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Matrix-./-unitary Non-commutative Rational
Formal Power Series

D. Alpay and D. S. Kalyuzhnyi-Verbovetzkii

Abstract. Formal power series in N non-commuting indeterminates can be
considered as a counterpart of functions of one variable holomorphic at 0, and
some of their properties are described in terms of coefficients. However, really
fruitful analysis begins when one considers for them evaluations on N-tuples
of n X m matrices (with n = 1,2,...) or operators on an infinite-dimensional
separable Hilbert space. Moreover, such evaluations appear in control, opti-
mization and stabilization problems of modern system engineering.

In this paper, a theory of realization and minimal factorization of ra-
tional matrix-valued functions which are J-unitary on the imaginary line or
on the unit circle is extended to the setting of non-commutative rational for-
mal power series. The property of J-unitarity holds on N-tuples of n x n
skew-Hermitian versus unitary matrices (n = 1,2,...), and a rational formal
power series is called matriz-J-unitary in this case. The close relationship
between minimal realizations and structured Hermitian solutions H of the
Lyapunov or Stein equations is established. The results are specialized for
the case of matriz-J-inner rational formal power series. In this case H > 0,
however the proof of that is more elaborated than in the one-variable case
and involves a new technique. For the rational matriz-inner case, i.e., when
J = I, the theorem of Ball, Groenewald and Malakorn on unitary realization
of a formal power series from the non-commutative Schur—Agler class admits
an improvement: the existence of a minimal (thus, finite-dimensional) such
unitary realization and its uniqueness up to a unitary similarity is proved. A
version of the theory for matriz-selfadjoint rational formal power series is also
presented. The concept of non-commutative formal reproducing kernel Pon-
tryagin spaces is introduced, and in this framework the backward shift realiza-
tion of a matrix-J-unitary rational formal power series in a finite-dimensional
non-commutative de Branges—Rovnyak space is described.
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1. Introduction

In the present paper we study a non-commutative analogue of rational matrix-
valued functions which are J-unitary on the imaginary line or on the unit circle
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and, as a special case, J-inner ones. Let J € C9*7 be a signature matrix, i.e., a
matrix which is both self-adjoint and unitary. A C?*?-valued rational function F
is J-unitary on the imaginary line if

F(z)JF(z)*=J (1.1)

at every point of holomorphy of F' on the imaginary line. It is called J-inner if
moreover

F(z)JF(z2)*<J (1.2)
at every point of holomorphy of F' in the open right half-plane II. Replacing the
imaginary line by the unit circle T in (II]) and the open right half-plane II by the
open unit disk D in ([Z), one defines J-unitary functions on the unit circle (resp.,
J-inner functions in the open unit disk). These classes of rational functions were
studied in [7] and [6] using the theory of realizations of rational matrix-valued
functions, and in [4] using the theory of reproducing kernel Pontryagin spaces.
The circle and line cases were studied in a unified way in [B]. We mention also the
earlier papers [36, 23] that inspired much of ivestigation of these and other classes
of rational matrix-valued functions with symmetries.

We now recall some of the arguments in [7], then explain the difficulties
appearing in the several complex variables setting, and why the arguments of
[ extend to the non-commutative framework. So let F' be a rational function
which is J-unitary on the imaginary line, and assume that F' is holomorphic in a
neighbourhood of the origin. It then admits a minimal realization

F(z)=D+C(I, —zA)"'2B

where D = F(0), and A, B, C are matrices of appropriate sizes (the size vy x v of
the square matrix A is minimal possible for such a realization). Rewrite ([I) as

F(z)=JF(=z)""J, (1.3)
where z is in the domain of holomorphy of both F(z) and F(—2)*. We can rewrite
([C3) as
D+C(I,—2A)""2B=J(D*+ D *B*(I,+ 2(A— BD™'C)*)"'2C*D™*) J.
The above equality gives two minimal realizations of a given rational matrix-valued

function. These realizations are therefore similar, and there is a uniquely defined
matrix (which, for convenience, we denote by —H) such that

-H 0\(A B\ [(—-(A*"-C*D~*B*) C*D *J\[(—-H 0 (1.4)
o I, /J\C D) JD~*B* JD=*J 0 I)° '
The matrix —H* in the place of —H also satisfies ([L4), and by uniqueness of the
similarity matrix we have H = H*, which leads to the following theorem.

Theorem 1.1. Let F' be a rational matriz-valued function holomorphic in a neigh-
bourhood of the origin and let F(z) = D+C(I,—zA)~'2B be a minimal realization
of F. Then F is J-unitary on the imaginary line if and only if the following con-
ditions hold:
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(1) D is J-unitary, that is, DJD* = J;
(2) there exists an Hermitian invertible matric H such that
A*H+HA = -—-C*JC, (1.5)
B = —-H'C*JD. (1.6)

The matriz H is uniquely determined by a given minimal realization (it is called
the associated Hermitian matriz to this realization). It holds that

J—F(z)JF(Z)*

z+ 2

=C(I, —2zA)*H NI, - ZA)~*C~. (1.7)

In particular, F is J-inner if and only if H > 0.

The finite-dimensional reproducing kernel Pontryagin space K(F) with re-
producing kernel

J—F(2)JF(Z)*
(z+2)

provides a minimal state space realization for F': more precisely (see H]),

KF(2,2) =

F(2)=D+C(I, — zA)"'2B,

(e 5) (&) - (&)

) =0 5 _ Fe-Fo),
2 ’ z ’

Cf=f(0), Dz = F(0)z.

where

is defined by

(Af)(z) = (Rof)(z) =

Another topic considered in [f] and [4] is J-unitary factorization. Given a
matrix-valued function F' which is J-unitary on the imaginary line one looks for
all minimal factorizations of F' (see [I3]) into factors which are themselves J-
unitary on the imaginary line. There are two equivalent characterizations of these
factorizations: the first one uses the theory of realization and the second one uses
the theory of reproducing kernel Pontryagin spaces.

Theorem 1.2. Let F be a rational matriz-valued function which is J-unitary on
the imaginary line and holomorphic in a neighbourhood of the origin, and let
F(z) = D+ C(Iy, — 2zA)™'2B be a minimal realization of F, with the associ-
ated Hermitian matriz H. There is a one-to-one correspondence between minimal
J-unitary factorizations of F (up to a multiplicative J-unitary constant) and A-
invariant subspaces which are non-degenerate in the (possibly, indefinite) metric
induced by H.

In general, F' may fail to have non-trivial J-unitary factorizations.
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Theorem 1.3. Let F' be a rational matriz-valued function which is J-unitary on
the imaginary line and holomorphic in a neighbourhood of the origin. There is a
one-to-one correspondence between minimal J-unitary factorizations of F (up to
a multiplicative J-unitary constant) and Ro-invariant non-degenerate subspaces of
K(F).

The arguments in the proof of Theorem [l do not go through in the sev-
eral complex variables context. Indeed, uniqueness, up to a similarity, of minimal
realizations doesn’t hold anymore (see, e.g., [27, 25, B3]). On the other hand, the
notion of realization still makes sense in the non-commutative setting, namely for
non-commutative rational formal power series (FPSs in short), and there is a
uniqueness result for minimal realizations in this case (see [16, B9, [I1]). The latter
allows us to extend the notion and study of J-unitary matrix-valued functions
to the non-commutative case. We introduce the notion of a matriz-J-unitary ra-
tional FPS as a formal power series in N non-commuting indeterminates which
is J ® I,-unitary on N-tuples of n x n skew-Hermitian versus unitary matrices
forn =1,2,.... We extend to this case the theory of minimal realizations, mini-
mal J-unitary factorizations, and backward shift models in finite-dimensional de
Branges—Rovnyak spaces. We also introduce, in a similar way, the notion of matrix-
selfadjoint rational formal power series, and show how to deduce the related theory
for them from the theory of matrix-J-unitary ones.

We now turn to the outline of this paper. It consists of eight sections. Sec-
tion [ is this introduction. In Section Bl we review various results in the theory of
FPSs. Let us note that the theorem on null spaces for matrix substitutions and
its corollary, from our paper [8], which are recollected in the end of Section 2
become an important tool in our present work on FPSs. In Section Bl we study
the properties of observability, controllability and minimality of Givone-Roesser
nodes in the non-commutative setting and give the corresponding criteria in terms
of matrix evaluations for their “formal transfer functions”. We also formulate a
theorem on minimal factorizations of a rational FPS. In Section Bl we define the
non-commutative analogue of the imaginary line and study matrix-J-unitary FPSs
for this case. We in particular obtain a non-commutative version of Theorem [T
We obtain a counterpart of the Lyapunov equation (CH) and of Theorem [L2 on
minimal J-unitary factorizations. The unique solution of the Lyapunov equation
has in this case a block diagonal structure: H = diag(Hy, ..., Hy), and is said to be
the associated structured Hermitian matriz (associated with a given minimal real-
ization of a matrix-J-unitary FPS). Section H contains the analogue of the previous
section for the case of a non-commutative counterpart of the unit circle. These two
sections do not take into account a counterpart of condition (CZ), which is con-
sidered in Section @l where we study matrix-J-inner rational FPSs. In particular,
we show that the associated structured Hermitian matrix H = diag(Hq,...,Hy)
is strictly positive in this case, which generalizes the statement in Theorem [T on
J-inner functions. We define non-commutative counterparts of the right halfplane
and the unit disk, and formulate our results for both of these domains. The second
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one is the disjoint union of the products of N copies of n x n matrix unit disks,
n = 1,2,..., and plays a role of a “non-commutative polydisk”. In Theorem [0
we show that any (not necessarily rational) FPS with operator coefficients, which
takes contractive values in this domain, belongs to the non-commutative Schur—
Agler class, defined by J. A. Ball, G. Groenewald and T. Malakorn in [I2]. (The
opposite is trivial: any function from this class has the above-mentioned prop-
erty.) In other words, the contractivity of values of a FPS on N-tuples of strictly
contractive n X m matrices, n = 1,2, ..., is sufficient for the contractivity of its
values on N-tuples of strictly contractive operators in an infinite-dimensional sep-
arable Hilbert space. Thus, matrix-inner rational FPSs (i.e., matrix-J-inner ones
for the case J = I;) belong to the non-commutative Schur-Agler class. For this
case, we recover the theorem on unitary realizations for FPSs from the latter class
which was obtain in [IZ]. Moreover, our Theorem establishes the existence of
a minimal, thus finite-dimensional, unitary Givone-Roesser realization of a ratio-
nal matrix-inner FPS and the uniqueness of such a realization up to a unitary
stmilarity. This implies, in particular, non-commutative Lossless Bounded Real
Lemma (see 1] [7] for its one-variable counterpart). A non-commutative version
of standard Bounded Real Lemma (see [47]) has been presented recently in [I3].
In Section [ we study matrix-selfadjoint rational FPSs. In Section B we introduce
non-commutative formal reproducing kernel Pontryagin spaces in a way which ex-
tends one that J. A. Ball and V. Vinnikov have introduced in [T4] non-commutative
formal reproducing kernel Hilbert spaces. We describe minimal backward shift re-
alizations in non-commutative formal reproducing kernel Pontryagin spaces which
serve as a counterpart of finite-dimensional de Branges-Rovnyak spaces. Let us
note that we derive an explicit formula [BT2) for the corresponding reproducing
kernels. In the last subsection of Section B we present examples of matrix-inner
rational FPSs with scalar coefficients, in two non-commuting indeterminates, and
the corresponding reproducing kernels computed by formula (ET2).

2. Preliminaries

In this section we introduce the notations which will be used throughout this paper
and review some definitions from the theory of formal power series. The symbol
CP*4 denotes the set of p x ¢ matrices with complex entries, and (C"*%)P*? is the
space of p x ¢ block matrices with block entries in C"**. The tensor product A® B
of matrices A € C"™* and B € CP*9 is the element of (C"**)""? with (i,j)-th
block entry equal to Ab;;. The tensor product C™** @ CP*? is the linear span of
finite sums of the form C' = Y, _; Ay ® By, where A;, € C"™** and By, € CP*9. One
identifies C"™* @ CP*? with (C"**)"*?, Different representations for an element
C € C"*® @ CP*? can be reduced to a unique one:

C= Y el @ Bl

p=lv=11=10=1
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where the matrices £, € C"** and E7, € CP*? are given by

1 i

(E// ) _ {1 if (kv
To/k{ — .

-

wrt=1,...,7r and rv,j=1,...s,

=

0 if (k0)%(r0) k=1,...,p and o,/=1,...q.
We denote by Fy the free semigroup with N generators g1, . .., gy and the identity
element () with respect to the concatenation product. This means that the generic
element of Fy is a word w = g, ---¢;,, where i, € {1,...,N} forv =1,...,n
the identity element () corresponds to the empty word, and for another word w’ =
9j * ** Gj..» one defines the product as

wwl:gzngngjngm, wgzmw:w'

We denote by w” = g;, ---g;, € Fn the transpose of w = g;, ---g;, € Fy and by
|w| = n the length of the word w. Correspondingly, 7 = @, and |()| = 0.
A formal power series (FPS in short) in non-commuting indeterminates

z1, ..., 2N with coefficients in a linear space £ is given by

> fur”, fu €€, (2.1)

weFN

where for w = g;, -+~ ¢, and z = (21,...,2y) we set 2% = z;, ---2;,, and 20 =
We denote by € ({z1,...,2zn)) the linear space of FPSs in non-commuting indeter-
minates z1,...,zn with coeflicients in €. A series f € CP*7((z1,...,2n)) of the
form (I can also be viewed as a p x ¢ matrix whose entries are formal power
series with coefficients in C, i.e., belong to the space C ({z1, ..., zn)), which has an

additional structure of non-commutative ring (we assume that the indeterminates
z;j formally commute with the coefficients f,,). The support of a FPS f given by

&) is the set

supp f ={w € Fn : fu # 0}.
Non-commutative polynomials are formal power series with finite support. We
denote by £ (z1,...,zn) the subspace in the space £ ((z1,...,2n)) consisting of
non-commutative polynomials. Clearly, a FPS is determined by its coefficients f,,.
Sums and products of two FPSs f and ¢g with matrix coefficients of compatible
sizes (or with operator coefficients) are given by

(f+g)w :fw""gwa (fg)w = Z fw’gw”- (22)

A FPS f with coefficients in C is invertible if and only if f; # 0. Indeed,

assume that f is invertible. From the definition of the product of two FPSs in

E32) we get fo(f~1)p = 1, and hence fy # 0. On the other hand, if fy # 0 then
f~1is given by

=S (- f7 @) gy
k=0
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The formal power series in the right-hand side is well defined since the expansion

of (1— falf)k contains words of length at least k, and thus the coefficients (f~1),,
are finite sums.

A FPS with coefficients in C is called rational if it can be expressed as a
finite number of sums, products and inversions of non-commutative polynomials.
A formal power series with coefficients in CP*? is called rational if it is a p X ¢
matrix whose all entries are rational FPSs with coefficients in C. We will denote by
CP*((z1,...,2N)),a the linear space of rational FPSs with coefficients in CP*1.
Define the product of f € CP*?((z1,...,2N)) .., and p € C(zy,...,2zn) as follows:

1. f-1=fforevery feCP((21,...,2N))ut}

2. For every word w' € F and every f € CP*9 ((z1,...,2N)),0t>
Fo2 = Y fe =Y SR
weFN w

where the last sum is taken over all w which can be written as w = vw'’ for
some v € Fn;
3. For every f € CP*?((z1,...,2N))a» P1,P2 € C(21,...,2n) and a1, a3 € C,

[ (oap1 + aopa) = a1 (f - p1) + o (f - p2).

The space CP*9 ((21,...,2N)),a 18 a right module over the ring C (z1, ..., zy) with
respect to this product. A structure of left C(zy,..., zny)-module can be defined
in a similar way since the indeterminates commute with coefficients.

Formal power series are used in various branches of mathematics, e.g., in ab-
stract algebra, enumeration problems and combinatorics; rational formal power se-
ries have been extensively used in theoretical computer science, mostly in automata
theory and language theory (see [I8]). The Kleene—Schiitzenberger theorem [35], 44]
(see also [24]) says that a FPS f with coefficients in CP*? is rational if and only if it

is recognizable, i.e., there exist r € N and matrices C € CP*", Ay,..., Ay € C™*"
and B € C"*4 such that for every word w = g;, - - - g;, € Fn one has
fw=CAYB, where A" =A; ...4,;,. (2.3)

Let H; be the Hankel matriz whose rows and columns are indexed by the words
of Fn and defined by

(Hf)u),w/ = fww’Ta '(U,’(U/ € fN

It follows from [3) that if the FPS f is recognizable then (M), ..

CA»*" B for all w,w' € Fy. M. Fliess has shown in [24] that a FPS f is ra-
tional (that is, recognizable) if and only if

v :=rankHy < oo.

