(2),
for some L(H(K}))-valued function s,(z).

Indeed, we have in particular
T (2%) = 2T, (1).
Thus, for f(2) =, ca2® € H(K}) we have

(Tf)(2) = D caTn(l) = To(1)f(2),
ael
first for finite sums, and then using continuity of the operator T;, for all
f € H(K}) in the norm topology, and finally pointwise, since H(Kj})
is a reproducing kernel Hilbert space.
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We set (T,,(1))(2) = s,(2). The result follows with

F(G2) = Conl2).
n=0
Therefore T is a multiplication operator in the reproducing kernel
Hilbert space Hy(D) ® H(K}). Since it is a contraction, (LI§) is in
force.

The converse is clear: if a function . is such that the kernel (LIS)
is positive on D x K, then the operator of multiplication by .7 is a
contraction from Hy(D) ® H(K}) into itself, and satisfies the commu-
tativity hypothesis (B.1]). O

When the system is not random, .((, z) depends only on ¢ and is a
Schur function.

We further remark that the function S(¢) defined in (5.2) is a L(H(K}))-
valued function, and the theory of realization for such functions is thus
applicable to it; see [6]. Using the results of [6] we have:

Theorem 5.2. Let .7 ((, z) be a Schur multiplier of the space Hy(D) ®
H(Ky), and let H() the associated reproducing kernel Hilbert space.
Then

where
A B\ [(H(Y) . H(S)
(& 5) + () — (5%)
with
(Af)(C,z):f«’Z)gf(O’Z),
(Bi)(¢,0) = D=L ),

(Cf)(¢ 2) = f(0,2),

(Dz)(¢, 2) = (0, 2)x(2),
defining a coisometric realization of ..
Proof: Indeed, let H denote a Hilbert space, and let S be an L(H)-
valued function analytic and contgractive in D. Then the kernel (5.3)) is

positive in the open unit disk. Let H(S) be the associated reproducing
kernel Hilbert space. The formulas



22 D. ALPAY AND D. LEVANONY

o =110,
(5)(0) - X
Cf = 1)
Dg = (0,

define a coisometric realization with
A B\  [H(Y) . H(S)
cC DJ - H H

S(¢) = D+ ¢C(Iys) — CA)'B.

Now, there is here an extra structure, which does not appear in the
general case: there is a function (¢, z) such that

(S(N)z)(2) = (¢, 2)a(2), @ € H(Ky).

The formulas for the realization of .% then easily follow. U

in the form:

Since constants belong to Hy(D) ® H(K}), it follows in particular that
L ((,z) € Hy(D) ® H(K%), and thus can be written as

F(C,2) =D ("ha(2),
n=0
The fact that the operator is a contraction is then equivalent to the
fact that the block Toeplitz operator

T, O
(5.4) T, The
Too Thy Tho

is a contraction from the Hilbert space ¢5(Ny) @ H(K}) into itself.

As a consequence, we have:

Theorem 5.3. Let k > 1+ 1 and let (h,) be a sequence of elements in
‘H; indexed by Ny. Let

Yn = ihn_moum, n=0,1,...
m=0
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Then there ezists an M € [0, 1] such that, for all signals

(5.5) Dyl < MY Juall?
n=0 n=0

if and only if (B4) is a contraction.

6. THE BOCHNER-CHANDRASEKHARAN THEOREM

Let 'H be a Hilbert space. We denote for h € R by T}, the translation
operator:

(Thf)(E) = f(E+h),

where f is in Ly(R) ® H. The fact that a bounded operator from
Ly(R) ® H into itself commutes with all the T}, expresses the time-
invariance of the underlying linear system. When ‘H = C, the Bochner-
Chandrasekharan theorem provides a characterization of all bounded
operators from Ly(R) into itself which commute with the T},; see [13]
Theorem 72, p. 144]. In the present section we show how the strategy
of [I3] allows to prove a version of this theorem in the case of Hilbert
space valued functions. Our approach consists of reducing the operator-
valued case to the scalar case, but we need an extra assumption (the
invariance property (6.1I)), which means that we consider causal sys-
tems, a property which holds in the cases considered in the paper. We
first prove the following result. Its scalar version is [13| Theorem 70,
p. 140]. In the statement of Theorem [6.], for a given Hilbert space H,
the Banach space of bounded operator from H into itself is denoted by
L(H). Moreover, we denote by Hy(C, ) the Hardy space of the open
upper half plane C, .

