Chapman University
Chapman University Digital Commons

Mathematics, Physics, and Computer Science Science and Technology Faculty Articles and
Faculty Articles and Research Research
2010

Linear Stochastic State Space Theory in the White
Noise Space Setting

Daniel Alpay
Chapman University, alpay@chapman.edu

David Levanony
Ben-Gurion University of the Negev

Ariel Pinhas
Ben-Gurion University of the Negev

Follow this and additional works at: http://digitalcommons.chapman.edu/scs_articles

b Part of the Algebra Commons, Discrete Mathematics and Combinatorics Commons, and the
Other Mathematics Commons

Recommended Citation

D. Alpay, D. Levanony and A. Pinhas. Linear stochastic state space theory in the white noise space setting. SIAM Journal on Control
and Optimization (SICON), Volume 48, Issue 8, pp. 5009-5027 (2010).

This Article is brought to you for free and open access by the Science and Technology Faculty Articles and Research at Chapman University Digital
Commons. It has been accepted for inclusion in Mathematics, Physics, and Computer Science Faculty Articles and Research by an authorized

administrator of Chapman University Digital Commons. For more information, please contact laughtin@chapman.edu.


http://digitalcommons.chapman.edu?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/science_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/science_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.chapman.edu/scs_articles?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/178?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/185?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:laughtin@chapman.edu

Linear Stochastic State Space Theory in the White Noise Space Setting

Comments

This is a pre-copy-editing, author-produced PDF of an article accepted for publication in SIAM Journal on
Control and Optimization (SICON), volume 48, issue 8, in 2010 following peer review. The definitive
publisher-authenticated version is available online at DOI: 10.1137/090777116

Copyright
Society for Industrial and Applied Mathematics

This article is available at Chapman University Digital Commons: http://digitalcommons.chapman.edu/scs_articles/388


http://dx.doi.org/10.1137/090777116
http://digitalcommons.chapman.edu/scs_articles/388?utm_source=digitalcommons.chapman.edu%2Fscs_articles%2F388&utm_medium=PDF&utm_campaign=PDFCoverPages

arXiv:0911.2574v1 [math.PR] 13 Nov 2009

LINEAR STATE SPACE THEORY IN THE WHITE
NOISE SPACE SETTING

DANIEL ALPAY, DAVID LEVANONY, AND ARIEL PINHAS

ABSTRACT. We study state space equations within the white noise
space setting. A commutative ring of power series in a countable
number of variables plays an important role. Transfer functions are
rational functions with coefficients in this commutative ring, and
are characterized in a number of ways. A major feature in our ap-
proach is the observation that key characteristics of a linear, time
invariant, stochastic system are determined by the corresponding
characteristics associated with the deterministic part of the sys-
tem, namely its average behavior.
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1. INTRODUCTION

In a preceding paper, see [1], the first two authors began a study of lin-
ear stochastic systems within the framework of the white noise space.
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There, the emphasis was on stability theorems associated with convolu-
tion systems. The present paper is concerned with state space theory.
Specifically, we study systems defined by state space equations when
randomness is allowed in the matrices defining these equations.

Remark 1.1. While the discussion to follow is restricted to discrete
time, most results apply to continuous time in an obvious way. Con-
tinuous time is not explicitly pursued in this work.

To set the problem in perspective and provide motivation, we first recall
some well known facts from linear system theory. There, state space
equations of the form

Tpni1 = Az, + Bu,, n=0,1,...
Yn = an + Dum

(1.1)

play an important role. In (L)), A € CN*¥N B e CN*1, ¢ € CP*V,
D € CP*4, the states z,, take values in CV, the inputs w, in C? and
the outputs vy, in CP. Taking the Z transform, assuming zo = 0, (L1
leads to

2(C) = CAZ(C) + (B (C)

(12) W) =CX () + D),

where the Z transform variable is denoted by (, so that

(1.3) Y(CQ) = A ()% (Q),

where
@(C> = Zyngnv %(C> = Zun<n7 %(<> = an<n7
n=0 n=0 n=0

and
(1.4) H(C)=D+¢C(Iy —CA)'B.