In this case the number ~ is the smallest possible r for a representation Z3).
In control theory, rational FPSs appear as the input/output mappings of
linear systems with structured uncertainties. For instance, in [I7] a system matrix
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is given by

A B
(r+p) x (r+q)
M = ( C E) eC )

and the uncertainty operator is given by
A(é) = diag(&llrl, N 75]\[ITN),

where 71 4+ -+ + ry = 7. The uncertainties 65 are linear operators on ¢2 rep-
resenting disturbances or small perturbation parameters which enter the system
at different locations. Mathematically, they can be interpreted as non-commuting
indeterminates. The input/output map is a linear fractional transformation

LFT(M,A(8)) = D+ C(I, — A(6)A) "' A(8) B, (2.4)

which can be interpreted as a non-commutative transfer function 77¢ of a linear
system « with evolution on Fy:

) {xj(gjw) = Ajla:l(w) + - —|—AjN:EN(’LU) + Bju(w), j=1...,N

y(w) = Ciz1(w) + - - + Cyan(w) + Du(w), - (25)

where zj(w) € C (j=1,...,N), u(w) € CY, y(w) € CP, and the matrices Ajx, B
and C are of appropriate sizes along the decomposition C" = C" @ --- § C"™V.
Such a system appears in [39, [T} 12 [[3] and is known as the non-commutative
Givone—Roesser model of multidimensional linear system; see |26, 27, B2] for its
commutative counterpart.

In this paper we do not consider system evolutions (i.e., equations (ZH)).
We will use the terminology N-dimensional Givone—Roesser operator node (for
brevity, GR-node) for the collection of data

N
a=(N;A,B,C,D;C" =@C,co,Cn). (2.6)
j=1
Sometimes instead of spaces C",C™ (j = 1,...,N),C? and CP we shall consider
abstract finite-dimensional linear spaces X (the state space), X; (j=1,...,N), U
(the input space) and Y (the output space), respectively, and a node
N
a=(N;A,B,C,D; X = P X;,U.Y),
j=1
where A, B,C, D are linear operators in the corresponding pairs of spaces. The
non-commutative transfer function of a GR-node « is a rational FPS

T2(2) = D+ O(I, — A(2)A) "' A(2)B. (2.7)
Minimal GR-realizations Z8) of non-commutative rational FPSs, that is,
representations of them in the form ), with minimal possible i, fork =1,..., N

were studied in [I7, [16, B9, [[T]. For k =1,..., N, the k-th observability matriz is
Ok = COl(Ck, ClAlk; ey ONANIm ClAllAllm N OlAlNANk; .. )
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and the k-th controllability matrix is
Cr =row(Bg, Ax1B1, ..., AxknBn, A1 A11 B, ... AgynAN1 B, .- )
(note that these are infinite block matrices). A GR-node « is called observable
(vesp., controllable) if rank Oy = 7y, (vesp., rankCy, =1y) for k=1,...,N. A GR-
node a = (N;A,B,C,D;C" = @jvzl C"i,C?,CP) is observable if and only if its
adjoint GR-node o* = (N; A*,C*, B*, D*;C" = @jvzl C"s,CP,C1) is controllable.
(Clearly, (a*)* = a.)
In view of the sequel, we introduce some notations. We set:
AY = Ao Ajaja - A A
(CbAYY = CLAvj, Ajign Aje_1ins
(AgB)"9 = Aj1j2 T AjkfljkAjkVBl”
(COAEB)I 9 = CLAuj  Ajrjs - Aje 1w Ajuv By,
where w = gj, --- g5, € Fn and p,v € {1,..., N}. We also define:

12 °

A% =AY =1,
(ChA)9» = C,,
(A2B)? = B,

(CHAEB)™ = C,B,,
(ChAEB)9 = C, A By,
and hence, with the lexicographic order of words in Fy,
Ok = colyery (CHA)Y9  and Ci = rowyery (AﬁB)g’“wT,
and the coefficients of the FPS T2° (defined by (7)) are given by
(T2 =D, (T2), = (CoA8B)" for w=gj,--g;, € Fy.

The k-th Hankel matriz associated with a FPS f is defined in [39] (see also [TT])
as

(Hf,k)w,w’gk = fwgkw/T with w,w' e Fn,
that is, the rows of H are indexed by all the words of F and the columns of

H¢,1 are indexed by all the words of Fx ending by gi, provided the lexicographic
order is used. If a GR-node « defines a realization of f, that is, f = T2, then

(Hf,k)’w,’w’gk = (CbAﬁB)wykwlT = (CbA)'WQk (AﬂB)g’““’,T,

i.e., Hyr = OkCr. Hence, the node « is minimal if and only if a is both observable
and controllable, i.e.,

v :=rankHy, =71, forall ke{l,...,N}.

This last set of conditions is an analogue of the above mentioned result of Fliess
on minimal recognizable representations of rational formal power series. Every
non-commutative rational FPS has a minimal GR-realization.
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Finally, we note (see [I'd, B9]) that two minimal GR-realizations of a given
rational FPS are similar: if ol = (N; AW B® C6) D;CY = @2;1 Cr,C1,CP)
(i=1,2) are minimal GR-nodes such that U, = TG, then there exists a block
diagonal invertible matrix 7' = diag(T4, ..., Ty) (with T € CY*7) such that

AW —=1A@p ) 1@ o) — c@T (2.8)

Of course, the converse is also true, moreover, any two similar (not necessarily
minimal) GR-nodes have the same transfer functions.

Now we turn to the discussion on substitutions of matrices for indetermi-
nates in formal power series. Many properties of non-commutative FPSs or non-
commutative polynomials are described in terms of matrix substitutions, e.g.,
matrix-positivity of non-commutative polynomials (non-commutative Positivestel-
lensatz) [29, B0, BT, B2], matrix-positivity of FPS kernels [34], matrix-convexity
21, 30]. The non-commutative Schur—Agler class, i.e., the class of FPSs with op-
erator coefficients, which take contractive values on all N-tuples of strictly contrac-
tive operators on £2, was studied in [T2] !; we will show in Section [ that in order
that a FPS belongs to this class it suffices to check its contractivity on N-tuples
of strictly contractive m x m matrices, for all n € N. The notions of matrix-.J-
unitary (in particular, matrix-J-inner) and matrix-selfadjoint rational FPS, which
will be introduced and studied in the present paper, are also defined in terms of
substitutions of matrices (of a certain class) for indeterminates.

Let p(z) = >, j<mPw?” € C(z1,...,2n). For n € N and an N-tuple of

matrices Z = (Z1, ..., Zy) € (C*™Y | set

p(Z) =" puZ",

|w|<m

where Z% = Z;, --- Z, for w = g;, “ i € Fn, and Z% = I,,. Then for any

wl
rational expression for a FPS f € C((z1,...,2N)),, its value at Z € ((C"X")N
is well defined provided all of the inversions of polynomials p¥) € C (z,. .., zn)

in this expression are well defined at Z. The latter is the case at least in some
neighbourhood of Z = 0, since péf) #0.

Now, if f € CP*((21,...,2N)),. then the value f(Z) at some Z € ((C"X")N
is well defined whenever the values of matrix entries (f;;(Z)) (i = 1,...,p;j =
1,...,q) are well defined at Z. As a function of matrix entries (Zz);; (k =
1,...,N;i,5 = 1,...,n), f(Z) is rational CP*? @ C"*"™-valued function, which
is holomorphic on an open and dense set in C™"*™. The latter set contains some
neighbourhood

T.(e) = {Ze @) ||Z) <e, k=1,...,N} (2.9)

Mn fact, a more general class was studied in [T2], however for our purposes it is enough to consider
here only the case mentioned above.
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of Z =0, where f(Z) is given by
f(Z) = Z fu®Z".
weFN

The following results from [8] on matrix substitutions are used in the sequel.

Theorem 2.1. Let f € CP*9 ((21,...,2N))a, and m € Zy be such that
ﬂ ker f,, = ﬂ ker f,.
weFN:|lw|<m weFN

Then there exists € > 0 such that for everyn € N: n > m™ (in the case m = 0,
for everyn € N),

ﬂ ker f(Z) = ﬂ ker f,, | ® C, (2.10)
ZeTly (g) weFN: |lw|<m
and moreover, there exist | € N: | < qn, and N-tuples of matrices Z1), ..., Z"

from T'y,(€) such that

1
mkerf(Z(j)): ﬂ ker f,, | ® C™.
j=1

weFN: |w|<m

Corollary 2.2. In conditions of Theorem 2, if for some n € N: n >m™ (in the
case m = 0, for some n € N) one has f(Z) =0, VZ € 'y, (¢), then f = 0.

3. More on observability, controllability, and minimality in the
non-commutative setting

In this section we prove a number of results on observable, controllable and minimal
GR-nodes in the multivariable non-commutative setting, which generalize some
well known statements for one-variable nodes (see [15]).

Let us introduce the k-th truncated observability matrixz Oy, and the k-th
truncated controllability matrix Cr, of a GR-node &3) by

@ = COl‘wKPT(CbA)w‘q’“, ZZ; = I"OW‘wKTq(AﬁB)gkwT,
with the lexicographic order of words in Fy.
Theorem 3.1. For each k € {1,...,N}: rank O, = rank O, and rank Cy = rank Cj,.

Proof. Let us show that for every fixed & € {1,..., N} matrices of the form
(ChA)¥9% with |w| > pr are representable as linear combinations of matrices
(ChA)P9% with |w| < pr. First we remark that if for each fixed k € {1,..., N}
and j € N all matrices of the form (CbhA)*9 with |w| = j are representable as
linear combinations of matrices of the form (ChA)® 9% with [w’| < j then the same
holds for matrices of the form (CbA)"9 with |w| = j+1. Indeed, if w = 41 - - - 35441
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then there exist words wf,...,w, with |w}| < j,...,|w}| < j and a1,...,as € C
such that

(ChA)* = Z a,,(CbA)ngiHl .
v=1

Then for every k € {1,...,N},

(CHAY“ ™ = (CHA)" Ay = 3 an(CHA)" 951 Ay

v=1
w’, g; . w’ ;.
= § , ay (CPA) Tt Ay g + E ay (COA) i1 Ay
v wl |<j—1 vi|w!, |=j—1
! ) , )
= § a/y(ObA>nglj+1 9k + E ay(ObA)nglj+lgk_
viw], |<j—1 v:|w!, |=j—1

Consider these two sums separately. All the terms in the first sum are of the form
a, (ChA) w9519 with |w),gi,.,| < j.In the second sum, by the assumption, for

each matrix (CbA)w,“giﬁlg’“ there exist words wY,,...,w}, of length strictly less
than j and complex numbers by,, ..., b, such that

t
(ChAY w419 = 3" b, (ChA) i,
pn=1
Hence (ChA)“9 is a linear combination of matrices of the form (CbA)®9 with
|@| < j. Reiterating this argument we obtain that any matrix of the form (CbA)“9*

with |w| > j and fixed k € {1,..., N} can be represented as a linear combination
of matrices of the form (CbA)“9 with |w| < j. In particular,
rank colj,|<;(ChA)9* =rank O, k=1,...,N. (3.1)
Since for any k € {1,..., N} one has (ChA)*9 € CP*"™ and dim CP*"* = pry,
we obtain that for some j < pr, and moreover for j = pr @I is true, i.e.,
rank Oy = rank O.
The second equality is proved analogously. ([l

Remark 3.2. The sizes of the truncated matrices (5; and E;; depend only on the
sizes of matrices A, B and C, and do not depend on these matrices themselves.
Our estimate for the size of @ is rough, and one could probably improve it. For
our present purposes, only the finiteness of the matrices @ and Z’; is important,
and not their actual sizes.

Corollary 3.3. A GR-node X)) is observable (resp., controllable) if and only if
for every k € {1,...,N}:

1“&111{(97C =r, (resp, ranka; =rg),

or equivalently, the matriz Oy, (resp., Ci) is left (resp., right) invertible.



14 D. Alpay and D. S. Kalyuzhnyi-Verbovetzkii

Remark 3.4. Corollary B3lis comparable with Theorems 7.4 and 7.7 in [39], how-
ever we note again that the matrices Oy and Cy here are finite.

Theorem 3.5. Let o' = (N; AW B® CO) D CY = ®N_C CI,CP), i =1,2,
be minimal GR-nodes with the same transfer function. Then they are similar, the
similarity transform is unique and given by T = diag(T1, ..., Tn) where

~\T 1) 5@ (W)
.= (0f) o = (&) (3.2)
(here “+7 denotes a left inverse, while “{” denotes a right inverse).

Proof. We already mentioned in Section B that two minimal nodes with the

same transfer function are similar. Let T’ = diag(7y,...,Ty) and T”
diag (77',...,Tx) be two similarity transforms. Let & € C7. Then, for every
w € Fn,

(0(2)bA(2))w9k (T,;’ _ T,;) 7= (C(l)bA(l))w!]kx _ (C(l)bA(l))w!]kx 0.

Since x is arbitrary, from the observability of a(?) we get T/ = T/ fork=1,...,N,
hence the similarity transform is unique. Comparing the coeflicients in the two FPS
representations of the transfer function, we obtain

(CDHAWEBMYw — (0 AR B2 yw

for all of w € Fy \ {0}, and therefore

oMe) =oPc® p=1,... N.

_ N+ — — ,—\ 1
(08) o =c? (c7) . k=1

Denote the operators which appear in these equalities by Ty, £k = 1,...,N. A
direct computation shows that T} are invertible with

Nt — ——
T, = ((9,2”) o =cV <c,§2>> :

Let us verify that T' = diag(Th,...,Tn) € C7*7 is a similarity transform between
aM) and a®. It follows from the controllability of (') that for arbitrary k €
{1,...,N} and x € C there exist words w; € Fy, with |w;| < g, scalars a; € C
and vectors u; € C4, j=1,...,s, such that

Thus we obtain

T = Za 1)ﬂB(1) grw] u,
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—\ + — s —_—\ + —
Tkx_(o,@) 0V =Y a, (o,@) oM (AW BM ol y,
v=1

s N+ — s
= Z a, <O](€2)> 01(62) (A(?)uB(Q))gkwqu — Z aV(A(2)uB(2))gkauy.
v=1 v=1

This explicit formula implies the set of equalities
7B = BYY, A =A7T, oY =CPTi, kj=1,...N,
which is equivalent to ([ZH). O

Remark 3.6. Theorem B is comparable with Theorem 7.9 in [89]. However, we
establish in Theorem B the uniqueness and an explicit formula for the similarity
transform 7.

Using Theorem I, we will prove now the following criteria of observability,
controllability, and minimality for GR-nodes analogous to the ones proven in [8]
Theorem 3.3] for recognizable FPS represntations.

Theorem 3.7. A GR node a of the form (ZH) is observable (resp., controllable)
if and only if for every k € {1,...,N} and n € N : n > (pr — 1)P"~1 (resp,
n > (rq —1)"% 1) which means in the case of pr = 1 (resp., rq = 1): “for every
neN7”,

(] kergn(2) = 0 (3.3)
Zan(E)

(resp., \/ rany(Z) = C*=@C"), (3.4)
Zan(E)

where the rational FPSs i and 1y are defined by
pe(z) = O = A()A) e, (3.5)
Ye(z) = Pu(l, — AA(2))7'B, (3.6)

with Py, standing for the orthogonal projection onto C™ (which is naturally identi-
fied here with the subspace in C"), the symbol “\/” means linear span, € = ||A|~*
(e > 0 is arbitrary in the case A =0), and I'y,(¢) is defined by @I). This GR-node
is minimal if both of conditions B3) and B are fulfilled.

Proof. First, let us remark that for all £k = 1,..., N the functions ¢ and 1, are
well defined in I',,(¢), and holomorphic as functions of matrix entries (Z;),., j =
1,...,N, u,v =1,...,n. Second, Theorem BIlimplies that in Theorem T applied
to ¢, one can choose m = pr—1, and then from ([ZI0) obtain that observability for
a GR-node « is equivalent to condition ([B3). Since « is controllable if and only if o*
is observable, controllability for « is equivalent to condition [B]). Since minimality
for a GR-node «a is equivalent to controllability and observability together, it is in
turn equivalent to conditions B3) and (B4 together. O
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Let o = (N; A/, B',C',D';C" = @;Vzl (CTQ',(CS,(CP) and o' = (N; A", B,
c", p"cr’ = @jvzl (CTQ'/,(C‘J,(CS) be GR-nodes. For k,j = 1,...,N set r; =
T; + T;/, and
A, BLC" , BLD"
(5 50 ce (5
C;=(C; D'CY)ecr<r, D = D'D" € CPxu.
Then o = (N;A,B,C,D;C" = @jvzl C"3,C4,CP) will be called the product of
GR-nodes o/ and o” and denoted by a = o’a”. A straightforward calculation
shows that

(3.7)

IO =TT,
Consider a GR-node

N N
a=(N;A,B,C,D;C" = @@ C,C% :=(N;A,B,C,D;C" = HC7,C%,CY)
j=1 j=1

(3.8)
with invertible operator D. Then

N
a* = (N; A, B*,C*,D*;C" =@y Cr, ),
j=1

with

A*=A-BD7'C, B*=BD! C*=-D7'C, D*=D71! (3.9)
will be called the associated GR-node, and A* the associated main operator, of .
It is easy to see that, as well as in the one-variable case, (Torjc)_1 = T75 . Moreover,
(@) = a (in particular, (A%)* = A), and (o/a’’)* = /%> up to the natural
identification of C’5 @ C"5 with C’5 & C™, j = 1,..., N, which is a similarity
transform.

Theorem 3.8. A GR-node BX) with invertible operator D is minimal if and only
if its associated GR-node o™ is minimal.

Proof. Let a GR-node « of the form [B3) with invertible operator D be minimal,
and z € ker O} for some k € {1,..., N}, where O} is the k-th observability matrix
for the GR-node a*. Then = € ker(C*bA*)*9 for every w € Fn. Let us show
that x € ker Oy =, ¢z, ker(CbA)*9*, ie, z = 0.

