Chapman University
Chapman University Digital Commons

Mathematics, Physics, and Computer Science Science and Technology Faculty Articles and
Faculty Articles and Research Research
2005

Point Evaluation and Hardy Space on a
Homogeneous Tree

Daniel Alpay
Chapman University, alpay@chapman.edu

Dan Volok
Ben Gurion University of the Negev

Follow this and additional works at: http://digitalcommons.chapman.edu/scs_articles

b Part of the Algebra Commons, Discrete Mathematics and Combinatorics Commons, and the

Other Mathematics Commons

Recommended Citation

D. Alpay and D. Volok, Point evaluation and Hardy space on a homogeneous tree. Integral Equations and Operator Theory, vol. 53
(2005), pp. 1-22.

This Article is brought to you for free and open access by the Science and Technology Faculty Articles and Research at Chapman University Digital
Commons. It has been accepted for inclusion in Mathematics, Physics, and Computer Science Faculty Articles and Research by an authorized

administrator of Chapman University Digital Commons. For more information, please contact laughtin@chapman.edu.


http://digitalcommons.chapman.edu?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/science_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/science_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/178?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/185?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:laughtin@chapman.edu

Point Evaluation and Hardy Space on a Homogeneous Tree

Comments

This is a pre-copy-editing, author-produced PDF of an article accepted for publication in Integral Equations
and Operator Theory, volume 53, in 2005 following peer review. The final publication is available at Springer
via DOI: 10.1007/500020-003-1302-4

Copyright
Springer

This article is available at Chapman University Digital Commons: http://digitalcommons.chapman.edu/scs_articles/417


http://dx.doi.org/10.1007/s00020-003-1302-4
http://digitalcommons.chapman.edu/scs_articles/417?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages

arXiv:math/0309262v2 [math.OA] 14 Jan 2004

POINT EVALUATION AND HARDY SPACE ON A
HOMOGENEOUS TREE

DANIEL ALPAY AND DAN VOLOK

ABSTRACT. We consider stationary multiscale systems as defined by Bas-
seville, Benveniste, Nikoukhah and Willsky. We show that there are deep
analogies with the discrete time non stationary setting as developed by the
first author, Dewilde and Dym. Following these analogies we define a point
evaluation with values in a C'*-algebra and the corresponding “Hardy space”
in which Cauchy’s formula holds. This point evaluation is used to define in
this context the counterpart of classical notions such as Blaschke factors.

1. INTRODUCTION

The purpose of this paper is to explain relationships between the theory of non-
stationary linear systems indexed by the integers and the theory of stationary linear
systems indexed by a homogeneous tree. We restrict ourselves to the case of in-
put/ouput systems and postpone the treatment of state space realizations to a
future publication. Our motivation for this study originates with the works of Bas-
seville, Benveniste, Nikoukhah and Willsky (see [12], [I1], [I0], [9]) where a general
theory of multiscale system is developed. In particular these authors distinguished
special families of stochastic processes (stationary and isotropic) and developed
Schur-Levinson recursions for isotropic processes. They also distinguish a special
family of operators which they call stationary transfer functions. We associate to
such functions point evaluations whose domain and range are in a C*-algebra asso-
ciated to the tree. We explain the relationships with the point evaluation defined
for upper-triangular operators in [2]. The analogies between the two cases allow
interfeeding. In particular, one can pose and solve interpolation problems which
should have applications to the theory of multiscale systems. We plan to consider
this in a future publication. Some of the results presented here were announced in

H.

The outline of the paper is as follows. In Section [ we briefly review the setting
developed in [2]. In the third Section we present part of the multiscale system the-
ory relevant to the present study. Although in part of a review nature, the point of
view contains some novelties, in particular by considering the ¢5 space associated to
the tree. An important role is played by the so—called Cuntz relations (see [I6]). In
the fourth Section we introduce the C*-algebra of constants and the Hardy space
associated to the tree. In Section Bl we study the properties of the point evaluation
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2 DANIEL ALPAY AND DAN VOLOK
and the notion of Schur multipliers is studied in Section B

We would like to mention that similar techniques were used by Constantinescu
and Johnson (see [I4], [15]) in a different setting (tensor algebras rather than Cuntz
algebras). Elements of system theory for Cuntz algebras are being considered by
Ball and Vinnikov in [§] and [7]. Also, the connections between Cuntz algebras and
wavelets are studied in the book [22].

Acknowledgments: It is a pleasure to thank Prof. J. Ball for insightful com-
ments on preliminary versions of this paper, and Prof. A. Benveniste who made
available to us the reports [9] and [I], which sparked our interest in the subject.