The function J#(() is called the transfer function of the system defined
by (IJ). It is also possible to replace C by a field & over the complex
numbers. Matrices A, B,C' and D then have their entries in K, and
(() makes sense for all ¢ such that (Iy —(A) is invertible. The case
where the components of A, B, C' and D belong to some commutative
ring is of special interest. See for instance [15], [17], [16], [11], [12], [5].
This ring is often assumed Noetherian, to enable to formulate results.
Even when the ring contains the complex numbers, formula (4] does
not make sense in general because elements in the ring need not be
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invertible in the ring. It will make sense in a normed ring for ¢ small
enough, as is seen using the power expansion

(1.5) (In—CA)T =) ¢,

The ring R defined below is not a normed ring, but still it will be pos-
sible to define expansions of the form (L) in it.

As we have explained in our previous paper [I], a Gaussian input into
a linear system with nonrandom coefficients, will result in a Gaussian
output. In the present series of papers, and in particular in the present
work, we aim to model linear Gaussian input-output relations when
the underlying linear system is random. Here we allow Gaussian in-
puts and randomness in the matrices A, B,C' and D, in such a way
that the outputs remain Gaussian. While indeed a Gaussian input into
a linear system with random coefficients cannot be expected to result
in a Gaussian output, we will use the white noise space setting (see [9],
[10] and Section 2 below), and replace the pointwise product with the
Wick product, enabling Gaussian input-output relations when the un-
derlying system has random coefficients. This framework will preserve
Gaussian input-output relation, while allowing uncertainty in the form
of randomness in the linear system under study. Such a setting may
prove useful so as to study a linear state space system with nonrandom
uncertainties, a system that indeed maintains Gaussian input-output
relation. This, by utilizing the Bayesian embedding approach to solve
problems associated with a system subjected to a deterministic uncer-
tainty, through solutions to corresponding problems associated with
systems with random uncertainties, see e.g. [13].

In the white noise space setting, the space of complex numbers C is
replaced by a space of stochastic distributions called the Kondratiev
space, denoted by S_;. This space contains C, is the inductive limit of
a certain family of Hilbert spaces (see (2.2)) below), and is nuclear; see
[10, Definition 2.3.2 (b) p. 30, Lemma 2.8.2 p. 74]. A key element in
our formulation is a product defined on S_;, namely the Wick product,
denoted by uQwv, which reduces to multiplication by a constant when
one of the elements u or v is non random. We thus replace the equations

(L.I) by
Tn+1 = AQZEn + BQUn

(16) yn = COxy, + DOuy,
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where A € (S_))V*N B e (S_1)V*4, C € (S_1)P*N, and D € (S_;)P*.
The states x,, take values in (S_;)", the input u, in (S_;)? the output
in (S_1>p.

A fundamental tool in white noise analysis is the Hermite transform
F— I(F)

(see below), which associates to every element in S_j, a power series
in a countable number of complex variables,

(1.7) z = (z1,29,23,...)
and transforms the Wick product into a point-wise product:
(18)  I(FoG)(z) = I(F)()IE)(:), YFGeS ..

The image of the Kontradiev space under the Hermite transform is a
commutative ring without divisors of zeros (that is, a domain), which
we will denote by PR. It is not Noetherian, so most results in system
theory on commutative rings cannot be applied. Still, it has a very
important property, which allows us to proceed. An F € R is invert-
ible in R if and only if its constant coefficient is non zero (recall that
F is a power series). More generally, for p € N, an F € RP*P will
be invertible in RP*? if and only if the matrix F(0) (which belongs to
CP*P) is invertible; see Theorem B.1] below. This theorem follows from
a non trivial result on the characterization of the range of the Hermite
transform, given in [10, Theorem 2.6.11, p. 62].

We now take the Z transform and the Hermite transform of (L6]). The
Z transform of the series (I(uy,))n=01,.. is denoted by % ((, 2)

U(Cz) =y C"(Iun)(2),

and similarly for #((, z) and 2°((, z). We obtain:
(1.9) (In = CA(2)) Z°(C,2) = B(2)% (¢, 2),
' (¢ 2) = C(2)Z(¢, 2) + D(2)% (¢, 2),

where
A(z) =1(A)(2), B(z) =I(B)(2), C(z) =1(C)(z), D(z) =1(D)(z).

Since A(z) is bounded in a certain neighborhood of the origin (see
Theorem [B.1] below), the matrix (Iy — (A(z)) is invertible for ¢ small
enough, and we can write

Y (C,z) = H(C2)U(C,2),
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where
(1.10) H(C,z) = D(2) + CC(2)(In — CA(2))'B(2),
is the transfer function of the system defined by the equations (L.6]).

