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Abstract

We present a comprehensive introduction to spacetime algebra that emphasizes its prac-
ticality and power as a tool for the study of electromagnetism. We carefully develop this
natural (Clifford) algebra of the Minkowski spacetime geometry, with a particular focus
on its intrinsic (and often overlooked) complex structure. Notably, the scalar imaginary
that appears throughout the electromagnetic theory properly corresponds to the unit
4-volume of spacetime itself, and thus has physical meaning. The electric and magnetic
fields are combined into a single complex and frame-independent bivector field, which
generalizes the Riemann-Silberstein complexr vector that has recently resurfaced in stud-
ies of the single photon wavefunction. The complex structure of spacetime also underpins
the emergence of electromagnetic waves, circular polarizations, the normal variables for
canonical quantization, the distinction between electric and magnetic charge, complex
spinor representations of Lorentz transformations, and the dual (electric-magnetic field
exchange) symmetry that produces helicity conservation in vacuum fields. This latter
symmetry manifests as an arbitrary global phase of the complex field, motivating the use
of a complex vector potential, along with an associated transverse and gauge-invariant
bivector potential, as well as complex (bivector and scalar) Hertz potentials. Our de-
tailed treatment aims to encourage the use of spacetime algebra as a readily available
and mature extension to existing vector calculus and tensor methods that can greatly
simplify the analysis of fundamentally relativistic objects like the electromagnetic field.

Keywords: spacetime algebra, electromagnetism, dual symmetry, Riemann-Silberstein
vector, Clifford algebra
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If we include the biological sciences, as well as the physical sciences, Mazxwell’s
paper was second only to Darwin’s “Origin of Species”. But the importance of
Mazwell’s equations was not obvious to his contemporaries. Physicists found it
hard to understand because the equations were complicated. Mathematicians found
it hard to understand because Mazwell used physical language to explain it.

Freeman J. Dyson [I]

This shows that the mathematical language has more to commend it than being
the only language which we can speak; it shows that it is, in a very real sense,
the correct language. ... The miracle of the appropriateness of the language of
mathematics for the formulation of the laws of physics is a wonderful gift which
we neither understand nor deserve.

Eugene P. Wigner [2]

1. Introduction

For the rest of my life I will reflect on what light is.

Albert Einstein [3]

1.1. Motivation

At least two distinct threads of recent research have converged upon an interesting
conclusion: the electromagnetic field has a more natural representation as a complex vec-
tor field, which then behaves in precisely the same way as a relativistic quantum field for a
single particle (i.e., a wavefunction). It is our aim in this report to clarify why this conclu-
sion is warranted from careful considerations of the (often overlooked) intrinsic complex
structure implied by the geometry of spacetime. We also wish to draw specific parallels
between these threads of research, and unify them into a more comprehensive picture. We
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find that the coordinate-free, geometrically motivated, and manifestly reference-frame-
independent spacetime algebra of Hestenes [4H9] is particularly well suited for this task,
so we provide a thorough introduction to this formalism in order to encourage its use
and continued development.

The first thread of preceding research concerns the development of a first-quantized
approach to the single photon. Modern quantum optical experiments routinely consider
situations involving only a single photon or pair of photons, so there has been substan-
tial motivation to reduce the full quantized field formalism to a simpler ‘photon wave
function’ approach that more closely parallels the Schrédinger or Dirac equations for
a single electron [I0H3T]. Such a first-quantization approach is equivalent to classical
electromagnetism: it represents Maxwell’s equations in the form of a relativistic wave
equation for massless spin-1 particles. The difficulty with this pursuit has stemmed from
the fact that the photon, being a manifestly relativistic and massless spin-1 boson, is
nonlocalizable. More precisely, the position of a single photon is ill-defined [32H37], and
photons have no localizable number density [19} 20, 26] [36], which makes it impossible to
find a position-resolved probability amplitude in the same way as for electronéﬂ Never-
theless, the energy density of a single photon in a particular inertial frame is localizable,
and closely corresponds to what is actually measured by single photon counters.

Following this line of reasoning, a suitable ‘photon wave function’ can be derived from
general considerations as an energy-density amplitude in a particular inertial reference
frame [18, [19, 24], 25], which directly produces a complex form of the usual electric and
magnetic fields E and B in that frame

F = [E/c+ Bil/\/o. (1.1)

Furthermore, the quantum mechanical derivation that produces also produces
Maxwell’s vacuum equations in an intriguing form that resembles the Dirac equation
for massless spin-1 particles [I0H3I] (shown here in both the momentum-operator nota-
tion and the equivalent coordinate representation)

clp| R F ih&,F = chV x F | (1.2a)
0, —ihV-F =0. (1.2b)

s
S
ST ST
([

Here c|p| is the energy of a single photon and Y = 5 ]3’/|p| is the helicity operator
that projects the spin-1 matrix operator s onto the dlrectlon of the momentum operator
p= —@hV which produces the curl (5 V) 7 = iV x F. The second equation
appears as an auxiliary transversality condition satisfied by radiation fields far from
matter [36] B9].

Treating the complex vector as a single-particle wave function in the first-
quantized quantum mechanical sense produces consistent results, and suggests that this
vector should be a more natural representation for classical electromagnetic fields as WeHEI

IThe absence of a probability density for photons follows from the Weinberg-Witten theorem [38]
that forbids conserved four-vector currents for relativistic massless fields with spins higher than 1/2
[22] 26].

2The factor of & cancels in Maxwell’s equations (1.2)) because the photon is massless. This explains
the absence of this obviously quantum factor in classical electromagnetism.
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Indeed, the practical classical applications of have been emphasized and reviewed
by Bialynicki-Birula [19] [40], who noted that this complex vector was also historically
considered by Riemann [4I] and Silberstein [42] [43] in some of the earliest investigations
of electromagnetism. Remarkably, performing the standard second-quantization proce-
dure using the complex Riemann—Silberstein wave function identically reproduces
the correctly quantized electromagnetic field [26], 28]. Moreover, if the number of pho-
tons in is increased to two using the standard bosonic symmetrization procedure,
the resulting equations of motion precisely reproduce the Wolf equations from classical
coherence theory [26], [44] in a consistent way.

The explicit appearance of the momentum, spin, and helicity operators in con-
nects the complex field vector to the second thread of research into the local mo-
mentum, angular momentum, and helicity properties of structured optical fields (such
as optical vortices, complex interference fields, and near fields) [45H85]. The develop-
ment of nano-optics employing structured light and local light-matter interactions has
prompted the careful consideration of nontrivial local dynamical properties of light, even
though such properties are usually considered to be unobservable in orthodox quantum-
mechanical and field-theory approaches.

Indeed, it was traditionally believed that spin and orbital angular momenta of light
are not meaningful separately, but only make sense when combined into the total angular
momentum [39] [86, [87]. However, when small probe particles or atoms locally interact
with optical fields that carry spin and orbital angular momenta, they clearly acquire
separately observable intrinsic and extrinsic angular momenta that are proportional to
the local expectation values of the spin § and orbital 7 x P angular momentum operators
for photons, respectively. [47, [52H58] [74]. (Akin to this, the spin and orbital angular-
momentum contributions of gluon fields in QCD are currently considered as measurable
in spite of the field-theory restrictions [88].) Similarly, the local momentum density of
the electromagnetic field (as well as any local current satisfying the continuity equation)
is not uniquely defined in field theory, so only the integral momentum value has been
considered to be measurable. Nevertheless, when a small probe particle is placed in an op-
tical field it acquires momentum proportional to the canonical momentum density of the
field, i.e., the local expectation value of p’ [64] [69] 85]. Remarkably, this same canonical
momentum density of the optical field (and not the Poynting vector, see [64] [68] [74], [85])
is also recovered using other methods to measure the local field momentum [59H62] [70-
72], including the so-called quantum weak measurements [66}, [69 [RIHIT]. Such local weak
measurements of the momentum densities in light fields (i.e., analogues of the probabil-
ity current for photons in the above ‘photon wave function’ approach) simultaneously
corroborate predictions of the Madelung hydrodynamic approach to the quantum theory
[92, 93], the Bohmian causal model [94] 95], and the relativistic energy-momentum tensor
in field theory [68, 69, [74, 06]. In the quantum case, these local densities correspond to
the associated classical mean (background) field, so can be observed only by averaging
many measurements of the individual quantum particles [91].

Most importantly for our study, the reconsideration of the momentum and angular
momentum properties of light has prompted discussion of the helicity density of electro-
magnetic fields. Recently it was shown that this helicity density naturally appears in
local light-matter interaction with chiral particles [T6H8T], 85 [97]. However, while in the
quantum operator formalism the helicity y is an intuitive combination of the momen-
tum and spin operators, the field-theory picture of the electromagnetic helicity is not so
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straightforward.

Namely, electromagnetic helicity [68] [98-108] is a curious physical electromagnetic-
field property that is only conserved during vacuum propagation. Unlike the momen-
tum and angular momentum, which are related to the Poincaré spacetime symme-
tries according to Noethers theorem [123], the helicity conservation corresponds to the
more abstract dual symmetry that involves the exchange of electric and magnetic fields
[68] @9, TOT, [T02], T05HI08] (which was first discussed by Heaviside and Larmor [124] 125],
and has been generalized to field and string theories beyond standard electromagnetism
[109-122]). Due to this intimate relation with the field-exchange symmetry, the defini-
tion of the helicity must involve the electric and magnetic fields and their two associated
vector-potentials on equal footing. Furthermore, the consideration of the dual symmetry,
which is inherent to the vacuum Maxwell’s equations , recently reignited discussion
regarding the proper dual-symmetric description for all vacuum-field properties, includ-
ing the canonical momentum and angular-momentum densities [64] [68] 106, 126]. These
quantities are dual asymmetric in the traditional electromagnetic field theory [68], [127].
Notably, the dual electric-magnetic symmetry become particularly simple and natural
when the electric and magnetic fields and potentials are combined into the complex
Riemann—Silberstein form [68, 112]. Indeed, the continuous dual symmetry of the
vacuum electromagnetic field takes the form of a simple U(1) global phase-rotation

F s F exp(if). (1.3)

It is this continuous ‘gauge symmetry of the photon wave function’ that produces the
conservation of optical helicity as a consequence of Noether’s theorem. Moreover, the
whole Lagrangian electromagnetic field theory in vacuum, including its fundamental local
Noether currents (energy-momentum, and angular momentum), becomes more natural
and self-consistent with a properly complex and dual-symmetric Lagrangian [68]. This
provides further evidence that the complex form of is a more fundamental repre-
sentation for the electromagnetic field.

In this report we clarify why the complex Riemann—Silberstein representation
has fundamental significance for the electromagnetic field. To accomplish this goal, we
carefully construct the natural (Clifford) algebra of spacetime [4] and detail its intrin-
sic complex structure. We then derive the entirety of the traditional electromagnetic
theory as an inevitable consequence of this spacetime algebra, paying close attention to
the role of the complex structure at each stage. The complex vector will appear
naturally as a relative 3-space expansion of a bivector field, which is a proper geometric
(and thus frame-independent) object in spacetime. Moreover, this bivector field will have
a crucial difference from : the scalar imaginary ¢ will be replaced with an algebraic
pseudoscalar I (also satisfying I? = —1) that is intrinsically meaningful to and required
by the geometric structure of spacetime. This replacement makes the complex form of
reference-frame-independent, which is impossible when the mathematical represen-
tation is restricted to the usual scalar imaginary i. We find this replacement of the
scalar ¢ with I to be systematic throughout the electromagnetic theory, where it appears
in electromagnetic waves, elliptical polarization, the normal variables for canonical field
mode quantization, and the dual-symmetric internal rotations of the vacuum field. Ev-
idently, the intrinsic complex structure inherent to the geometry of spacetime has deep
and perhaps under-appreciated consequences for even our classical field theories.
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This report is organized as follows. In Section [I.2] we briefly summarize some of the
most interesting insights that we will uncover from spacetime algebra in the remainder
of the report. In Section [2| we present a brief history of the formalism for the electromag-
netic theory to give context for how the spacetime algebra approach relates. In Section
we give a comprehensive introduction to spacetime algebra, with a special focus on the
emergent complex structure. In Section [ we briefly extend this algebra to a spacetime
manifold on which fields and calculus can be defined. In Section Bl we derive Maxwell’s
equations in vacuum from a single, simple, and inevitable equation. In Section [6] we con-
sider three different potential representations, which are all naturally complex due to the
dual symmetry of the vacuum field. In Section [7] we add a source to Maxwell’s equation
and recover the theory of electric and magnetic charges, along with the appropriately
symmetrized Lorentz force and its associated energy-momentum and angular momentum
tensors. In Section [§] we revisit the electromagnetic field theory. We start with the field
Lagrangian and modify it to preserve dual symmetry in two related ways, derive the
associated Noether currents, including helicity, and remark upon the breaking of dual
symmetry that is inherent to the gauge mechanism. We conclude in Section [9}

1.2. Insights from the spacetime algebra approach

To orient the reader, we summarize a few of the interesting insights here that will
arise from the spacetime algebra approach. These lists indicate what the reader can
expect to understand from a more careful reading of the longer text. Note that more
precise definitions of the quantities mentioned here are contained in the main text.

The Clifford product for spacetime algebra is initially motivated by the following
basic benefits of its resulting algebraic structure:

e The primary reference-frame-independent objects of special relativity (i.e., scalars,
4-vectors, bivectors / anti-symmetric rank-2 tensors, pseudo-4-vectors, and pseu-
doscalars) are unified as distinct grades of a single object known as a multivector.
An element of grade k geometrically corresponds to an oriented surface of dimension
k (e.g., 4-vectors are line segments, while bivectors are oriented plane segments).

e The associative Clifford product combines the dot and wedge vector-products into
a single and often invertible product (e.g., for a 4-vector a=! = a/a?).

e The symmetric part of the Clifford product is the dot product (Minkowski metric):
a-b = (ab+ba)/2. Thus, the square of a vector is its scalar pseudonorm a? = ¢,|a|?
with signature ¢, = +1.

e The antisymmetric part of the Clifford product is the wedge product a A b =
(ab — ba)/2 (familiar from differential forms), which generalizes the 3-vector cross
product (x).

e The sign ambiguity of the spacetime metric signature (dot product) is fixed to
(+,—,—,—) from general considerations that embed spacetime into a larger se-
quence of (physically meaningful) nested Clifford subalgebras.

From this structure we obtain a variety of useful and enlightening mathematical uni-
fications:
8



e The Dirac matrices 7, (usually associated with quantum mechanics) appear as
a matrix representation of an orthonormal basis for the 4-vectors in spacetime
algebra, emphasizing that they are not intrinsically quantum mechanical in nature.
The matrix product in the matrix representation simulates the Clifford product.
One does not need this matrix representation, however, and can work directly with
v, as purely algebraic 4-vector elements, which dramatically simplifies calculations
in practice.

e The Dirac differential operator V = > u ~*0,, appears as the proper vector deriva-
tive on spacetime, with no matrix representation required.

e The usual 3-vectors from nonrelativistic electromagnetism are spacetime bivectors
that depend on a particular choice of inertial frame, specified by a timelike unit
vector 7. A unit 3-vector &; = v;70 = ¥; A Yo that is experienced as a spatial axis
by an inertial observer thus has the geometric meaning of a plane-segment that is
obtained by dragging the spatial unit 4-vector +; along the chosen proper-time axis

Yo-

e The Pauli matrices are a matrix representation of an orthonormal basis of relative
3-vectors &, emphasizing that they are also not intrinsically quantum mechanical
in nature. The matrix product in the matrix representation again simulates the
Clifford product.

e Factoring out a particular timelike unit vector 7g from a 4-vector v =Y p VN =
(vo + ¥)yo produces a paravector (vy + ¥) as a sum of a relative scalar vy and
relative vector ¥ = ) . v;0;. Thus relative paravectors and proper 4-vectors are
dual representations under right multiplication by ~q.

e The usual 3-gradient vector derivative V= Yo AV =3 ".0,0; is the spatial part of
the Dirac operator in a particular inertial frame specified by ~q.

e The d’Alembertian is the square of the Dirac operator V2 = 93 — V2.

e Directed integration can be defined using a Riemann summation on a spacetime
manifold, where the measure d*z becomes an oriented k-dimensional geometric
surface that is represented within the algebra. This integration reproduces and
generalizes the standard results from vector analysis, complex analysis (including
Cauchy’s integral theorems), and differential geometry.