For w =), C} 'z = 0 means —D~'Crz = 0 (see ), which is equivalent to
Crx = 0. For |w| >0, w= Giv " Gij)

(COA) = Ci Aiyip -+ Aip
= —DCJ(Af, +Bi,D7'Cy,)- - (A:w‘k + Bi\w\Dilc’C)
[w]|
= -LO(;'];< +ZLJCZ>]<AZ>;’LJ+1 ”.A’:w‘k7

j=1
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with some matrices L; € C?*9, j =0,1,..., |w|. Thus, z € ker(CbA)"9 for every
w € Fp, i.e., x = 0, which means that o™ is observable.

Since « is controllable if and only if a* is observable (see Section BI), and
D* is invertible whenever D is invertible, the same is true for a* and (a*)* =
(a*)*. Thus, the controllability of a* follows from the controllability of «.. Finally,
the minimality of o™ follows from the minimality of a. Since (a*)* = a, the

minimality of « follows from the minimality of a*. O

Suppose that for a GR-node [B38), projections I, on C™ are defined such
that

Akj kerHj C ker Iy, (Ax)kjranﬂj Cranlly, k,j=1,...,N.

We do not assume that II; are orthogonal. We shall call II; a k-th supporting
projection for a. Clearly, the map II = diag(Il,...,IIy) : C" — C” satisfies

AkerII C kerII, A*ranII C ranlI,

i.e., it is a supporting projection for the one-variable node (1; A, B, C, D; C",C?) in
the sense of [TH]. If IT is a supporting projection for «, then I,. —II is a supporting
projection for a*.

The following theorem and corollary are analogous to, and are proved in
the same way as Theorem 1.1 and its corollary in [I5] pp. 7-9] (see also [43]
Theorem 2.1]).

Theorem 3.9. Let BX) be a GR-node with invertible operator D. Let I}, be a
projection on C™*, and let

A 402 B
— J kj - J — (1) (2)
A (Al(ci'l) A}(;z) , Bj BJ(Q) , Ch (Ck Cy )

be the block matriz representations of the operators Ayj, B; and Ci with respect
to the decompositions C™ = ker Ily+ranlly, for k,j € {1,...,N}. Assume that
D = D'D", where D' and D" are invertible operators on C%, and set

N
o = (N; AU BO(D")7! W), D ker IT = P ker I, C7),
k=1
N
o = (N;A(QQ),B@), (D/)flc(z),D”;ranH = @ranﬂk,([:q).
k=1
Then a = o’a” (up to a similarity which maps C™ = ker Iy+ranlly onto

Cdim(ker i) gy cdim(rantle) (k= 1 . N ) such that kerII;, 4+ {0} is mapped onto
Cdim(ker ) @ {0} and {0} + ranIly, is mapped onto {0} @ CHmEanIle) ) if and only
if I1 is a supporting projection for a.
Corollary 3.10. In the assumptions of Theorem [T,

Tl’lC — F/F/I
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where
F'(z) = D' +C(I, — A(2)A) (I, —I)A(2)B(D") 1,
F"(z) = D"+ (D)"'CI(I, — A(z)A)"'A(2)B.
We assume now that the external operator of the GR-node X)) is equal to
D = I, and that we also take D’ = D” = I,. Then, the GR-nodes ¢ and o of

Theorem B are called projections of o with respect to the supporting projections
I, — II and II, respectively, and we use the notations

N
o =pr; _pla) = (N;A(ll),B(l),C(l),D';kerH = @kerﬂk,cq> ,
k=1

N
o =pry(a) = (N;A(22),B(2), C®, D" ranll = @ranﬂk,(cq> .
k=1

Let I, F” and F be rational FPSs with coefficients in C?%? such that
F=FF" (3.10)

The factorization BI0) will be said to be minimal if whenever o and o/’ are min-
imal GR-realizations of F’ and F”, respectively, o/a’ is a minimal GR-realization
of F.

In the sequel, we will use the notation

N
a= (N;A,B,C,D;(C” _@CW%,C‘I) (3.11)
k=1
for a minimal GR-realization (i.e., rp = % for k = 1,..., N) of a rational FPS F'

in the case when p = q.

The following theorem is the multivariable non-commutative version of [I5],
Theorem 4.8]. It gives a complete description of all minimal factorizations in terms
of supporting projections.

Theorem 3.11. Let F' be a rational FPS with a minimal GR-realization (BII).
Then the following statements hold:

(1): of II = diag(Ily,...,IIy) is a supporting projection for c, then F' is the
transfer function of pr; _y(a), F" is the transfer function of pry(a), and
F = F'F" is a minimal factorization of F';

(ii): if F = F'F" is a minimal factorization of F, then there exists a uniquely
defined supporting projection 11 = diag(Ily, ..., IIy) for the GR-node o such
that F' and F" are the transfer functions of pr; _p(a) and pry(a), respec-
tively.

Proof. (i). Let II be a supporting projection for c. Then, by Theorem B,

o = Prlwfn(a)Prn(Of)-
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By the assumption, a is minimal. We now show that the GR-nodes o/ = pr IW_H(a)
and o' = prr(a) are also minimal. To this end, let = € ranII;. Then

(C®pACD)™ & = (CoA)"* My = (CrA4)"** 2.

Thus, if O} denotes the k-th observability matrix of o/, then = € ker O} implies
x € ker O, and the observability of « implies that o/’ is also observable. Since

(aC2pp@) ™~ (azmy”

one has C; = II;Cy, where C; is the k-th controllability matrix of o”. Thus, the
controllability of o implies the controllability of a’’. Hence, we have proved the
minimality of a”. Note that we have used that ker IT = ran (I, —II) is A-invariant.
Since ran Il = ker([, — II) is A*-invariant, by Theorem B8 o is minimal. Using

aX — (a/a//)x — (a//)X(a/)X,
we prove the minimality of (a/)* in the same way as that of o”. Applying once

again Theorem B8 we obtain the minimality of o/. The dimensions of the state
spaces of the minimal GR-nodes o, o and « are related by

FYk:FYI/c—i_’YI/c/v kzlvaN

Therefore, given any minimal GR-realizations 3’ and 3" of F’ and F"”, respectively,
the same equalities hold for the state space dimensions of ', " and . Thus, 3’3"
is a minimal GR-node, and the factorization F' = F'F" is minimal.

(ii). Assume that the factorization F = F'F” is minimal. Let 5 and " be
minimal GR-realizations of F’ and F” with k-th state space dimensions equal to
v and 7y, respectively (k = 1,...,N). Then /5" is a minimal GR-realization
of F' and its k-th state space dimension is equal to v, = v, + v (k=1,...,N).
Hence /3" is similar to a. We denote the corresponding GR-node similarity by
T = diag(Ty,...,Tn), where

Ty: ' aC" -C, k=1,...N,
is the canonical isomorphism. Let Il be the projection of C* along T.C7* onto
T.C% k =1,...,N, and set II = diag(Ily,...,x). Then II is a supporting
projection for a. Moreover pr; _p(a) is similar to ', and pry(a) is similar to

B3". The uniqueness of II is proved in the same way as in [I5, Theorem 4.8]. The
uniqueness of the GR-node similarity follows from Theorem O

4. Matrix-.J-unitary formal power series: A multivariable
non-commutative analogue of the line case
In this section we study a multivariable non-commutative analogue of rational

q X g matrix-valued functions which are J-unitary on the imaginary line ¢R of the
complex plane C.
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4.1. Minimal Givone-Roesser realizations and the Lyapunov equation

Denote by H™*" the set of Hermitian n x n matrices. Then (iH"X")N will denote
the set of N-tuples of skew-Hermitian matrices. In our paper, the set

jN = H (ZH”XH)Nv
neN
where “[]” stands for a disjoint union, will be a counterpart of the imaginary line
iR.
Let J € C%%9 be a signature matrix. We will call a rational FPS F €
CT((21,...,2N)) 0 matriz-J-unitary on Jy if for every n € N,

F(Z)J @ L)F(Z) =J® I, (4.1)

at all points Z € (iH"X")N where it is defined. For a fixed n € N, F(Z) as a
function of matrix entries is rational and holomorphic on some open neighbourhood
T'y(e) of Z =0, e.g., of the form ), and T'y,(e)N (iH"X”)N is a uniqueness set in
(Cn*™)N (see 5] for the uniqueness theorem in several complex variables). Thus,
(ETD) implies that

F(Z)J®L)F(-Z") =J® I, (4.2)
at all points Z € (C"*™)N where F(Z) is holomorphic and invertible (the set of
such points is open and dense, since det F/(Z) # 0).

The following theorem is a counterpart of Theorem 2.1 in [7].

Theorem 4.1. Let F be a rational FPS with a minimal GR-realization BII)). Then
F is matriz-J-unitary on Jn if and only if the following conditions are fulfilled:
a) D is J-unitary, i.e., DJD* = J;
b) there exists an invertible Hermitian solution H = diag(Hy, ..., Hy), with
Hp e Cv*%  k=1,...,N, of the Lyapunov equation

A*H+ HA=-C*"JC, (4.3)
and
B=-H'C*JD. (4.4)
The property b) is equivalent to
b’) there exists an invertible Hermitian matric H = diag(Hy, ..., Hy), with
H, e Cv>" k=1,...,N, such that
H'A*+ AH ' = -BJB*, (4.5)
and
C=-DJB"H. (4.6)

Proof. Let F be matrix-J-unitary. Then F' is holomorphic at the point Z = 0 in
C¥, hence D = F(0) is J-unitary (in particular, invertible). Equality ([E2) may
be rewritten as

F(Z) ' =(JQL)F(-Z)*(J®I,). (4.7)
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Since @) holds for all n € N, it follows from Corollary that the FPSs cor-
responding to the left and the right sides of equality 1) coincide. Due to The-
orem B8 o* = (N; A%, BX,C*, D*;C" = @Y _, C*,C9) with A, B*,C*, D*
given by (B3) is a minimal GR-realization of F~!. Due to (B1), another minimal
GR-realization of F~'is & = (N; A, B,C,D;C" = EBszl C+,C9), where

A=—-A* B=C*J, C=-JB*, D=.JD"J

By Theorem B there exists unique similarity transform T = diag(T1,...,Tn)
which relates a* and &, where T}, € C"*7 are invertible for k = 1,..., N, and

T(A—-BD™'C)=-A*T, TBD '=C*J, D 'C=JB'T. (4.8)

Note that the relation D~! = JD*J, which means J-unitarity of D, has been
already established above. It is easy to check that relations @) are also valid
for T in the place of T. Hence, by the uniqueness of similarity matrix, T" = T™*.
Setting H = —T, we obtain from [X) the equalities [E3) and @), as well as
) and [EH), by a straightforward calculation.

Let us prove now a slightly more general statement than the converse. Let o
be a (not necessarily minimal) GR-realization of F' of the form ([BXF]), where D is
J-unitary, and let H = diag(H;, ..., Hy) with H, € C™**" k=1 ... N, be an
Hermitian invertible matrix satisfying @3)) and []). Then in the same way as in
[0, Theorem 2.1] for the one-variable case, we obtain for Z, Z' € C"*":

F(Z)J®L)F(Z) =J& 1, — (Co L) (I, ® 1, — AZ)(A® )"
X A(Z+Z")VH @ 1) (I @ I, — (A* @ L)A(Z™) N (C* @ I,)  (4.9)

(note that A(Z) commutes with H~! ® I,,). It follows from () that F(Z) is
(J ® I,)-unitary on (iH"*")N at all points Z where it is defined. Since n € N is
arbitrary, F' is matrix-J-unitary on Jy. Clearly, conditions a) and b’) also imply
the matrix-J-unitarity of F' on Jy. O

Let us make some remarks. First, it follows from the proof of Theorem ET]
that the structured solution H = diag(Hj, ..., Hy) of the Lyapunov equation ([E3])
is uniquely determined by a given minimal GR-realization of F'. The matrix H =
diag(Hq, ..., Hy) is called the associated structured Hermitian matriz (associated
with this minimal GR-realization of F'). The matrix Hj will be called the k-
th component of the associated Hermitian matriz (k = 1,...,N). The explicit
formulas for Hy, follow from (B2):

Hy, = — [coljyj<qro1 (JB*)b(—A*)) ] "

COl\w\Sq’r—l ((Dilo)bAX)wgk

* * grw” X -1 grw” i
= —TOW|y|<gr—1 ((_A )ﬁ(c ‘])) {row\w\gqr—l (A ﬂ(BD )) :|
Second, let @ be a (not necessarily minimal) GR-realization of F' of the form

B3), where D is J-unitary, and let H = diag(H;, ..., Hy) with H, € C"™+*"* k =
1,..., N, be an Hermitian, not necessarily invertible, matrix satisfying [E3) and
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D). Then in the same way as in [0, Theorem 2.1] for the one-variable case, we
obtain for Z, Z' € C"*":

FZY(J@L)F(Z)=J®I,— (B*®1,) (I, ® I, — A(Z")(A* ® 1,,))

X(H®I)AZ" +2) (I, @1, — (A® I,)A(Z)) " (B® I,,) (4.10)

(note that A(Z) commutes with H ® I,). It follows from EIW) that F(Z) is

(J ® I,)-unitary on (iH"*")N at all points Z where it is defined. Since n € N is
arbitrary, F' is matrix-J-unitary on Jn.

Third, if « is a (not necessarily minimal) GR-realization of F' of the form
BX), where D is J-unitary, and equalities ([EH) and (EH) are valid with H~!
replaced by some, possibly not invertible, Hermitian matrix Y = diag(Y1,...,Yn)
with Y, € C™**" k =1,..., N, then F' is matrix-J-unitary on Jy. This follows
from the fact that @) is valid with H ! replaced by Y.

Theorem 4.2. Let (C,A) be an observable pair of matrices C € C¥*" A €
C"™" in the sense that C" = @ivzl C"™ and Oy has full column rank for each
k € {1,...,N}, and let J € C%%9 be a signature matriz. Then there ex-
ists a matriz-J-unitary on Jn rational FPS F with a minimal GR-realization
a = (N;A B,C,D;C" = @gﬂ C™,C?) if and only if the Lyapunov equation
E3) has a structured solution H = diag(Hq, ..., Hy) which is both Hermitian
and invertible. If such a solution H exists, possible choices of D and B are

Dy=1,, By=-H'C*J (4.11)

Finally, for a given such H, all other choices of D and B differ from Dy and By
by a right multiplicative J-unitary constant matriz.

1

Proof. Let H = diag(Hi,...,Hy) be a structured solution of the Lyapunov
equation ([E3)) which is both Hermitian and invertible. We first check that the
pair (A, —H~1C*J) is controllable, or equivalently, that the pair (=JCH 1, A*)
is observable. Using the Lyapunov equation (E3]), one can see that for any

ke{l,...,N} and w = g, ---gi,, € Fn there exist matrices Ko, ..., K|y|-1
such that
(ChAYwIE = (=)=t (=JCH ) A* )9k [,

+  KoJ(—=JCi, Hy, (A )igig -+ (A)i ) Hi + -

+ K2 (= Ciy, (A")iy ) Hi + Ky -1 (= JORH ) Hy.
Thus, if € ker((—JCH 1)bA*)*9% for all of w € Fy then H, 'z € ker Oy,
and the observability of the pair (C, A) implies that £ = 0. Therefore, the pair
(—JCH™!, A*) is observable, and the pair (4, —H~1C*J) is controllable. By The-
orem ] we obtain that

Fo(z) =1, — O(I, — A(2)A) " A(z)H*C*J (4.12)

is a matrix-J-unitary on Jy rational FPS, which has a minimal GR-realization
ap=(N:A,-H'C*J,C I,;C" = EBle C"=,C?) with the associated structured
Hermitian matrix H.
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Conversely, let a = (N; A,B,C,D;C" = EBle C™,C?) be a minimal GR-
node. Then by Theorem ELl there exists an Hermitian and invertible matrix H =
diag(Hy, ..., Hy) which solves E3).

Given H = diag(Hy, ..., Hy),let B, D be any solution of the inverse problem,
ie., @ = (N;A,B,C,D;C" = @,_,C,C%) is a minimal GR-node with the
associated structured Hermitian matrix H. Then for Fy = T}¢ and F' = T3¢ we
obtain from (d) that

F(Z)(J & I,)F(Z")" = Fo(Z)(J @ L) Fo(Z')"

for any n € N, at all points Z, Z' € (C"*")" where both F and Fj, are defined. By
the uniqueness theorem in several complex variables (matrix entries for Z;’s and
Z'7’s, k= 1,...,N), we obtain that F(Z) and Fy(Z) differ by a right multiplicative
(J ® Ip,)-unitary constant, which clearly has to be D ® I,,, i.e.,

F(Z)=Fy(Z)(D® I).
Since n € N is arbitrary, by Corollary we obtain

F(z) = Fy(2)D.

Equating the coefficients of these two FPSs, we easily deduce using the observabil-
ity of the pair (C, A) that B = —H~1C*JD. O

The following dual theorem is proved analogously.

Theorem 4.3. Let (A, B) be a controllable pair of matrices A € C™*", B € C"™*1 in
the sense that C" = @gﬂ C"™ and Ci, has full row rank for each k € {1,..., N},
and let J € C9%? be a signature matriz. Then there exists a matriz-J-unitary
on Jn rational FPS F with a minimal GR-realization « = (N; A, B,C,D;C" =
@szl C" C?) if and only if the Lyapunov equation

GA* + AG = —BJB*

has a structured solution G = diag(Gi,...,GN) which is both Hermitian and
invertible. If such a solution G exists, possible choices of D and C are
Dy=1, Co=—-JB*G ' (4.13)

Finally, for a given such G, all other choices of D and C differ from Dy and Cy
by a left multiplicative J-unitary constant matriz.