2. THE DISCRETE TIME NON STATIONARY SETTING
We briefly review the nonstationary setting developped in [I] and [2]. We fix a
separable Hilbert space N, the coefficient space, and consider the Hilbert space £2 /\/
of all two sided square summable sequences f = (f)2_ = (..., f- 1,. fi,---
with components f; € N provided with the standard inner product The set of

bounded linear operators from ¢3, into itself is denoted by X. Let Z denote the
bilateral backward shift operator

(Zf); = fit1, i=...,—1,0,1,....

It is unitary on ¢3,. An element A € X' can be represented as an operator matrix
(Aw) with A;; = 7*Z°AZ* 1 where 7 denotes the injection map: u € N

,0,[u] . 0,...) € €2 We denote by U and D the spaces of upper triangular and
dlagonal operators

UZ{AEXZAijZO,i>j}, 'D:{AEXZAijZO,’L.#j}.
For W € D we set W) = Z*W Z7 and
wlol =71, whl =wwOw® w1t = wz9rzr, n>1.

Theorem 2.1. Let F € U and D € D. There ezists a unique sequence of operators

Fj;€D,3=0,1,..., namely (F[j])ii = F;_;;, such that
(2.1) F=Y Z"F,
n=0

in the sense that F — Z?:_ol ZIiFy) € Z™U. The operator (Z — W) ' (F = D) be-
longs to U for W € D such that rsp (Z*W) < 1 if and only if

(2.2) D =Y whp, < Frmw).
n=0
An operator F' = (Fj;) € X is a Hilbert-Schmidt operator if all its entries Fj;
are Hilbert—Schmidt operators on A/ and > Tr F5Fyj < oo, where Tr stands for
trace. The set of these operators will be denoted by X5 and it is a Hilbert space
with respect to the inner product

(F.G)x, = ZTrG Fij < 00,
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The subspaces of upper triangular and diagonal operators which are moreover
Hilbert—Schmidt operators on A will be denoted by Us and D» . The space Us is a
reproducing kernel Hilbert space with reproducing kernel

put =T —2ZW*)"t = "(zwr)r =y zrwi
0 0

in the sense that for all W € Q, E € Dy, and F' € Us, the operator pt},lE € Uy and

(2.3) (F, py} EYu, = Tr E*FN(W).

This last formula is the non stationary counterpart of Cauchy’s formula for Hardy
functions.

The map W +— F(W) (which was first introduced in [1]) and its counterpart
when one replaces (Z — W)~ (F — D) by (F — D)(Z — D)~ ! in the above theorem
allow to translate most, if not all, of the classical analysis of the Hardy space Hs
to the setting of upper triangular operators. The analogue of the Hardy space Ha
is given by the Hilbert space of upper triangular operators Us. See [3], [6], [T for
sample applications. As already mentioned and as we will see in the sequel, they
have analogues in the setting of multiscale system theory.

3. MULTISCALE SYSTEM THEORY

Some of the fundamental notions in the classical theory of discrete time lin-
ear systems are that of causality and stationarity. In this section we review the
analogues of these notions, introduced by Basseville, Benveniste, Nikoukhah and
Willsky in the case of multiscale linear systems.

Let 7 be a homogeneous tree of order ¢ > 2 - an infinite acyclic, undirected,
connected graph such that every node has exactly ¢ + 1 branches (see [24], [13]).
We consider a linear system of the form

(3.1) g(t) = (Sf)®),

where the input signal f = f(t) and the output signal g = g(¢) belong to the Hilbert
space {2(7) of square-summable sequences, indexed by the nodes of 7, and where
S is a bounded linear operator on ¢2(7) (notation: S € X(7)). Using the notation
x: for the element of the standard basis of ¢2(7), supported at the node ¢, one can
write

(32) (Sf)(t) = Z St,uf(“‘)’ where Stou = [SXU7 Xt] € C

ueT

and where the sum is absolutely convergent by Cauchy—Schwarz inequality.

According to the standard tree compactification procedure, a boundary point of
T is an equivalence class of infinite paths modulo finite number of edges. Let us
distinguish a boundary point of 7 and denote it by coz. Then for each t € T there
exists a unique representative 7,~ of the equivalence class cor, starting at ¢. For a
pair of nodes t, s, the paths 7,7, 7, have to coincide after a finite number of edges;
the first of their common nodes is denoted by s A¢. The notion of distance dist(s, t)
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between the nodes s, ¢, defined as the number of edges along the path connecting s
and ¢, allows to introduce the partial order

s=<t if dist(s,s At) < dist(t,s At)
and the equivalence relation
sx=t if dist(s,s At) = dist(t, s At).
The equivalence classes, defined with respect to the equivalence relation above, are

called horocycles.