All scalar components of the objects in spacetime algebra are purely real numbers.
Nevertheless, an intrinsic complex structure emerges within the algebra due to the geom-
etry of spacetime itself:

e The “imaginary unit” naturally appears as the pseudoscalar (unit 4-volume) I =
YoY1Y2Ys = 010203, such that I2 = —1. This pseudoscalar plays the role of the
scalar imaginary 4 throughout the electromagnetic theory, without the need for any
additional ad hoc introduction of a complex scalar field.

e The Hodge-star duality operation from differential forms is simply the right mul-
tiplication of any element by I~' = —I. This operation transforms a geometric

9




surface of dimension k into its orthogonal complement of dimension 4 — & (e.g., the
Hodge dual of a 4-vector v is its orthogonal 3-volume vI !, or pseudo-4-vector).

e The quaternion algebra of Hamilton (1,1, j,k) that satisfies the defining relations,
i = j2 = k? = ijk = —1 also appears as the (left-handed) set of spacelike planes
(bivectors) in a relative inertial frame: i = 41171, j = —Gol !, k = #31~1. The
bivectors ;1! directly describe the planes in which spatial rotations can occur,
which explains why quaternions are particularly useful for describing spatial rota-
tions.

In addition to the complex structure, Lie group and spinor structures also emerge:

e The bivector basis forms the Lie algebra of the Lorentz group under the Lie (com-
mutator) bracket relation [F, G] = (FG—GF)/2. Thus, bivectors directly generate
Lorentz transformations when exponentiated.

e The Lorentz group generators are the 6 bivectors S; = ;1! and K; = &;. Thus,
writing the 15 brackets of the Lorentz group [S;,S;] = €;;xSk, [Si, K;] = €Ki
and [K;,K;] = —¢;;xS; in terms of a particular reference frame produces simple
variations of the three fundamental commutation relations [7;, 5] = €;;50%] that
are usually associated with quantum mechanical spin (using a Pauli matrix repre-
sentation). Indeed, the bivectors ;1! are spacelike planes that generate spatial
rotations when exponentiated (just as in quantum mechanics), while &; are the
timelike planes, and thus generate Lorentz boosts when exponentiated.

e The usual 3-vector cross product is the Hodge-dual of the bivector Lie bracket:
F x G = [F,G|I7!. Thus, the set of commutation relations [7;,7;] = €;x0%I
between the 3-vectors &; are simply another way of expressing the usual cross-
product relations &; x ¢; = €;;,0%.

e General spinors ¢ appear as the (closed) even-graded subalgebra of spacetime
algebra (i.e., scalars «, bivectors F, and pseudoscalars al). Lorentz and other
group transformations acquire a simplified form as double-sided products with
these spinors (e.g., exponentiated generators like ¢ = exp(—ad's] — ¢I) = [cosa —
sin a d31][cos ¢ — sin ¢I]), just as is familiar from unitary transformations in quan-
tum mechanics and spatial rotations expressed using quaternions.

All these mathematical benefits produce a considerable amount of physical insight
about the electromagnetic theory in a straightforward way:

e The electromagnetic field is a bivector field F with the same components F*¥ as the
usual antisymmetric tensor. This tensor is the corresponding multilinear function
Fv,w)=v-F-w=3 v, F"w, that contracts its two 4-vector arguments (v
and w) with the bivector F.

e The electromagnetic field is an irreducibly complex object with an intrinsic phase
F = fexp(el). This phase necessarily involves the intrinsic pseudoscalar (unit 4-
volume) I of spacetime, and is intimately related to the appearance of electromagnetic
waves and circular polarizations, with no need for any ad hoc addition of a complex
scalar field.
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The continuous dual (electric-magnetic exchange) symmetry of the vacuum field is
a U(1) internal gauge-symmetry (phase rotation) of the field: F +— Fexp(6I). This
symmetry produces the conservation of helicity via Noether’s theorem.

Bivectors decompose in a relative inertial frame into a complex pair of 3-vectors
F =FE + BI , which clarifies the origin of the Riemann—Silberstein vector. Both
real and imaginary parts in a particular frame are thus physically meaningful.
Moreover, the geometric properties of I keep F reference-frame-independent, even
though the decomposition into relative fields E = (F - v)vo and BI = (F A )
still implicitly depends upon the chosen proper-time axis 7y in the relative 3-vectors
0i = 7o that form the basis for E and B.

All of Maxwell’s equations in vacuum reduce to a single equation: VF = 0.

All of Maxwell’s equations with sources (both electric and magnetic) also reduce
to a single equation: VF = j, where j = j. + j,,I is a complex representation of
both types of source, j. = (cpe + Je )70 and jm = (cpm + Jm)70-

The scalar Lorentz invariants of the electromagnetic field are the invariant parts of
its square: F2 = (|E|2 — | B|?) + 2(E - B)I.

A circularly polarized plane wave is intrinsically complex with the simple expo-

nential form F(z) = (sk)exp[+(k - )I], with spacelike unit vector s = Egvo,
coordinates = (¢t + @)70, and null wavevector k = (w/c + k)yo such that
k2 = |w/c|?> — |K|> = 0 is the usual dispersion relation. The sign of I corresponds to
the invariant handedness (i.e., helicity) of the wave. Expanding the exponential in
the relative frame g yields F = E + BI with the relative fields E = Ej COS(E T —
wt/c)+ R x Egsin(k-Z—wt/c) and B = Egsin(k-Z—wt/c) F & x Ey cos(k-T—wt/c),
with unit vector K = E/ \E| indicating the propagation direction.

The vector-potential representation is F = Vz = (V Aae) + (V Aay,)I, where z =
ae + a1 is a complex representation of both electric a. = (¢ + A')'yo and magnetic
am, = (¢pm + é)’Yo 4-vector potentials, each satisfying the Lorenz-FitzGerald gauge
conditions V - a, = V - a,, = 0. Maxwell’s equation then has the simple wave
equation form V2z = j with the correspondingly complex source current j =
Je + ml.

A transverse and gauge-invariant bivector potential representation can be defined

in a particular inertial frame Z = z,v9 = A - C_"ll, where F = (VZ)~v,. This
complex potential appears in the definition of the conserved optical helicity.

The complex scalar Hertz potential & = &, + ®,,1 for vacuum fields appears as
Z = (V x II)I® with a chosen unit direction vector II, and satisfies VZ® = 0.

The proper Lorentz force is d(mw)/dr = F - (qw) = (F(qw))1, where w is a proper
4-velocity of a particle with charge ¢ and mass m.

Making the charge ¢ complex with a dual-symmetry phase rotation g — ge’! =

ge + qmI produces an equivalent magnetic monopole description using the corre-

sponding phase-rotated field F — Fe?. The proper Lorentz force that includes
11




these magnetic monopoles is still d(mw)/dr = (F(qw));. Choosing electric sources
is an arbitrary convention that essentially fixes this duality gauge freedom and
breaks the dual symmetry of the fields.

e The symmetric (Belinfante) energy-momentum tensor is a bilinear function of the
electromagnetic field and a chosen proper-time direction 7y that has a simple
quadratic form: Teym(70) = FyoF/2 = (E + BI)(E — BI)yy/2 = (¢ + P)y,. This
tensor recovers the usual energy density ¢ = (|E|2 + |B|?)/2 and Poynting vector
P = E x B in the relative frame 70, and has the same invariant mathematical form
as the symmetric energy-momentum current for the Dirac theory of electrons.

e The corresponding (Belinfante) angular momentum tensor is a wedge product
Msym(0) = & A Tsym(0) = [T — (ct)]s] + & x PI™! of a radial coordinate z
with the energy-momentum tensor. The resulting angular momentum is a bivector
that includes both boost and spatial-rotation angular momentum, which are dis-
tinguished by the extra factor of I in the spatial-rotational part (exactly as ;1!
indicates a plane of rotation, while &; indicates a boost plane).

e The dual-symmetric Lagrangian density for the vacuum electromagnetic field is
the scalar Lauai(z) = ((V2)(V2z*))o/2, which is a simple kinetic energy term
for the complex vector potential field z = a¢ + a,,I. This expands to the sum
of independent terms for the electric and magnetic vector potentials: Lgua =
((Vae)?)o/2+ ((Vam)?)o/2. Each term is identical in form to the traditional elec-
tromagnetic Lagrangian that only includes the electric part a..

e The conserved Noether currents of the dual-symmetric Lagrangian produce the
proper conserved dual-symmetric canonical energy-momentum tensor, orbital and
spin angular momentum tensors, and the helicity pseudovector.

e In the presence of only electric sources j., the dual symmetry of the Lagrangian
is broken. The symmetry-breaking of this neutral vector boson doublet is en-
tirely analogous to the boson doublet that is broken in the electroweak theory
by the Brout-Englert-Higgs-Guralnik-Hagan-Kibble (BEHGHK, or Higgs) mecha-
nism. According to this analogy, the second independent magnetic vector potential
a., that appears in the simple dual-symmetric electromagnetic Lagrangian may
become related to the neutral Z; boson when additional interaction terms of the
Standard Model are included.

2. A brief history of electromagnetic formalisms

In Science, it is when we take some interest in the great discoverers and their
lives that it becomes endurable, and only when we begin to trace the development
of ideas that it becomes fascinating.

James Clerk Maxwell [128]

The electromagnetic theory has a meandering mathematical history, largely due to the
fact that the appropriate mathematics was being developed in parallel with the physical
12



principles. As a result of this confusing evolution, the earlier and more general algebraic
methods have been rediscovered and applied to electromagnetism only more recently. We
summarize the highlights of this history in Table [I] for reference.

The original nonrelativistic unification of the physical concepts by Maxwell [129-133]
was described as a set of 20 coupled differential equations of independent scalar vari-
ables. To conceptually simplify these equations down to 2 primary coupled equations
that were easier to understand and solve, Maxwell later adopted and heavily advocated
[134] the algebra of quaternions, which was developed by Hamilton [135] [136] as a gen-
eralization of the algebra of complex numbers to include three independent “imaginary”
axes that can describe rotations in three-dimensional space. The quaternionic formula-
tion of electromagnetism was heavily attacked by Heaviside [124] [I37], who reformulated
Maxwell’s treatment into 4 coupled equations using an algebra of 3-vectors (with the
familiar dot and cross products), which was developed by Gibbs [I38] as a simple sub-
set of the algebraic work of Grassmann [139] and its extensions by Clifford [I40]. This
3-vector reformulation of Heaviside has since remained the most widely known and used
formulation of electromagnetism in practice, with the electric field E asa polar 3-vector
and the magnetic field B as an axial 3-vector.

The relativistic treatment of electromagnetism has subsequently followed a rather
different mathematical path, however, and now deviates substantially from these earlier
foundations. Lorentz [T41HI43] first applied his eponymous transformations to moving
electromagnetic bodies using the Heaviside formulation. His initial results were corrected
and symmetrized by Poincaré [144] [145], who suggested that the Lorentz transformation
could be considered as a geometric rotation of a 4-vector that had an imaginary time
coordinate (ct)i scaled by a constant ¢ (corresponding to the speed of light in vacuum).
This was the first unification of space and time into a single 4-vector entity of spacetime.
The need for this invariant constant ¢ was independently noticed by Einstein [146], and
elevated to a postulate for his celebrated special theory of relativity that removed the
need for a background aether. The 4-vector formalism suggested by Poincaré was fully
developed by Minkowski [147], but Einstein himself argued against this construction [I4§]
until his later work on gravitation made it necessary [149].

The 4-vector formalism of Poincaré and Minkowski was meanwhile developed by
Sommerfeld [150} [I51], who emphasized that the electromagnetic field was not a 4-vector
or combination of 4-vectors, but instead was a different type of object entirely that he
called a “6-vector”. This 6-vector became intrinsically complexr due to the imaginary
time (ct)i; specifically, it had both electric and magnetic components that differed by a
factor of ¢ and transformed into one another upon Lorentz boosts. Riemann [4I] and
Silberstein [42), [43] independently noted this intrinsic complexity while working in the
Heaviside formalism, which prompted them to write the total nonrelativistic field as the
single complex vector in agreement with the relativistic 6-vector construction of
Sommerfeld.

Historically, however, the further development of the spacetime formalism of Poincaré
led in a different direction. Minkowski [I52] dropped the explicit scalar imaginary i at-
tached to the time coordinate in favor of a different definition of the 4-vector dot product
that produced the needed factor of —1 directly. This change in 4-vector notation removed
the ad hoc scalar imaginary, but also effectively discouraged the continued development
of the 6-vector of Sommerfeld (and the Riemann-Silberstein vector) by making the com-
plex structure of spacetime implicit. In the absence of an explicit complex structure
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History of Electromagnetic Formalisms

Year Nonrelativistic Relativistic

1844 Eaterior Algebra (Grassman,)

1853  Quaternions (Hamilton)

1861  Scalar Components (Maxwell)

1878 Geometric Algebra (Clifford)

1881  Quaternions (Maxwell)

1892  3-Vectors (Gibbs & Heaviside)

1899 Differential Forms (Cartan)

1901  Complex 3-Vectors (Riemann)

1905 4-Vectors with Imaginary Time (Poincaré)

1907  Complex 3-Vectors (Silberstein)

1908 4-Vectors (Minkowski)
1910 Complex 6-Vectors (Sommerfeld)
1911 Exterior Algebra (Wilson & Lewis)
1916 Tensor Scalar Components (Einstein)
1918 Differential Forms (Weyl)
1966 Spacetime Algebra (Hestenes)

Table 1: A brief history of the development of mathematical formalisms for representing the electromag-
netic theory, showing the purely mathematical developments in italic font and their use in electromag-
netism unitalicized. The bolded formalisms are the two most commonly used today: the nonrelativistic
3-Vectors of Gibbs preferred by Heaviside, and the relativistic tensor scalar components preferred by
Einstein. Spacetime algebra was introduced by Hestenes in 1966 following Clifford’s 1878 generalization
of Grassman’s original 1844 exterior algebra that directly describes oriented geometric surfaces. Impor-
tantly, this spacetime algebra contains and generalizes all the other formalisms in a simple and powerful
way.
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to distinguish the electric and magnetic field components, these components were re-
assembled into a rank-2 antisymmetric tensor (i.e., a multilinear antisymmetric function
taking two vector arguments), whose characteristic components could be arranged into
a 4x4 antisymmetric matrix

0 —E;/c —E,/c —E,/c

E./c 0 -B B

vy | Pa z Yy
F*1=1E,c  B. 0 -B, (2.1)

E.)e -B, B, 0

Although the same components are preserved, this tensor formulation is more difficult
to directly relate to the 3-vector formalism.