Theorem 4.4. Let F' be a matriz-J-unitary on Jn rational FPS, and o be its GR-
realization. Let H = diag(Hy,...,Hy) with Hy € C™+*"™ k =1,...,N, be an
Hermitian invertible matriz satisfying @3) and @A), or equivalently, @H) and
D). Then « is observable if and only if « is controllable.

Proof. Suppose that « is observable. Since by Theorem Bl D = Fj is J-unitary,

by Theorem 2 «v is a minimal GR-node. In particular, « is controllable.
Suppose that « is controllable. Then by Theorem « is minimal, and in

particular, observable. ([
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4.2. The associated structured Hermitian matrix

Lemma 4.5. Let F' be a matriz-J-unitary on Jn rational FPS, and let al® =
(N; A®D BO ) D;Cv = @k L C%, C7) be minimal GR-realizations of F, with
the associated structured Hermitian matrices H® = dlag(Hl(z), ceey H](\Z,)), i=1,2.

Then oV and a@ are similar, i.e., &) holds with a uniquely defined invertible
matriz T = diag(Ty, ..., Tn), and

7Y =rHPT,  k=1,...,N. (4.14)
In particular, the matrices H]i ) and H,?) have the same signature.
The proof is easy and analogous to the proof of Lemma 2.1 in [7.

Remark 4.6. The similarity matrix T = diag(Th,...,Tn) is a unitary map-
ping from CY = @gﬂ C" endowed with the inner product [-,-]gza) onto
Cr = EBszl C" endowed with the inner product |-, -]y, where

[, Yl g = <H(i)117,y>([j’y, z,yeCY, i=1,2,
that is,

N
:EyH()—lemka(h i:1727
k=1
where zy, yi € C"™, x = colg=1,.. n(xk), y = colg=1,... n(yx), and
[xk,yk]H,(j) =<H]5)$k,yk>(cw, k=1,...,N, i=1,2.

Recall the following definition [37]. Let K, . be a C7*%-valued function de-
fined for w and w’ in some set E and such that (K )" = Ky . Then Ky 4 is
called a kernel with k negative squares if for any m € N, any points wy, ..., wn,
in F, and any vectors ci, ..., ¢y, in C? the matrix (C;ij,wici)i,j:L...,m e Hmxm
has at most x negative eigenvalues, and has exactly x negative eigenvalues for
some choice of m,wi,...,Wm,C1,...,Cm. We will use this definition to give a
characterization of the number of negative eigenvalues of the k-th component
Hy, E=1,..., N, of the associated structured Hermitian matrix H.

Theorem 4.7. Let F' be a matriz-J-unitary on Jy rational FPS, and let o be its
minimal GR-realization of the form BII), with the associated structured Hermit-
ian matric H = diag(Hy, ..., Hy). Then for k=1,..., N the number of negative
eigenvalues of the matriz Hy, is equal to the number of negative squares of each of
the kernels

vaﬁ;’ = (CbA)wngk—l(A*ﬂC*)gkw’T7 w,wl c —7:N7 (4'15)
Kob = (BAY)“*Hy(AfB)*", w,uw' € Fy, (4.16)

Fork = 1 , N, denote by ICk( ) (resp., Ki(F™*)) the linear span of the functions
w Kw w,c (Tesp w Kw w/c) where w' € Fn and ¢ € C4. Then

dim K (F) = dim Ky (F*) = .
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Proof. Let m € N, wy,...,w, € Fy, and ci1,...,¢, € C% Then the matrix
equality

(K5, c)ij=1

with
X = rowlgigm ((A*ﬁC*)q’“wchl) y

implies that the kernel K 57’1, has at most xj negative squares, where x; denotes
the number of negative eigenvalues of Hy. The pair (C, A) is observable, hence we
can choose a basis of C? of the form x; = (A*ﬁC*)gkwiTci, i =1,...,q. Since the
matrix X = row;—, .. q(2;) is non-degenerate, and therefore the matrix X*H, x

has exactly xj negative eigenvalues, the kernel vai, has k) negative squares.
Analogously, from the controllability of the pair (A, B) one can obtain that the
kernel IC,(F*) has sy, negative squares.

Since Ky (F') is the span of functions (of variable w € Fy) of the form
(CbA)YwIky, y € C*, it follows that dim Ky (F) < 7. From the observability of the
pair (C, A) we obtain that (ChA)*9% y = 0 implies y = 0, thus dim Ky (F) = x.
In the same way we obtain that the controllability of the pair (A, B) implies that
dim Kk(F*):’yk. O

We will denote by vy (F) the number of negative squares of either the kernel
KEI:U' or the kernel K 5;1,6 defined by IH) and (EIH), respectively.
Theorem 4.8. Let F() be matriz-J-unitary on Jn rational FPSs, with minimal
GR-realizations o) = (N;A(i),B(i),C(i),D(i);(CW(i) = @szl (Cvf(ci),(Cq) and the
1(i), e ,HJ(\;)), respectively,
i = 1,2. Suppose that the product o« = aMa® is a minimal GR-node. Then the
matric H = diag(Hy, ..., Hn), with

associated structured Hermitian matrices H") = diag(H

M
Hj, = (HS H%)) e CO G+ o1 N, (4.17)
k

is the associated structured Hermitian matriz for o = oM a2,

Proof. Tt suffices to check that @3] and @) hold for the matrices A, B,C, D
defined as in &), and H = diag(Hi,...,HN) where Hg, k = 1,...,N, are
defined in @ID). This is an easy computation which is omitted. O

Corollary 4.9. Let Fy and F» be matriz-J-unitary on Jn rational FPSs, and sup-
pose that the factorization F = FyF5 is minimal. Then

I/k(FlFQ):Vk(Fl)“FVk;(FQ), k=1,...,N.
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4.3. Minimal matrix-J-unitary factorizations
In this subsection we consider minimal factorizations of rational formal power series
which are matrix-J-unitary on Jy into factors both of which are also matrix-.J-

unitary on Jx. Such factorizations will be called minimal matriz-J-unitary fac-
torizations.

Let H € C™*" be an invertible Hermitian matrix. We denote by [-, -]z the
Hermitian sesquilinear form

[z, 9l = (Hz,y)
where (-, -) denotes the standard inner product of C". Two vectors z and y in C"
are called H-orthogonal if [z, y]y = 0. For any subspace M C C" denote
MY ={yeC: (yym)g=0 VYme M}.
The subspace M C C7 is called non-degenerate it M N M = {0}. In this case,
MMM =7

where [+] denotes the H-orthogonal direct sum.

In the case when H = diag(Hq, ..., Hy) is the structured Hermitian matrix
associated with a given minimal GR-realization of a matrix-J-unitary on Jy ra-
tional FPS F, we will call |-, -]y the associated inner product (associated with
the given minimal GR-realization of F'). In more details,

N
&, yle =Y [k, Ykl
k=

—

where zp, yr € C* and @ = colg=1,.. n(zk), y = colg=1,... N(yr), and

[Tk, k), = (HeTk, Yk)ene » k=1,...,N.

The following theorem (as well as its proof) is analogous to its one-variable
counterpart, Theorem 2.6 from [7] (see also A3, Chapter II]).

Theorem 4.10. Let F be a matriz-J-unitary on Jn rational FPS, and let o be
its minimal GR-realization of the form BIIl), with the associated structured Her-
mitian matric H = diag(Hy,...,Hy). Let M = @Q’:l My, be an A-invariant
subspace such that My C C, k=1,...,N, and M is non-degenerate in the as-
sociated inner product |-, -|g. Let 1 = diag(Ily,...,IIy) be the projection defined
by

kerII = M, ranll = M,

or in more details,

kerTly = Mg, randly =M k=1 N
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Let D = D1Ds be a factorization of D into two J-unitary factors. Then the fac-
torization F' = F1 Fy where

Fi(z) = Di+0(I, = A(z)A) ' A(2)(I, - )BD; ',
Fy(z) = Dy+ D{'CI(I, — A(z)A) "t A(2)B,

is a minimal matriz-J-unitary factorization of F.

Conversely, any minimal matriz-J-unitary factorization of F can be ob-
tained in such a way. For a fized J-unitary decomposition D = DDy, the
correspondence between minimal matriz-J-unitary factorizations of F and non-
degenerate A-invariant subspaces of the form M = EBQZ:l My, where My, C C*
fork=1,..., N, is one-to-one.

Remark 4.11. We omit here the proof, which can be easily restored, with making
use of Theorem B3 and Corollary BT0.

Remark 4.12. Minimal matrix-J-unitary factorizations do not always exist, even
for N = 1. Examples of J-unitary on ¢R rational functions which have non-trivial
minimal factorizations but lack minimal J-unitary factorizations can be found in

] and [.

4.4. Matrix-unitary rational formal power series

In this subsection we specialize some of the preceding results to the case J = I,.
We call the corresponding rational formal power series matriz-unitary on Jy.

Theorem 4.13. Let F be a rational FPS and o be its minimal GR-realization of
the form BIO). Then F is matriz-unitary on Jn if and only if the following
conditions are fulfilled:
a) D is a unitary matriz, i.e., DD* = I;;
b) there exists an Hermitian solution H = diag(Hi,...,Hy), with Hy €
Cvw>xve k=1,...,N, of the Lyapunov equation
A*H+ HA=-C*C, (4.18)
and
C=-D'B*H. (4.19)
The property b) is equivalent to
b’) there exists an Hermitian solution G = diag(Gh,...,Gn), with Gy €
Cw>*7  k=1,...,N, of the Lyapunov equation
GA* + AG = —BB*, (4.20)

and
B=-GC*D™ 1. (4.21)

Proof. To obtain Theorem from Theorem HET] it suffices to show that any
structured Hermitian solution to the Lyapunov equation EIX) (resp., E20)) is
invertible. Let H = diag(H1, ..., Hy) be a structured Hermitian solution to @I3),
and z € ker H, i.e., x = coli<kp<n(zr) and xp € ker Hy, k = 1,...,N. Then
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(HAz,z) = (Az, Hz) = 0, and equation @IX) implies Cz = 0. In particular,
for every k € {1,..., N} one can define & = col(0,...,0,2,0,...,0) where z) €
ker Hy, is on the k-th block entry of z, and from Cz = 0 get Cxxr = 0. Thus,
ker H, C kerCy, k=1,...,N. Consider the following block representations with
respect to the decompositions C"* = ker Hy ® ran Hy:

A0D - 402) 0 0
g ij ij — (2) —
Aij (A(?l) Agz) ;o Cr (0 Cy ) » Hp (0 H,EQQ)) ;

ij
where 4,5,k =1,..., N. Then ([EIJ) implies

(A*H + HA)S? = (A% H; + H;Ai;) ) = (A2) 5 =0,

and A;?l) =0, 4,7 =1,..., N. Therefore, for any w € Fy we have
(ChA)“ o = (0 (CPHARDYwor) k=1,... N,

where C(?) = rowlSkSN(C](f)), A2 — (Ag?))i,j:l _____ ~. If there exists k €

{1,..., N} such that ker Hy # {0}, then the pair (C, A) is not observable, which
contradicts to the assumption on «. Thus, H is invertible.

In a similar way one can show that any structured Hermitian solution G =
diag(Gy,...,Gn) of the Lyapunov equation ([20) is invertible. O

A counterpart of Theorem in the present case is the following theorem.

Theorem 4.14. Let (C, A) be an observable pair of matrices C € CT*" A € C™*"

in the sense that C" = @szl C"™ and Oy has full column rank for each k €
{1,...,N}. Then there exists a matriz-unitary on Jn rational FPS F with a mini-
mal GR-realization o = (N; A, B,C, D;C" = @szl C" C?) if and only if the Lya-
punov equation [EEIR) has a structured Hermitian solution H = diag(Hy, ..., Hn).
If such a solution H exists, it is invertible, and possible choices of D and B are

Dy=1,, By=-H'C". (4.22)

Finally, for a given such H, all other choices of D and B differ from Dy and By
by a right multiplicative unitary constant matrix.

The proof of Theorem EET4 is a direct application of Theorem and Theo-
rem One can prove analogously the following theorem which is a counterpart
of Theorem

Theorem 4.15. Let (A, B) be a controllable pair of matrices A € C™*",B € C"™*4
in the sense that C" = @2;1 C" and Cy, has full row rank for each k € {1,...,N}.
Then there exists a matriz-unitary on Jy rational FPS F with a minimal GR-
realization « = (N; A, B,C, D;C" = @fgvzl C"™,C?) if and only if the Lyapunov
equation E20) has a structured Hermitian solution G = diag(Gh,...,Gn). If such
a solution G exists, it is invertible, and possible choices of D and C are

Dy=1,, Coy=-B*G" (4.23)
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Finally, for a given such G, all other choices of D and C differ from Dy and Cy

by a left multiplicative unitary constant matriz.

Let A = (Ay,...,Ay) be an N-tuple of 7 X 7 matrices. A non-zero vector

z € C" is called a common eigenvector for A if there exists A = (A1,...,An) € cN
(which is called a common eigenvalue for A) such that
Apx =gz, k=1,...,N.

The following theorem, which is a multivariable non-commutative counterpart of
statements a) and b) of Theorem 2.10 in [7], gives a necessary condition on a
minimal GR-realization of a matrix-unitary on Jy rational FPS.

Theorem 4.16. Let F be a matriz-unitary on Jn rational FPS and o be its
minimal GR-realization, with the associated structured Hermitian matric H =
diag(Hz,...,Hy) and the associated inner products [-, -1mg,, k = 1,...,N. Let
Py denote the orthogonal projection in CY onto the subspace {0} @ --- & {0} &
C* @ {0} @ {0}, and A, = APy, k =1,...,N. If x € C” is a common
eigenvector for A corresponding to a common eigenvalue X € CN then there exists
j €{1,...,N} such that Re\j # 0 and [Pjx, Pjz]y, # 0. In particular, A has no

common eigenvalues on (iR)Y.
Proof. By [EIX), we have for every k € {1,..., N},
(Ne + Ae)[Pe, Po)p, = — (CPyx, CPy).
Suppose that for all k € {1,..., N} the left-hand side of this equality is zero, then
CPrx = 0. Since for § #£ w = g;, - “Gij) € FN,
(COA) 9 Pyx = CPy Ay -+ Ay - Ak = Ny -+ Xip, AC Py = 0,
the observability of the pair (C, A) implies Pox = 0, k =1,...,N,ie, x =0

which contradicts to the assumption that z is a common eigenvector for A. Thus,
there exists j € {1,..., N} such that (\; + \;)[Pjz, Pjz]n, # 0, as desired. O

5. Matrix-./-unitary formal power series: A multivariable
non-commutative analogue of the circle case

In this section we study a multivariable non-commutative analogue of rational
C9*9-valued functions which are J-unitary on the unit circle T.

5.1. Minimal Givone—Roesser realizations and the Stein equation
Let n € N. We denote by T™*"™ the matriz unit circle
T " = {W eC™"™ . WW* = In} ,

i.e., the family of unitary n x n complex matrices. We will call the set (']I‘”X")N
the matriz unit torus. The set

v = [ (T)"

neN
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serves as a multivariable non-commutative counterpart of the unit circle. Let J =
J~t = J* € C?%9. We will say that a rational FPS f is matriz-J-unitary on Ty if
for every n € N,

fWT L) fW) =J @1,

at all points W = (Wy,...,Wn) € (T"X")N where it is defined. In the following
theorem we establish the relationship between matrix-J-unitary rational FPSs
on Jy and on 7y, their minimal GR-realizations, and the structured Hermitian
solutions of the corresponding Lyapunov and Stein equations.

Theorem 5.1. Let f be a matriz-J-unitary on Ty rational FPS, with a minimal
GR-realization o of the form BI), and let a € T be such that —a & o(A). Then

F(2) = fla(z1 = D(z1 + )74 alen — Dizy +1)7H (5.1)
is well defined as a rational FPS which is matriz-J-unitary on Jn, and F = T5¢,
where 3 = (N; Ay, Bo, Cyy, Dy; C7 = @szl C7,CT), with

Ay =(aA—-1)(aA+ 1),  B,=+2(aA+1,) "B,
Co =Vv2C(aA+1,)7', D,=D-C(aA+I,) 'aB.

A GR-node B is minimal, and its associated structured Hermitian matriz H =
diag(Hz, ..., Hy) is the unique invertible structured Hermitian solution of

A B\"'(H 0\(A B\ (H 0 (5.3)
C¢ D 0 JJ\C D) \0 J)° '
Proof. For any a € T and n € N the Cayley transform

Zo — Wo = a(Zo — 1,)(Zo + I,) "

maps iH"*" onto T™*™, thus its simultaneous application to each matrix variable
maps (iH"*™)N onto (T"*")N. Since the simultaneous application of the Cayley
transform to each formal variable in a rational FPS gives a rational FPS, (&1l
defines a rational FPS F. Since f is matrix-.J-unitary on 7, F' is matrix-J-unitary
on Jn. Moreover,

F(z) = D+C (I, —a(A(z) — L) (A(2) + I,) ' A)
a(A(z) — 1,)(A(z) + Iv)_lB
= D+C(A() + 1, —a(A(z) - I,)A)  a(A(z) - 1)B
= D+C(aA+ 1, — A(z)(aA - Ly))f1 a(A(z) — I,)B
= D+C(aA+1,)" "' (I, — A(z)(aA — I,)(aA + Ly)_l)71 A(z)aB
— ClaA+I1,) ' (I, — A(z)(aA — L) (@A + I,) ") ' aB
= D—-C(aA+ 1) 'aB+CaA+1,)7"
(I, = A(z)(@A - L) (aA + 1)) ™
A(z) (I — (@A — L) (aA+ I,)"!) aB
= D, +Co(I, — A(2)A,) ' A(2)B,.