Definition 3.1. The multiscale linear system (BJ) is said to be causal if for every
node t € 7 the subspace

{f €(T) : t = support(f)}
is S-invariant.

In order to analyze Definition Bl we consider the primitive shifts on the tree. By
convention they act on the right and are defined as follows. The primitive upward
shift 7 : 7 +— 7T is determined by

Vte T : ty <t dist(#y,t) = 1.
In the choice of the primitive downward shifts there is some freedom; we assume
that some such choice o; : T — 7T, 1 <i<g,
VteT: {seT : t=s, dist(t,s) =1} = {taa, ..., tag},

is fixed, as well. Furthermore we consider the primitive shift operators, acting on
the left on £2(7") and defined via convolution:

1
V() = —f(t7), aif(t) = f(tew).
(t) N (t7) (t) = f(ta)
We compute the adjoint operators v = %", a; =

S ls), wif(t) = { J@), 1=

otherwise,

1
vf(t) = NG

sy=t

and observe that the following relations hold true:

q
(3.3) i@j = 0; 5, Z@'Oéi =1,
i=1

1 q
(3.4) y=—7) @ =1
i

Equations B3) are called the Cuntz relations. Equation B2l implies that the
primitive upward shift operator 7 is an isometry from ¢2(7) into itself. However, it
is not surjective and thus 7 is not unitary (see also [2) and ([E3)) below). We also
observe that for any pair of nodes t,u € 7 there exist a unique choice of indices
U1y -5ty J1y- -5 Jm, such that

t= (A, oy, u=(EAW),, o,

(note that, according to the definition of ¢ A u, j, # i,). Then for any f € €5(7)
it holds that

flu) =a; a;, a5, - -aj f(1).
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This observation leads to a multiscale analogue of Theorem Il It can be formu-
lated in terms of the point-wise convergence of a sequence of bounded operators on
05(T): we shall say that a sequence of bounded operators S,, converges point-wise to
a bounded operator S if for every f € £o(T) and t € T lim,, o0 (Sn.f)(t) = (Sf)(2).
We note that on the dense subspace of finitely supported functions the point-wise
convergence implies the convergence in strong operator topology.

Theorem 3.2. Any operator S € X(7) can be represented as the point-wise con-
Verging series

o0
. — = . Qieenin
(35) S = E § : Qi Qi Oy alejlr“)jW‘L’
n,m=0, i1,..,in <q

“J1e]m
JmFin
where Sﬁ);; € X(7) are diagonal operators, uniquely determined by
(36)  Spixe=0 t¢Ta, - ay,
(3.7) S Xt oz = [SXtay,, az, s Xtaw, ~ai Xtag, -~y t €T

Proof. Let f € £2(7) and ¢t € T be fixed. Using the operators, defined by (BH),
B), one can rewrite B2) as follows:

SFE) =Y [Sxu»xalf(w)

ueT

o0
= Z Z [Sxtﬁnajm Qg Xt]f(tﬁna.%n T a]l)

n,m=0 1<j1,....jm <q
" i A7

o0
— Y: « oo (Vs . e . U15eesin
= E E Qi = O, Oy aJlsjl,...,jm (t),

n,m=0 1< U1,e0in <q
Tt im =
Jm#in

and we obtain ([B3), where the convergence is point-wise.

Furthermore, let ¢t € 7 be fixed and let S € X(7) be of the form ([E3), where
the coefficients S} " are diagonal, then

oo
— E E O O RIS beestn
SXt - all alnajﬂl ajl Sjlv"'vjmxt
n,m:O 1<7}1,~~~ﬂ;n <q
T Im T
JmFin

o0
_ 1500l a T o ,
= E E [Sjlz...:ijta Xl @iy o T, 0, 0 X
n,m=0 1<7;1;~~~71:n <q
Il dm T
IJm7Fn

o0
— Q1yeeyln
- Z Z [Sal )...7’2771 Xt Xt]xtﬁ”lain Qi)

n,m=01<i1,...,in<q

inFim
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where the indices ij are determined by Wka%k = t7%~1. Since the sum above is

taken over i, # im, all the summands are mutually orthogonal and B follows.

Thus, under the restriction (B8], the coefficients Sﬁ;’:‘n are determined uniquely.
O

Proposition 3.3. The multiscale linear system @B is causal if, and only if, the
coefficients of the representation BH) for S satisfy

(3.8) Sﬁ;’:‘n =0, whenever n < m.