Of particular concern for practical applications, the familiar 3-vector cross product
of Gibbs could no longer be used with the updated Minkowski 4-vector formalism, and
its component representation with tensors like was less conceptually clear. With-
out this cross product, laboratory practitioners had reduced physical intuition about the
formalism, which hampered derivations and slowed the adoption of the relativistic for-
mulation. In fact, an algebraic solution to this problem in the form of the wedge product
had already been derived by Grassmann [I39] and Clifford [140] (as we shall see shortly),
and had even been adopted by Cartan’s theory of differential forms [I53]. However, this
solution remained obscure to the physics community at the time (though it was partly
rediscovered by Wilson and Lewis [I54]). As such, the readily available methods for
practical calculations with 4-vectors and tensors were either

(a) to convert the equations back into the nonrelativistic 3-vector notation and abandon
manifest Lorentz covariance, or

(b) to work in component-notation like F*¥ above (and akin to the original papers by
Maxwell), effectively obscuring the implicit algebraic structure of the relativistic
theory.

The choice between these two practical alternatives has essentially created a cultural
divide in the development and understanding of electromagnetism: the approach using
nonrelativistic 3-vectors is still dominant in application-oriented fields like optics where
physical intuition is required (e.g., [I55]), while the component notation is dominant in
theoretical high energy physics and gravitational communities that cannot afford to hide
the structural consequences of relativity (though Cartan’s differential forms do occasion-
ally make an appearance, e.g., [I56]). To make the component notation less cumbersome,
Einstein developed an index summation convention for general relativity [I57] (where re-
peated component indices are summecﬂ v-w = v"*w,), which has now been widely
adopted by most practitioners who use component-based manipulations of relativistic
quantities. Indeed, the formal manipulations of components using index-notation has
essentially become synonymous with tensor analysis.

An elegant solution to this growing divide in formalisms was proposed a half-century
later by Hestenes [4], who carefully revisited and further developed the geometric and
algebraic work of Grassmann [139] and Clifford [140] to construct a full spacetime algebra.
In modern mathematical terms, this spacetime algebra is the orthogonal Clifford algebra

3Note that we will not use this convention in this report for clarity.

15



[158] that is uniquely constructed from the spacetime metric (dot product) proposed by
Minkowski. This modern formalism has the great benefit of preserving and embracing all
the existing algebraic approaches in use (including the complex numbers, the quaternions,
and the 3-vectors of Gibbs), but it also extends them in a natural way to allow simple
manipulations of relativistically invariant objects. For example, using spacetime algebra
the electromagnetic field can be written in a relativistically invariant way (as we shall
soon see) as

F = [E/c + BI]/ /o, (2.2)

which has the same complex form as the Riemann—Silberstein vector . Importantly,
however, the algebraic element I satisfying I2 = —1 is not the scalar imaginary i added in
an ad hoc way as in , but is instead an intrinsic geometric object of spacetime itself
(i.e., the unit 4-volume) that emerges automatically alongside the 3-vector formalism of
Gibbs. The geometric significance of the factor I makes the expression (2.2)) a proper
geometric object that is invariant under reference-frame changes, unlike (|1.1]). Moreover,
the scalar components of are precisely equivalent to the tensor components
even though F is not understood as an antisymmetric tensor. It is a geometric object
in spacetime called a bivector, which is a modern refinement of the 6-vector concept
introduced by Sommerfeld. The manifestly geometric significance of the electromagnetic
field made manifest in this approach reaffirms and augments the topological fiber bundle
foundations of modern gauge-field theories that was observed by Yang and Mills [159-
162], Chern and Simons [I63], and many others in theoretical high energy physics [164-
170].

The spacetime algebra of Hestenes has been heavily developed by a relatively small
community [6H8] I7THI78], but has recently been growing in popularity as a useful tool,
and has been cross-pollinating with other modern mathematical investigations of Clifford
algebras [158), 179, [180]. Indeed, spacetime algebra has been mentioned in a growing num-
ber of recent textbooks about algebraic approaches to physics and mathematics based on
the work of Grassmann, Clifford, and Hestenes more generally [0 [, T8THIRSS]. Neverthe-
less, many of these treatments have under-emphasized certain features of spacetime that
will be important for our discussion (such as its intrinsic complex structure) so we include
our own introduction to this formalism that is tuned for applications in electromagnetism
in what follows, assuming no prior background.

3. Spacetime algebra

Mathematics is taken for granted in the physics curriculum—a body of immutable
truths to be assimilated and applied. The profound influence of mathematics on
our conceptions of the physical world is never analyzed. The possibility that math-
ematical tools used today were invented to solve problems in the past and might
not be well suited for current problems is never considered.

David Hestenes [6]

Physically speaking, spacetime algebra [4HT] is a complete and natural algebraic lan-
guage for compactly describing physical quantities that satisfy the postulates of special
16



relativity. Mathematically speaking, it is the largest associative algebra that can be
constructed with the vector space of spacetime equipped with the Minkowski metric.
It is an orthogonal Clifford algebra [I58], which is a powerful tool that enables mani-
festly frame-independent and coordinate-free manipulations of geometrically significant
objects. Unlike the dot and cross products used in standard vector analysis, the Clif-
ford product between vectors is often invertible and not constrained to three dimensions.
Unlike the component manipulations used in tensor analysis, spacetime algebra permits
compact and component-free derivations that make the intrinsic geometric significance
of physical quantities transparent.

When spacetime algebra is augmented with calculus then it subsumes many disparate
mathematical techniques into a single comprehensive formalism, including (multi)linear
algebra, vector analysis, complex analysis, quaternion analysis, tensor analysis, spinor
analysis, group theory, and differential forms [5], [[7IHI73]. Moreover, for those who are
unfamiliar with any of these mathematical techniques, spacetime algebra provides an
encompassing framework that encourages seamless transitions from familiar techniques
to unfamiliar ones as the need arises. As such, spacetime algebra is also a useful tool for
pedagogy [6], [7].

During our overview we make an effort to illustrate how spacetime algebra contains
and generalizes all the standard techniques for working with electromagnetism. Hence,
one can appreciate spacetime algebra not as an obscure mathematical curiosity, but rather
as a principled, practical, and powerful extension to the traditional methods of analysis.
As such, all prior experience with electromagnetism is applicable to the spacetime algebra
approach, making the extension readily accessible and primed for immediate use.

3.1. Spacetime

Recall that in special relativity [146] one postulates that the scalar time ¢ and vector
spatial coordinates Z in a particular inertial reference frame always construct an invariant
interval (ct)? — |Z]? that does not depend on the reference frame, where c is the speed
of light in vacuum. An elegant way of encoding this physical postulate is to combine
the scaled time and spatial components into a proper 4-vector x = (ct, 1, x2,x3) with a
squared length equal to the invariant interval [144] [145], [147]. The proper notion of length
is defined using the relativistic scalar (dot) product between two 4-vectors, which can be
understood as a symmetric bilinear function 7n(a, b) that takes two vector arguments a and
b and returns their scalar shared length. This dot product is known as the Minkowski
metric [152]. In terms of components a = (ag,a1,az2,a3) and b = (bg,b1,b2,b3) in a
particular inertial frame, this metric has the form a-b=b-a = n(a,b) = apby — a1b; —
agby — agbs. The proper squared length of a 4-vector z is therefore z - x. Since there
is one positive sign and three negative signs in this dot product, we say that it has a
mixed signature (+, —, —, —) and denote the vector space of 4-vectors as M 3 to make
this signature explici

4Note that there is a sign-ambiguity in the spacetime interval, so one can seemingly choose either
(+,—,—,—) or (—,+,+,+) for the metric signature, the latter being the initial choice of Poincaré. How-
ever, this choice is not completely arbitrary from an algebraic standpoint: it produces geometrically
distinct spacetime algebras [I58]. We choose the signature here that will produce the spacetime alge-
bra that correctly contains the relative Euclidean 3-space as a proper subalgebra, which we detail in

Section @
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All physical vector quantities in special relativity are postulated to be 4-vectors in
M 3 that satisfy the Minkowski metric. These vectors are geometric quantities that do
not depend on the choice of reference frame, so they shall be called proper relativistic
objects in what follows. Importantly, the Minkowski metric is qualitatively different from
the standard Euclidean dot product since it does not produce a positive length. Indeed,
the mixture of positive and negative signs can make the length of a vector positive,
negative, or zero, which produces three qualitatively different classes of vectors. We
call these classes of vectors timelike, spacelike, and lightlike, respectively. As such, we
can write the length, or pseudonorm, of a 4-vector a as a - a = ¢,|al? in terms of a
positive magnitude |a|? and a signature €, = +1 that is +1 for timelike vectors and —1
for spacelike vectors. For lightlike vectors the magnitude |a|? vanishes; thus, unlike for
FEuclidean vector spaces, a zero magnitude vector need not be the zero vector.

The Minkowski metric 7 and the vector space M 3 are sufficient for describing proper
vector quantities in special relativity, such as time-space (ct,Z) and energy-momentum
(E/c,p). Since the laws of physics do not depend on the choice of reference frame, we
expect that all physical quantities should be similarly represented by proper geometric
objects like vectors. However, the electromagnetic field presents us with a conundrum:
the polar 3-vector E of the electric field and axial 3-vector B of the magnetic field in
a particular reference frame do not combine into proper 4-vectors. Relativistic angular
momentum suffers a similar dilemma: the polar 3-vector N = (ct)j— (€ /¢)Z of the boost
angular momentum (also known as the dynamic mass moment) and the axial 3-vector
L=ix p of the orbital angular momentum in a particular reference frame do not combine
into proper 4-vectors. To resolve these dilemmas, the components of these vectors are
typically assembled into the components F** and M*" of rank-2 antisymmetric tensors,
as we noted in for the electromagnetic field [127, [189]. This solution, while formally
correct at the component level, is conceptually opaque. Why does a single rank-2 tensor
FH* decompose into two 3-vector quantities E and B in a relative frame? How does a
rank-2 tensor, which is mathematically defined as a multilinear function with two vector
arguments, conceptually correspond to a physical quantity like the electromagnetic field
or angular momentum? Is there some deeper significance to the mathematical space
in which the tensors F* and M" reside? Do the proper tensor descriptions have
any geometric significance in Minkowski space? Evidently, the vector space M 3 does
not contain the complete physical picture implied by special relativity, since it must be
augmented by quantities like F'*¥ and M*¥.

3.2. Spacetime product

To obtain the complete picture of special relativity in a systematic and principled
way, we make a critical observation: any physical manipulation of vector quantities
uses not only addition, but also vector multiplication. Indeed, standard treatments of
electromagnetism involving relative 3-vectors use both the symmetric dot product and
the antisymmetric vector cross product to properly discuss the physical implications of
the theory. The vector space M 3 only specifies the relativistic version of the dot product
in the form of the Minkowski metric. Without introducing the proper relativistic notion
of the cross product the physical picture of spacetime is incomplete.

Mathematically, the introduction of a product on a vector space creates an algebra.
Hence, we seek to construct the appropriate algebra for spacetime from the vector space
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M 3 by introducing a suitable vector product. We expect this vector product to be
generally noncommutative, since the familiar cross product is also noncommutativeﬂ We
also expect the vector product to enlarge the mathematical space in order to properly
accommodate quantities like the electromagnetic field tensor F*.

To accomplish these goals, we define the appropriate spacetime product to satisfy the
following four properties for any vectors a,b,c € M 3:

a(bc) = (ab)c (Associativity) (3.1a)
a(b+c) =ab+ ac (Left Distributivity) (3.1b)
(b+c)a=ba+ca (Right Distributivity) (3.1c)
a® = n(a,a) = e,|al? (Contraction) (3.1d)

Note that we omit any special product symbol for brevity. The contraction property
(3.1d)) distinguishes the resulting spacetime algebra as an orthogonal Clifford algebra
[158] that is generated by the metric  and the vector space M; 3. This Clifford algebra
is the largest associative algebra that can be constructed solely from spacetime, so it
will contain all other potentially relevant algebras as subalgebras. Indeed, this nesting
of algebras will be quite useful for practical calculations, as we shall see.

Decomposing the resulting associative vector product into symmetric and antisym-
metric parts produces the proper spacetime generalizations to the 3-vector dot and cross
products that we were seeking [140]:

ab=a-b+aANbd. (3.2)

The symmetric part of the product,

1

5 (ab+ba) =b-a=mn(a,b), (3.3)

a-b=
is precisely the scalar (dot) product inherited from the spacetime structure of M 3. The
last equivalence follows from the contraction relation (a +b)? = n(a+b, a+ b) demanded

by property (3.1d).

The antisymmetric part of the product,

a/\b:%(b—ba):—b/\a7 (3.4)
is called the wedge product and is the proper generalization of the vector cross product to
relativistic 4-Vectorsﬂ It produces a qualitatively new type of object called a bivector that
does not exist a priori in M 3, as anticipated. A bivector (aAb) produced from spacelike
vectors a and b has the geometric meaning of a plane segment with magnitude equal to
the area of the parallelogram bounded by a and b, and a surface orientation (handedness)
determined by the right-hand rule; this construction is illustrated in Figure Hence,

5Note that algebraic noncommutativity has nothing a priori to do with the noncommutativity in
quantum mechanics.

6This is precisely Grassman’s exterior wedge product [139], adopted by Cartan when defining differ-
ential forms [I53].
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a anb

Figure 1: The wedge product a Ab between spacelike vectors a and b produces an oriented plane segment
known as a bivector. Conceptually, the vector a slides along the vector b, sweeping out a parallelogram
with area |a A b|. The orientation of this area follows the right-hand rule, and may be visualized as a
circulation around the boundary of the plane segment. Importantly, a bivector is characterized entirely
by its magnitude and orientation, so the plane segment resulting from a wedge product may be deformed
into any shape that preserves these two properties. Conversely, a bivector (of definite signature) may
be factored into a wedge product between any two vectors that produce the same area and orientation
a Ab = cAd; if the two chosen factors are also orthogonal (i.e., ¢ - d = 0), then the bivector is a simple
product of the orthogonal factors ¢ A d = cd.

the wedge product generalizes the cross product by directly producing an oriented plane
segment, rather than a vector normal to that surface. This generalization is important
in spacetime since there is no unique normal vector to a plane in four dimensions. We
will see in Sections [3-4] 3.6 and [5] that the electromagnetic field is properly expressed as
precisely such a bivector.

The vector product combines the nonassociative dot and wedge products into
a single associative product. The result of the product thus decomposes into the sum of
distinct scalar and bivector parts, which should be understood as analogous to expressing
a complex number as a sum of distinct real and imaginary parts. Just as with the study
of complex numbers, it will be advantageous to consider these distinct parts as composing
a unified whole, rather than separating them prematurely. We will explore this similarity
more thoroughly in Section [3.5

A significant benefit of combining both the dot and wedge products into a single
associative product in this fashion is that an inverse may then be defined

a
al= pek (3.5)

provided a is not lightlike (i.e., a®> # 0). Note that a®> = €,|a|? is a scalar by property
, so it trivially follows that a 'a = aa~' = 1. Importantly, neither the dot product
nor the wedge product alone may be inverted; only their combination as the sum
retains enough information to define an inverse.