(5.2)

1
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Thus, F' = Tj. Let us remark that the FPS

ei(2) = Ca(ly — A(2)Aa)”
(c.f. (B3)) has the coefficients

(P)w = (CabAL)™9%,  w e Fn.

' |(C'Vk

Remark also that
ok(2) == ok (a(zl Dz + )7 aley — 1)(ZN +1)7Y)

= O(I’y )_I)( () I) ) ‘(C’Yk

= ((A() L) —a(A(z) - I,)A ) HAR) + 1)

= C((aA+1,) = A(2) (@A — 1)) (A2) + I)| e

= ClaA+ 1) (I, = A(x)(@A - L)(aA + L)) " (AG) + 1) ooy
1 —1

= 5 (Gl = AEA) ) Go + 1)

- %wzwzkww».

Let k € {1,...,N} be fixed. Suppose that n € N, n > (¢y—1)"""" (for ¢y —
1 = 0 choose arbitrary n € N), and « € (zcp (o) ker 93 (Z), where I';(€) is a

neighborhood of the origin of C"*™ where ¢¢(Z) is well defined, e.g., of the form
&) with ¢ = ||A4]| 7. Then, by Theorem Bl and Theorem Il one has

ﬂ ker pf(Z) = ( ﬂ ker (‘PZ)w) ®C"

Z€ely (e) weEFN: |lw|<gy—1

_ N ker(@oA) | o€ = (kerOu(5)) ® C".

weFN: |w|<gy—1

Thus, there exist I € N, {U(”)}Lﬂ C ker O (), {y(“)}ﬁtzl C C™ such that

l
T = Z u @y, (5.4)
p=1
Since (¢};(2) - 2k) g, = (CabAa) 9" for w € Fu, and (¢} (2) - 2x),, = 0 for w' #
wgy, with any w € Fy, (&) implies that ¢{(Z)(I,, ® Zi)z = 0. Thus,

or(Z)x = L (P (Z2) (I, ® Zy) + ¢i(Z)) z = 0.

V2

Since the Cayley transform a(A(z)—1,)(A(z)+1,) ! maps an open and dense sub-
set of the set of matrices of the form A(Z) = diag (Z1,...,2Zn), Z; € CVi*%, j=
1,..., N, onto an open and dense subset of the same set,

pe(Z)e = (C® 1)1y = AZ)(A® I,)) 'z =0.
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Since the GR-node « is observable, by Theorem B we get « = 0. Therefore,

[\ kergf(2)=0, k=1,...,N.
Zel, ()
Applying Theorem B7 once again, we obtain the observability of the GR-node 8.

In the same way one can prove the controllability of 5. Thus, 8 is minimal.
Note that

A B\'(H 0\(A B\ (H 0)_
¢ o) \o J)\c D 0 J)
_ <A*HA+C*JC—H A*HB+C*JD >

B*HA+ D*JC B*HB+D*JD —J (5.5)

Since —a ¢ o(A), the matrix (a4 + I,)~! is well defined, as well as A, = (a4 —
L)(aA + I,)7" and I, — A, = 2(aA + I,)~" is invertible. Having this in mind,
one can deduce from ([B2) the following relations:

A*HA+C*JC — H =2(I, — AX)"YAH + HA, + C:JC,) (I, — Ag) ™!

B*HA+D*JC = V2(B:H+ D:JC,) (I, — A,)""
+ V2BI(I, — AD) TN ALH + HA, + CIC,)(I, — Ay) ™

B*HB+ D*JD —J
= Bi(I, - A)YWAH+HA, +C:JC,)(I, — A,) B,
+ (BiH+D.JC,)(Iy — Ay) 'Ba + Bi(I, — AL) Y (CiJD, + HB,).

Thus, A, B,C, D, H satisty (£3) if and ouly if A,, Ba, Cy, Dy, H satisty @3) and
E2) (in the place of A, B,C, D, H therein), which completes the proof. O

We will call the invertible Hermitian solution H = diag(Hq, ..., Hy) of (B3),
which is determined uniquely by a minimal GR-realization « of a matrix-J-unitary
on Ty rational FPS f, the associated structured Hermitian matriz (associated with
a minimal GR-realization « of f). Let us note also that since for the GR-node 3
from Theorem Bl a pair of the equalities @3) and ) is equivalent to a pair of
the equalities (EH) and [EH), the equality E3) is equivalent to

A B\ (H' 0\(A B\" _(H*' 0 (5.6)
C D o J)\¢ D) \ 0o JJ° '
Remark 5.2. Equality (B3]) can be replaced by the following three equalities:
H-A"HA = C*JC, (5.7)
D*JC = —B*HA, (5.8)
J—-D*JD = B'HB, (5.9)
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and equality (&) can be replaced by

H'-AH 'A* = BJB*, (5.10)
DJB* = —CH A~ (5.11)
J—-DJD* = CH'C*. (5.12)

Theorem B] allows to obtain a counterpart of the results from Section H in
the setting of rational FPSs which are matrix-J-unitary on 7. We will skip the
proofs when it is clear how to get them.

Theorem 5.3. Let f be a rational FPS and « be its minimal GR-realization of
the form @II). Then f is matriz-J-unitary on Ty if and only if there exists
an invertible Hermitian matric H = diag(Hy, ..., Hy), with Hy, € C**% | =
1,..., N, which satisfies [3)), or equivalently, (&0 .

Remark 5.4. In the same way as in [7, Theorem 3.1] one can show that if a rational
FPS f has a (not necessarily minimal) GR-realization ) which satisfies ([&3)
(resp., (BH)), with an Hermitian invertible matrix H = diag(Hy,..., Hy), then
for any n € N,

[(Z) (e 1) f(2) J@ L — (B L) (I, ® L = A(Z")(A" © 1))

(I, © I, — (A® L,)A(Z)) " (B® I,,) (5.13)

X X

and respectively,
FZ)JL)(Z) = Jol,—(Col) (I, L, - AZ) (A I,)) ™"
(I, I, — A(Z)A(ZY)H ' @ 1,,)
(I, @I, — (A*®@L)AZ))  (C* @ 1,), (5.14)

X X

at all the points 7,7’ € ((C"X")N where it is defined, which implies that f
is matrix-J-unitary on 7x. Moreover, the same statement holds true if H =
diag(Hy,...,Hy) in (B3) and (EIJ) is not supposed to be invertible, and if
H™' = diag(H;",...,Hy") in (&8) and ([EI4) is replaced by any Hermitian,
not necessarily invertible matrix Y = diag(Y1,..., Yn).

Theorem 5.5. Let f be a matriz-J-unitary on Ty rational FPS, and « be its GR-
realization. Let H = diag(Hy,...,Hy) with H, € C™»*"™ k= 1,...,N, be an
Hermitian invertible matriz satisfying @3) or, equivalently, (BH). Then « is ob-
servable if and only if a is controllable.

Proof. Let a € T, —a ¢ o(A). Then F defined by (BJ) is a matrix-J-unitary
on Jy rational FPS, and (B2) is its GR-realization. As shown in the proof of
Theorem Bl « is observable (resp., controllable) if and only if so is 3. Since by
Theorem Bl the GR-node S satisfies @3)) and @) (equivalently, (LX) and E)),
Theorem B4l implies the statement of the present theorem. (I
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Theorem 5.6. Let f be a matriz-J-unitary on Ty rational FPS and « be its minimal
GR-realization of the form BII), with the associated structured Hermitian matriz
H. If D = fy is invertible then so is A, and

ATt =H YA H. (5.15)
Proof. Tt follows from (&) that C = —JD *B*HA. Then (&) turns into
H—-A"HA=C"J(-JD *B*HA) = —-C*D™*B*HA,
which implies that H = (A*)*H A, and (&T3) follows. O
The following two lemmas, which are used in the sequel, can be found in [].

Lemma 5.7. Let A € C"™*", C € CI*", where A is invertible. Let H be an invertible
Hermitian matriz and J be a signature matrix such that
H-A"HA=C*JC.
Leta € T, a ¢ o(A). Define
D, = I,—CH (I, —aA*)"'C*J, (5.16)
B, = —-H'A™*C*JD,. (5.17)

A B2\ (H 0\[(A B, (H 0
C D, 0 JJ\C D,) \0 J)°
Lemma 5.8. Let A € C"™*", B € C™*9, where A is invertible. Let H be an invertible
Hermitian matriz and J be a signature matrix such that
H™' -~ AH'A* = BJB".
Leta € T, a ¢ o(A). Define
D, = 1,—JB*(I, —aA*)"'HB, (5.18)
C! = -D/JB*A *H. (5.19)

A B\ (H™ 0\(A B\ _(H' 0
c! D! o J)\c, pi) ~\ o J)

Theorem 5.9. Let (C, A) be an observable pair of matrices C € C1*" A € C™*"
in the sense that C" = @szl C"™ and Oy has full column rank for each k €
{1,...,N}. Let A be invertible and J € C™*9 be a signature matriz. Then there
exists a matriz-J-unitary on Ty rational FPS f with a minimal GR-realization
a = (N;A,B,C,D;C" = @ivzl C"™,C?) if and only if the Stein equation ([0
has a structured solution H = diag(Hq,...,Hy) which is both Hermitian and
invertible. If such a solution H exists, possible choices of D and B are D, and B,
defined in (BI0) and E&ID), respectively. For a given such H, all other choices
of D and B differ from D, and B, by a right multiplicative J-unitary constant
matriz.

Then

Then



Matrix-J-unitary Rational Formal Power Series 35

Proof. Let H = diag(Hy, ..., Hy) be a structured solution of the Stein equation
() which is both Hermitian and invertible, D, and B, are defined as in (&10)
and (LT0), respectively, where a € T, a ¢ o(A). Set a, = (N; A, B,,C, D,;C" =
@szl C"™,CY). By Lemma B and due to Remark B the transfer function TH¢
of g is a matrix-J-unitary on 7y rational FPS. Since «, is observable, by Theo-
rem Qg is controllable, and thus, minimal.

Conversely, if « = (N;A,B,C,D;C" = @gﬂ C™,C?) is a minimal GR-
node whose transfer function is matrix-J-unitary on 7y then by Theorem
there exists a solution H = diag(Hy, ..., Hy) of the Stein equation (&) which
is both Hermitian and invertible. The rest of the proof is analogous to the one of
Theorem O

Analogously, one can obtain the following.

Theorem 5.10. Let (A, B) be a controllable pair of matrices A € C™*", B € C™*? in

the sense that C" = @gzl C"™ and Cy has full row rank for each k € {1,...,N}.
Let A be invertible and J € C?*9 be a signature matriz. Then there exists a
matriz-J-unitary on Ty rational FPS f with a minimal GR-realization o =
(N;A,B,C,D;C" = @gﬂ C"=,C?) if and only if the Stein equation

G — AGA* = BJB” (5.20)
has a structured solution G = diag(Gi,...,GN) which is both Hermitian and
invertible. If such a solution G exists, possible choices of D and C are D!, and
C! defined in [EI0) and EID), respectively, where H = G™1. For a given such

G, all other choices of D and C differ from D! and C! by a left multiplicative
J-unitary constant matriz.

5.2. The associated structured Hermitian matrix
In this subsection we give the analogue of the results of Section The proofs

are similar and will be omitted.

Lemma 5.11. Let f be a matriz-J-unitary on Tn rational FPS and oY) =
(N; A®D BO ¢c® D,CY = EBQZ:l C,C?) be its minimal GR-realizations, with
the associated structured Hermitian matrices H® = diag(Hf), e H](\;)), i=1,2.
Then o and o'? are similar, that is
e =c@1r, 7AW = APT  and TBW = B®),
for a uniquely defined invertible matriz T = diag (T1,...,Tn) € C*7 and
1 « 77(2
a7 =1raPT.,  k=1,...,N.

)

In particular, the matrices H,gl) and H,g2 have the same signature.

Theorem 5.12. Let f be a matriz-J-unitary on Ty rational FPS, and let v be its
minimal GR-realization of the form BI), with the associated structured Hermit-
ian matrizc H = diag(Hy, ..., HN). Then for each k € {1,..., N} the number of
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negative eigenvalues of the matriz Hy is equal to the number of negative squares
of each of the kernels (on Fn):

Kf’k (ObA)nglel(A*ﬂO*)gkw/T,

Kl k= (B*AT)u o 1y (AgB)"
Finally, for k€ {1,...,N} let Ki(f) (resp., Ki(f*)) be the span of the functions
w Ki’i,c (resp., w — K£ *¢) where w' € Fy and ¢ € C1. Then

dim ’Ck(f) = dim Kk(f*) = Yk-

We will denote by vg(f) the number of negative squares of either of the
functions defined in (&ZII).

(5.21)

Theorem 5.13. Let f;, i = 1,2, be two matriz-J-unitary on Ty rational FPSs, with
minimal GR-realizations

N .
al® = <N;A(i),B(i),C(i),D;(cv(“ _ @(CW(J),(C‘?>
k=1

and the associated structured Hermitian matrices H® = diag(Hl(i),...,H](\;)).

Assume that the product o = aMa® is a minimal GR-node. Then, for each
ke{l,...,N} the matriz

1)
He= (7 0} e cor o) (5.22)
0 H

is the associated k-th Hermitian matriz for o = aMa(?),

Corollary 5.14. Let f1 and fa be two matriz-J-unitary on Ty rational FPSs, and
assume that the factorization f = f1fo is minimal. Then,

v(fif2) = v(f1) +v(fa).

5.3. Minimal matrix-.J-unitary factorizations

In this subsection we consider minimal factorizations of matrix-J-unitary on 7n
rational FPSs into two factors, both of which are also matrix-J-unitary on 7n
rational FPSs. Such factorizations will be called minimal matriz-J-unitary factor-
12ations.

The following theorem is analogous to its one-variable counterpart [7, Theo-
rem 3.7] and proved in the same way.

Theorem 5.15. Let f be a matriz-J-unitary on Tn rational FPS and o be its
minimal GR-realization of the form BII), with the associated structured Her-
mitian matric H = diag(Hi,...,Hy), and assume that D is invertible. Let
M = EBle My, be an A-invariant subspace of C7, which is non-degenerate in
the associated inner product [-, -1y and such that M C C™ k=1,...,N. Let
I = diag(Iy, ..., IIy) be a projection defined by

kerIl = M, and ranll = MU‘],
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that is

kerIT, = My, and ranll, = M,EL] for k=1,...,N.
Then f(z) = f1(2)f2(2), where

filz) = [I;+C(I, — A(z)A)'A(z)(I, - II)BD '] Dy, (5.23)

f2(2) = Do [l + D 'CI(I, — A(2)A) ' A(2)B], (5.24)
with

Dy =1,—-CH (I, —aA*)"'C*J, D= DD,
where a € T belongs to the resolvent set of Ay, and where
Ci1=0Cl,, A=A4[,, H =PuH|,,

(with Ppaq being the orthogonal projection onto M in the standard metric of C7),
is a minimal matriz-J-unitary factorization of f.

Conversely, any minimal matriz-J-unitary factorization of f can be obtained
in such a way, and the correspondence between minimal matriz-J-unitary factor-
izations of f with fi(a,...,a) = I, and non-degenerate subspaces of A of the form

M= @i\rzl My, with My C C*, k=1,...,N, is one—to—-one.

Remark 5.16. In the proof of Theorem ETH as well as of Theorem EETT, we make
use of Theorem B3 and Corollary BT0.

Remark 5.17. Minimal matrix-.J-unitary factorizations do not always exist, even
in the case N = 1. See [[] for examples in that case.

5.4. Matrix-unitary rational formal power series

In this subsection we specialize some of the results in the present section to the
case J = I,. We shall call corresponding rational FPSs matriz-unitary on Ty.

Theorem 5.18. Let f be a rational FPS and « be its minimal GR-realization of
the form BI). Then f is matriz-unitary on Ty if and only if:

(a) There exists an Hermitian matric H = diag(Ha,...,Hy) (with Hy €
Cw>v | =1,...,N) such that

A B\"(H 0\(A B H 0
@) (2@ s)-(on) o=
Condition (a) is equivalent to:

(a') There exists an Hermitian matrizx G = diag (G1,...,GnN) (with Gy, €
Cwxv  k=1,...,N) such that

A B\ (G 0\(A B\ _(G 0
eo)@ i) s)-@r)  em
Proof. The necessity follows from Theorem Bl To prove the sufficiency, suppose
that the Hermitian matrix H = diag(Hq, ..., Hy) satisfies (52Z0) and let a € T be
such that —a € o(A). Then, H satisfies conditions [IX) and I for the GR-

node 8 = (N; Ay, Ba,Ca, Do; CY = @fgvzl C C?) defined by ([2) (this follows
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from the proof of Theorem BEl). Thus, from Theorem and Theorem Bl we
obtain that f is matrix-unitary on 7x. Analogously, condition (a’) implies that
the FPS f is matrix-unitary on 7y. O

A counterpart of Theorem EET4l in the present case is the following theorem:

Theorem 5.19. Let (C, A) be an observable pair of matrices in the sense that O has
full column rank for each k =1,...,N. Assume that A € C"™*" is invertible. Then
there exists a matriz-unitary on Ty rational FPS f with a minimal GR-realization

a=(N;AB,C,D;C" = @gﬂ C"=,C?) if and only if the Stein equation

H-A"HA=C*"C (5.27)
has an Hermitian solution H = diag(Hi,...,Hy), with H, € C&*" k =
1,...,N. If such a matric H exists, it is invertible, and possible choices of D

and B are D, and B, given by @I0) and BID) with J = I,. Finally, for a given
H = diag(Hy, ..., Hy), all other choices of D and B differ from D, and B, by a
right multiplicative unitary constant.