Proof. According to Definition Bl the multiscale linear system BII) is causal if
and only if

[SXu, xt] =0, whenever ¢t A u.
Hence [BX) follows immediately from (B).
(]

Next we turn to the notion of stationarity. As in the classical case, this should
mean translation-invariance. However, here the primitive downward shifts are one-
to-one but not onto, while the primitive upward shift is onto, but not one-to-one.
In particular, neither is a tree isometry (a tree isometry is a graph automorphism
which preserves distances) and hence is not suitable for the role of a translation.
Instead, we shall say that a tree isometry 7 : 7 — 7 is a primitive translation if
for every t € T

(3.9) try < t.

Let us analyze the structure of a primitive translation 7. First of all, we note
that, since 7 is a tree isometry,

dist(tyr, t7) = 1.
According to (B3),
tyry <ty St < try
and hence
tyr X tT.

Therefore, by definition, 7 = t77 and we conclude that 7 commutes with the
primitive upward shift:

(3.10) TV = T.
Furthermore, we observe that 77 must have a fixed point. Indeed, let ¢t € 7 and let
v=tAtr =t3" = tr3" ", where n = dist(t A t7,t).

Then, by EI0),
vty = 7Ty = tr7" ! = w.
Thus we obtain a unique sequence of nodes
vj = vr!, jELZ,
satisfying

’Ujﬁ =Vj—-1, V5T = Vj41-
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It is called the skeleton of the primitive translation 7. Each node v; of the skeleton
corresponds to the non-homogeneous tree ’];JJF, which is the maximal connected
subgraph of 7, satisfying

T (vj-1,v5, 0541} = v;.

It is mapped isometrically by 7 onto 7} .

The operator of convolution with a primitive translation is unitary on ¢5(7). By
abuse of notation, we denote both the group of the tree isometries, generated by

primitive translations, and the group of the corresponding convolution operators
by A(T).

Definition 3.4. The multiscale linear system (BII) is said to be stationary if S
commutes with every 7 € A(T).

Lemma 3.5. The multiscale linear system B is stationary if and only if the
value of the scalar product [Sxu, xt] depends only on dist(t Au,t) and dist(t Au,u).

Proof. First of all, we note that, according to Definition B4 the multiscale linear
system (B is stationary if and only if for every pair of nodes ¢t,u € 7 and every
TeA(T)

(3.11) [SXus Xt] = [SXurs Xir]-

So let us assume that [S.,x:] depends only on n = dist(t A u,t) and m =
dist(t Au,u) and let 7 € A(7). Without loss of generality, we can also assume that
7 is a primitive translation. Let us fix now a pair ¢, u, then it follows from B3)
that

(tAu)T =t7" =uy™
Since
dist(tr, ur) = dist(t, u) = m + n,
we conclude that
(t Au)T = (t1) A (ur)
and, therefore, (BI0]) holds true.

Conversely, let us assume that the multiscale linear system (B is stationary.
Then, in view of ([BIIl), it suffices to prove that for any two pairs of nodes ¢, u and
t' v/, satisfying

dist(t A u, t) = dist(t’ A/, ") =n, dist(t Au,u) =dist(t' Au',u') =m,
there exists 7 € A(T), such that
tr=t, ur =u'.
Such an isometry can be constructed as follows. Denote
dist((t Au) A AUt Au) =k, dist((EAuw) A AW), T Au') = p.
In the case t = u we choose arbitrary primitive translations 71 and 72, such that
tny=t, t'my="t,

and set

_ —k_p
T=1T Ty.
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In the case t # u we assume, without loss of generality, that n # 0 and choose 71
as above. Then

try "=ty R = AU A [ AU =P
Now let ' belong to the skeleton of a primitive translation 5. Then

—n—k + / +
ury € ’];/7_2,2",17, u € 7;/7;"5

dist(ury 7%, ¢'7y 2P = dist(u/, '3 ™) = m.

Thus 75 can be chosen so that

—n—k_n+p
T2

!
uTy =,

and we set

O

Remark 3.6. In view of the formula B1), Lemma B implies that the multiscale
linear system (BI) is stationary if, and only if, each coefficient Sﬁ;:‘n in the
series ([B) has a constant (except for normalizing zeroes — see (Bf)) diagonal and,
moreover, for t € Taj, ---«;, the diagonal entry [Sﬁ;:‘n Xt, Xt] depends only
on n,m. The first condition is the multiscale analogue of the Toeplitz condition.

Unlike the discrete time case, here it is weaker than the stationarity condition.
Theorem 3.7. The multiscale linear system B is stationary if, and only if,

S e spanc{7"v" :n,m € Z,},
where the closure is taken in the point-wise sense. In this case, the system B is
also causal if, and only if,

S e spanc{7"y™ : n > m}.