Remark 1.2. When we set z = 0 in ([LL9) we retrieve (L4), that is,
we are back within the deterministic setting.

We now view ([LI0) as a R-valued function. Consider ¢ such that
(1.11) det(Iy — CA(0)) # 0.

It follows from Theorem below that (Iy — (A) is invertible in R
for such (. Therefore the fR-valued function J#(() given by

(A(0))(z) = H(C, 2),
that is,
(1.12) H(()=D+(C(Iy —CA)'B
is well defined for ¢ satisfying (I.ITI).

Functions of the form ([LI2]) will be called rational functions associated
with the white noise space. We note that in [2] another approach to
rational functions, with emphasis on rationality with respect to a finite
number of the variables z; is considered. The purpose of this paper
is to give a number of equivalent characterizations of functions of the
form ([I2) and to study the notions of controllability, observability
and minimality in the setting of the ring R.

A major non-trivial feature of this work is the observation that key
characteristics of a linear, time invariant, stochastic system (e.g. in-
vertibility), are determined by the corresponding characteristics associ-
ated with the deterministic part of the system under study, namely its
average behavior. For instance, a realization of the perturbed system
(LI2)) will be observable (see Definition [5.1] below) if the corresponding
realization of the unperturbed system, namely with z = 0 is observable.
See Theorem

The paper consists of six sections besides the introduction, and its out-
line is as follows. We review, as already mentioned, white noise space
theory in Section 2l We study the ring R in SectionBl Equivalent char-
acterizations of rational functions are given in Section [l Observable
pairs are studied in Section [6l In Section 6 we consider controllable
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pairs, and briefly discuss minimal realizations. The last section con-
siders the case where the functions take values in one of the Hilbert
spaces which make fR.

2. A BRIEF SURVEY OF WHITE NOISE SPACE ANALYSIS

The starting point to construct the white noise space is the Schwartz
space S of real-valued smooth functions which, together with their
derivatives, decrease rapidly to zero at infinity. For s € S, let ||s]|
denote its Ly(R) norm. The function

_lsy—soli?
2

K(s; —s9)=c¢

is positive (in the sense of reproducing kernels) for sq, s running in S.
The space is nuclear. By an extension of Bochner’s theorem to nuclear
spaces due to Minlos (see [14], [7, Théoreme 3, p. 311]), there exists a
probability measure P on &’ such that

K(s):/ e dP (s,

where we have denoted by (s, s) the duality between S and &’. The
real Hilbert space Ly(S’, F,dP), where F is the Borelian o-algebra, is
called the white noise space. We will denote it by W, and its elements
by w, by setting 2 = &'.

Among all orthogonal Hilbert bases of the white noise space, one plays
a special role. It is constructed in terms of Hermite functions and its
elements are denoted by H,, where the index « runs through the set ¢
of sequences (ay, g, . ..), whose entries are in

No={0,1,2,3,...},

and «ay # 0 for only but a finite number of indices k. Furthermore,
with the multi-index notation

ol :Oél!Oég!"' s
we have
(2.1) | Hall3y = o,
In view of (2.1I), the map

o a1 a2 Q2
Hy = 2% = 217257237 - -+
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extends to a unitary map between W and the reproducing kernel
Hilbert space with reproducing kernel
bz w) = el = 3=

a€el

where z,w run through /.

The Wick product in W is defined by the formula
HaOHg = Hyip, o,0 €,
and the Hermite transform is defined through linearity as
(I(Ha))(2) = =%

The space W is too small to be stable under the Wick product, and
one defines the Kondratiev space S_1, within which the Wick product
is stable. More precisely, S_; is a nuclear space, and is defined as
the inductive limit of the increasing family of Hilbert spaces Hy, k =
1,2,... of formal series ), foH, such that

1/2
(2.2) £l = (Z \fa\2(2N)‘ka> < o0,

acl
where, for § €/,

(QN)B - 261(2 X 2)62(2 % 3)53 N

That the Wick product is stable within S_; is made more precise by
Vage’s inequality (see [10, Proposition 3.3.2, p. 118]), which we now
recall. Let [ and k& be natural numbers such that £k > [+ 1. Let h € H,
and u € Hy. Then,

(2.3) [ROulle < A(k = D[ Allullullx,

where

(2.4) Ak —1) =) (2N)(=he,
acl

For a proof that A(k — () is finite, see [10, Proposition 2.3.3, p. 31].