A counterpart of Theorem is the following theorem:

Theorem 5.20. Let (A, B) be a controllable pair of matrices, in the sense that C,
has full row rank for each k =1,...,N. Assume that A € C"*" is invertible. Then
there exists a matriz-unitary on Ty rational FPS f with a minimal GR-realization
a=(N;AB,C D;C" = EB;:Zl C"=,C?) if and only if the Stein equation

G — AGA* = BB* (5.28)
has an Hermitian solution G = diag(G1,...,Gn) with G € G™*™ k. =1,...,N.
If such a matriz G exists, it is invertible, and possible choices of D and C are D,
and C!, given by &IX) and EI) with H = G~' and J = 1,. Finally, for a given
G = diag(G1,...,GnN), all other choices of D and C differ from D!, and C! by a
left multiplicative unitary constant.

A counterpart of Theorem EETHl in the present case is the following:

Theorem 5.21. Let f be a matriz-unitary on Ty rational FPS and « be its min-
imal GR-realization of the form @BIl), with the associated structured Hermit-
ian matric H = diag(Hy, ..., Hyx) and the associated k-th inner products [, m,,
k=1,...,N. Let Py denote the orthogonal projection in CY onto the subspace
{0}o---a{0}aC*a {0} - {0}, and set Ay = APy, for k =1,...,N.
If z € C is a common eigenvector for A = {A_l, e ,E} corresponding to a
common eigenvalue X = (A1,...,A\y) € CV, then there exists j € {1,...,N} such
that |\;| # 1 and [Pjz, Pjz]g, # 0. In particular A has no common eigenvalues
on TN

The proof of this theorem relies on the equality
(1 — \Me|®)[Pez, Pex)m, = (CPrx,CPyz), k=1,...,N,

and follows the same argument as the proof of Theorem ELTA
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6. Matrix-/-inner rational formal power series

6.1. A multivariable non-commutative analogue of the halfplane case

Let n € N. We define the matriz open right poly-halfplane as the set
(H"X")N = {Z: (Z1,...,ZN) € (C"X")N C 2+ ZE >0, k= 1,...,N},

and the matriz closed right poly-halfplane as the set

clos (H"X”)N = (clos H”X")N

_ {Zz (Zoyeo Zn) € (€Y 2y 4+ 28 >0, k=1,...,N},
We also introduce
Pn = H (Han)N and closPy = H clos (H’H,Xn)N'
neN neN
It is clear that
(iH"X")N C clos (H"X")N

is the essential (or Shilov) boundary of the matrix poly-halfplane (H”X")N

[5]) and that Jy C clos Py (recall that Ty =[], oy (iH”X")N).
Let J = J~! = J* € C9%9. A matrix-J-unitary on Jy rational FPS F is
called matriz-J-inner (in Py ) if for each n € N:

F(Z)JoL)F(Z) <J®l, (6.1)

(see

at those points Z € clos (H"X")N where it is defined (the set of such points is

open and dense, in the relative topology, in clos (H"X")N since F(Z) is a ratio-
nal matrix-valued function of the complex variables (Zy);;, k =1,..., N, i,j =
1,...,n).

The following theorem is a counterpart of part a) of Theorem 2.16 of [1.

Theorem 6.1. Let F' be a matriz-J-unitary on Jn rational FPS and a be its mini-
mal GR-realization of the form BIl). Then F is matriz-J-inner in Py if and only
if the associated structured Hermitian matriz H = diag(Hy, ..., Hy) is strictly
positive.

Proof. Let n € N. Equality ) can be rewritten as
J@I, —F(Z)JQL)F(Z') = Z2)AZ+Z)YH '@ L)p(Z)"  (6.2)
where ¢ is a FPS defined by
o) = OL, = A)A) 1 € CF (21, 2y
and (E2) is well defined at all points Z, Z’ € (C"*™)¥ for which
1€o(AZ2)(A® L)), 1¢0(AZ)A®I,)).
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Set p(z) :=C(I, — A(Z)A)fly(cwk € CVY% ((21,...,2N))yat » K =1,...,N. Then
E2) becomes:

N
J@I,— F(Z)(J @ I)F(Z")" = ou(Z)(H ' ® (Ze + Z,7))er(2')". (6.3)
k=1

Let X € H™ "™ be some positive semidefinite matrix, let Y € (H"*")™ be such
that 1 € o(AGY)(A® I,)), and set for k=1,...,N:

ex == (0,0,...,0,1,0,...,0) e CV
with 1 at the k-th place. Then for A € C set
ZE (V) = AX @ e +3Y = (i3, iV 1, AX + Yk, (Vg1 ..., iYn).
Now, ([E3) implies that
J@ I, - F(ZP W) (J @ L)F(ZE, (V)
= A+ N)en(Z85 O H @ X)en(Z5 (X))

" (6.4)
The function h(A) = F(Zg?)y (N)) is a rational function of A € C. It is easily seen
from (@) that h is (J ® Ip,)-inner in the open right halfplane. In particular, it is
(J ® I,)-contractive in the closed right halfplane (this also follows directly from

(ET)). Therefore (see e.g. [22]) the function
k k *
J® L, = F(Z$,(W)(J @ L)F(Z{,)(X)
AN
is a positive semidefinite kernel on C: for every choice of r € N, of points

Al,...,Ar € C for which the matrices W(\;, A;) are well defined, and vectors
C1,...,¢r € CT® C™ one has

T\ N) = (6.5)

T

Z c;-‘\ll()\j,)\i)ci Z O,
ij=1
i.e., the matrix (W(A;,\i)); ;—, . is positive semidefinite. Since gok(ng)Y(O)) =
(1Y) is well-defined, we obtain from ([E4I) that ¥(0,0) is also well-defined and
T(0,0) = ¢ (1Y) (H, ' @ X)pp(iY)* > 0.

This inequality holds for every n € N, every positive semidefinite X € H"*" ‘and
every Y € (H"™)N. Thus, for an arbitrary »r € N we can define n = nr, Y =

(Y1,....Yy) € (H>™M)N  where Y}, = diag(Y,fl), . .,Y,C(T)) and Yk(j) e H™", k=
1,...,N, j=1,...,r such that ¢ (¢Y") is well defined,

I, - I,
X = E(Cnxn®(cr><rg(cﬁ><ﬁ

I, - I,
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and get
0 < or(iY)(Hy' © X)pp(iY)*
= diag(or (1Y D), ..., op(iY M) x

I,
x |H e | 2 | (L -+ L) | diag(er@Y ™M),V )")
I,
o (1Y V)
= : (Hy' @ L) (or((Y M) oo o (iY()*)
o1 (1Y)

= (YD) (H' @ L)er(iY@)")
Therefore, the function
Ki(iY,iY") = i (iY ) (H, ' @ L)pr (iY")*

is a positive semidefinite kernel on any subset of (iH"*")" where it is defined, and
in particular in some neighbourhood of the origin. One can extend this function
to

Ki(Z.2") = on(Z)(H " @ L)pi(2')" (6.6)
at those points Z, Z' € (C"*")N x (C"*")N where ¢}, is defined. Thus, on some
neighbourhood T of the origin in (C™*™)Y x (C"*™)N | the function K(Z,Z') is
holomorphic in Z and anti-holomorphic in Z’. On the other hand, it is well-known
(see e.g. [A]) that one can construct a reproducing kernel Hilbert space (which we
will denote by H(K})) with reproducing kernel K (iY,4Y”), which is obtained as
the completion of

Ho = span { Ky, (-, iY)z; iY € (H"™")N NI, 2 € C?®C"}

with respect to the inner product

T 4
<Z Kk(v iY(H))JJu, Z Kk(’ ZYV(V))J:V>
p=1 Ho

v=0

T 4
— Ku(iY ™, iy ,,> .
SN (Bl @iy )

=1v=1
The reproducing kernel ;roperty reads:
(), Ki(-,3Y )2y (x,) = (f (1Y), ¥)cagen,
and thus Kj(iY,iY’) = ®(iY)®(iY’)" where
OY): f() = fY)

is the evaluation map. In view of (&8), the kernel Kj(,-) is extendable on I' x T’
to the function K(Z,Z’) which is holomorphic in Z and antiholomorphic in Z’,
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all the elements of H(K}) have holomorphic continuations to I', and so has the
function ®(-). Thus,

Ki(2,2') = 2(2)®(Z')"
and so Ki(Z,Z') is a positive semidefinite kernel on I'. (We could also use [3]
Theorem 1.1.4, p.10] to obtain this conclusion.) Therefore, for any choice of £ € N
and ZW ..., Z® e T the matrix

(er(Z0)(Hy ' @ L) 7))

on(2%) (6.7)
=| ¢ | ETeL) (@) e en(29))
er(Z20)

is positive semidefinite. Since the coefficients of the FPS ¢ are (¢x)w =
(ChAYW9*  w € Fu, and since « is an observable GR-node, we have

m ker(CbA)"“9* = {0}.

weFN
Hence, by Theorem Bl we can chose n,¢ € N and Z(M ..., Z® T such that

4
) kere(29) = {0}
j=1

Thus the matrix colj—1 . ¢ (gpk(Z (j))) has full column rank. (We could also use
Theorem [£7) From (B0 it then follows that H, ' > 0. Since this holds for all
ke{l,...,N}, we get H> 0.

Conversely, if H > 0 then it follows from [{Z) that for every n € N and
YA (H"X”)N for which 1 € 0(A(Z)(A® I,,)), one has

Therefore F' is matrix-J-inner in Py, and the proof is complete. O

Theorem 6.2. Let F' € C¥*9((z1,...,2N)), be matriz-J-inner in Pn. Then F
has a minimal GR-realization of the form BIIl) with the associated structured
Hermitian matrizc H = I,. This realization is unique up to a unitary similarity.

Proof. Let
N

a® = (N;A°,B°,C°,D;C" = ™, C9)
k=1
be a minimal GR-realization of F', with the associated structured Hermitian ma-
trix H° = diag(H7,..., Hy). By Theorem Bl the matrix H® is strictly positive.
Therefore, (H°)'/? = diag((H{)'/2, ..., (HY)'/?) is well defined and strictly posi-

tive, and
N

a=(N;A,B,C,D;C" = @HC™,C),
k=1
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where
A :2(}10)1/2140(f10)_1/2, B ::(}10)1/21307 C ::(:10(}{0)—1/27 (6.8)
is a minimal GR-realization of F satisfying
A*+A = —-C*JC, (6.9)
B = -—-C*JD, (6.10)
or equivalently,
A*+A = —-BJB", (6.11)
C = -—-DJB*, (6.12)
and thus having the associated structured Hermitian matrix H = I,. Since in this
case the inner product [-, -]y coincides with the standard inner product (-, -)
of C7, by Remark ECl this minimal GR-realization with the property H = I, is
unique up to unitary similarity. O

We remark that a one-variable counterpart of the latter result is essentially
contained in [20], [38] (see also [I0, Section 4.2]).

6.2. A multivariable non-commutative analogue of the disk case

Let n € N. We define the matriz open unit polydisk as
()N = {W = (Wh,...,Wn) € (). WoWg < I, k= 1,...,N},
and the matriz closed unit polydisk as
clos (D”X")N = (closD”X")N
_ {W: (Wh,...,Wx) € (€)Y . Wy <1, k= 1,...,N}.

The matrix unit torus (T”X")N is the essential (or Shilov) boundary of (D”X")N

(see [H)]). In our setting, the set

Dy = H (ann)N (resp'a closDy = H clos (D”X")N>

neN neN

is a multivariable non-commutative counterpart of the open (resp., closed) unit
disk.

Let J = J~! = J* € C9%4. A rational FPS f which is matrix-J-unitary on
Ty is called matriz-J-inner in Dy if for every n € N:

fW)J L) fW)* <J®l1, (6.13)

at those points W € clos (]D)"X”)N where it is defined. We note that the set of

such points is open and dense (in the relative topology) in clos (D”X")N since
f(W) is a rational matrix-valued function of the complex variables (W4);;, k =
1,...,N, i,j=1,...,n.
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Theorem 6.3. Let [ be a rational FPS which is matriz-J-unitary on Ty, and let o
be its minimal GR-realization of the form @I). Then f is matriz-J-inner in Dy
if and only if the associated structured Hermitian matriz H = diag(Hq, ..., Hy)
is strictly positive.

Proof. The statement of this theorem follows from Theorem Bl and Theorem BTl
since the Cayley transform defined in Theorem BJl maps each open matrix unit
polydisk (D"*™)N onto the open right matrix poly-halfplane (IT"*")¥  and the
inequality (EI3) turns into ([GII) for the function F' defined in &I). O

The following theorem is an analogue of Theorem

Theorem 6.4. Let f be a rational FPS which is matriz-J-inner in Dy. Then there
exists its minimal GR-realization o of the form BII), with the associated struc-
tured Hermitian matriv H = I,. Such a realization is unique up to a unitary
stmilarity.

In the special case of Theorem B4 where J = I, the FPS f is called matriz-
inner, and the GR-node « satisfies

@2y -

C D C D) o

i.e., a is a unitary GR-node, which has been considered first by J. Agler in [1]. In
what follows we will show that Theorem B4l for J = I, is a special case of the the-
orem of J. A. Ball, G. Groenewald and T. Malakorn on unitary GR-realizations of
FPSs from the non-commutative Schur—Agler class [I2], which becomes in several
aspects stronger in this special case.

Let U and Y be Hilbert spaces. Denote by L(U,)) the Banach space of
bounded linear operators from U into . A GR-node in the general setting of
Hilbert spaces is

N
a=(N;A,B,C,D; X = P XU, D),
k=1
i.e., a collection of Hilbert spaces X, Xy, ..., Xn,U,Y and operators A € L(X) =

L(X,X), Be LU,X), C € L(X,Y), and D € L(U,Y). Such a GR-node « is
called unitary if

AB*ABij ABAB’LI
¢ p) \c¢c p)~* \¢c p)\c D) ~— ¥

ie., (é g) is a unitary operator from X & U onto X & Y. The non-commutative

transfer function of « is

T™(z) = D+ C(I — A(2)A) "' A(2)B, (6.14)
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where the expression (EId) is understood as a FPS from L(U,Y) ((z1,...,2nN))
given by

Ti(z)=D+ Y. (CbAtB)" 2" =D+ i C(A(2)A)F A(z)B.  (6.15)
weFn\{0} k=0

The non-commutative Schur-Agler class SAN (U, ) consists of all FPSs f €
LU,Y) ({z1,...,2n)) such that for any separable Hilbert space K and any N-
tuple 6 = (d1,...,dn) of strict contractions in K the limit in the operator norm
topology

fO)=lm > fo@d"
weFN: |lw|<m

exists and defines a contractive operator f(0) € L(U ® K,Y @ K). We note that
the non-commutative Schur—Agler class was defined in [I2] also for a more general
class of operator N-tuples 6.

Consider another set of non-commuting indeterminates z’ = (z1,..., 2y).

For f(z) € LV,Y) ({z1,...,2n)) and f'(z) € LOV,U) {({2],...,2N)) we define
a FPS
F)f'(Z) € LWU,Y) (21, .. 28, 20, 2h))
by
JESE = 3 fulfi) e (6.16)
w,w' e€Fn

In [I2] the class SAN (U,Y) was characterized as follows:

Theorem 6.5. Let f € L(U,Y) ((z1,...,2n)). The following statements are equiv-
alent:

(1) f e SAVU,Y);

(2) there exist auxiliary Hilbert spaces H,Hi,..., Hn which are related by
H= @szl Hi, and a FPS ¢ € L(H,Y) ({(z1,...,2n)) such that

Iy = f(2)f ()" = () (I = A(2)A)) () (6.17)

(3) there exists a unitary GR-node a« = (N; A, B,C,D; X = @gﬂ X, U, )
such that f = T2°.

We now give another characterization of the Schur—Agler class SAN (U, ).