In connection with this theorem, it is of interest to mention the fol-
lowing result proved in [37, Theorem 1 p. 397]: First recall that &
denotes the space of distributions with compact support, and that D’
denotes the dual of the space D of infinitely differentiable functions
with compact support. Then, any linear continuous map from &’ into
D’ which commutes with the translation operators is a convolution by
a tempered distribution. See also the discussion in [42] p. 35].

Theorem 6.1. Let ‘H be a separable Hilbert space, and let X be a
bounded linear operator from Ly(R) ® H into itself. Assume that if
f wvanishes outside an interval, then X f wvanishes outside the same
interval. Assume moreover that

(6.1) X(Hy(C,) @ H) C Hy(C,) @ H.



24 D. ALPAY AND D. LEVANONY

Then, there exists a L(H)-valued function S bounded in norm and an-
alytic in Co such that X is the operator of multiplication by S':

Remark 6.2. Bochner and Chandrasekharan call an operator which
has the vanishing property of Theorem[6.1] a transformation of simple

type.

Proof of Theorem Let eg, e1, ... be an orthonormal basis of H.
For n,m € Ny, the expressions

(6.2) (Xonm () (1) = (X (uen)) (1), em)r,  u € La(R).

define bounded linear operators from Ly(R) into itself since, by the
Cauchy-Schwarz inequality

| (X (W) (B)] < (X (uen)) (),

and so

/R (X)) ()Pt < / 1X (wen) |, (6)dt
X () myone
< X IP e, 00
Xl

Moreover, the X,,,, are transformations of simple type since X is a
transformation of simple type; therefore, by [13, Theorem 70, p. 140],
there exist bounded measurable functions s, , such that

(6.3) (X (uen))(t), em)r = Smn(t) - u(t) u € Ly(R).
From the proof in [I3] we moreover have that

SUp [$mn (1)) < [T

teR
Setting u = (f, e,)n with f € Ly(R) ® H in (6.3]), we obtain

(6.4) (X (fs en)men)) (), em)y, = suam(t) - (f(1), en)n
for every f € Ly(R) ® H.

Summing (6.4]) with respect to n we expect to obtain
(65> <( 6m>H Zsmn : n)?—{, m:0,1,2,...,

to show that
(X)) =S)f(1),
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where S(t) is the operator with matrix (s,,,(t)). We cannot justify
these computations in the general case (see also the remark following
the proof of the theorem), and at this stage of the proof, hypothesis

(610 is applied.

In view of (6.1]), the functions s,,,, are analytic in the open upper half-
plane. The space Hy(C,) is the reproducing kernel Hilbert space with
reproducing kernel

—— AueC,.

—i(A = p¥)

and therefore convergence in norm in this space implies pointwise con-
vergence. Thus it follows from

(66) Xf == Z<Xf’ en)?—(em
0

where the convergence is in Hy(Cy) ® H, that for every m € Ny and
reCy,

€n

(Xf, W)Lz@?i = (X)), em)n

NE

({(XF)N), en)ren, em)n

3
Il
=)

hE

Sm,n()‘) <f()‘)a en>H

SN en)n-

3
]

—~

O

Remark 6.3. Given a sequence of Ly(R) functions which converges in
Ls(R), there exists a subsequence of this sequence which converges al-
most everywhere; see for instance [I8, Théoreme 2.3 p. 95]. Therefore,
without assumption (6.I), convergence in norm of the series ([6.6]) and
a diagonal argument allows to assert that, for a given f € Ly(R) ® H,
(6.5)) holds almost everywhere on the real line when the limit is taken
via a subsequence.