3.8. Multivectors

By iteratively appending all objects generated by the wedge product to the
initial vector space M 3, we construct the full spacetime algebra C; 3. This notation
indicates that the spacetime algebra is a Clifford algebra generated from the metric
signature (+,—, —, —). Importantly, all components in this Clifford algebra are purely
real—we will not need any ad hoc addition of the complex scalar field in what follows.
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Grade Orthonormal Basis Blade Type Geometry

4 /,—*"“’/o 123 el Pseudoscalars 4-volumes

3 PP ;y’1’2’3 Y230 Y310 7120 el \ Pseudovectors 3-volumes

2 Y0 Y20 V30 Y23 V31 Y12 Bivectors planes

1 70 gt - 72 ----- % --------- ‘ Vectors lines

0 1 Scalars points
M = (M)o+ (M)1 + (M)2 + (M)z + (M)4 Multivectors

Figure 2: Graded basis for the spacetime algebra C1 3. Each multivector M € C1,3 decomposes into
a sum of distinct and independent grades k = 0,1, 2, 3,4, which can be extracted as grade-projections
(M)g. The oriented basis elements of grade-1 {vu}i:o are an orthonormal basis (v - v = nuw) for
the Minkowski 4-vectors M1 3. An oriented basis element of grade-k, such as vy = Yu 7w =Y A =
—Yu Ay (with p # v), is constructed as a product of k of these orthonormal 4-vectors. Interchanging
indices permutes the wedge products, which only changes the sign of the basis element; hence, only the
independent basis elements of each grade are shown. The color coding indicates the signature of each
basis element (see Section , with blue being +1 and red being —1. The boxes and shading indicate
useful dualities of the algebra: the solid and dashed boxes are (Hodge) dual under right multiplication
of the pseudoscalar I = ~vp123 (see Section , while within each box the shaded region is dual to
the unshaded region under right multiplication of the timelike basis vector g (see Section . These
dualities are further detailed in Figures [4] and

The repeated wedge products produce 5 linearly independent subspaces of the total
algebra, known as grades, which are illustrated in Figure[2} Each grade is a distinct type
of “directed number” [I76]. The real scalars (pure numbers) « € R are grade 0, while the
4-vectors (line segments) a € M 3 are grade 1. The bivectors (plane segments) (a A b)
appearing in are grade 2. Successive wedge products will also produce trivectors
(pseudovectors, 3-volume segments) (a AbAc) of grade 3 and quadvectors (pseudoscalars,
4-volume segments) (a AbAcAd) of grade 4, which completes the algebra. We will refer
to the elements of a grade-k subspace as k-blades in what follows to disambiguate them
from the grade-1 vectors.

For concreteness, we systematically generate a complete graded basis for C; 3 as all
independent products of the vectors {7, }7,_, in a chosen basis of M 3. The rich structure
of the resulting graded basis is also detailed in Figure 2] We choose the starting vector
basis to be orthonormal v, - 7, = 7,, in the sense of the Minkowski metric, so 73 = 1
and 'y]z = —1 for j = 1,2,3. The choice of notation for the basis is motivated by a deep
connection to the Dirac v-matrices that we will clarify in Section [3.8

The basis of 0-blades is the real number 1. The basis of 1-blades is the chosen set
of four orthonormal vectors 7y, themselves. The (16 — 4) = 12 possible products of
these vectors that produce bivectors (i.e., with u # v) vuv = vV A% = Y = =Y
produce only (16 — 4)/2 = 6 independent bivectors Y10, Y20, Y30, Y12, Y23, Y31 due to the
antisymmetry of the wedge product; these independent elements form the oriented basis
of 2-blades. Similarly, products of orthogonal vectors with these bivectors v,v,vs =
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Yu AN Yo AYs = Yuvs Produce only 4 independent trivectors 123, ¥120, Y230, Y310 that form
the oriented basis of 3-blades. Finally, the product of all four orthogonal vectors produces
only a single independent element ypv1v27vs = Y0 A Y1 A Y2 A y3 = o123 that serves as
the basis for the 4-blades. Hence, there are 2* = 16 independent basis elements for the
spacetime algebra, partitioned into 5 grades of “4 choose k,” 4!/k!(4 — k)!, independent
basis k-blades.

The 4-blade ~p123 geometrically signifies the same unit 4-volume in any basis, and
will be particularly important in what follows, so we give it a special notation

1= Y0123- (36)

This algebraic element is the pseudoscalar for spacetime. That is, its scalar multiples
al act as scalars that flip sign under an inversion of the handedness of spacetime (i.e.,
flipping the orientation of any one basis direction). The notation of I is motivated by the
fact that I? = 42v#y3~3 = (1)(—1)(=1)(=1) = —1, so it will perform a similar function
to the scalar imaginary ¢. Indeed, the element I provides spacetime with an intrinsic
complez structure without any ad hoc introduction of the scalar complex numbersﬂ We
will detail this complex structure in Section (3.5
Any multivector M € Cy 3 in the spacetime algebra may be written as a sum of
independent k-blades
M=a+v+F+%4+ 81 (3.7)

where the Greek letters a, 8 are real numbers, the lowercase Roman letter v is a vector
with 4 real components, the boldface Roman letter F is a bivector with 6 real com-
ponents, and the Fraktur letter ¥ is a trivector with 4 real components. Each of these
independent grades are distinct and proper geometric objects. We shall see in Section (3.5
that in practice we can dramatically simplify the description of multivectors by exploiting
dualities of the algebra; in particular, we will be able to dispense with trivectors (and
their elaborate notation) altogether by rewriting them as pseudovectors ¥ = vI. To keep
these distinctions conceptually clear, we shall make an effort to maintain useful notational
conventions throughout this work that are summarized in Table [2| for reference.

Each k-blade in a multivector can be extracted by a suitable grade-projection, denoted
as (M). For example, the bivector projection of is (M), = F. Notably, the scalar
projection satisfies the cyclic property

(MN)o = (NM)o (3.8)

for any two multivectors M and N, so is an algebraic trace operation. In fact, this trace
is entirely equivalent to the matrix trace operation, which can be verified by considering
a (Dirac) matrix representation of the spacetime algebra C; 3 that simulates the noncom-
mutative vector product using the standard matrix product. We will comment more on
such a matrix representation in Section but we shall not require it in what follows.

7Tt is worth emphasizing that there is no unique square root of —1. There are many algebraic elements
in C1,3 that square to —1, each with distinct geometric significance. The scalar imaginary ¢ of standard
complex analysis does not specify any of this additional structure; hence, it is often enlightening to
determine whether a particular v/—1 is implied by a generic 4 that appears in a traditional physics
expression. We will show in what follows that I is indeed the proper physical meaning of 7 throughout
the electromagnetic theory.
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Notation Description

a, B, w scalars (real numbers)
a,b,v,w 4-vectors

F, G bivectors

vl pseudovectors

al pseudoscalars

M multivector

(=a+ I complex scalar

=v+4+wl complex vector
v 4-gradient, Dirac operator
T(b), T(b) tensor, adjoint tensor

Y orthonormal basis (Lorentz frame) for 4-vectors
v = fyljl reciprocal basis for 4-vectors

E, B relative 3-vectors

i = Yo orthonormal basis for 3-vectors

V= Y0 AV relative 3-gradient
0y = -V relative time derivative

FrY ok scalar components (u = 0,1, 2, 3)

Fii ok spatial scalar components (i, j,k = 1,2,3)
Nuw Minkowski metric tensor

Ouw Euclidean metric tensor / Kronecker delta
€ijk> €pvin anti-symmetric Levi-Civita symbols

Table 2: Notational distinctions. Proper (frame-independent) quantities (top) have the different grades
distinguished by font type, boldface, and capitalization for simplicity, while relative (frame-dependent)
quantities (bottom) conform to traditional vector or index annotations for clarity.
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Grade Blade Type Physical Examples

0 Scalars charge ¢
mass m
proper time 7

1 Vectors coordinates x
proper velocity w = dx/dr
energy-momentum p
force dp/dr
electric potential a,
electric current j.

2 Bivectors electromagnetic field F = E + BI
angular momentum M =z Ap = ~N+ LI~
torque dM/dr
vorticity V A w

1

3 Pseudovectors magnetic potential @,
magnetic pseudocurrent j,, [
helicity pseudocurrent X1

4 Pseudoscalars  magnetic charge g, 1
phase @I

Table 3: Examples of common physical quantities by grade. All these physical quantities appear in
any proper description of relativistic physics, and fit naturally within the graded structure of spacetime
algebra.
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Figure 3: The product aF between a vector a (green) and bivector F (red) decomposes into a vector
a - F and a trivector a A F part. A spacelike F is an oriented plane segment that may be deformed into
a parallelogram F = a) A c that shares a side with the part of the spacelike vector a = a| + a, that
is parallel to F (yellow). The contraction extracts the orthogonal vector ¢ = a - F (black), while the
inflation drags the bivector F along the perpendicular vector a; (blue) to produce an oriented trivector
volume a | AF.

All proper physical quantities in spacetime must either correspond to pure k-blades,
or multivectors that combine k-blades of differing grades. These are the only frame-
independent objects permitted by the constraints of special relativity. Hence, the ex-
pansion of a general multivector indicates the full mathematical arena in which
relativistic physics must occur. The algebraic structure allows us to manipulate each of
these proper objects with equal ease and finesse.

The added complication of multivectors M & C; 3 over the original 4-vectors v € M 3
may seem excessive and intimidating at first glance; however, as we have been suggesting,
the added structure contained in a full multivector is in fact necessary for a proper
description of spacetime quantities. Indeed, as we will see in more detail in Sections |3.4
and each distinct blade of a general multivector is in fact a familiar type of object
that appears in the standard treatments of relativistic physics. We summarize several
examples in Table[3|for reference. The multivector construction unifies all these quantities
into a comprehensive whole in a principled way. Moreover, the Clifford product provides
them with a wealth of additional structure, which we will exploit to make manipulations
of multivectors simple in practice.

3.8.1. Bivectors: products with vectors

We will see in the following sections that several dualities of spacetime algebra allow
a complete understanding in terms of scalars, vectors, and bivectors. Out of these three
fundamental objects bivectors are the least familiar, so we shall make an effort to clarify
their properties as we progress through this introduction.

We now consider how bivectors and vectors relate to one another in more detail,
defining two useful operations (contraction and inflation) in the process. It is worth
emphasizing that all operations in spacetime algebra are derived from the fundamental
vector product and sum, so are introduced for calculational convenience, conceptual
clarity, and for contact with existing formalisms. For reference, we list all of the auxiliary
operations that will be introduced in this report in Table [4]

A product between a vector a and a bivector F can be split into two terms (vector
and trivector) in an analogous way to the product of vectors in

aF =a-F+aAF. (3.9)
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Description Notation & Definition

Clifford product ab

vector dot product a-b=(ab+ba)/2=0b-a
vector wedge product aAb= (ab—0ba)/2=—-bAa

projection to grade-k (M)
algebraic trace (M)o

Hodge duality Mw— MI1!
relative frame duality M — M~y

bivector contraction a-F=(aF-Fa)/2=-F-a
bivector inflation aNF = (aF+Fa)/2=FAa
bivector dot product F-G=(FG+GF)/2=GF
commutator bracket [F,G] = (FG — GF)/2 = —[G, F|
bivector cross product F x G =[F,G]["! = -G xF

reversion (transpose)  (ab)™ = ba

(MN)~ = NM
positive magnitude |M|2 = [(MM)o|? + [(MM)4I 1|2
signature exr = (MM)o/|M|?

complex conjugation (a+ BI)* = (a—BI)
(v+wl)* = (v—wl)
[fe?l]* =fe ¢!

relative reversion Z\{ t= 7o M Yo
(E—l—BI)Jr =F—-BI

Table 4: Algebraic operations. From the fundamental Clifford product we define a variety of convenient
operations that are useful for calculations.
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The vector and trivector parts are constructed respectively as
1
a-F = (aF); :§(aF—Fa):—F-a, (3.10)
1
aANF = (aF)3 = §(aF—|—Fa) =FAa. (3.11)

Notably, the grade-lowering dot product, or contraction, is antisymmetric while the
grade-raising wedge product, or inflation, is symmetric, which is opposite to the vec-
tor product case (3.2]). The use of the dot product to lower the grade and the wedge
product to raise the grade has become conventional [5].

The geometric meaning of these products can be ascertained for spacelike F by de-
composing the vector a = a1 + a) into parts perpendicular (ay) and parallel (q)) to
the plane of F. After factoring F into constituent orthogonal vectors (i.e., b-c¢ = 0),
F =bAc=bc, we find

1

aF = abc = iaH(bc —cb)+ai NbAc, (3.12)
1

Fa =bca = g(bc —cb)ay +ar NbAc, (3.13)

so the dot and wedge products have the simple forms

CL'F:G,H -F = (aH -b)Cf (CLH ~C)b, (314)
aANF=a, AF=a, ANbAc (3.15)

For spacelike a, b, ¢, these expressions have intuitive geometric interpretations. The con-
traction a - F produces a vector in the plane of F that is perpendicular to aj. Indeed,
choosing b = a so F = aq A cyields a-F = c¢. The wedge product a A F produces
a trivector with magnitude equal to the volume of the parallelipiped constructed from
dragging the plane segment F along a perpendicular vector a. These constructions are
illustrated in Figure

3.3.2. Reversion and inversion

Before we continue, we make a brief diversion to define another useful operation on the
spacetime algebra known as reversion [0], which reverses the order of all vector products:
(ab)™ = ba. The reverse distributes across general multivector products recursively
(AB)~ = E/NI, and is the algebraic equivalent of the transpose operation for matrices (as
can be verified using a matrix representation). The reverse inverts itself (M ) = M,
which makes it an involution on the algebra. The reverse is also summarized in Table
for reference. B

The reverse of a bivector F is its negation F = —F, which can be seen by splitting
each basis element of F into orthogonal factors vy,, = 7,7, = v. A 7. The reversion of
the factors then flips the wedge product ¥, = Vv, = 7w AYu = —Yu A%y = —Yuv, Which
results in a negation. Each grade of the general multivector in can be reversed in
an analogous way according to

M=a+v-—F—-%+ I (3.16)
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Notably, the pseudoscalar reverses to itself I= Y3210 = Vo123 = 1.

As a useful application of the reversion, the product of a pure k-blade M = (M)
with its reverse M produces a scalar. As an example, for M = 123 we have MM =
V3217123 i")/32(’)/1)2’}/23 = —v3(72)%v3 = 95 = —1. The resulting positive magnitude
IM|?> = |[MM| = 1 is a product of the magnitudes of the factors of M, while the sign
e = MM /IM|? = —1 is a product of the signatures of the factors. Hence, the reversed-
square of a pure k-blade

MM = MM = ey |M|? (3.17)

produces a notion of pseudonorm for M with a net signature e;; and positive magnitude
|M|?, in exact analogy with the definition (3.1d]) for vectorsﬂ It follows that if |[M|? # 0,
then

M= = (3.18)

is the inverse of a pure k-blade M that satisfies MM = MM~! = 1, in analogy with

BH).

3.4. Reciprocal bases, components, and tensors

To connect with the standard tensor-analysis treatments of the electromagnetic field,
where it is considered to be an antisymmetric rank-2 tensor F'*”, we now briefly consider
the various ways of expanding proper multivector quantities in components. We shall see
that we immediately recover and clarify the standard tensor analysis formulas, making
the tensor analysis techniques available as a restricted consequence of spacetime algebra.

Given a reference basis 7, for My 3, it is convenient to introduce a reciprocal basis of
vectors

= () Yoy, =ty = 08 (3.19)

defined by the algebraic inverse . This is an equally valid basis of vectors for M; 3
that satisfies the same metric relation v* - v = 9" = n,,. It also follows from the
inverse that v = 7, while 47 = —; for 7 =1,2,3, so the reciprocal basis is the spatial
inversion of the reference basis 7,,.