Theorem 6.6. A FPS f belongs to SAN U,Y) if and only if for every n € N and
W e (D"*™)N the limit in the operator norm topology

F(W) = lim > fueW" (6.18)
" Oowe]:N: lw|<m

exists and ||f(W)]| < 1.
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Proof. The necessity is clear. We prove the sufficiency. We set

fez)= > fuz", k=0,1,....

wEFN: |w|:k

Then for every n € N and W € (D"*")N | ([GI8) becomes
FW) = lim Y fi(W), (6.19)
k=0
where the limit is taken in the operator norm topology. Let r € (0,1) and choose

7> 0 such that r+7 < 1. Let W € (D"*")¥ be such that [|W;|| <r,j=1,...,N.
Then, for every z € U ® C™ the series

r+T 700 k r+T
f< - /\W)x—kz_o/\fk< . W)x

converges uniformly in A € closD to a Y ® C"-valued function holomorphic on

closD. Furthermore,
1
i <T+TW) xH - ’ _,/f (T+T)\W> :c/\_’“_ld)\H < ||z,
r 21t Jr r
N
g( ) . (6.20)
r+T

and therefore
k
r+T r
w
(57w ()

< S s > () <

k=m+1 k=m+1

W)l =

Thus we have

|f(W> > f(W)
k=0

We observe that the limit in (EId) is uniform in n € N and W € (D"*™) such
that ||| < r, j = 1,...,N. Without loss of generality we may assume that
in the definition of the Schur—Agler class the space K is taken to be the space
£y of square summable sequences s = (Sj)fil of complex numbers indexed by N:
Z;’;l |s;|> < co. We denote by P, the orthogonal projection from ¢2 onto the
subspace of sequences for which s; = 0 for j > n. This subspace is isomorphic to
Cn, and thus for every § = (01,...,0n5) € L(¢2)Y such that ||§;]| <r,j=1,...,N,
we may use ([E20) and write

k
1e(PabiPar .. Padn Py < < ’ T) . (6.21)

Since the sequence P,, converges to Iy, in the strong operator topology (see, e.g.,
2]), and since strong limits of finite sums and products of operator sequences are
equal to the corresponding sums and products of strong limits of these sequences,
we obtain that

s — lim fk(Pnélpn, ey PnéNPn) = fk((S)

n—oo



Matrix-J-unitary Rational Formal Power Series 47

Thus from (EZ]) we obtain

74 < <+)

Therefore, the limit in the operator norm topology
F(6) = lim > fu(6)
k=0

does exist, and

o o r k
FGIESSIACTED S Cxe) IS
r+T
k=0 k=0
Moreover, since the limit in (EI) is uniform in n € N and W € (D"*™)¥ such
that |W;|| <r <1, j =1,...,N, the rearrangement of limits in the following
chain of equalities is justified:

lim f(Pn61Pa, ..., PadnPa)h = lim lim > fu(Pu61Pa, ..., PadnPo)h

n—oo n—oo m—0oo

k=0

= lim lim Y fu(PudiPp,..., PidnPo)h= lim > fi(8)h = f(5)h

m—0o0 N—00

k=0 k=0
(here h is an arbitrary vector in U ® f5 and § € L(f2)" such that ||§;]] < r,
j=1,...,N). Thus for every § € L(f2)" such that ||§;|| < 1,j=1,...,N, we
obtain [|f(0)]] <1, ie., f € SANU,Y). O

Remark 6.7. One can see from the proof of Theorem that for arbitrary f €
SANU,Y) and r: 0 <7 < 1, the series

F6) =3 u(6)
k=0

converges uniformly and absolutely in § € L(K)" such that ||§;]] <r,j=1,...,N,
where K is any separable Hilbert space.

Corollary 6.8. A matriz-inner in Dy rational FPS f belongs to the class
SAN(C?) = SAN(CY,C9).

Thus, for the case J = I, Theorem B4 establishes the existence of a unitary
GR-realization for an arbitrary matrix-inner rational FPS, i.e., recovers Theo-
rem B3] for the case of a matriz-inner rational FPS. However, it says even more
than Theorem in this case, namely that such a unitary realization can be
found minimal, thus finite-dimensional, and that this minimal unitary realization
is unique up to a unitary similarity. The representation (EId) with the rational
FPS ¢ € CT*7 ((21,...,2N)),a given by

p(2) = C(I, = A(2)A) ™
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is obtained from (BId]) by making use of Corollary 22

7. Matrix-selfadjoint rational formal power series

7.1. A multivariable non-commutative analogue of the line case

A rational FPS ® € C2*9 (21, ..., 2N)) . Will be called matriz-selfadjoint on Jn
if for every n € N:
(2)=2(2)"

at all points Z € (iH”X")N where it is defined.
The following theorem is a multivariable non-commutative counterpart of
Theorem 4.1 from [7] which was originally proved in [28].

Theorem 7.1. Let ® € C%%9((z1,...,2N)) ., ond let a be a minimal GR-
realization of ® of the form @BII). Then ® is matriz-selfadjoint on Jy if and
only if the following conditions hold:

(a) the matriz D is Hermitian, that is, D = D*;

(b) there exists an invertible Hermitian matric H = diag(Hq, ..., Hy) with
H, e Cve>7 Lk =1,...,N, and such that

A*H+HA = 0, (7.1)
C = iB*H. (7.2)

Proof. We first observe that ® is matrix-selfadjoint on Jy if and only if the FPS
F € C?7%24 ((zy,...,2N)),,; given by

F(z) = (‘81 iq}iz)) (7.3)

is matrix-J;-unitary on Jy, where

I = (g %) (7.4)

Moreover, F' admits the GR-realization
N
N iC I, D\ ~y _ e 2q
5= (N: A, (0 B),(O),(O Iq),c - e i)

This realization is minimal. Indeed, the k-th truncated observability (resp., con-
trollability) matrix of 3 is equal to

On(B) = <i6’5(0‘)> (7.5)
and, resp.,
Ch(®) = (0 Cul)) (7.6)

and therefore has full column (resp., row) rank. Using Theorem EJ] of the present
paper we see that @ is matrix-selfadjoint on Jy if and only if:
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(1) the matrix (Ig iID> is Ji-unitary;
q

(2) there exists an invertible Hermitian matrix H = diag(H, ..., Hy), with
Hy e Cv*%  k=1,...,N, such that

. 7 ", (iC

g (ic\", (I, iD
(0 B) — —m (0> Jl(o 7).
These conditions are in turn readily seen to be equivalent to conditions (a) and
(b) in the statement of the theorem. O

From Theorem El it follows that the matrix H = diag(Hy,...,Hy) is
uniquely determined by the given minimal GR-realization of ®. In a similar way
as in Section Ml it can be shown that Hg, k =1,..., N, are given by the formulas

Hy = — (colyery: juw|<qy—1 (BD(=A"))" ) (colyery: jwl<gy—1 (CHA) ")

wT wT\ T
= (rOWwG.'FN: lw|<gy—1 ((_A*)ﬁC*)gk ) (rOWwG.'FN: lw|<gy—1 (AﬂB)gk ) :

The matrix H = diag(Hq, ..., Hy) is called in this case the associated structured
Hermitian matriz (associated with a minimal GR-realization of the FPS ®).

It follows from (Z)) and ([ZZ) that for n € Nand Z,Z' € (iH”X")N we have:

B(2Z) -2 =i(CoIL,) (I, oL, — AZ) AR I,)) " (7.7)
XA(Z+2"7) (H @ L) (I © I, — (A" © L)A(Z™) 7 (C* ® 1),
®(2) = B(Z') =i(B*® L) (I, @ I, - A(Z")(A* ® 1)) " (7.8)

XAZ+Z™)VHL,) (I, ® 1, — (A2 L,)AZ) " (B® L,).

Note that if A, B and C' are matrices which satisfy ([I]) and [Z2) for some (not
necessarily invertible) Hermitian matrix H, and if D is Hermitian, then

d(z)=D+C(I - A(z)A)'A(2)B

is a rational FPS which is matrix-selfadjoint on Jn. This follows from the fact
that [ZF) is still valid in this case (the corresponding GR-realization of & is, in
general, not minimal).

If A, B and C satisfy the equalities

GA*"+ AG = 0, (7.9)
B = iGC* (7.10)
for some (not necessarily invertible) Hermitian matrix G = diag(Gy,...,Gn) then

D) is valid with H~! replaced by G (the diagonal structures of G, A(Z) and
A(Z’) are compatible), and hence ® is matrix-selfadjoint on Jx.

As in Section Hl we can solve inverse problems using Theorem [l The proofs
are easy and omitted.
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Theorem 7.2. Let (C, A) be an observable pair of matrices, in the sense that O
has a full column rank for all k € {1,...,N}. Then there exists a rational FPS
which is matriz-selfadjoint on Jn with a minimal GR-realization o of the form

BII) if and only if the equation

A*H+ HA=0
has a solution H = diag(Hy,...,Hy) (with H, € C**%_ k=1,..., N) which is
both Hermitian and invertible. When such a solution exists, D can be any Hermit-

ian matriz and B = iH~1C*.

Theorem 7.3. Let (A, B) be a controllable pair of matrices, in the sense that Cy
has a full row rank for all k € {1,...,N}. Then there exists a rational FPS which
is matriz-selfadjoint on Jn with a minimal GR-realization « of the form BI) if
and only if the equation
GA*+ AG =0

has a solution G = diag(G,...,Gn) (with G € C"*7 L =1,...,N) which is
both Hermitian and invertible. When such a solution exists, D can be any Hermit-
ian matriz and C = iB*G~*.

From ([ZH) and (ZH) obtained in Theorem [Tl and from Theorem EA we
obtain the following result:

Theorem 7.4. Let ® be a matriz-selfadjoint on Jy rational FPS with a GR-
realization « of the form BX). Let H = diag(Hy, ..., Hy) (with Hy € C'=*"x,
k=1,...,N) be both Hermitian and invertible and satisfy (L) and ([T2). Then
the GR-node « is observable if and only if it is controllable.

The following Lemma is an analogue of Lemma It is easily proved by
applying Lemma 3 to the matrix-Jj-unitary on Jy function F defined in ([[Z3]).

Lemma 7.5. Let ® € C%%9((21,...,2n)),, be matriz-selfadjoint on Jn, and
let o) = (N;A® BO Cc® D;CY = @i\lzl C"™ C?) be two minimal GR-
realizations of ®, with the associated structured Hermitian matrices H® =
diag(Hl(i), .. .,H](\Z,')), 1t = 1,2. Then these two realizations and associated matri-
ces H are linked by ZR) and @IA). In particular, for each k € {1,...,N} the
matrices H,gl) and H,?) have the same signature.

For n € N, points Z,Z" € (C"™*™)N where ®(Z) and ®(Z') are well-defined,
F given by ([L3)), and J; defined by ([Zd]) we have:

. [e@eez)
J &I, — F(Z)(Jl ® In)F(Z/) = ( 6 0) (7.11)
and
% 0 0
Ben-FZY (e L@ = () snuzr).  (112)

Combining these equalities with (7)) and [ZH) and using Corollary 22 we obtain
the following analogue of Theorem ET7
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Theorem 7.6. Let ® be a matriz-selfadjoint on Jn rational FPS, and let o be its
minimal GR-realization of the form BI), with the associated structured Hermit-
ian matrizc H = diag(Hy, ..., HN). Then for each k € {1,..., N} the number of
negative eigenvalues of the matriz Hy is equal to the number of negative squares
of the kernels

K<I>,k (CbA)wgk H]:l(A*ﬁC*)gkw'T

w,w’ T

K2k — (B*bA*ywos [, (A$B)9+""

Finally, for k € {1,...,N}, let Kip(®) (resp., Ki(®*)) denote the span of the

functions w — K;Ij’i ) *) where w' € Fy and ¢ € CY. Then,

w,w’ € Fn. (7.13)

@
. (resp., w— K,

dim ICk(@) = dim K:k((l)*) = Yk-
Let ®; and ®5 be two FPSs from C?*? ((z1,...,2N)) .- The additive decom-
position
D=0, + Py

is called minimal if
V(@) = Y (P1) + 1(P2), k=1,...,N,

where i (®), v, (®1) and v (P2) denote the dimensions of the k-th component of
the state space of a minimal GR-realization of ®, ®; and ®,, respectively. The
following theorem is an analogue of Theorem

Theorem 7.7. Let ®;, 1 = 1,2, be matriz-selfadjoint on Jn rational FPSs, with
minimal GR-realizations o?) = (N;A(i),B(i),C(i),D(i);(C'Y(Z) = @szl (C'Vf(cl),(Cq)
and the associated structured Hermitian matrices H® = diag(Hl(l), ceey HJ(\;)) As-

sume that the additive decomposition ® = &1 + @5 is minimal. Then the GR-node
a=(N;A,B,C,D;CY = @,_, C%, C9) defined by

D=DW+D®, g =4+ k=1,...N

and with respect to the decomposition CV = oV ecr® ,
AL B
A= < 0 A(2)>’ B= (B<2>>’ C=(M c®),  (1.14)

is a minimal GR-realization of ®, with the associated structured Hermitian matriz
H =diag(H,...,Hn) such that for each k € {1,...,N}:

7Y o
Hy = "% .
* ( 0o HP

Let v (®) denote the number of negative squares of either of the functions
defined in (ZIJ). In view of Theorem [[H and Theorem [l these numbers are
uniquely determined by ®.
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Corollary 7.8. Let ®1 and o be matriz-selfadjoint on Jn rational FPSs, and
assume that the additive decomposition ® = &1 + ®o is minimal. Then

Vk(q))zvk((l)l)-i-uk(q)g), k=1,2,...,N.

An additive decomposition of a matrix-selfadjoint on Jy rational FPS & is
called a minimal matriz-selfadjoint decomposition if it is minimal and both ®;
and @, are matrix-selfadjoint on Jy rational FPSs. The set of all minimal matrix-
selfadjoint decompositions of a matrix-selfadjoint on Jy rational FPS is given by
the following theorem, which is a multivariable non-commutative counterpart of
[, Theorem 4.6]. The proof uses Theorem EZI0 applied to the FPS F' defined by
[3), and follows the same argument as one in the proof of Theorem 4.6 in [1.

Theorem 7.9. Let ® be a matriz-selfadjoint on Jn rational FPS, with a minimal
GR-realization o of the form @I and the associated structured Hermitian matriz
H = diag(Hi,...,Hy). Let M = EBle My, be an A-invariant subspace, with
M CC% k=1,...,N, and assume that M is non-degenerate in the associated
inner product [+, - 1. Let 11 = diag(Ily,...,IIy) be the projection defined by
ker II = M, ranIl = M,
that is,
ker IT, = My, ranH;gzMEC“, k=1,...,N.

Let D = Dy + D4 be a decomposition of D into two Hermitian matrices. Then the
decomposition ® = @1 + ®5, where

®1(2) = D1 + O(I, — A(2)A) P A(2) (1, — ) B,

®5(2) = Do + CTI(I, — A(2)A) "' A(2)B,
is a minimal matriz-selfadjoint decomposition of .

Conversely, any minimal matriz-selfadjoint decomposition of ® can be ob-
tained in such a way, and with a fired decomposition D = Dy + D, the cor-
respondence between minimal matriz-selfadjoint decompositions of ® and non-
degenerate A-invariant subspaces of the form M = @ivzl My, where My, C C*,
k=1,...,N, is one-to-one.

Remark 7.10. Minimal matrix-selfadjoint decompositions do not always exist, even
in the case N = 1. For counterexamples see [].

7.2. A multivariable non-commutative analogue of the circle case

In this subsection we briefly review some analogues of the theorems presented in

Section [11

Theorem 7.11. Let ¥ be a rational FPS and « be its minimal GR-realization of
the form BI). Then U is matriz-selfadjoint on Ty (that is, for alln € N one has
U(Z) =W (Z)* at all points Z € (T™*™)N where U is defined) if and only if there
exists an invertible Hermitian matric H = diag(Hy, ..., Hy), with Hy € C7X7x
k=1,...,N, such that

A*HA=H, D-D*=iB*HB, C=iB"HA. (7.15)



Matrix-J-unitary Rational Formal Power Series 53

Proof. Consider the FPS f € C?7%2% ((zy,...,2N)),,, defined by
_ (I 1Y(z)
f(z)= (O I, > . (7.16)

Using Theorem B3 we see that f is matrix-Ji-unitary on 7y, with

_ (0 I
Ji = (Iq O) , (7.17)
if and only if its GR-realization

. iC\ (I, iD\ N oy o2
ﬁ:(N7A7(O B)a(o)u((;] Iq>7(C’Y:€Bj—1(C’Ya(Cq)
(which turns out to be minimal, as can be shown in the same way as in The-
orem [ZT]) satisfies the following condition: there exists an Hermitian invertible
matrix H = diag(Hq, ..., Hy), with H, € C»*7 Lk =1,..., N, such that

*

A 0 B H 0 0 A 0 B H 0 0
iC I, iD 0 0 I, iC I, D] =10 0 I},
0 0 I 0 I; O 0 0 I 0 I; O
which is equivalent to the condition stated in the theorem. ([

For a given minimal GR-realization of ¥ the matrix H is unique, as follows
from Theorem Bl Tt is called the associated structured Hermitian matriz of W.

The set of all minimal matrix-selfadjoint additive decompositions of a given
matrix-selfadjoint on 7 rational FPS is described by the following theorem, which
is a multivariable non-commutative counterpart of [d, Theorem 5.2], and is proved
by applying Theorem ETHto the matrix-J;-unitary on 7y FPS f defined by ([Z14d),
where Jp is defined by (ZI7). (We omit the proof.)

Theorem 7.12. Let ¥ be a matriz-selfadjoint on Ty rational FPS and o be its min-
imal GR-realization of the form BII), with the associated structured Hermitian
matric H = diag(Hy,...,Hy). Let M = @gﬂ My, be an A-invariant subspace,
with My C C*,  k=1,...,N, and assume that M is non-degenerate in the as-
sociated inner product [-,-]g. Let T = diag(Ily,...,IIx) be the projection defined
by

ker Il = M, ranIT = M,
that is,
N.

9

ker IT, = My, ranHk:./\/lEj'}, k=1,..
Then the decomposition ¥ = WUy + Wy, where
Uy(2) = D1+ C(I, — A(2)A) "' A(2) (I, — ) B,
Wy(z) = Dy + CI(I, — A(2)A) ' A(2)B,
with Dy = %B{H(l)Bl + S, the matriz S being an arbitrary Hermitian matriz,

and
B: = PuB, HY = PyH|
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is a minimal matriz-selfadjoint additive decomposition of U (here Py denotes the
orthogonal projection onto M in the standard metric of C7 ).