The series Y _,s,2* will be said to be convergent at z if

> Isallzl* < oo,

ael

ael

that is, if it is absolutely convergent, see [I0, p. 60]. The following
easy lemma will be used below.
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Lemma 2.1. Assume that f(2) = > ., fa2® and g(2) = > 0 9a?®
are absolutely convergent power series at z. Then

(25) [FgI < Y 1] D0 fagsl < Q1 fallADO lgall2l),
yel a+fB=y acl acl
a,Bel

and in particular, the product fg is an absolutely convergent power
series at z, and it holds that

F@9(z) =27 D fags

el a+f=y
a,Bel

Furthermore, (f(z))" is an absolutely convergent power series at z for
alln € N.

Proof: The power series

22| 2 ot
el a+pB=y
a,Bel

is absolutely convergent since

Z|Z|’y‘ Z fagﬁ‘SZVP Z |fa|'|gﬁ|

vyel a+pB=v yel a+pB=v
a,Bel a,Bel
= O 1fallz1 O 1gall2l®).
aclt ael

3. THE RING I(S_;)

Consider the image R < I(S_1) under the Hermite transform of the
Kondratiev space. This is a space of power series which has been
characterized in [10, Theorem 2.6.11, p. 62]. In that statement, (CV),
denotes the space of finite sequences of complex numbers indexed by
the integers, and the set K,(J) is defined by

(3.1) Ky (8)={zeC": > [P (2N)™ <%},

acl
a#(0,0,...)



LINEAR STATE SPACE THEORY AND THE WHITE NOISE SPACE 9

Note that v = (0,0, ...) is excluded from the sum. See [10, Definition
2.6.4, p. 59].

Theorem 3.1. [10, Theorem 2.6.11, p. 62]

(1) If F(w) = Y, aaHa(w) € S_1, then there exist ¢ < oo, M, <
oo such that

(32)  UF))] <Y laal |27 < M, (Z@N)qa |Za|2>

ael ael

for all z € (CY),. In particular, I(F) is a bounded analytic
function on K (9) for all § < oo.

(2) Conversely, suppose g(z) =Y, ba2* is a given power series of
z € (CY), with b, € C, with ¢ < oo and § > 0 such that g(z) is
absolutely convergent for z € K () and

sup |g(2)] < 0.
z€K4(0)

Then there exists a unique G € S_y such that I(G) = g, namely

Gw) = boHo(w).

ael

A characterization of convergent sequences in S_; is given in the fol-
lowing theorem proved in [10]. It will be used in particular in the proof
of Proposition 5.2l

Theorem 3.2. [10, Theorem 2.8.1, p. 74] A sequence of elements F™
in the Kondratiev space S_1 converges to F' € S_1 if there exist § > 0
and q < 0o such that I(F™) converges to I(F) pointwise boundedly, or
equivalently, uniformly, in K, (0).

The main result of this section is:

Theorem 3.3. R is a commutative ring, which contains C and has no
divisors of zero. Furthermore, let x(t) = Y2 jx,t" be a power series,
with strictly positive radius of convergence. Let p € N. Then for every
r € RP*P such that r(0) = 0,x,, the series

(x()(z) = Y walr(2))"

converges to a limit in RP*P. Ify(t) = Y0 ynl™ is another such power
series, then

(3.3) (xy)(r) = z(r)y(r), VreR.
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In particular, an element s is invertible in RP*P if and only if s(0) is
wnvertible.

Proof: To simplify the notation we give a proof for p = 1. The fact
that we have a ring follows from the formula (L§). The way to prove
the second claim is to use Theorem [3.1lto show that the a-priori formal

power series
o
D aa(r(z)"
n=0

is in fact the image under the Hermite transform of an element in S_;.
Since r is the image of an element of S_; under the Hermite transform,
it satisfies (3.2) for some ¢ € N and a constant M, > 0. Let r, be the
radius of convergence of the power series defining z (and similarly for
r, below). We choose § such that