Any multivector M is a geometric object that can be expanded in any basis, including
the reciprocal basis. For example, a vector v has the expansions

v= Z’UH’VH = Zv,ﬁ“ (3.20)
" n

in terms of the reference basis and the reciprocal basis. Traditionally, the components
vH = " . v in the reference basis are called the contravariant components of v, while
the components v, = 7, - v in the reciprocal basis are the covariant components of
v; we see here that they can be interpreted as different ways of expressing the same

81t will be shown in Section that bivectors F may not have a well-defined signature of +1.
Nevertheless, these reversion equations will still be valid.
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geometric object. Evidently from we have v - v, = v¥n,,, = v,, which shows how
the two component representations are related by the metric (which effectively “raises”
or “lowers” the index).

Since the graded basis elements of the spacetime algebra are constructed with the
antisymmetric wedge product from the reference (or reciprocal) vector basis, then one
can also expand a k-blade into redundant components that will be the same as the com-
ponents of a rank-%£ antisymmetric tensor. For example, a bivector F may be expanded
into components as

1 v 1 v
F:§ZF“ 'yu/\'yyziz:F,“/y“/\y . (3.21)
v

sV

The components F* = y#.F-y" = 4" (y*.F) = (v Ay")-F = 4"*.F = (7,,)""F can
be extracted using the contractions defined in Section [3.3.1] and are usually called the
rank (2,0) (contravariant) components of F, while the components F,, =, - F - v, are
the rank (0,2) (covariant) components of F. Similarly, the components F*, = ~*.F -,
and F,” = v, - F.~" are rank (1,1) (matrix) components for F. There are overtly 16
real components in each case, of which only (16 —4)/2 = 6 are nonzero and independent
due to the antisymmetry; these six independent components correpond precisely to the
components of F when expanded more naturally in a bivector basis. The factor of 1/2 in
ensures that the redundant components (differing only by a sign) are not double-
counted.

The various ranked tensor components corresponding to F all refer to the action of
the same antisymmetric tensor F, which is a multilinear function

Fa,b)=a-F-b=b-(a-F)=(bAa)-F (3.22)

=Y a"Fub’ =Y a,F"b, = a,Fib =Y a'Fb,
uv j24 % j%

that takes two vector arguments a =} ay, =3, a," and b= 3" 0"y, =32, b,y”
and produces a scalar through a total contraction with the bivector F. We use the
underbar notation F for functions to disambiguate them from products of multivectors.
Note that the different ranks of components for the tensor F correspond to different ways
of expanding the arguments a and b into different bases.

Importantly, the electromagnetic field is intrinsically a bivector F and not its associ-
ated antisymmetric tensor F, which is the multilinear function that performs contractions
with F to produce a scalar; the confusion between these two distinct concepts arises be-
cause they have the same characteristic components F*”. Component-based tensor anal-
ysis obscures this subtle conceptual distinction by neglecting the k-blades themselves in
favor of the functions that can be defined by contractions with these k-blades, all while
emphasizing component descriptions that depend on particular basis expansions. More
distressingly, one cannot construct more general multivectors or the Clifford product us-
ing tensor notation. As a result, we regard component-based tensor analysis as a part
of—but not a replacement for—the spacetime algebra used in this report.
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Figure 4: Hodge duality illustrated using the same basis as Figure @ Right multiplication by the
pseudoscalar I = ~p123 converts an algebraic element to its dual, which is an orthogonal complement in
the geometric sense. For example, the dual of a trivector 123 is its unique normal vector vi23(—1) = 7o.
Dual elements have opposite signatures, indicated here by the flip in color coding.

3.5. The pseudoscalar I, Hodge duality, and complex structure

The expansion of a multivector in terms of elements of differing grade is similar
to the expansion of a complex number into its real and imaginary parts, as we emphasized
in Section In fact, this similarity is more than an analogy because the pseudoscalar
I also satisfies I?2 = —1, which makes the subalgebra of the form ¢ = a + SI completely
equivalent in practice to the complex scalar numbers. Hence, we do not need to addi-
tionally complexify the algebra in order to reap the benefits of complex analysis; the
complex algebraic structure automatically appears within the spacetime algebra itself.

The pseudoscalar I has intrinsic geometric significance that goes well beyond the
theory of scalar complex numbers, however, and has several additional interesting and
useful properties. It commutes with elements of even grade (i.e., scalars, pseudoscalars,
and bivectors), but anticommutes with elements of odd grade (i.e., vectors and trivec-
tors). More surprisingly, a right product with I is a duality transformation from grade
k to its orthogonal complement of grade (4 — k). For example, the dual of a vector is
its unique oriented orthogonal trivector vol = YoY0Y1Y27Y3 = Y123, While the dual of a
trivector is its unique normal vector y123] = (vI)I = —79. This duality is illustrated
for the entire graded basis in Figure @] We will see in Section [5.2] that this duality is
intimately connected to the field-exchange dual symmetry of the electromagnetic field.

The duality transformation induced by I is equivalent to the Hodge-star transfor-
mation in differential forms (though is arguably simpler to work with), and splits the
spacetime algebra into two halves that are geometric complements of each other. Ex-
ploiting this duality, we can write any multivector M in an intrinsically complex form
(in the sense of I) that pairs quantities with their duals

M =(+z+F. (3.23)

We illustrate this decomposition in Figure [5 The complex scalar ¢ and complex vector
z parts have the form

(=a+ 4l z=v+wl =v— Tw, (3.24)
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Figure 5: Complex structure of the spacetime algebra. The complementary Hodge-dual halves of the
algebra illustrated in Figure @ become intrinsically complex pairings by factoring out the pseudoscalar
I = ~p123 that satisfies 12 = —1. The complex scalars and vectors have parts that are independent
geometric objects. However, the bivectors are self-dual and irreducibly complex objects that cannot be
further decomposed into frame-independent parts.

where «, § are real scalars, and v, w are 4-vectors. As anticipated, the trivector T = wl =
—Tw has been expressed as the orthogonal complement of a vector (i.e., a pseudovector),
which is a useful simplification.

Some care has to be taken with manipulations of complex vectors z, since I anti-
commutes with vectors. As a result, complex scalars and vectors only quasi commute

Cz=(a+pD)z=z(a—pI)# 2, (3.25)

while complex scalars and bivectors commute normally: (F = F(. Thus, the pseu-
doscalar I is only algebraically equivalent to the usual notion of the scalar imaginary i
when restricted to the even graded subalgebra of complex scalars and bivectors.

3.5.1. Bivectors: canonical form

A bivector like the electromagnetic field, F, is an interesting special case for the
complex decomposition of a general multivector, since the full bivector basis is
already self-dual. We can see this by computing the duality for a particular basis

Y10l = =723, Yool = —731, v30d = =712, (3.26)
Y231 = 710, v31d = 720, Y121 = 730.

Geometrically, these duality relations express the fact that in 4-dimensions the orthogonal
complement to any plane is another plane (not a normal vector as in 3-dimensions). We
can express these relations more compactly by collecting cyclic permutations and writing
Yiol = —€ivire and vl = €170, Where 4,7,k = 1,2,3 and €, is the completely
antisymmetric Levi-Civita symbol (no summation implied).

This self-duality of the bivector basis makes the signature of a general bivector mized.
That is, although each basis bivector has a well-defined signature, v;09:0 = (1)(=1) = —1
or vxYjk = (—1)(—1) = 1, a general bivector F will be a mixture of these two different
signatures. Indeed, consider the simple mixed bivector F = 719 + 723 as an example.
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Computing its reversed square produces

FF = [y01 + 7s2][710 + 23], (3.27)
= 701710 + V01723 + V32710 + V32723,
=175 + Vo123 + Y3210 + 1373,
— (~1)W) + T+ T+ (1)(-1),
=21.

The cross-terms between the basis elements of different signature produce a complex
signature ep = I attached to its positive magnitude |F|? = 2. Thus, mixing bases of
differing signature is automatically handled by the algebra by making the total signature
complex. _

More generally, the reversed square of any bivector F will produce FF = ep|F|?,
where e = o + I is a complex signature with unit magnitude o? + 3% = 1. As such,
this signature can be written using a phase angle by using the same algebraic techniques
as standard complex analysis: ep = exp(2¢]) = cos 2+ sin 2p. It follows that a general
bivector F must have a canonical (i.e., frame-independent) form with an intrinsic phase

F =f exp(pl) =f (cosp + I siny) (3.28)

that mixes the bivector subspaces of different signature. Here we define f to be the
canonical bivector for F that we choose to have a definite negative signature ff = —|F|?
(for reasons that will become clear in Section [3.6). Its dual fI then has a definite
positive signature, while the square produces the positive magnitude f2 = |F|2. It is
worth emphasizing that the existence of this canonical complex form of a bivector is not
at all apparent when working solely with its real components F*¥.
The phase and canonical bivector can be directly extracted from F according to
v = 1tan_1 E—27 f =F exp(—¢pl), (3.29)
2 4

where /1 = (F2)y = |F|? cos 2p and f5 = (F2),I~! = |F|? sin 2¢ are the scalar parts of its
square F? = {1 + f51. Note that for null bivectors (F? = 0) the decomposition is
not unique and the phase ¢ becomes degenerate (just as with standard complex analysis).
This potentially degenerate intrinsic phase of a bivector will become very important in
our discussion of electromagnetic waves in Section [5.4]

3.5.2. Bivectors: products with bivectors
A product between two bivectors F and G can be split into three distinct grades
(scalar, bivector, and pseudoscalar), in contrast to the two grades in the vector-vector

and vector-bivector products of (3.2)) and (3.9)),
FG = (F-G)o +[F,G]+ (F-G)4. (3.30)

We will find it instructive to consider the scalar and pseudoscalar parts together as the
same complex scalar F - G.
The symmetric part of the product produces this complex scalar, which we can better
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understand by making the canonical decompositions F = fexp(dl), G = gexp(¢l)

according to (3.28)),
1
F-G= §(FG + GF) = (f - g) exp[(¢ + )] (3.31)

Since f and g have fixed signature, f - g = (fg + gf)/2 is a real scalar. In fact, it
will become clear after we introduce the relative 3-vectors in Section [3.6.1] that this real
scalar is completely equivalent to the usual (Euclidean) dot product from non-relativistic
3-vector analysis, which motivates this choice of notation.

It follows that the total dot product between arbitrary bivectors will have scalar and
pseudoscalar parts of the form

(F-G)o=(f-g)cos(V+ p), (3.32)
(F-G)y=(f g)sin(d+ ). (3.33)

Note that the intrinsic phases of F and G play a critical role in these products, and
produce wave-like interference factors. It is worth emphasizing that these factors arise
solely from the structure of spacetime itself, and not from any additional assumptions.

The antisymmetric part of FG is written as a commutator bracket that produces
another bivector

[F,G] = (FG), = %(FG — GF). (3.34)

We will explore the deep significance of this commutator bracket in Section where
it will play the role of a Lie bracket for the Lorentz group (motivating this choice of
notation). For completeness here, we also define the bivector cross product as the (Hodge)
dual of the commutator bracket

FxG=[F,G][" (3.35)

After we introduce the relative 3-vectors in|3.6.1]it will become clear that this cross prod-
uct is completely equivalent to the traditional 3-vector cross product (again, motivating
this choice of notation).

3.5.83. Complex conjugation

At this point we define another useful operation: complex conjugation. It follows
from (3.28)) that the proper inverse (3.18]) of a bivector F has the canonical form

F!'= |Ff|2 exp(—¢pl) (3.36)
which must additionally invert the intrinsic phase of the complex scalar that appears in
its signature.

To more compactly write this inverse, we introduce a complex conjugation of the
spacetime algebra as a flip in sign of the pseudoscalar. For a multivector M, as in ,
this produces

M* =M1 =(a—pI)+ (v—wl)+f exp(—¢pl). (3.37)
33



Paravector 4-vector

4 0 N

g1 Oy O3
Yo Y1 V2 3

! W

(a) Spacetime split (b) Relative frame duality

Figure 6: Spacetime split and paravectors. (a) Performing a spacetime split of Figureselects a timelike
vector 7o that corresponds to a particular inertial reference frame. This procedure partitions the proper
bivectors into relative parts spanned by a 3-vector basis &; = ;0 and its dual &1 = —€;j,vj%. (b) Each
half of the split algebra then satisfies a secondary duality relation under right multiplication by ~g. This
duality maps proper 4-vectors to relative paravectors, and vice versa. As a result, the entire spacetime
algebra may be expanded in terms of relative paravectors and duality factors, which provides an explicit
embedding of traditional nonrelativistic 3-vector analysis inside spacetime algebra.

Geometrically, the flip in pseudoscalar sign corresponds to changing the orientation
(handedness) of spacetime. Since (M*)* = M, conjugation is also an involution on
the algebra.

For complex vectors, the conjugation is equal to reversion z = (v+wl)~ = v+ [w =
v —wl = z*, since I anticommutes with vectors, which is a useful property. However,
this anticommutation also forces us to be careful about applying conjugation to products,
since it does not generally distribute across products that involve vectors, e.g., (zM)* #
M*z*, (zM)* # z*M*. Nevertheless, conjugation does distribute over products involving
only complex scalars and bivectors, just as in standard complex analysis. To aid memory
about some of these subtler properties, we have collected a few commonly encountered
identities in Table [l

With this operation we can write the proper complex generalization of the blade

inverse ((3.18)

1o & -1 F

= C*C7 z = (Z*Z)ilz*a F'l=_- (3.38)

F*F’
since the quantities (*¢ = a? + 82, 2*2 = Zz = v?> + w? + 2(v-w)I, and F*F = f? = |F|?
are all invertible scalard’}

3.6. Relative frames and paravectors
To connect the spacetime algebra C; 3 with standard 3-vector analysis, we express the
duality of the spacetime algebra in another way that selects a particular inertial reference
frame. To do this, we decompose the bivector basis into the three elements that involve
a specific timelike vector 7y,
G = Y0 = 7% N o, (3.39)

9Note that 2*z produces a complex scalar, so (2*z) ™! recursively follows the complex scalar rule in
. Moreover, the inverse z~! written here is both a left and right inverse, even though (2*2)~! and
2* do not commute in general. That is, the explicit right inverse is 271 = 2*(22*) 7! = [(22*) " !]*2* =
(2*2z)~12*, which is the same expression.
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Algebraic Identities

Dot-wedge conversion:

’l) .

vA(wl)=—@wl)Aw= (v -w)l

(wl)-F=uvA(FI)=(v-F)I

v )ANF=v-(FI)=(wvAF)I

vF-w=w-(v-F)=(wAv) -F
Trace cyclicity: (ABC)o = (CAB)g

<ABC>4 = <ABCI_1>()I
Bivector-pseudoscalar commutation: (F=F(

Vector-pseudoscalar anti-commutation: (v 4+ wl) = (v — [w)
z =

Relative frame splits: I = 7123 = 015203
v = (vo+ )0 = 70(vo — V)
V=7(0 +V)= (9o — V)0

3-vector products: EB

(ABC)y=A-(BxC)y
(ABCY)o =(A-B)C - (AxB)x C
= (A-BYC+ A(B-C)— (A-C)B
Relative reversion: (T=¢
Fl =E - BI
7F = Fly

(6;0%)T = 01,

Table 5: Commonly encountered algebraic identities. All of these may derived in straightforward ways
from the fundamental Clifford product, but we include them here for reference.
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with ¢ = 1,2, 3, and their duals 6,1 = —€;;17;%. This spacetime split of the bivector basis
into an inertial frame is illustrated in Figure @(a). The elements &; directly correspond
to the three spatial directions 7; orthogonal to ~g. Importantly, they will act as a
basis for the 3-vector quantities that are used in standard vector analysis treatments of
electromagnetism. As such, we notate these basis elements using standard vector arrows
and refer to them as relative 3-vectors. Geometrically, one can conceptualize the relative
3-vectors that are experienced by an inertial observer as plane segments in spacetime
that are obtained by dragging the spatial frame ~y; along the timelike direction =y, of the
observer’s worldline. As we will make clear in Section the 3-vectors 0; also have
a deep connection to the standard Pauli spin matrices, which motivates our choice of
notation.