Conversely, any minimal matriz-selfadjoint additive decomposition of ¥ is
obtained in such a way, and for a fixed S, the correspondence between minimal
matriz-selfadjoint additive decompositions of ¥ and non-degenerate A-invariant
subspaces of the form M = @ivzl My, where My C C% k=1,...,N, is one-to-
one.

8. Finite-dimensional de Branges—Rovnyak spaces and backward
shift realizations: The multivariable non-commutative setting

In this section we describe certain model realizations of matrix-.J-unitary rational
FPSs. We restrict ourselves to the case of FPSs which are matrix-J-unitary on Jy.
Analogous realizations can be constructed for rational FPSs which are matrix-J-
unitary on 7y or matrix-selfadjoint either on Jy or 7y.

8.1. Non-commutative formal reproducing kernel Pontryagin spaces

Let F' be a matrix-J-unitary on Jy rational FPS and « be its minimal GR-
realization of the form BITl), with the associated structured Hermitian matrix
H = diag(Hy,...,Hy). Then by Theorem BT for each k € {1,..., N} the kernel
(ET3) has the number vy (F') of negative eigenvalues equal to the number of nega-
tive squares of Hy. Lemma EEH implies that the kernel K * from ETH) does not
depend on the choice of a minimal realization of F'. Theorem 0 also asserts that
the span of the functions

w»—>wa,c where w' € Fxy and ceCY,

is the space Ky (F) with dim Ky (F) = %, k =1,..., N. One can introduce a new
metric on each of the spaces K(F) as follows. First, define an Hermitian form
[+, “]Fk by:

[Kka,c’ KEFcp, =c Kw s
This form is easily seen to be well defined on the whole space Ky (F), that is, if f
and h belong to K (F) and

F.k _ § : F\k
f’w = Kw,chj K ’Cé
J ¢

he =y Kb do=Y Khd,
s t
where all the sums are finite, then

ZK cJ,ZKde ZKF,CK,ZKde’

F.k F\k

and
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Thus, the space K (F') endowed with this new (indefinite) metric is a finite di-
mensional reproducing kernel Pontryagin space (RKPS) of functions on Fy with
the reproducing kernel Kw - We refer to [A6 B, B] for more information on
the theory of reproducing kernel Pontryagin spaces. In a similar way, the space

K(F) = @gzl K (F) endowed with the indefinite inner product

N
= el
k=1

where f = col (f1,..., fn) and h =col(hq,...,hn), becomes a reproducing kernel
Pontryagin space with the reproducing kernel
K5 » = diag(K,, w,, .. .,Kﬁ’ﬁf/), w,w e FN.

Rather than the kernels K2
FPS kernels

k=1,...N,and KF  we prefer to use the

w u/’ w,w

1T

KFk (2,2 = Z KFk/z ", k=1,...,N, (8.1)
w,w’ €FN
1T
KF(z,2) = Z Kﬁw/zwz/w , (8.2)
w,w’ € FN

and instead of the reproducing kenrel Pontryagin spaces Ky (F) and K(F) we will
use the notion of non-commutative formal reproducing kernel Pontryagin spaces
(NFRKPS for short; we will use the same notations for these spaces) which we
introduce below in a way analogous to the way J. A. Ball and V. Vinnikov introduce
non-commutative formal reproducing kernel Hilbert spaces (NFRKHS for short)
n [14].
Consider a FPS
1T

Z K w22 € LC) ({21, 2N+ 215 - -1 ZN)) rat

w,w' €FN

where C is a Hilbert space. Suppose that

K(Z,2)=K(z,2) = Z Ky 2™
w,w' €F N
Then K, = Ky w for all w,w’ € Fy. Let £ € N. We will say that the FPS
K(z,2') is a kernel with x negative squares if K, is a kernel on Fy with &
negative squares, i.e. for every integer ¢ and every choice of wy,...,w, € Fy and
c1,...,¢ € C the £ x £ Hermitian matrix with (4, j)-th entry equal to ¢ Ky, w;c;
has at most k strictly negative eigenvalues, and exactly x such eigenvalues for some
choice of £, wy, ..., we,c1,...,Co.
Define on the space G of finite sums of FPSs of the form

z)c= E Ky 2%c,

weFnN
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where w’ € Fy and ¢ € C, the inner product as follows:

ZKwi(z)ci,ZKw; (z)c; = Z<Kw;,wici70;>0
i j g b
It is easily seen to be well defined. The space G endowed with this inner product

can be completed in a unique way to a Pontryagin space P(K) of FPSs, and in
P(K) the reproducing kernel property is

[fv Kw(')C]P(K) = <fwac>C- (83)

See [ Theorem 6.4] for more details on such completions.

Define the pairings [, |p(k)xP(K)((z1,....zx)) and <-,->C<<21 VVVVV n))xC @S map-
pings P(K) X P(K) {(z1,...,2n)) — C{{z1,...,2n)) and C {{z1,...,2n)) X C —
C <<21, N ,ZN>> by

[fv Z Guwz" Z [fvgw]P(K) ZmTa

weFN ‘|7>(K)><7>(K)((Z1 77777 Zn)) WEFN
< Z fwzw,c> Z <fw,c>c e
weFN C{{z1,...,2n)) xC weFN

Then the reproducing kernel property (&3] can be rewritten as

[fs K (- Z)C]p(K)xp(K)((zl,,,,,zN» = (f(»), C>C(<z1),,,7zN>>><C' (8.4)

The space P(K) endowed with the metric [-,-]p(x) will be said to be a NFRKPS
associated with the FPS kernel K (z, z’). It is clear that this space is isomorphic to
the RKPS associated with the kernel K, ,,+ on Fy, and this isomorphism is well
defined by

Ky (e K. e, w € Fy,ceC.

Let us now come back to the kernels [81]) and ([B2) (see also {LIH)). Clearly, they
can be rewritten as

KPRz, 2) = on(2)Hy 'on(2))*, k=1,...,N, (8.5)
KF(z,2) = o(z)H Yoz, (8.6)
where rational FPSs @i, £k =1,..., N, and ¢ are determined by a given minimal

GR-realization « of the FPS F' as
p(z) = C,—A()A),
o(z) = ¢ k=1,...,N.

For a model minimal GR-realization of F', we will start, conversely, with estab-
lishing an explicit formula for the kernels (B1l) and [82) in terms of F' and then
define a minimal GR-realization via these kernels.
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Suppose that for a fixed k € {1,..., N}, §3) holds with some rational FPS
@k Recall that

() Hy ™ (2 + (21) ) ou ()" (8.7)

] =

J—F()JF(Z)" =
k=1

(note that (z;,)* = z,). Then for any n € N and Z,Z" € C™"*™:
N
J& I = F(Z)(J @ L)F(Z') =Y er(Z)(H; ' @ (Zx+ (Z0))en(Z))". (88)
k=1

Therefore, for A € C:

J® IQn - F(Azyzl ()\))(J ® IQH)F(diag(—Z*, Z/))*

- sntzz {mte (1) faane-z.207 69

Az z(N) =X (21 ﬁ) ® ek + (g _g,*>
B (<Z1 0 ) (Zk_l 0 > ()\In + Zy, A, )
SN0 =@ 0 (Z)T) M Ma = (Z5)7)
G —dr) (8 )
0 —(Zi)") N0 —=(2y)) )

. w o -Z7 0 -Zy 0
diag(—Z*,7") := << o z) o z) )
and, in particular,
Az 7/(0) = diag(Z, —2Z"").
For Z and Z' where both F' and ¢, are holomorphic, @i (Az z/ (X)) is continuous
in A, and F (Azz/(\)) is holomorphic in A at A = 0. Thus, dividing by A the
expressions in both sides of [B3) and passing to the limit as A — 0, we get
d : * *
- {F(Az,2 (M)} ,_o(J © Ln)F(diag(—Z*, Z'))
. * _ I, I, . N X
= o (diag(Z,-2")) {Hk '® (I I )}sﬂk(dlag(—Z ,Z"))

= () e n) (-2 ).

Taking the (1,2)-th entry of the 2 x 2 block matrices in this equality, we get:

KKz, 7" = —% {F(Azz2:(N) 1o} | \_o(J @ L)F(Z')*. (8.10)
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Using the FPS representation for F' we obtain from ([BI0) the representation

KF"k(Z, Z/) _ Z Z (_1)|v’\+1ngkv/TJFv ® 7Y (Z/*)w/T '

w,aw' €FN \v,w €FN:vv/=w’

From Corollary EZ2 we get the expression for a FPS KF(z, 2’), namely:

KPRz 2 = Z Z (—1)‘U/I+1ngkv/TJFv 2o (8.11)

waw' eFny \v,0' €Fn:vv=w’

Using formal differentiation with respect to A we can also represent this kernel as
d
F.k _ %
KPRz, 2 = - {F(AeorN) 1o} Lo JF(Z)*. (8.12)

We note that one gets (BI1) and (BT2) from ) using the same argument applied
to FPSs.
Let us now consider the NFRKPSs Ki(F), k¥ = 1,...,N, and K(F) =

@2;1 K (F). They are finite dimensional and isomorphic to the reproducing ker-
nel Pontryagin spaces on Fn which were denoted above with the same notation.
Thus

dimICk(F):%, kZl,...,N,

dim K(F) = 7. (8.13)

The space KC(F) is a multivariable non-commutative analogue of a certain de
Branges—Rovnyak space (see [I9, p. 24], [l Section 6.3], and [, p. 217]).

8.2. Minimal realizations in non-commutative de Branges—Rovnyak spaces
Let us define for every k € {1,..., N} the backward shift operator

Ry : C* <<Zlv"'7ZN>>rat — C <<217"'7ZN>>rat
by

Ret Y fuz+— Y fug?".
weFN weFN
(Compare with the one-variable backward shift operator Ry considered in Sec-
tion )
Lemma 8.1. Let F be a matriz-J-unitary on Jn rational FPS. Then for every

ke{l,...,N} the following is true:

1. RpF(z)c € Ki(F) for every c € C4;
2. RyK;(F) C Ky(F) for every j € {1,...,N}.
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Proof. From [B) and the J-unitarity of Fj we get
N

(Fy — F(2))JFj = =Y RieF(2)zJFf
k=1

J — F(2)JF;

or(2)Hy 2 (0r)g

I
T

and therefore for every k € {1,..., N} and every ¢ € C? we get
Ry F(2)c = —pi(2)Hy Hn)jy JFye = Ky " (2) (=T Fye) € Ki(F).

Thus, the first statement of this Lemma is true. To prove the second statement
we start again from B7) and get for a fixed j € {1,...,N} and w € Fy:

—F(2)JF,, = ¢i(2)H +Z¢k Hy 2k (01) g,

and therefore for any ¢ € CY:

—i(RkF(Z)Jqung) zk:i(RkK J z;c-f-Z(vaq]j ) 2.
k=1

k=1
Hence, one has for every k € {1,...,N}:

RiK57(2)c = =Ry F(2)J Fpy ¢ — Kbt (2)c, (8.14)
and from the first statement of this Lemma we obtain that the right-hand side of
this equality belongs to Ik (F'). Thus, the second statement is true, too. O

We now define operators Ag; : K;(F) — Ki(F), A: K(F) — K(F), B
C?1— K(F), C: K(F)—C4 D: C?— C?by

Ay = Rilg, gy ki=1....N, (8.15)

A = (Akj)kj=1,..N (8.16)
RiF(z)c

B : c+— , (8.17)
RyF(2)c
fi(2) N

¢ L =D (e (8.18)
fN(Z) k=1

D = F. (8.19)

These definitions make sense in view of Lemma

Theorem 8.2. Let F' be a matriz-J-unitary on Jn rational FPS. Then the GR-node
a=(N;AB,C,D;K(F) = @ivzl K (F),C2), with operators defined by ([BIH)—
®T), is a minimal GR-realization of F.
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Proof. We first check that for every w € Fy : w # () we have
F, = (ChAEB)" . (8.20)

Let w = gy, for some k € {1,..., N}. Then for ¢ € C%:

(ChAEB)" ¢ = CyBre = (R F(2)c)y = ( Z ngkzwc> = Fy,c.
0

weFN

Assume now that [w| > 1, w = gj, ... gj,,,- Then for c € C%:

(CbAﬂB)w c= le Aj17j2 T Aj\w\717j\w\Bj\w\c = (Rj e 'Rj\w\F(Z)C)@
= ( Z Fw,gj1'”gj\w\zw C) = qul”'gj‘w‘ c= ch'
w'€FN 0

Since Fy = D, we obtain that
F(z) =D+ C(I — A(2)A) "' A(2)B,

that is, « is a GR-realization of F'. The minimality of a follows from &I3). O

Let us now show how the associated structured Hermitian matrix H =
diag(Hy, ..., Hy) arises from this special realization. Let

h = coh<jen(K5()e;) and W' = colicyan (K ()¢)).

o]
Using (BT4), we obtain

[Agjhg, B pr + [y, Ajehli]F
= [ReK[7()ej, Ko (Vi mk + K57 (e, Rij;;f(')Ck]F,j

’
Wy

* F,j F.k
(c,) (Kw;jgk’wj +KE wjgj) . (8.21)

ko

Let a= (N; ;1, é, 8’, lo); Cr = @fgvzl C" C?) be any minimal GR-realization of F,
with the associated structured Hermitian matrix [J= diag(Hq, ..., Hy). Then the
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right-hand side of (8ZI]) can be rewritten as

(ch)* (KF}j + KEF ) ¢;

W gk,w; Wi ,Wj g;

wigng; [ o N~ /o o \%wj
= () ((ch) ' (H]> (A*ﬂC*)
o o w;gk o -1 o o gkgjw]T
+(Cv A) (Hk) (A*ﬁc*) ¢
« /O . o\ WkIk o o\ ! o \ 1 o \ * o o\ 5wy
o (8 5) () () ()
’ o T

Lol Ky
= ()" (Kﬁk) JEy ¢
= —(hi)gJ (hj)o-

)

In this chain of equalities we have exploited the relationship between Z, LOB, C, 10), J
and H from Theorem Bl applied to a GR-node . Thus we have for all k,j €
{1,...,N}:

[Akjhj, Wil pk + [hy, Ajehi]pg = —(hy,)" CR JCjh;. (822)

Since this equality holds for generating elements of the spaces K(F), k& =
1,...,N) it extends by linearity to arbitrary elements h = col(hy,...,hy) and
R =col(hy,...,hly)in K(F). For k=1,...,N, let (-, -} px be any inner product
for which Ky (F') is a Hilbert space. Thus, K(F) is a Hilbert space with respect to
the inner product

N
(hy b)Y =" (hiey B g
k=1

Then there exist uniquely defined linear operators Hy : Kp(F) — Ki(F) such
that:

(his il = (Hihi, hig)p,  k=1,...N,
and so with H := diag(Hy,...,Hy) : K(F) — K(F) we have:

(B = (Hh, 1) p.
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Since the spaces Ky, (F') are non-degenerate (see [4]), the operators Hy, are invertible
and 8ZA) can be rewritten as:

(A*)gjH; + HyAg; = —CiJCy,  kyj=1,...N,

which is equivalent to E3]).
Now, for arbitrary c,¢’ € C? and w € Fy we have:

<HkBkC, Kf);k(')cwﬂk = [RkF()C, Kg;k(')cl]p)k = C/*Fw’gkc-
On the other hand,

—(CEIDe, KEF ()Y = —(JFpe, Cu KEF ()Y p i = — (T Fye, Kfj,c'>
kR o () (G) b

w’ gk o w’ 9k
(ObA) Bpc=¢ (ObAﬁB) c=¢ ng,C
Here we have used the relation [l for an arbitrary minimal GR-realization
o= (N; ;1 é 8’ B C EBk 1 (C’Yk ,C7) of F, with the associated structured Her-

mitian matrix H d1ag(H1, ..., Hn). Thus, HyB, = —C{JD, k=1,...,N, that
is, B=—H~"'C*JD, and (M) holds for the GR-node a. Finally, by Theoremﬂ:[],
we may conclude that H = diag(Hy, ..., Hy) is the associated structured Hermit-
ian matrix of the special GR-realization a.

8.3. Examples

In this subsection we give certain examples of matrix-inner rational FPSs on 75
with scalar coefficients (i.e., N =2, ¢ =1, and J = 1). We also present the corre-
sponding non-commutative positive kernels K1(z, 2’) and K2(z,2’) computed

using formula ([BT2).
Ezample 1. F(z) = (21 + 1) z1 — 1)(22 + 1) 71 (22 — 1).
KBz, ) =2z + 1) + 1)
KP2(z2,2) =2(z1+ 1) a1 = V(22 + 1) M2+ 1) 7z — )2 + 1)
Ezample 2. F(z) = (21 + 22+ 1) (21 + 22 — 1).
K2, )= K2 (2,2) =21 + 20 + 1) M2 + 25 + 1)1

Ezxample 3.

Fz)= (214 (22 +0) 7 1) (14 (2 +0) " = 1)
=((z2+i)(z1+ 1)+ 1) (22 + i) (21 — 1) + 1)

KFV 2 2)=2((za4+8) (21 + 1)+ 1) (2 +4) (2 — 1) (2, + 1)(h— i)+ 1),

K™ (z,2) =2((22 + i) (21 + D)+ D)7 (A + DB =)+ 1)
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