Proof. Let us assume first that the multiscale linear system (BI]) is stationary.
Then, since

Qg Qg = Q= QG T s
where 7, . ;. denotes the orthogonal projection onto the subspace of signals sup-

ported in Ty, - - -, Remark B means that the representation ([BX) can be
rewritten as

S = Z Z Qy o QG QG Qi Snoms Snym € C.
n,meL* 1<'_L.11---7'L:n <q
St im =
Fm#Fin
But the partial sums of this series belong to spanc{7"y™ : n,m € Z, }, since B3
leads to

m4n min—2

— — . —n_.m —n—1_m-—1

) Qiy Qg 0,y =q 2 YT =gz T
1< Arin <
Il Im T

JmFin
If the system BJ) is also causal then, according to Proposition B3, we have s, ., =
0 for n < m, hence

S e spanc{7"y™ : n > m}.
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In order to prove the converse statements, we note first that if .S is of the form
S =7"4™ then, because of [BI) and the fact that

TeAT) = =71 A(T),

the system (BI) is stationary. In the case n > m it is also causal, as follows from
Proposition B3 It only remains to observe that, in view of our Definitions Bl B4
and the fact that each operator 7 € A(7T) is a convolution operator, the properties
of causality and stationarity are preserved when passing to the point-wise limit.

O

4. STATIONARY MULTISCALE SYSTEMS AND NON-STATIONARY DISCRETE TIME
SYSTEMS

The main goal of the present work is to investigate the multiscale systems of the
form BI) which are both causal and stationary. We denote the Banach algebra of
corresponding operators S by U(7). According to Theorem B,

(4.1) U(T) = spamic {7 om - nom € Zs },

where the closure is taken in the point-wise sense and

(4.2) Om =7"7", m€EZLi.

We note that the self-adjoint operator o, € U(T), defined by {32, is just the

average

(4.3) amf@):qim S fw
dist(g,yi?)tSQm

and hence acts on the subspace of functions, supported in a horocycle. Furthermore,
since 7 is an isometry,

(4.4) OmOn = Omvn,

where m V n denotes the maximal of two integers m and n. Hence it is more
convenient to consider

(45) Wm = Om — Om+1, mEZ.,..

Theorem 4.1. The space £2(T) admits the orthogonal decomposition

(16) 60T) = ) Wi

where the orthogonal projections wy, : €2(T) — Wy, are given by D). FEach
subspace Wi, is mapped isometrically onto Winy1 by the upward shift operator 7.

Proof. Tt follows immediately from ([2Z) ) and ) that

w*

m — Wm, WmWn = 5m,nwn-

In order to show that Z;j:o wm converges in the strong operator topology to the
identity operator I, it suffices to note that

n
§ Wm = I— On41
m=0
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and that, in view of ([3)), the sequence o, converges in the strong operator topol-
ogy to 0.

Finally, we have to show that
Wi = Wmt1, M E L.
But it follows from B2), 2) and EH) that
(4.7) Wmt1 = JwWmY and Jwp, = Wmt17-
(]

It follows from Theorem ELJ] that an operator S € X(7) can be viewed as an
operator matrix with blocks corresponding to the orthogonal decomposition ()
and thus the corresponding multiscale linear system Bl can be treated as a (non-
stationary, in general) discrete time system (see [2] and Section B). Let us investi-
gate the causal stationary multiscale linear systems from this point of view.

Proposition 4.2. Let S € X(7). Then S € U(T) if, and only if,

~m—n

_ aé WnSmn, M > n,
(4.8) wWin Swn = { 0, otherwise,

where sy, , € C.

Proof. Let us assume that S € U(7). Then, by (II), there exists a sequence
Sk € spanc{y’o; : i,j € Z;} which converges to S point-wise. () implies that

~m—n

Y WnSmmn,k, MM > n,
W Skwn = B .
mokn { 0, otherwise,

where sy, 1 € C. Since for every m € Zy and t € T wy,x; has a finite support,

lim wy, Skwy, = wmSw, point-wise.
— 00

In particular, there exists limy— o0 Sm,n,k, Which we can denote by s,,, and thus

obtain EX).

Conversely, if ([EF]) holds, then by Theorem L Ilwe can represent S as the strongly

converging series
o0 o0 m
S = Z wmS = Z Zmewn.
m=0 m=0n=0
Since the convergence in the strong operator topology implies the point-wise con-
vergence, it suffices to apply Theorem B to complete the proof.
O

From Proposition EEA it follows that a multiscale system B is stationary and
causal if, and only if, S is "triangular” with respect to the orthogonal decomposi-
tion ([EH) — that is, for every n € Z, the subspace of piece-wise constant functions
Bm>nWm = ranoy, is S-invariant! — and, moreover, the blocks of S are complex
constants. However, the subspaces W,,, are infinite-dimensional and hence the only
Hilbert-Schmidt element of U(7) is 0. Nevertheless, we can adapt the techniques,

n the language of nest algebras (see [B] [I9]) S is in the nest algebra associated with the nest
{@mznwm in € Zy}.
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developed for the non-stationary discrete time systems, to the present setting.