My = p <y,
Then, by (3.2)), we have for z € K,(9),
r(2)] < p,
hence

S @@ <Y Il = € Kyfo).
n=1 n=1

We conclude the proof by using Theorem 3.1l We first prove (3.3]). By

the preceding arguments we know that z(r), y(r), and (zy)(r), are well

defined. On the other hand, for |r(z)| < min (r,,7,) we have:

(@(r(2)(y(r(z)) = > O wpyn-p)(x())"
n=0 p=0
= ((zy)(r))(2).
We now turn to the last statement. Assume that s is invertible in R,
and let u € R be such that su = 1. Then, in particular, s(0)u(0) = 1,
so s(0) # 0. Conversely, we can assume without loss of generality, that
s(0) = 1. Tt suffices then to take in B3) z(t) =1 —¢, y(t) = (1 —t)7!,
and r = u — 1. (Note that r(0) = 0.) O

4. RATIONAL FUNCTIONS

Let f(C,2) = D> oty fu(2)C™ € RP*P(() be a power series with coeffi-
cients in RP*?. Define

Rof(C,2) = 1120 = J(0.2)

¢
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Theorem 4.1. Let H(¢) = > . £, € RP*Y((())) be a formal power
series. Then the following are equivalent:

(1) Components of H are obtained by adding, multiplying and dividing
polynomials of R[(], with division being performed only when the con-
stant coefficient is invertible in *R.

(2) H admits a realization in the form of (LI2), with coefficients ma-
trices having entries in *R.

(3) The formal power series converges in a neighborhood of the origin,
and there exists a finite number M such that for everyn > M the func-
tion RZH is a linear combination of RyH, ... RY'~'H with coefficients
n R.

Proof: We first note that elements of the form (I.12)) are convergent
power series in R and not only formal power series, as follows from

Theorem B.3l Elements H € RP*%(() of the form
(4.4) H(C) =D or H(()=(C,

where C,D € RP*? are clearly in the form (ILI2)). Furthermore, as is
well known, if p = ¢ and

H(C) =D +(Clly — (A)'B € R¥()
with D invertible, then we have:
() =D = (D™'C(Iy - (A¥)"'BD,
where
A*=A-BD'C.
Furthermore, if
HA(C) = D1 + (Ci(Iy, — (A1) "By € RPV(()

and
H5(C) = Dy 4 (Ca(In, — CAz)™'By € R%((),
then
(6)(C) =D+ (C(Iy —CA)"'B, N =N+ N,
with D = D;D5 and

A, BC B,D
A:(J A;) B:(é;) C=(C: DiCy).

A sum of matrices is a special case of a product, as follows from the
formula

I
M, +M, = (1\/[1 [p) (NEJ ,
where M; and M,y € RP*9,
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See for instance [3] for some of these formulas when the coefficients are
complex. It follows from these formulas that any PR-valued function
(that is, when p = ¢ = 1) which is obtained by addition, multiplication
and, when defined, inversion, of functions of the form (4], is of the
form (LI2]). The matrix-valued case is obtained by concatenation using
the formulas

(a4 ) () =

-1
= (Dl D2) + ¢ (Cl C2) (IN1+N2 - (%1 132)) (]%]1 ]_22) ’

—1
~(2) <@ ) (men—<(¥ 1)) ()

for two functions 77 and % of appropriate dimensions which admit a
realization. Thus, (1) implies (2). We now prove that (2) implies (3).
Let 7 be of the form (LI2)). Then,

RrA(C) = C(Iy — CA)'A™B, n=1,2,...

But the Cayley-Hamilton theorem holds in any commutative ring (see
for instance [5, p. 14], [6l Theorem 4.3, p. 120], |4, p. A IIL.107]).
Therefore there exist an M € N, a monic polynomial p of degree M
with coefficients in 2R, such that p(A) = 0. It follows that for n > M,
the function RPH is a linear combination of 1, RyM, ... RY'~'H with
coefficients in fR.

We now assume that (3) is in force and prove that (1) holds. First,
assume that H is R-valued (as opposed to RP*9-valued). By hypothesis
there exists a matrix A € RM*M guch that

Ro(1 RyH -+ R{'""'M)= (1 RoH --- R{""H)A.
Hence
(1 RoH -+ RY"™"H)=(1 RH - RYH)(0)(In—CA)™"
Thus

RyH = C(Iyy — CA)'B,
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with

0

1
C=(1 RH --- Ry'"'H)(0) and B= ||,

0
and the result follows. The matrix-valued case is treated in much the
same way. U

5. OBSERVABLE PAIRS

Consider an fR-valued function of the complex variable (, of the form
(C12):
H(() =D+ (C(Iy — CA)'B.