Recall that we denote by U the Fourier transform. We can now prove:

Theorem 6.4. Let X be a bounded operator from Lo(R)@H into itself
which commute with translation operators, and assume that UXU ™
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satisfies (©1]). Then there exists a L(H)-valued function S such that
UXUT'f=St)f(t), feH(Cy)aH.

Proof: Let X,,, be defined by (€2) and h € R. Since X commutes
with the T}, we have for u € Ly(R

(Th (X)) (1) = (X (uen))(t 4 D), em)n
= (X (Thu))(t)em)n
= (Xmn(Thu))(t),
and thus X,, , also commutes with the translation operators. We now
apply [I3] Theorem 72, p. 144-147] to show that the image under the

Fourier transform of X,,, is of simple type, which allows to conclude
the thanks to the preceding Theorem B.11 O

7. BIBO STABILITY: THE CONTINUOUS TIME CASE

In the classical case, one considers the Hardy space Hy(C, ) of the open
upper half-plane, and, in the stochastic case, we will consider the space
H2 ((C+) ® Hk

In this section we restrict ourselves to the case of continuous functions
t — f(t) from the real line to Hy for some k£ > 1. Then, there is no

difficulty to define the integral fab f(t)dt on a compact interval, and,
with appropriate hypothesis, also on the real line. Obviously, more
general situations can be considered. These will not be pursued in the
present paper.

A continuous signal will be an Hj-valued continuous function ¢ +— wu(t)
defined for ¢ € R, and such that

sup ||u(t)||x < oo.

teR
Lemma 7.1. Let k > | + 1. Assume that t — f(t) is a continuous
H;-valued function and t — g(t) is a continuous Hy-valued function.

The Hy-valued function t — f(t)0g(t) is continuous with respect to the
norm of Hy.

Proof: to prove the claim, it suffices to write

f(t1)0g(t1) — f(t2)0g(t2) = (f(t1) — f(22))Og(t1) + f (22) Og(t1) — g(t2))
for t1,t; € R and use inequality (B.1]). O
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Definition 7.2. A continuous linear time-invariant stochastic system
will be defined by its S_1-valued impulse response

(7.1) Wr,w) =Y ho(T)Ha(w).

a€el

The associated input-output relation is in the Wick convolution form

y(t) = /R h(t — 7)0u(r)dr

Theorem 7.3. Let k > 1+ 1. Let t — h(t) be a continuous H;-valued
function (t € R). Then:

There exists M > 0 such that

(a) The integrals

(7.2) y(t) = /R h(s)Ou(t — s)ds, Vte€R,

exist for all continuous Hy-valued functions u such that

sup Ju(t) |« < o0

and
(b) it holds that

(7.3) sup[| | h(s)Ou(t — s)ds|[x < M sup [lu(t)|[x
teR R teR

if and only if for every continuous g € Hy of norm less or equal to 1,
it holds that

(7.4) / 1T lledt < M

Proof: We first remark that the continuity of the function ¢ — h(t)
implies the continuity of the function ¢ — [T}, gl|x. Indeed, we have
for t1,t, € R
Ty 9lle = 1 Theayglle| < 1(Thery = Trea)) 9l
<|lgllx - Thuyy = Tl
= lgllx - 1Ty =i
= llglle - 1Tty -nies)
< A(k = Dllgll - 1h(t1) = h(t2)[ls
where we have used (B83)) to obtain to the last inequality. Thus, the in-

tegral on the left handside of (Z4]) makes sense as a possibly divergent
integral. We now show that it converges.
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Assume that (7.3]) is in force. Then, for every real t,
/ [A(T)Ou(t — 7)dr|[e < M sup [[u(t)]]x-
R teR
Hence, we have that
[ 1(0utt = i ghaldn < M sup ()]

and thus
| / s)Ou(t — s), g)rds| < M sup ||u(t)||x,
R

for every g € Hj, of norm less or equal to 1. Hence, for such g,

(7.5) | / (ult = ), Ty (@Ducs] < Msup o)
Let € > 0 and t fixed in R. The function

U(S) e T;:(t_s) (g)
1 T5—sy (9l + €

is continuous in s with respect to the norm of Hy. Its substitution in
() leads to
T g 2
i@,
R ||Th(s)(g)||k + €

Taking € = 1/n, n = 1,2,... and using the Monotone Convergence
Theorem then leads to ((7.4).