3.6.1. Bivectors: spacetime split and cross product
In terms of this relative 3-vector basis, a bivector takes the simple form

F = E1y10 + Eaye0 + E3y30 + Biys2 + Bayis + B3y = E + BI (3.40)
involving a relative 3-vector and the dual of a relative 3-vector
E = E\G1 + Eyda + Esds, BI = [B,6) + Byda + Bsds) 1. (3.41)

Unlike the canonical decomposition (3.28), splitting the bivector into dual relative pieces
in this manner requires the specification of a particular timelike vector v in the basis
(3-39)), which spoils the frame-independence of each relative piece. Only the total bivector
F produced in the sum is a proper geometric object. We choose the suggestive
labels E and B here to anticipate their correspondence to the electromagnetic field vectors
in Section [5] but we can already see at this stage the inevitable equivalence in form of
F to the Riemann-Silberstein complex vector . As with the complex canonical form
of a bivector, the existence of this complex spacetime split is not at all apparent when
working solely with its real components F'*¥.

Briefly, we note that the product between a vector and a bivector that we defined
in Section can be used to compute the spacetime split according to (noting
T = )

F =Fy, " = (F-7)% + (F Av)7. (3.42)

The first term contracts (i.e., lowers the grade of) F to a vector perpendicular to vy and
then multiplies by 7y to produce the relative 3-vector basis ¢; = ;7. The second term
inflates (i.e., raises the grade of) F to a trivector including o and then contracts out the
7o part, leaving behind the dual basis ;1 = —e€;;1v;7-

Similarly, we can now revisit the cross product between two bivectors, defined in
Section as the dual of the commutator bracket: F x G = [F, G]I~!. If we compute
this cross product for the relative basis elements ¢; we find

O_"1><(5"2:(5"3,7 52X53:5'1, 53X51:52. (343)

These are precisely the defining relations for the familiar relative 3-vector cross product,
which motivates its standard notation. Thus, the bivector cross product forms a closed
nonassociative (Gibbs) subalgebra for relative 3-vectors that is entirely embedded within

36



the spacetime algebra in a natural way. Hence, all the standard manipulations with
the vector cross product still apply to the relative 3-vectors in the spacetime algebra.
Moreover, the conceptual meaning of the cross product is enriched, since it is induced by
the more general associative product of spacetime algebra.

3.6.2. Paravectors
Using the spacetime split (3.40)) for the bivectors, we can rewrite a general multivector
(3.23) in the following way

M = [(a+]§) +v} + [(ﬁ+§) +w] I, (3.44)

where «, 8 are scalars, v, w are proper 4-vectors, and E, B are relative 3-vectors.

We have further partitioned each half of the complex expansion into even
(a+ E) and odd (v) grades. These partitions have four components each and are also
dual to each other upon right multiplication by the chosen timelike unit vector vo. We
illustrate this duality in Figure @(b) As an important example, the coordinate 4-vector
= becomes

xyo = [ctyo + 171 + T2y2 + 2373]70, (3.45)
= ct + x1710 + T2Y20 + T3730,
=ct+ T,

which is the sum of a relative scalar time and a 3-vector of the relative spatial coordi-
nates. This combination of a relative scalar and a relative 3-vector is commonly called a
paravector [182] [184] and is often written as a tuple (ct,Z) instead of a sum to indicate
that the scalar and 3-vector parts of a 4-vector should be considered part of the same
unified whole. Interestingly, the paravector that appears here as a sum of a scalar and a
3-vector is closely related to the original use of quaternions by Maxwell [I34] to describe
the essential unification of temporal and spatial parts of a 4-vector. We will comment
more on the close relation between the 3-vectors that appear here and quaternions in
Section

We see that right-multiplication of a 4-vector by ¢ isolates the relative quantities
that correspond to the inertial frame of ~y. Left multiplication flips the sign of the 3-
vector part due to the wedge product in the 3-vector basis: voxr = ct — Z. Thus, we
can consistently recover the invariant coordinate interval in a direct way by using the
paravector duality

2?2 = 2y0y0 = [ct + F][ct — ] = (ct)? — || (3.46)
Observe that this style of derivation has completely bypassed the need to expand the
expression in explicit components to obtain the final result. This is a general and con-
venient property of working with spacetime algebra: transitioning between proper and
relative expressions is a component-free and straightforward exercise.

Using the vector-paravector duality, we can further expand the multivector
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Multivector Part Parity Scalar 4-vector Bivector

«  proper scalar X v X X
BI  proper pseudoscalar v v X X
é relative scalar X X v X
wl relative pseudoscalar v X v X
P polar 3-vector v X v X
E polar 3-vector v X X v
a axial 3-vector X X v X
B axial 3-vector X X X v

M= [(a+E)+(5+@%} + [(5+B’)+(w+a)%}z

Table 6: Transformation properties of the relative parts of a multivector M in a particular frame. Each
checkmark indicates that the associated quantity changes sign under a spatial parity inversion, or is a
proper scalar quantity that does not depend upon a specific Lorentz frame, or has components that
change covariantly with the frame like parts of a proper 4-vector, or has components that change like
parts of a proper bivector. These transformation properties are traditionally used to distinguish the
distinct relative parts of a spacetime multivector.

into a fully frame-dependent form relative to g
M= [(a+E)+ (@0 +)0] + B+ B)+ (w+d| I (3.47)

that involves only paravectors (with scalar parts «,d,8,w and vector parts E,ﬁ, é,d
discussed below) and the appropriate duality factors 7o and I. These paravectors are the
quantities usually considered in frame-dependent treatments of relativistic systems that
use traditional vector analysis. However, the geometric origins of the quantities involved
become obscured when they are lifted outside the spacetime algebra.

We can recover some distinguishing information about the scalars by examining their
behavior under frame transformations and spatial reflections, which we summarize in
Table [} The scalar « is invariant under both frame transformations and spatial reflec-
tions, so is a proper scalar. The scalar 8 flips sign under spatial reflections but does
not change under a frame transformation, so is a proper pseudoscalar. The scalar §
is invariant under spatial reflections but changes under a frame transformation, so is a
relative scalar (i.e., temporal) part of a 4-vector. The scalar w flips sign under a spatial
reflection and changes under a frame transformation, so is a relative pseudoscalar part
of a 4-pseudovector.

Similarly, we can distinguish the 3-vectors by looking at spatial reflections and frame
transformation properties. The vectors E,ﬁ flip sign under a spatial reflection, so are
polar relative 3-vectors. The vectors B , @ do not flip sign under a spatial reflection, so are
azial relative 3-vectors. However, while the combination of components (J, p) transforms
as a proper 4-vector and (w, @) transforms as a proper 4-pseudovector, the combination
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of components in (E , B ) transforms as what is usually considered as an antisymmetric
rank-2 tensor (i.e., a bivector), as we indicated in Section and further elucidated in
Section 3.4

For convenience, we also summarize the various expansions of a general multivector
in Table |7} Comparing the proper expression of to the frame-dependent expression
of makes the geometric origins of all these transformation properties clear. The
proper combinations of relative quantities correspond to distinct geometric grades of
a spacetime multivector. This geometric structure is left implicit in standard vector
or tensor analysis methods, even though the transformation properties remain. The
spacetime algebra makes this structure explicit, intuitive, and easily manipulated in
calculations.

3.6.3. Relative reversion
To isolate the distinct quantities that are relevant for a particular frame, it is useful
to define a relative reversion involution

M = oM (3.48)
= [(@+ B)+ (6 = o] + [~(8+ B) + (w =)o) I

Comparing with (3.47)), note that this v9-dependent involution has the effect of the proper
complex conjugation for the complex scalars

(=(a+pDt =a—pI=C, (3.49)

but has the effect of conjugation with respect to the spacetime split for the complex
bivectors

F' = (E+ BNl = E - BI # F*. (3.50)

Importantly, this type of conjugation is not frame-independent, but depends on the
relative frame vy due to the spacetime split.

In contrast, the relative reversion of a 4-vector only flips the sign of the relative
3-vector part

ot = [(6+ D)l = (0 — D), (3.51)
(wh = [(w+ @)yl]" = (w — @),

which is intrinsically different from complex conjugation.
Using the appropriate relative reversions, we can then extract the relative parts of
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Multivectors

Graded Form M=a+v+F+wl—+pI

« : scalar

v 1 vector

F : bivector

wl : pseudovector
B1I : pseudoscalar

Complex Form M =(+2z+F

¢ = a+ BI : complex scalar
z = v+ wl : complex vector
F =f exp(¢l) : (irreducibly) complex bivector

Relative Form M = [(a + E) + (6 +Z7)70} + {(5 + é) + (w+ 5)70} I

« : proper scalar

E : relative polar 3-vector part of F
0 : relative scalar part of v

p : relative polar 3-vector part of v
81 : proper pseudoscalar

B : relative axial 3-vector part of F
wl : relative pseudoscalar part of wil

a : relative axial 3-vector part of wl

Table 7: Multivector expansions into distinct geometric grades, intrinsically complex parts, and relative
parts that depend upon a particular choice of Lorentz frame.
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each geometric object in a systematic way

(+¢f (¢
= > 8= 5T (3.52)
. F+F . F-—Ff
E B =
2 2I '’
erfuJr _ . v—of _
6: 2 ,‘YO 1’ p: 2 7017
_ wl +2(wI)TI_1%_1’ P wl —2( wl)f I~y

Note that we have to be careful about the order of the inversions in the case when
elements do not commute.

3.7. Bivectors: commutator bracket and the Lorentz group

We now revisit the commutator bracket that we briefly defined for bivectors in Sec-
tion Surprisingly, this commutator bracket makes the bivectors a closed nonasso-
ciative Lie algebra [5]. Indeed, this feature has motivated the notation of the bracket.
To see which Lie algebra the bivectors belong to, we compute the 15 following bracket
relations between all six bivector basis elements:

(Y12, V23] = V31, [Y23, 731] = 712, [¥31, V12] = Y23, (3.53)
(Y10, Y20] = =712, (Y20, 730] = =723, [305 Y10] = =731,

[V31,710] = 7305 [V12,720] = 710, [Y23,730] = 720

[Y12,710] = ’Yzo, [V23,720] = ’730, [31,730] = Y10

[V23,710] = [V31,720] = [Y12,730] = 0.

We can simplify these bracket relations to a more familiar form by introducing the
temporary (but standard) notations S; = 723, So = 731, S3 = 712 and K; = 71,
Ko = 99, K3 = 730, and combining cyclic permutations

[Si,S;] = €Sk, K, K,] = —€;xSk, [Si, K;] = €;;x K. (3.54)

These are precisely the Lie bracket relations that define the generators for the Lorentz
group, where S; generate spatial rotations, and K; generate boosts. That is, the closed
bivector subalgebra under the commutator bracket is precisely the Lie algebra of the
Lorentz group. This connection between bivectors and the Lorentz group is extremely
useful in practice for manipulating objects in spacetime.

As a consequence of this correspondence, exponentiating the commutator bracket of a
spacetime bivector produces a restricted (proper, orthochronous) Lorentz transformation
that is continuously connected to the identity. For example, to spatially rotate a bivector
F by an angle 6 in the plane S3 = 731! (i.e., around the relative axis &3), then we would
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use the following exponentiation

= exp(0S3/2) F exp(—68S3/2),
=exp(—1053/2)F exp(1673/2).

The ability to resum an exponentiated commutator back into a double-sided product is
an important identity that is commonly used in quantum—mechanicﬂ Indeed, the final
form of the rotation in is identical in form to the spatial rotation of a quantum
mechanical spin, where the vector &'s is usually interpreted as a Pauli matrix. We will
return to this point in the next few sections.

As another important historical note, this double-sided product also appears as the
proper form of a spatial rotation when using quaternions, where

i=S, =x11, j=—-So=—F L, k=S;=a51""! (3.56)

are the usual “imaginary” quaternion elementﬂ that all square to —1 and satisfy Hamil-
ton’s defining relation ijk = —1 [138 [136]. Note that the quaternion basis differs from
the 3-vector basis by a factor of I~ (i.e., the dual-basis), which is the fundamental reason
that Maxwell’s attempt to use them for describing relative spatial directions [I34] was
fraught with problems and eventually fell out of favor (despite leaving behind the legacy
of using 7, 7, and k to denote the spatial unit vectors). Quaternions are fundamentally
related to spatial rotations, not spatial directions.

Another important and enlightening example of the Lorentz group is the boost from a
frame with timelike vector 7o to a different frame moving at a relative velocity ¥ = |v|&'s
with respect to 79. Recall that a relative vector such as ¥ = |v|y3 Ao is really a bivector,
so it can directly act as a generator for the appropriate Lorentz boost. Indeed, note that
the relative unit vector &3 = 3¢ is also equal to a boost generator 6’3 = K3. The proper
hyperbolic angle (i.e., rapidity) for the boost rotation is determined by the magnitude
of the velocity a = tanh™*|v|/c, while the proper plane of rotation is simply the relative
unit vector itself &'3. Hence, the active Lorentz boost that rotates a bivector F from the
¥ frame back into the reference 7y frame has the form

F' = exp(—a/|d3,]) F = exp(—a ds/2) F exp(ads/2). (3.57)

Again, the conversion of the exponentiated commutator to a double-sided product makes
the expression simpler. Note that the only difference in form between the boost
and the spatial rotation is the factor of I in the exponent that changes the signature
of the spacetime rotation.

To simplify , we split the bivector F = F| + F into pieces parallel F| and

10T his equivalence and the resulting half-angle is a manifestation of the double-covering of the spatial
rotation group SO(3) by the special unitary group SU(2), which is in turn isomorphic to the Spin(3)
group generated by the rotation bivectors S; = ;1 1.

1INote the odd change in sign for j: Hamilton accidentally defined a left-handed set, which has caused
significant confusion about the proper application of quaternions in physics, and has obfuscated their
equivalence to the rotation generators made apparent here.
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perpendicular F, to @, implying that ¥ commutes with F| but anti-commutes with F | .
The Lorentz transformation then becomes

F' = exp(—ad3/2) F exp(adsz/2), (3.58)
=F| +exp(—ad3)F,
=F| + exp(— tanh ™' |v|/c&3) F |,
=F+ [cosh(tanh ™" |v|/c) — sinh(tanh™*|v|/c) &3] F,
1—17/c

=F +—L—_F,,
T

where the boost dilation factor v = (1 — (v/c)?)~1/2 appears to scale only the perpen-
dicular part of F. If we make a spacetime split F;, = E, + B, I of the perpendicular
bivector, then the transformed version is

' =31 = F/c)F L =5(1 = T/c)(EL + BLI), (3.59)

— —

- v _, - v -
=[(EL+ 2 X Bi)+ (BL - s E )],

where we have simplified the bivector product TE| =7 x E_"J_I, since 7-E, =0 (and
similarly for B). Up to choices of units, this is precisely the transformation that we
expect from a boost of the electromagnetic field [I55], [I89].