In order to formulate the appropriate analogue of Theorem 2Tl we consider the
space of operators

o
K={c= Zcmwm :em €C, sup |em| < 00, }
m=0 mELy

where the convergence is in the strong operator topology. According to Theorem
ET and Proposition E2] K is a subalgebra of U(7) and, moreover, a commutative
C*-algebra?, isometric to £o.(Z*1). For ¢ € K we shall use the notation

oo

_ % _

c=c" = E CrnWm -
m=0

We also introduce the notion of the row-wise (with respect to the orthogonal decom-
position [H)) convergence: we shall say that a sequence of S,, € X(7') converges
row-wise to S € X(7) if for every m € Z, the sequence w;,S,, converges to w,,S
in the operator norm.

Theorem 4.3. Let S € X(T). Then S € U(T) if, and only if, it can be represented

as a row-wise converging series

(4.9) S = 27k5k7 s € K.
k=0

In this case the operators s are determined uniquely by

(4.10) WSk = YrwniwSwn, n.k € Zy,
and it holds that
o anrl
(4.11) Z§kskwn = T | Swnxel|?wn, t€T, neZt.
q—
k=0

Proof. First, let us assume that there exists a sequence s; € K such that the series
>k sk converges row-wise to an operator S € X(7). Then for any m,n € Z,

oo
E wnﬁkskwn = wWmSwy,.
k=0

Then, since
=k _ =k
WmY SgWp = 6k:,m—n7 SkWn,
S € U(T) by Proposition E2A Moreover,

Wkskwn = WptkSwn, nk € Zy,
hence ([I0) holds true.

Conversely, let us assume that S € U(7) and let m € Zy. Then, according to
Proposition LA, we can define s;, € K by ([I) and observe that

m m m oo
—m-—n vitl vitl
wmS = g wWmSwy = g WY Sm_n = g WY Sy = g WY Sp.
n=0 n=0 n=0 n=0

2For background on C*-algebras we refer the reader to [I§].
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Finally,

oo o0
||SWnXtH2Wn = Z ”WmSWnXt”an = Z |Wm*"5m—nwn><t||2wn

m=n m=n

= Y IsmnalPen = ol s = (£ =~ ) s,
q q
m=0 k=0 k=0

and we obtain (EII).
O

Following the analogy with the non—stationary setting, we consider the following
ideal of K:

Ko ={ceK : Z lem|? < 00}
m=0

It is a Hilbert space, isometric to £2(Z%). We also consider the K-module?:

o0 o0
Hy(7T)={S= Zﬁksk TS KQ,Z skll3 < oo}
k=0 k=0
At this point we consider the power series in the definition above as formal. How-
ever, we shall see later on (Proposition EEDJ) that such a series converges in the
operator norm. This is the analogue of the space of Hilbert-Schmidt operators in
the present setting.

Proposition 4.4. The K-module Hy(T), considered as a vector space over C with
the scalar product

(4.12) .0 = [l
k=0

is a Hilbert space.

Proof. The proof is the same as in the case of Hilbert-Schmidt operators, hence we
shall give only an outline. Since the Cauchy—Schwarz inequality holds in Ky, the
inner product IZ) is well-defined in the whole of Hy(7'), which is, therefore, a
pre-Hilbert space. Hence, the Cauchy—Schwarz inequality holds in Hy(7') as well,
and

[1Fll2 = V/[F, F]
is a well-defined norm. The completeness of Hy(7) with respect to this norm can

now be proved, using the triangle inequality.
O

Proposition 4.5. The following hold:

(1) The Hilbert space Ha(T) is contractively contained in U(T).
(2) Let S€ U(T) andt € T. Then S € Ho(T) if, and only if,

o0
S bl Swivel? < .
k=0

In this case the expression above is equal to (1 — %)HSH%

3For background on modules over a C*-algebra see [20], [21], [23].
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Proof.