Conversely, assume that (7.4]) holds, and let u be a Hy-valued contin-
uous and bounded function. From

[(h(s)Qu(t — s), gl = [(ult — 5), Tj(5)(9))x]
< sup [lu(s)[[l| Ths) (95
seR
we obtain that
/ [(h(s)Ou(t — s), g)k|ds < M sup ||u(s)]|x,

seR

and thus
/ [(h(s)Ou(t —s), g)k|ds < Msu}g | w(s)]|-
se

Since this inequality holds for all g € H; of norm less or equal to 1,
we obtain (73]). In the above chain of equalities we have used the
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following (see [23, (8.7.6) p. 169]): given a Hilbert space H and a H-
valued continuous function h such that [, h(s)ds exists, then, for any
g € 'H, it holds that

([ hs)ds. b= [ ). ghts.

R
which concludes the proof of the theorem. O

We note that a weaker condition than (7.4) is given by

(7.6) / | Tho e < M,
R

where, in view of the continuity of h, the integral makes sense since,

by (3.3),
| T y—ne) | < Ak = D||R(t1) — h(t2) |-

We note that, when h is not random, the Wick product reduces to a
pointwise product, and so (4] reduces to the well known condition

/R||h||(t)dt < .

See for instance [38, §2.6.1. p. 175] or [48] Corollary 3, p. 585].

Finally, write u(t) = ) _ un(t)H,, and similarly for the output. Tak-
ing the Laplace transform (denoted by u), followed by the Hermite
transform, we obtain an expression of the form

IENGES

acl

where we have denoted by & the variable corresponding to the Laplace
transform.

Proposition 7.4. It holds that

(7.7) 9z =) =" {Z hﬁ(C)ﬂa—ﬁ(O} :
acl Bl

Proof: For given real numbers 7 and ¢ we have

h(t —7)0u(r) =) {Z hs(t — T)Ua—ﬁ(T)} Ho(w),

acel \ B<La
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and so, y, is given by

(7.8) Yo(T) = /R > hg(t = T)ua_p(r)dr

Ba

Taking Hermite and Laplace transforms leads to ({.1). O

We see that as in the discrete time case, in continuous time, we also
have two convolutions, one with respect to time and one reflecting the
stochastic aspect of the system.

8. DISSIPATIVE CONTINUOUS TIME RANDOM SYSTEMS

For t > 0 let x; denote the function
Xt( )\) — 6it>\.

Note that, for ¢ > 0, the operator M, of multiplication by x; is an isom-

etry from Hy(C, ) into itself, and that, by the Bochner-Chandrasekharan
theorem and the properties of the Fourier transform, a bounded linear

operator from Hy(C, ) into itself commutes with the operators M,, if

and only if it is a multiplication operator, or, in systems terminology,

if and only if it is time-invariant.

Theorem 8.1. Let T be a linear contractive operator from Hy(Cy) ®
H(K}) into itself and such that

T(xef) = xef
T(zif) = %Tf.

Then, T' is a multiplication operator by a function € (X, z) which is
such that the kernel

(8.1)

(8.2) (1= (N, 2) 7 (v, w)*)%

is positive in C, x K.