By Theorem B3], we know that 7 is well defined, in particular for
such that

det(Iy — CA(0)) # 0.

Setting z = 0 in (L.I2)) we get the unperturbed transfer function, which
motivates Theorem below. We first give a definition and a propo-
sition.

Definition 5.1. The pair (C,A) € RPN x RN*N s called observable
if the map

fis (Cf CAf CAZf -.)
is injective from R into (RP)".
See [3], §2.2 p. 58].

Equivalently we have:

Proposition 5.2. Realization (L12)) is observable if and only if (with
fenry)

C(Iy — CA) I = 05 = f = 0},
Proof: By Theorem B3] with z(t) = (1 — (t)™!, we have:

(In —CA)™ = ¢PA”.
p=0
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Therefore, and using Theorem [3.2]

C(Iy - (A) ' =C Z CPA”.

= Z (PCAP.
n=0

Theorem 5.3. Assume that the realization

(5.1) (¢, 0) =D(0) + (C(0)(Iy — CA(0))"'B(0)
is observable. Then realization (LI2)) is observable.

Proof: Assume first that realization (5.]) is observable, and let
:Zfaza> faECN>

aclt
be such that
(5.2) C(Iy — QA)_lf =0.

To prove that the realization (ILI2]) is observable we need to show that
all coefficients f,, in the expansion f(z) = > ., fa2®, are identically
zero. Since (B.)) is assumed observable, setting z = 0 in (5.2) leads
to fo = 0. Let us now put z = (21,22,...,2,,0,0,...) in (5.2)) with
p > 1 and differentiate with respect to z;. We obtain (with " denoting
differentiation with respect to z;)

C'(2)(In — CA(2) f(2) + C(2) ((In — CA(2) ") £(= >
+C(2)(Iy — CA(2))'f'(2)

Setting z; = 29 = -+ - = 2, = 0 we obtain that

C(0) (I — CA(0)) ™ fu00,.) = 0,

and hence f(1,00,.) = 0 since the pair (C(0), A(0)) is observable. Dif-
ferentiating in turn (5.3]) with respect to z1, we obtain an expression of
the form

(5.4) X(2) +C(2)Un —CA(2) ' f"(2) =0

where X is a finite sum of the form

Z U f(T’J

(5.3)



LINEAR STATE SPACE THEORY AND THE WHITE NOISE SPACE 15

where r; € {0,1} and Uj(z) is analytic in z; and may depend on (.
Setting z; = 0 in (5.4]) and taking into account that fy = f100,.) =0,
we obtain that

C(0)(In — CA(0) " fi200..) =0,

and hence fz0p0,...) = 0. More generally, an easy induction argument
shows that the a;-th derivative of (5.2) is of the form

(5.5) X(2) + C(2)(In — CA(2)) L@ (2) = 0,

where X is of the form

U, being analytic in z; and n; € {0,...,aq — 1}. Setting z; = 0 in
(5.5) we obtain that fi,, 00,.) = 0.

Similarly, by setting z = (0, 22,0, ...), and more generally
2 =(0,0,0,...,2,0,...)

in (5.2), and differentiating, we obtain that f, = 0 for all a € ¢ which
have only one non-zero component. We now prove that f(11,0,0,.) = 0.
To that end, set z = (z1, 22, 23, - - , 2, 0,...), with p > 2, in (5.2]) and
differentiate this equation with respect to z; and z,. We obtain an
equation of the form
o°f

021022
where now X is a finite sum of elements of the form U(z)f(z) and
U(z)g—zfj(z), with j € {1,2} and U analytic in zy, 29, ..., 2,. The fact
that

(5.6) X(2) + C(2)(In — CA(2)) ™ (2) =0,

fo = f(l,o,o,...) = f(o,l,o,...) =0
implies that X(0) = 0. Setting z; = 25 = 0 in (5.6) then leads to
C(0)(In — CA(0)) " firp0..) =0,

and hence f(1,1,0,.) = 0, where we have used the observability of the
pair (C(0), A(0)). By successive differentiation and setting z = 0 we
obtain that f(a, as,00,.) = 0 for every choice of natural integers a; and
a. The fact that all other coordinates f, are zero, and hence that the
pair (C, A) is observable, is shown by induction as follows:

Induction hypothesis: For N € N, it holds that
(57) f(al,ag _____ an,0,0,...) = 0, ‘v’(al, g, ... ,OéN) - (NQ)N,
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and
(5.8)

Horttan

a1 (o) anN
02110257 -+ - 02y

C(2)(In = CA(2)) ' =

Hort-tan
= X () Oy = A ),
where
(5.9) z=(21,22,...,2,0,0,...) with p> N,
and X, ax(2) Iis of the form
M @) 4y g)
510)  Xaan®)= DU ee)
j=1 21t 0257 2N
where ﬁiu) <a;fori=1,...,N and
(5.11) V480 <o+ +ay,
with the functions U; analytic in the variables zy, . .., zp.

The induction hypothesis holds for N = 1, as we have shown above.
Assume that it holds at rank N. We take p > N + 1 in (5.9)) and
differentiate (5.8) with respect to zyy1. Since

P 9o+

(4) €] ()
0zn+1 azlﬁ1 8252 . _azjﬁvzv

5 989416
_ (—Um) AT

@ _ 50 %)
61 62 BN
021" 0zy® - 02y

f(z) =

9o ++80+1

+ U, (2) 59 g0 50 f=) ]
02y 02y° -0z 2N+1
the term
OXay,an (2)
8ZN+1
is of the form
Koy an(2) = 9o+ 480 +1
(5.12) L0 =N V() - £(2),
azN+1 ; By By’ BN
j=1 021" 0zy% -+ 02 Oznt1
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where P is possibly different from M above, the V; are analytic in the

variables z1, ..., z,, and the ﬂi(’ ) are as above. Differentiating the term
Hort-+an

02710257 - - - 023"

in (5.8]) with respect to zy41 we obtain a sum of two terms. The first
is,

C(2)(In — CA(2)) ™

f(2)

P » Hort+an
(5.13) C(2)(Iy — CA(2)) oo oan (%)
ZN+1 027" 257 -+ 2

while the second takes the form
L ot tan+l
C(z)(In — CA(2))” f
(2)(Iy = CA(2)) 02010257 -+ - 023" 2N +1 =)
This proves (5.8) for (aq,...,an, 1), with X,,
(5EI3) and of (5.I12), that is
(5.14)

ot tan+l

02710257 -+ - 023N 02N 41

ay,1 being the sum of

.....

C(2)(In = CA(2)) ' =

Houttan+1
= Xa « C —[ - A - f ’
ran1(2) + C(2)(In — CA(2)) 02710257 - 925 Dzyen )

Setting z; = -+ = 2, = 0 in that expression, we obtain

and hence fia, . ax.1,00.) = 0. Differentiating (5.8)) a finite number of
times with respect to zy.1, a similar argument will show that
flar,manany1,00.) =0, Vani €N
O

Remark 5.4. The converse to the previous theorem does not hold.
That is, the observability of the pair (C, A) does not imply the observ-
ability of the pair (C(0), A(0)). As an example, take N =1 and

C(z)=2z, A(z)=1

The pair (C, A) is observable since, for f € R,
Z1

1=¢

f(z) =0 = f=0.

But the pair
(C(0),A(0)) = (0,1)

18 not observable.
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6. CONTROLLABLE PAIRS AND MINIMAL REALIZATIONS

In this section we study controllable pairs and minimal realizations
within the setting of the ring SR. We first recall that, given a commuta-
tive ring R, one of the characterization for a pair (A, B) € RV*N x RN x4
of matrices to be controllable (or reachable) is that the columns of the
matrix

(B AB ... AN-1B)
generate RY; see [Bl, p. 55].

In the classical case (that is, for the complex numbers, or more gen-
erally, for the case of a field), it is well known that the pair (C, A)
is observable if and only if the pair (AT, C7T) is controllable (with T
denoting transpose). This duality principle does not hold in general in

the case of an arbitrary commutative ring. Only the following direction
holds:

Theorem 6.1. [5, Theorem 2.7, p. 59] Let R be a commutative ring
and let (C, A) € RPN x RN*N - Assume the pair (AT, CT) controllable.
Then the pair (C, A) is observable.