(1) In view of completeness of Ho(7'), U(7) and ¢2(7), it suffices to consider
S € Hy(7) such that the coefficients sy € Kg are different from zero only
for a finite number of indices k. Then S € U(T) and we have

oo oo n 2
ISFIP =D llwaSFIP <D (Z ||swn_kf||>
n=0 n=0 \k=0
<Y (Z ||skwnk||2> <Z IIwnmf||2>
n=0 \k=0 m=0

o e
<D NwmfIP D Iswwnl® = 1171515
m=0

n,k=0
(2) Tt follows from (ETT) that

oo oo
q
1513 =" lIskl3 = — > a1 Swrxell?,
k=0 £

whenever either right-hand side or left-hand side is finite.
O

Remark 4.6. A consequence of Proposition ERis that Hy(7') is a left ideal in U(7)
and, moreover, for any S € U(7) and F € Hz(7) the inequality

(4.13) [SEl2 < IS F]l2
holds true.
5. POINT EVALUATION
In this section we exploit the analogy with the non-stationary setting to asso-

ciate the elements of U(7") with maps from K into itself.

Recalling the identity () and observing that wey = 0, we conclude that for
every ¢ € K there exists an element

cM = Z wpcnt+1 € K

n=0
such that
cy = 70(1).
We note that ||c™)|| < [|c[| and (cd)™) = c¢dM). Furthermore, we introduce the
following notation:

O — o ) = (c("))(l),
O p, it — lnl ),
p(c) = limsup ||c["]||%7
D(T) = {Z;OOK 2 ple) < 1}
The set D(7) is the counterpart of the open unit disk in the present setting.
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Definition 5.1. Let S € U(7) be given. For ¢ € ID(7) we define the point
evaluation of S at ¢ by

(5.1) S(c) = ic[n]sn.
n=0

We note that () is the analogue of ([Z2). We claim that the point evaluation
ET) is well-defined. Indeed, the convergence of the series (BI) in K follows from
Theorem EE3l Also, if S € U(T) is such that for every ¢ € D(7) S(c) = 0, then, in
particular,

S(O) = S(wk) = S(wk —|—wk+1) =...=0.
Hence
S():O, S1Wgk :0, SoWk :0,
and s, =0 for n =0,1,2,... Furthermore, if F' € Hy(7) then for every ¢ € D(T)
F(c) € Ky. We list several other properties of the point evaluation in the following

Lemma 5.2. The following hold:
(1) Let F,G € U(T), p,q €K, c € D(T) and assume that k € K is invertible.

Then
(5.2) (Fp + Ga)(c) = F(c)p + G(c)q,
(5-3) (FG)(c) = (F(c)G)(c),
(5.4) (7" F)(c) = ™ F(c™)
(5.5) (kF)(c) = F(kWk ')k
(2) Let F e Ho(T), c € D(T). Then
(5.6) F—F(e) = (7 - )G,
where G € Ha(T) is given by
(5.7) G = i 7" (C(HH)) " frthtr
n,k=0
Proof.

(1) The relation (&2 follows immediately from Definition EJl Furthermore,

k=0 k=0
-3 (o) = (S () ) 0
k=0 =0
=<“Xhm>@—wwww»
k=0

and, in view of (22), we obtain (&3)). Analogously,

(7" F)(c) = i g, = i (c““) : frcll,

k=0 k=0
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and we obtain ([2]). Finally, we note that
[n]
(k7" (c) = k™ = (ck<1>k—1) k,

and (&3 follows from (E2).
(2) First, we have to check that the series (1) belongs to Hz(7). But

s e [e’e} 00 2
Z I Z ( (n+1)) i[5 < Z <Z ||C[k]||||fn+k+1||2>
k=0

n=0 k=0 n=0

< Z (Z ||C[k]||> (Z ||C[m]||||fn+m+1||§>
n=0 \k=0 m=0
o 2
< (Z IIC[k]H) 173 < oo,
k=0

since p(c) < 1. Hence, indeed, G € Ha(7).

Now we shall prove (). Without loss of generality, we asssume that
F =7™f, where f € Ky. Then (&) means

G = Z—" et )m "t

In particular, for m = 1 we have G = f and (B8] holds. For m > 2 we have
Y™ —cmhf = (7 — ey 4+ (7 = el e,

Applying induction on m, we obtain

(7" =" = (7 - ¢) (7’”‘1 +

A consequence of Lemma B2 is that F' € Ho(T) satisfies F(c) = 0 if and only if
F is of the form (B0, where G € Hy (7).

Finally, we present an analogue of Cauchy’s formula (and of formula 3)) for
the space Ha(7).

Theorem 5.3. Let F € Ho(7T), c € D(T). Then for every k € Ky it holds that
(5.8) [F(c), k] = [F, Kck],
where K¢ € U(T) is given by

(5.9) K, = Zﬁné[n] —
n=0

2|
Ol

~
L
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Proof. Since ¢ € D(T), there exists € € (0,1), such that for n sufficiently large
le]l < €. It follows that the series (B3] converges absolutely in U(7) and defines
an operator K., which satisfies

K.(1-5¢)=(1-7¢)K.=1.
The formula (&) follows immediately from (BI).