Proof: The proof follows the lines of the proof of Theorem (.1l We use
the Hilbert space version of the Bochner-Chandrasekharan theorem to
assert the existence of a L(H(K}))-valued function S such that
TA) =S, f€Hy(Cy)®@H(Ky),

for which ||S(A)|lux,)) <1, VA € C,. This last norm condition on
S is equivalent to the positivity of the kernel

Iny) = S(A)S(W)”

—i(A —v¥)
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in the open upper half-plane C,. Let A € C,. Since the operator
S(A) : H(Ky) — H(Kg)

commutes with the operators of multiplication by the variables z; we
have that, for every o € /¢,

(8.3) (SN (Mze))(2) = 22 ((S(A)(1))) (2)-
We set:

(A z)=SN\)(1).
Let f € H(K}). It follows from (83) that

(SN 2) = (A 2) - f(A, 2).

The operator T is thus a contractive multiplication operator in the re-
producing kernel Hilbert space Hy(C, ) ® H(K}), and the kernel (8.2))
is positive in C; x K. U

As in the disk case, one can write a realization for .# in terms of an
associated reproducing kernel Hilbert space. This will not be pursued
here.

When the system is not random, setting z = w and ¢ = v in ([82), we
get that the function .#(¢) is contractive in C,.

9. Ls-L,, STABILITY

In this section we prove the analog of Theorem [4.1] in the continuous
time case.

Definition 9.1. Let k > [+ 1. The continuous time system ([.2)) (with
a continuous h) is said to be Lo-Ly, stable if there exists an M < oo
such that

1/2
(9.4) sup || [ h(s)Qu(t — s)ds||y < M (/ Hu(t)||2dt)
teR  JR R

for all Hi-valued functions uw which are moreover continuous in norm

and for which the right handside of (9.4) is finite.
Theorem 9.2. The system ([2)) is Lo-Lo, stable if and only if

(9.5) swp [ [Tigalfde < oc.
geEHL JR
llglle<1
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Proof: We first assume that (@.5]) is in force. Let g € Hj, of norm less
or equal to 1. Using the Cauchy-Schwarz inequality, we obtain

|/R< (5)0u(t — 5), g)ryds| = |/ ), Ty 9)uls
< / 1T gllellut — 3)lleds

1/2 1/2
< ( / ||T;(s>g||ids) ( / ||u<t—s>||ids)
R R
1/2 1/2
_ ( / ||T;(s>g||ids) ( / ||u<s>||ids) |
R R

and thus the system is Ly-L,, stable since

H/ s)Qu(t — s)ds|lx = sup /(h(s)@u(t —5), 9)n,
g€EHL JR
llgllx<1

Conversely, assume that the system (7.2]) is Ly-L,, stable. Then for
every g as above,

|/ s)Qu(t — s), g)n,ds| = |/ 8)s Th(s)9) 48|
1/2
<M ( / r|u<t>||zdt)
R

and so for every t, and in particular for ¢ = 0, the functional

U= /(U(t - S)a Tft(s).g)?'(kds
R

is bounded. It follows from Riesz representation theorem for bounded
functionals on Hilbert space that

/R 1T ll2ds < oo,

This inequality is moreover uniform in g over all functions g such that
llgllx < 1, since g does not appear on the right handside of the last

inequality in (O.0). O
We note that condition ([@.5]) will hold as soon as

/ ||Th(5)||2ds < Q.
R

In the nonrandom case, this means that & is in Ly(R), and we obtain
the continuous time analog of Theorem [[.3. See [24, Table 2.2 p. 19

(9.6)
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and pp. 21-25].

In connection with the preceding result, we recall the following inequal-
ities: First, if p and ¢ are positive real numbers such that 1/p+1/qg =1,
and f € L,(R) and g € L,(R), we have that the convolution f g €
L. (R) and

1% gllce < (11l - llglla;

where || - ||, denotes the norm in L,(R); see [I8, Théoreme 2.3, p.
148], and [51, Corollary 1 p. 280] for a more general statement. The
situation at hand here corresponds to p = ¢ = 2. We also recall (see
[16, Théoreme IV.15, p. 66], [50, Exercice 4, p. 141]): If f € Li(R)
and g € L,(R), with p € [1,00] (0o included), then the convolution
f*geL,(R), and

1F# glly < W1 F1l - llgllp-

These results should lead to other stability results in the random case.
Such a line of research will not be developed here.
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