As explained in [5, p. 59], the lack of duality comes form the fact that
an homomorphism of modules (say f, from the R-module M into the
R-module M;) can be injective without being residually injective. Re-
call that residual injectivity means that, for every maximal ideal I of
R, the induced map from M; /IR into Ms/IR is injective when f is
injective.

Theorem does not help us to study controllability based on observ-
ability. Furthermore, in [8, Theorem 2.3 p. 178], it is shown that a
necessary and sufficient condition on a commutative ring for the dual-
ity principle to hold for all pairs is that every finitely generated faithful
ideal of the ring contains a unit. As a corollary, the authors of [§] state:

Proposition 6.2. [§ Corollary 2.4 p. 179]). If the duality principle
holds in a commutative ring, then the ring is a total quotient ring.

For the purpose of the present paper we do not need to recall the defi-
nition of a faithful ideal (see [8, Theorem 1.5 (ii), p. 177]). The total
quotient ring of a commutative ring R is the set of formal fractions
associated with the set of elements of R which are not divisors of zero;
see [5, p. 35]. Thus, in the case of a ring without divisors of zero (as is
the case for the ring fR) the total quotient ring is equal to the quotient
field associated with the ring; see [, p. 35]. Since R is not a field, it
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follows that the duality principle is not satisfied on it.

After these general preliminaries, let us study controllability and min-
imality in the setting of the ring R. Let us repeat the definition of
controllability: The pair (A, B) € RV*N x ®RV*4 is said to be control-
lable (or reachable) if the columns of the matrix

(B AB --- AN-IB)
generate RY. See [5, p. 55]. We therefore have:

Proposition 6.3. Assume the pair (A, B) € RN x RVN*4 1o be con-
trollable. Then the pair (A(0),B(0)) € CN*N x CN*? 45 controllable.

Proof: Since CY C RV, for every f € CV there exists a € R"? such

that

f=(B AB --- AV"!B)(z)a(z).
Setting z = 0 in this equality we get the controllability of the pair
(A(0), B(0)). O

Remark 6.4. We note the difference between Theorem[5.3 and Propo-
sition [6.3. In the former, observability at z = 0 implies observability
in R. In the latter, controllability in R implies controllability at z = 0.

The converse of Proposition would be an analogue of Theorem
for the case of controllable pairs. But this is not possible for the ring R,
in view of Proposition [6.2], since R is different from its total quotient
ring (which is in fact its quotient field since R has no divisors of zero).

Still, we can give a counterpart of Theorem for controllable and
minimal realizations with the following ad-hoc definitions:

Definition 6.5. Realization (LI2]) will be called R-controllable if the
following condition holds: Let £ € RN, Then:

f(Iy — CA)'B =0, = f = 05,

A realization will be called R-minimal if it is both observable and R-
controllable.

We can then state:
Theorem 6.6. Assume that realization (5.1))
((,0) = D(0) + ¢C(0)(Iy — CA(0))'B(0)

is controllable (resp. minimal). Then realization (LI12) is R-controllable
(resp. R-minimal).
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Proof: The first statement is proved as Theorem (.3l The second
statement follows then from the definition of minimality. U

7. HILBERT-SPACE VALUED TRANSFER FUNCTIONS

We recall that the Hilbert spaces Hj have been defined above by the
finiteness of the norm (2:2]). By I(H;) we mean the image of H), under
the Hermite transform. We note that

R = U2, I(Hy).

Theorem 7.1. Let H be given by realization (LI2), and let I,k be
natural numbers such that k > 1+ 1. Assume that, in the state space
equations (L)), the entries of A and C are in 'H; and the entries of B
and D are in Hy. Then, the transfer function F is I(Hy)-valued.

Proof: Inequality (2.3 expresses the fact that the multiplication op-
erator

Ty : ur— hQu
is a bounded map from the Hilbert space H;, into itself. Therefore the
entries of the RP*9-valued function CA"B are in I(H). To conclude
the proof, it remains to show that for every complex number ( such
that (Iy — CA) is invertible, the power series

> ("CA™B

n=0
converges in I(Hy) to s£(¢). But this is a consequence of Theorem
10.0) 0

Using once more Vage’s inequality (2.3]) we have:

Corollary 7.2. Let now m > k + 1, where k is as in the previous
theorem. Then, the operator of multiplication by H sends I(H,,)-
valued signals into I(H,,)-valued signals.
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