3.7.1. Spinor representation

Recall that in we converted the exponentiated commutator bracket into a
double-sided product. Such a double-sided product is a more natural algebraic repre-
sentation of a group transformation that can be extended from bivectors to the entire
algebra. Specifically, if we notate the product factors as U = exp(—a ds/2), then the
transformation in has the form

F =UFU, (3.60)
where we have used g’g = —&3. The factors satisfy the normalization condition U U=
UU = 1. Hence, this form of the transform makes it clear how the transformation

preserves the product structure of the algebra,
GH — UGUUHU = U(GH)U, (3.61)

precisely in the same manner that unitary representations of group transformations pre-
serve product structure in quantum mechanics.

We call the quantity U that appears in a rotor to emphasize that a Lorentz
transformation has the geometric form of a rotation through spacetime. Specifically,
the rotation generators S; = &;I~' square to —1 and produce spatial rotations, while
the boost generators K; = ; square to +1 and produce hyperbolic rotations in space-
time. Since the rotor representation of a Lorentz transformation produces a geometrically
meaningful rotation, the bivector F' can be replaced in with any geometric object
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that can be rotated. Indeed, any multivector M can be Lorentz transformed according
to M' =UMU.

A rotor U is an example of a spinor @, which is an element of the even-graded
subalgebra of the spacetime algebra [I58] that may be decomposed as

Y =(+F, (3.62)

where ( = o + 81 is a complex scalar and F is a bivector. This even-graded subalgebra
is closed under the full Clifford product. As an example of this decomposition, the boost
rotor exp(—a d3/2) can be expanded in terms of hyperbolic trigonometric functions as
cosh(a/2) — &3 sinh(a/2), which is a sum of a scalar and a bivector. Similarly, the
spatial rotor exp(—6 I53/2) can be expanded in terms of circular trigonometric functions
as cos(0/2) — Id'5 sin(0/2).

Spinors also produce transformations of any multivector according to a double-sided
product that preserves the product structure of the algebra. For example, if 1) = 1) =
1, then M +— ¥ M1 is a spinor representation of a group transformation. Hence, the
rotor form of can also be understood as a spinor representation of the restricted
Lorentz transformation. Similarly, if ¢* = ¢¥*¢ = 1, then M +— 1y Mvy* is another kind
of group transformation that preserves the product structure of the algebra.

An example transformation of this latter type that we will find particularly useful in
what follows is the global phase rotation characterized by the spinor v = exp(—601/2).
Interestingly, this phase rotation only affects complex vectors since I commutes with
complex scalars and bivectors. That is, for a general multivector M = ( + z + F in
complex form, we have

YMyY* =+ z exp(61) + F, (3.63)

which is a proper group transformation since y* = ¢*¢ = 1. This phase transformation
is responsible for the field-exchange dual symmetry of the electromagnetic field, which
we will detail in Section [5.21

3.8. Pauli and Dirac matrices

A vast notational simplification of the Lorentz bracket relations occurs when
we use the duality relations to rewrite the bivectors K; = &; and their duals S; = ;1!
in terms of a particular Lorentz frame of relative 3-vectors. The pseudoscalar I commutes
with all bivectors and squares to —1, so all 15 bracket relations reduce to simple variations
of the three fundamental relations

(73, 75] = €ijrdid, (3.64)

which are simply another way of expressing the 3-vector cross products in the
relative frame. Observe that the relations are also precisely the bracket relations
that define the Pauli spin matrices used in quantum mechanics. Moreover, note that the
relative 3-vector basis satisfies the relation
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which indicates that the relative 3-vectors ¢; form a Euclidean Clifford subalgebra Cs o
in their own right.

In terms of this frame-dependent split, the proper pseudoscalar I can be written as
I = ¢15255. That is, I is also the appropriate pseudoscalar (apparent unit 3-volume) for
any relative frame, which is a nontrivial property. It also commutes with every element
of this relative frame, making it completely equivalent in practice to a scalar imaginary
i. Similarly, the relative reversion operation 1)t = 417y that we defined in is the
true reversion of the relative basis &; within this subalgebra: (5’j5k)T = G10;. As such,
it also acts as the appropriate complex conjugation for the frame-dependent subalgebra
according to (3.50]). The fact that this relative complex conjugation is distinct from the
global complex conjugation is not at all obvious when working solely within a relative
frame. This subalgebra and relative conjugation is precisely what appears in the usual
treatments of the Riemann-Silberstein vector (e.g., [40]).

Collecting these properties together, it is clear that the familiar Pauli matrices and
complex scalar imaginary ¢ can be viewed as a matrix representation of a particular
spacetime split of the spinor subalgebra of spacetime. The matrix product simulates the
noncommutative vector product. Indeed, this direct connection to the Pauli matrices
has motivated our notation &; for the relative 3-vector basis [§]. Within the spacetime
algebra, however, ¢; are not matrices—they are a bivector basis associated with the
three spatial directions in a particular frame. Hence matrix constructions like >, a'd;
that appear in quantum mechanics can be understood to define relative 3-vectors @ in
spacetime algebra (e.g., the reference spatial direction along which a spin can be aligned).
There is nothing intrinsically quantum mechanical about these constructions.

Notably, the representation-free nature of spacetime algebra has exposed the deep
structural relationship between the relative spatial directions, the cross product of rel-
ative 3-space, the Lie bracket relations of the Lorentz group, the quaternion algebra, the
commutation relations of the Pauli spin matrices, and even the imaginary unit ¢ that
appears in these commutation relations. Using standard mathematical methods, these
topics do not appear to have such an obvious connection. Indeed, the natural appear-
ance of all these topics solely from a systematic construction of the geometry of spacetime
highlights the deep geometric significance of their relation to one another.

As we briefly indicated at the beginning of this introduction, the embedding of Clif-
ford algebras C3 ¢ C C;,3 motivated our choice of metric signature for spacetime to be
(+,—,—,—). In fact, this embedding is part of a larger sequence of Clifford algebra
embeddings 62’4 D) C471 D) Cl’g D) C370 D) CO,Q D) C()’l D) C(]Y() illustrated in Table
which corresponds to, in order: conformal space (Penrose twistors), relativistic electron
(Dirac spinors), spacetime/electromagnetism (Maxwell spinors), relative 3-space (Pauli
spinors), quaternions (Hamilton spinors), complex numbers (Schrédinger spinors), and
the real numbers. The connection between this sequence and the successive approxima-
tions of quantum mechanical particles has been emphasized in [96] [T90-H192]. The other
choice of spacetime signature (—, +, +, +) produces a distinct algebra Cs; that does not
belong to this sequence of algebras.

At this point we revisit the dot-product relation for the 4-vectors 7, of the
spacetime algebra C; 3

VW + VWV = 2w (3.66)

This relation was historically used to define the Dirac y-matrices that appear in the Dirac
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Clifford Algebras Physics Connections Spinor Types

Cou Conformal space Penrose twistors
Can Dirac electron Dirac spinors
Ci3 Spacetime / EM Maxwell spinors
Cs0 Relative 3-space Pauli spinors
Co,2 Quaternion rotations Hamilton spinors
Co Complex (wave-like) phases Schrédinger spinors
Coo Real numbers Scalars

Table 8: The Clifford algebras in the nesting sequence of closed subalgebras C2.4 D C4,1 D C1,3 D C3,0 D
Co,2 D Co,1 D Co,0, and their connection to common physics concepts, as well as the distinct types
of spinors in quantum mechanics. Note how the (4, —, —, —) signature of the spacetime algebra Ci 3
appears naturally in the middle of this sequence.

equation for the relativistic electron. We can thus view the Dirac matrices as a repre-
sentation of the noncommutative spacetime algebra of 4-vectors vy,, where the matrix
product simulates the noncommutative product. Indeed, our notation 7, is motivated
by this connection [4]. As with the Pauli matrices, however, there is no need to con-
struct such a matrix representation for the spacetime algebra to be well-defined. Matrix
constructions like p = > u pH~, that appear in the Dirac theory can be understood to
define proper 4-vectors p in the spacetime algebra. Again, there is nothing intrinsically
quantum mechanical about these constructions.

4. Spacetime calculus

Modern physical developments have required a mathematics that continually shifts
its foundation and gets more abstract. Non-euclidean geometry and noncommu-
tative algebra, which were at one time were considered to be purely fictions of the
mind and pastimes of logical thinkers, have now been found to be very necessary
for the description of general facts of the physical world. It seems likely that this
process of increasing abstraction will continue in the future.

Paul A. M. Dirac [193]

With the spacetime algebra C; 3 now in hand, we consider how to construct fields
on which we can perform calculus. This is the minimal extension of the algebra that is
required to describe electromagnetism. Formally speaking, we replicate the spacetime
algebra C; 3 at every point = on a flat spacetime manifold so that it acts as a tangent
algebra in which multivectors M (z) can be locally defined. Collecting all the spacetime
points x and their tangent algebras Cy 3(x) produces a Clifford fiber bundle. This bundle
is the appropriate mathematical space to define multivector fields M(x), such as the
electromagnetic field, and to perform calculus on those fields.
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The astonishing feature of the spacetime calculus that we will briefly construct over
this bundle is that it permits the directed integration of multivector quantities by treating
the points x themselves as vectors. This generalization recovers the usual scalar integra-
tion permitted by differential geometry as a special case, but also recovers the theorems
of complex analysis and their generalizations. Moreover, it permits a coordinate-free
definition of the vector derivative V and a simple statement of the fully general funda-
mental (Stokes) theorem of calculus. We give a brief review here to give the essential
background, but emphasize that more extensive and rigorous treatments may be found
in [5, 8 @ [I7T), 172] 174].

4.1. Directed integration
Each vector point = ) 4 Ty on the oriented spacetime manifold corresponds to an

oriented 4-volume d*z = dzg Adzq Adzs Adzs that can be decomposed into infinitesimal
vector segments dz,, = |dxz|vy, (i.e., differentials) that point along coordinate directionﬁ

One can then define a directed integration on the manifold as a Riemann summation of
multivector products over a particular region Sy of dimension k. To do this, one encloses
each point z of Sy in a finite oriented k-volume Afr = |Ax|* I}, where I, = N; 7 is the
unit k-volume element that encodes the orientation of the region Sy at the point x. One
then computes a sum over all these points in the limit that the bounding intervals |Ax|
vanish and the number of points x increases to infinity in the standard way [171]

My(2)d"zMy(z) = lim > My(z)APzMy(x). (4.1)

A 0
S |Az|—0 -

The noncommutativity of the multivectors My (x), Ma(z) with the directed volume seg-
ment d*z permits both right and left products in the integrand, which contrasts sharply
with the usual definition of a scalar integral.

To understand the difference between scalar integration and directed integration,
consider a k-volume Sy that has no boundary. The directed integral of this closed region
must vanish [, s, d*z = 0. For example, if one sums small vectors around a curve, the
net vector sum will be the vector connecting the start and end point of the curve; for a
closed loop with no boundary points, this sum is simply zero. The volume of S, on the
other hand, is given by the standard scalar integral of the undirected volume elements,
which can be obtained from the directed integral by inverting the directed measure

Vol(Sk) = /

|d"z| = / dbz It (4.2)
Sk Sk

2Formally speaking, the manifold can be constructed such that each oriented k-blade d¥z has an
oriented boundary dd*z = > (dk_lx;' — dk_lm]._) of (k — 1)-blades centered at pairs of boundary

points a:j[ For example, a vector segment dx has two ordered boundary points separated by the scalar

interval |dz|, a plane segment d% has two ordered pairs of boundary line segments each separated
by |dz|, and a small cube of volume d: has three pairs of boundary sides separated by |dz|. These
nested boundary relationships are formally constructed as an oriented chain complex via a limiting
refinement procedure A¥z — d¥z that shrinks finite oriented volumes down to infinitesimal size [I74].
The orientation information for each Az is encoded as a k-blade in the spacetime algebra at the
corresponding point x.
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using the unit k-volume element I for the measure d*z = |d*z|I;. For a closed loop, this
scalar integral will evaluate to the net length of the loop. As a side note, the implicit
wedge products in d*z that are used to compute the scalar measure |dkac| in are what
produces the Jacobian determinant factor in the scalar integral when the coordinates are
changed.

4.2. Vector derivative: the Dirac operator

If the spacetime points x are expanded into coordinates x = Y Ty, using a standard
basis v, then a proper vector derivative V can be defined using the reciprocal basis vy

V=370 (4.3)
n

where 3# = Eu + 5# is the usual partial derivative 0, = 0/0xz" along the coordinate
at = 4# . x that generally acts both to the left and to the right (one can think of this
bidirectionality as a special case of the product rule for derivatives). The form of is
precisely the same as the Dirac operator that is usually constructed with gamma matrices
and used in the Dirac equation. However, we see here that this operator has the natural
interpretation as the proper vector derivative for a spacetime manifold with no matrix
representation required.

4.2.1. Coordinate-free definition
For completeness, we emphasize that the directed integration permits a coordinate-
free definition of the vector derivative in (4.3) as a generalized difference quotient [I71]

N3 Tz o (2
M@ VMy(@) = lim  J0s: MEETT (@M ()

4.4
Vol(S4)—0 Vol(S4) (44)

Here the numerator is the directed integral of the fields M;(x) and Ms(z) over the
boundary 0S4 of the spacetime region Sy, while the denominator is the scalar integral
of Sy that produces the volume Vol(Ss) in (4.2). The local duality factor of the unit
4-volume I~!(z) in the numerator produces the normal vectors dual to the (trivector)
boundary surfaces of 954.

The resulting derivative V is thus a proper 4-vector algebraically that acts as a total
derivative on both fields. When expanding it in local coordinates, one precisely obtains
the form of the Dirac operator . In practice, one often needs to consider only the one-
sided action of V on a field, usually from the left, which amounts to setting M;(z) =1
in . Note that the algebraic and differential properties of V can be treated inde-
pendently according to . When it is not clear from context, it is conventional to
use overdot notation to indicate which quantities are being differentiated in an expres-
sion, with the position of V indicating its algebraic role as a vector (e.g., V(a - b) only
differentiates b, but constructs a proper 4-vector) [9].
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4.2.2. The relative gradient and d’Alembertian
The derivative V can be restricted along any k-blade M = (M). Specifically, the
tangential derivative along M is defined as

Vu=M"1'M-V), (4.5)

which computes only the derivative along the surface M. When M is a unit vector a,
then a = a™', so the tangential derivative recovers the usual directional derivative from
vector calculus. Similarly, the complementary derivative is V-1 = M~Y(M A V),
which computes the derivative along the orthogonal surface MI~! dual to M. The total
derivative decomposes into a sum of these complementary derivatives V =V + V11
since MY (M -V)+ MY (M AV)=(M"'M)V=V.

Most usefully for our purposes here, we can decompose the derivative in terms of a
frame relative to vy by using tangential derivatives,

V =V =7(8 + V) = (8p — V)0, (4.6)

where V,, = 7(y0 - V) = 700 is the tangential derivative along 7o and V. ;-1 =
YoV AV) = 706 is its dual. The frame-dependent 3-vector derivative

V=9%AV=)Y 60 (4.7)

that appears in the decomposition is precisely the relative 3-gradient operator used
in standard vector analysis.