6. SCHUR MULTIPLIERS

Let us recall that, in view of Proposition Ef and the subsequent remarks, for any
S € U(T) the multiplication operator MgF = SF is a bounded linear operator
from Ho(7) into itself.

Definition 6.1. S € U(7) is called a Schur multiplier if the multiplication operator
Mg is a contraction in Ho (7).

Theorem 6.2. An element S € U(T) is a Schur multiplier if and only if the map
Ks:D(T) xD(T) — K, defined by

> (n) —

(6.1) Ks(e,d) =3l (1 - S(C)S(d)) a"”
n=0
is positive: for any m € Z%, cq,...,cm € D(T), ko, ..., ki € Ko it holds that
(6.2) > [Ks(ei ¢k, kil > 0.
i,j=0

Proof. Let S € U(T), c € D(T), k € Ky. Then

oo o0

M5(Kek) = > F'omM5(Kk), T 'wm] = > 7" [Kck, ST "wmwm
n,m=0 n,m=0
- =n =N — —n —(")_n
= 3 Ak (ST wn) Qe = > T[S ek, wy
n,m=0 n,m=0
=Y 7750 ek
n=0
It follows that
[Kcsza KClkl] - [Mg(Kcsz)ng(Kclkl)]
e . T~ [n
= [Ke,(c1)ka, k] = Y [S(ea) " &k, S(cr) @My
n=0

= [ (1 B S(Cl)(n)5(02)(n)) "k k] = [Ks(er, ea)ke, k),
n=0

where Kg is given by (BI). Since elements of the form

F=> Kek
=0
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are dense in Ho(7), S is a Schur multiplier if and only if for any such element F' it
holds that

which, in view of the computations above, is equivalent to the positivity condition

).
O

Below, following the analysis of [2 p. 86-90], we give an example of a Schur
multiplier. Let a € D(7). Then K,(a) > 0 (in the sense of K) and, since

Ka(a) =1 +3aKa(a),
it is also invertible. Hence the element

La = Ka(a) Y Ka(a)™!
is also positive and invertible. Since

LB = Ky(a)® Ka(a)™,
we have p(La) < 1.
Definition 6.3. The operator

Ba=(7—a)(l - La75) 'vIa€U(T)

is called the Blaschke factor, corresponding to a.
Proposition 6.4. The multiplication operator Mp, is an isometry in Ha(T).

Proof. First of all, we note that, according to ([EIZ), M5 is an isometry in Hy(7),
and that

L{(im) = L, m), Baim e VmBa(m).
Hence it is enough to show that for any m € Z* and p,q € K»
[Ba¥™"P, Bad] = dm.0[P. dl.

To check this, we rewrite B, in the form

B, — (w(a(l).rca(a)uf1 _ a) I,

Then for m > 0 we have

—1
[Baﬁmpv BaQ] = [Ba(1)7m71p7 Ka(l)Ka(a)(l) Vv Laq]
m—1) m—1 -1
= By (@) Va0 p Ko (a) Y Tag) = 0.

Analogously,
—1 -1
[Bap, Bad] = Ko Ka(@)) " V/Iap, Kaoy Ka(2)® ™ \/Lad] + [@aLap, q]

— [(LaKa(@)? ™ +1 - Ko(a) )p,q] = [p,d].
O
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As a corollary of Lemma and Proposition B4 we obtain that an element
F € Hy(T) vanishes at the point ¢ € D(7) if and only if it can be written as
F = B.G where G € Hy(T) is such that [G, G| = [F, F]. More generally, one can
consider the following homogeneous interpolation problem:

Given ¢y, ...,cy € D(T) find all F € Ho(T) such that
(6.3) F(c;)=0, j=1,...,N.
We assume that it is possible to recursively define invertible k; by
ki =1, kj :( Bkg”k;lclBkg”k;lcz "'Bk§1)k;1cj ) (cjt1)-
Then F' is a solution of the interpolation problem (G3) if and only if
(6.4) F=( Biirie, Buigie, " Brligten ) G,
where G € Hy(T) satisfies [G, G| = [F, F|]. Indeed, assume that

F=Gy=...=8B B - B G,

kK e Pk e, T Pk VK e,

where G,, € Hy(7). Then
0= f(cns1) = Knp1Gn)(Cat1) = Gk kL ens),

and hence
G, = B,m

—1
n+1Kn11Cnt1

where G,,11 € Ho(7), and (@) follows by induction.

Gn-i—lu
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