This decomposition of V into a relative frame also makes it clear that V? is the
d’Alembertian operator

V2 =(8) — V(0 + V) =82 — V2 =0 (4.8)

In this sense, V is the natural “square-root” of the d’Alembertian operator in spacetime,
which was originally suggested by Dirac [194].

4.2.3. Example: field derivatives
The derivative of a scalar field a(x) produces the total gradient vector field

Va(z) = yldoa(z) + Va(z)], (4.9)

that includes the proper derivative along the timelike coordinate. Taking the dual of
this equation via right multiplication by I immediately produces the derivative of a
pseudoscalar field a(z)I. It follows that the derivative of a complex scalar field {(z) =
a(z) + B(x)I is a complex vector field z(z) = V((z) = Va(z) + [VB(x)].

The derivative of a vector field v(x) = [vg(x) + ¥(x)]yo produces a scalar field and a
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bivector field (i.e., a spinor field)

Vo(z) =V -v(z) +V Av(z), (4.10)
= (80 — V)15 (vo — ),
= [Bovo + V - 7] + [~ (86T + Vo) + V x #1].

The scalar part V - v is the total divergence of v(z), while the bivector part V A v is the
proper generalization of the curl of v(z) to spacetime. Taking the dual of this equation
produces the derivative of a trivector field v(x)I, which produces a pseudoscalar field and
a bivector field (i.e., a spinor field). It follows that taking the derivative of a complex
vector field z = a + gI generally produces a spinor field Vz(x) = ¢(z) = ((z) + F(x)
with a complex scalar part { = V-a+ (V-g¢)I and a bivector part F =V Aa+ (VAg)IL.

The derivative of a bivector field F(z) = E(z) + B(x)I produces a vector field and a
trivector field

VF(z) =V -F(z)+ VAF(z
=0(00 + V)(E + BI

=

=0 {6'E+8OE*VX§}+70 W'B’+60]§+§><E_' I,

) (4.11)
)

which can be understood as a single complex vector field. Since derivatives of both
complex scalars ¢ and bivectors F produce complex vector fields z, it follows that spinors
1 = ( + F and complex vectors z are duals under the action of the derivative V.

Note that we can also write in terms of the intrinsic phase of F(x) defined in

Eq.

VF(z) = V[f(z) exp([¢(z) + @0l 1], (4.12)
= [VE(z)] exp([p(x) + @olI) + [Vo(x)]F(x)]

to show that the intrinsic bivector derivative Vf and the gradient of the local phase V¢
contribute to the complex vector field. However any global intrinsic phase exp(¢ol) of
F is a constant overall factor. This distinction between local and global phases holds for
complex scalar and vector fields as well.

4.3. Fundamental theorem

The fundamental theorem of calculus readily follows from the integral definition of the
derivative and takes a particularly elegant form in terms of the tangential derivative
along some surface Sy, of dimension &k [I71]

M, (z)d* sV g, My () = M, (z)d* My (z). (4.13)
S 85k

This is the generalized Stokes theorem of calculus that states that the boundary integral
is equal to the volume integral of the derivative. Computing this for various dimensional
surfaces and k-blade fields reproduces all the standard variations of Stokes theorem, in-
cluding the divergence theorem, the various Green’s theorems, and the usual fundamental
theorem of calculus in one dimension [I72].
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4.53.1. Example: Cauchy integral theorems

More surprisingly, if we consider the integration of appropriate Green’s functions that
invert the tangential derivative Vg, , then we obtain and generalize the celebrated Cauchy
integral theorems of complex analysis [0 [[72]. First, for any field M (x) that satisfies
Vs, M(x) = 0 everywhere in a closed planar region Ss, the following boundary integral

vanishes according to (4.13))
dz M(z) = 0. (4.14)
9S>
Second, the Green’s function that inverts the planar derivative is Vg, [27(x — 2')]7! =
§(x —2'). Hence, if N(z) = a_12~ 1 + M(x) is a modification of M () that adds a pole,
then we obtain the residue theorem

j{ de N(z) = a_l/ |d*z[IsVs,z7 ! = 2nTha_y, (4.15)
632 S2

where I is the unit bivector for Sy that squares to —1. Third, multiplying M (z) with the
Green’s function and then integrating produces the remaining Cauchy integral theorem

7{ dz (x — ') 'M(z) = / I, |d%|V(z — 2') "' M(x) = 2nT, M (2). (4.16)
85, S2

To rewrite these formulas in the standard form from complex analysis, we can ex-
pand the 2-vector = ar + By = (r, where r is a unit 2-vector that points along the
“real axis,” y is a unit 2-vector that points along the “imaginary axis,” and { = a + Sl
is the “complex scalar” corresponding to x, with I = yr being the unit planar area.
Importantly, however, by considering different dimensional surfaces and using the funda-
mental theorem with the correct Green’s functions for derivatives along different
k-volumes Vg, , it is possible to generalize the Cauchy theorems above to the whole
spacetime algebra [9] [172].

5. Maxwell’s equation in vacuum

One scientific epoch ended and another began with James Clerk Mazwell.

Albert Einstein [195]

The ultimate importance of the Mazwell theory is far greater than its immediate
achievement in explaining and unifying the phenomena of electricity and mag-
netism. Its ultimate importance is to be the prototype for all the great triumphs
of twentieth-century physics.

Freeman J. Dyson [I]

With the spacetime algebra developed in the previous two sections now in hand,
we can explore the physical structure of electromagnetism as expressed with this proper
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geometric language. Wherever possible, we shall remind the reader of the previous math-
ematical results as they become relevant to the physics in what follows. As we shall see,
all of electromagnetism essentially emerges without any additional effort directly from
the geometric structure of spacetime algebra that we have already developed.

To proceed, we briefly examine the derivative of a bivector field that we calculated in
Eq. to make the following observation: the simplest differential equation that one
can write for F

VF =0 (5.1)

is equivalent to all four of Maxwell’s equations in vacuum, up to appropriate choices of
constants that define units for the bivector components. This almost automatic appear-
ance of Maxwell’s vacuum equation is remarkable, since the deceptively simple differential
equation is trivially postulated solely from our careful development of the algebraic
and differential structure of a spacetime manifold, with no reference to additional physical
assumptions. We will return to this intriguing point later in Section

5.1. Relative frame form

We can prove the equivalence of to the usual form of Maxwell’s equations in a
relative frame with timelike vector o by writing F in terms of relative polar (E) and
axial (é) parts obtained via the contractions in Eq.

F = F’}/O"}/(;1 = (F . ’}/0)’}/0 + (F AN ’VO)’YO = E + EI (52)
Applying the identity (4.11]) to (5.1) then yields
VF(z) = o [ﬁ-EJraOE—ﬁ x B’} + [ﬁ~§+aoé+ﬁ X E] I, (5.3)

The independent vector and trivector parts of (5.1)) can be separated, after which the
duality factors 79 and I cancel, yielding the two paravector equations for the ~q framﬁ

)
)

Finally, the relative scalar and 3-vector parts of each paravector can be separated to
produce the standard Gibbs 3-vector form for the four vacuum Maxwell equations [155]
189

=

V-E+ (0F —
V-B+ (0B +

X
=

\Y 0, (5.4)
v 0.

X

, V x B =8E, (5.5)

< <
e
I

Rescaling these vectors with constant factors that set the (SI) units E — E./e,
B+ B /+/fi0, and expanding dy + ¢~ 19; makes the equivalence apparent. Furthermore,

13These two paravector equations are in fact equivalent to Maxwell’s preferred quaternion formulation
of electromagnetism [I34]. However, as mentioned in Section in place of the basis 3-vector direc-
tions &; he used the (left-handed set of) basis quaternions (i,j,k) = (F11~ %, —F2I 1, &31~1), which
geometrically correspond to rotation planes and thus caused numerous subtle problems.
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Electromagnetic Field

F=FE+BI

G=FI"'=B-EI
| |

Spacetime Algebra:

1
F =) F,da"Ads”
Differential Forms: 2 P
G =«F
1 8
G;Lu = 75 Z E[LV(X[:)’F
Tensor Components: afB

. (E,B)
Gibbs 3-Vectors: R
(B7 _E)
SI Units: E»—)ﬁﬁ, B — B/, c=1/\/eoko
CGS Units: E — E/V4r, B B/V4r

Table 9: The electromagnetic field F and its dual G, as expressed in various formalisms. In spacetime
algebra F is a bivector, and its dual G is obtained by right-multiplication with the pseudoscalar I~1.
In differential forms F is a 2-form (antisymmetric rank-2 tensor) with components Fj,,, and its dual
G is obtained with the Hodge-star transformation *. In component notation, this Hodge-star is the
total contraction of F},, with the fully anti-symmetric Levi-Civita symbol €,,,3. The standard Gibbs

3-vector notation is reference-frame-dependent, but the 3-vectors of E and B can still be appropriately
paired.

with these replacements and the identity ¢ = 1/,/éopio, it is clear that the proper bivector
field

F = \/eoE + BI/\/lio = \/éo(E + c¢BI) = (E/c + BI)/ /i (5.6)

is precisely equivalent to the Riemann-Silberstein complex electromagnetic field vector
(1.1). Importantly, however, the pseudoscalar factor of I that appears here has rich
physical meaning that is not apparent when using the scalar imaginary ¢ appearing in
other treatments (e.g., [40]). For brevity, we will omit the constants in the discussion
to follow, since they may be easily restored when needed. The various formulations of
the electromagnetic field and Maxwell’s vacuum equation are compared in Tables [0] and
for reference, along with a reminder of the proper unit scalings for both SI and CGS
conventions.

Equation is manifestly proper, but the four equations are not so obviously
invariant under changes of the inertial reference frame. We can see the effect of choosing
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Maxwell’s Equation in Vacuum

Spacetime Algebra: F=FE+BI

\
V-E+ (0E~VxB)=0
V-B+(8B+VxE)=0
\’
V-E=0, VxB=aE
V-B=0, VxE=-8B

Differential Forms: dG = d«F =0, dF = dxG =

Tensor Components: Jd,F"" =0, 0,G*" =0

_ V-E=0, VxB=E
Gibbs 3-Vectors: L L R
V-B=0, VxE=-858
SI Units: E»—)@E_', Ei—)é/,/ﬂo, c=1/\/eoko
CGS Units: Ew E/Vax, B~ B/Vir

Table 10: Maxwell’s vacuum equation, as expressed in various formalisms. Notably, only spacetime
algebra permits the formulation as the single boxed equation for the electromagnetic bivector field F,
which can be algebraically expanded into various other forms as needed. Shown are successive expansions
that are equivalent to the formalisms of differential forms, paravectors / quaternions, and Gibbs 3-vectors,
respectively, to show how they are all naturally contained within spacetime algebra.
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a different frame by splitting F = E' 4+ B'I along a different timelike vector v according
to (3.42). This produces different relative 3-vector fields

E' = (F -7 = (E -4 + (BI - )%, (5.7)
B'I = (F A = (E M) + (BT A,

which must also satisfy (5.5 . (proved by the same derivation). These different relative
fields accordingly mix the components of E and B even though they produce the same
proper bivector field F = E + BI = E' + B'I. The subtle and 1mportant role of the
pseudoscalar I in managing the implicit relative bases &; = ;7 and &} = 7/v{, becomes
apparent when comparing these different frame expansions: using a scalar imaginary
would not preserve the frame invariance in the same way.

The mixing of components from such a change of frame will have precisely the same
form as a Lorentz boost, such as the one derived in . To prove this, we note that
we can always write the new frame vector v, as a Lorentz boost of the old frame 7, with
some relative velocity ¥. This boost has the spinor representation v, = z/}'ym:[; with the
rotation spinor ¢ = exp(—a®/2), where the velocity unit 3-vector ¥ = @/|v| also acts
as the plane of rotation for the boost, and o = tanh™* |v|/c is the appropriate rapidity
(rotation angle). This Lorentz transformation produces the relation

, ~ . 1-7/c
Y0 = Yo = exp(—ad)yo = —————= 0. (5.8)
= (vl/e)?

After defining v = [1 — (|v|/c)?]~'/2 to be the usual time-dilation factor for brevity, we
can then directly expand F into the relative fields of the ~{, frame using (5.2)

F = Fyv, " = ¥*Fyovo(l — §/c)(1 + /c) (5.9)
=~2(E + BI)(1 — 9/c)(1 + ¥/c),
=+?E+BI - E - (5/c) — B+ (§/c)I + B x (¥/c) — E x (7/c)I)(1 + T/c),
= [E) +Y(EL + ¥ x B /c)]+ [B) +v(B1L = x EL[o)]I,
which is the same form as the direct Lorentz boost of F derived in (3.59)).

5.2. Global phase degeneracy and dual symmetry

Notably, the Maxwell’s vacuum equation Eq. is invariant under global phase
transformations, such as those considered in . To understand the implications of
this symmetry of Maxwell’s equation, we will briefly revisit how this transformation acts
on the electric field itself.

Specifically, we apply a phase rotation using the spinor representation 1) = exp(—61/2)

to Eq. (5.1) to find
Y(VE)y* = e 01/2(VF)e?1/2 = V(e/1/2Fef1/2) = VF exp(0I) = 0, (5.10)

which shows that the phase rotation cancels. Note that this phase transformation is
equivalent to modifying the intrinsic phase of F — Fexp(0I). This added phase mixes
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E and B at every point x in the same Wa while leaving the inertial frame the same
F exp(01) = (cos O — sin0B) + (sin0E + cos0B)1. (5.11)

The interesting special case of the angle # = —7/2 exchanges the relative fields E
and B up to a sign at every point x. The resulting bivector is dual to F and is typically
given a special notation

G=FI"'=B-EI (5.12)

which can also be written in tensor component notation as

1
G =% F1 = — > e P Fag (5.13)
o

using the Hodge-star operation from differential forms (or the completely antisymmetric
Levi-Civita symbol ¢#**%) as shown in Table |§| [68]. The dual bivector G has been
particularly useful for studies in magnetic monopoles [101], [102], 193], T97H213] and optical
helicity [68), T03HIOS| 214], and will play an interesting role in the Lagrangian treatment
described in Section

This exchange freedom of the vacuum Maxwell equation [124] [125] has historically
been called the dual symmetry of the vacuum Maxwell fields [68], Q9] [T0T], [T02] [TO5HI0S],
and has prompted considerable study into similar dualities in field and string theories
beyond standard electromagnetism [T09HI22]. We see here that it appears as a structural
feature of a bivector field on spacetime that exploits a global phase symmetry of the
equation of motion. Note that the bivector magnitude |F|?> = F*F = G*G is always
manifestly invariant under dual symmetry.

5.8. Canonical form

We now revisit the expansion of the electromagnetic field into its canonical form,
introduced in Section [3.5.1l These expansions do not require Maxwell’s equation, but
will be useful in what follows.

Computing the square of F = E+ BI produces two proper scalar fields as a single
complex scalar

F2 = |F|>exp(2¢]) = (|E|* — |B]?) + 2(E - B)I. (5.14)

These scalars are precisely those used to construct Lagrangian densities for the electro-
magnetic field [2I5]. The first scalar is precisely the usual electromagnetic Lagrangian,
while the second term is the “axion” contribution that has been extensively discussed
in particle physics [216]. We will return to the issue of electromagnetic Lagrangians in
Section Bl

14Note that we could consider converting this global gauge transformation of F into a local gauge
transformation in the usual way by defining a covariant derivative using an auxiliary scalar field (see
Sections and , but we shall not do so here. However, see [I196] for an interesting connection
between performing this procedure here and the electroweak theory of particle physics.
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Denoting the two proper scalars as
0 = (F?)o = |E|> - [BJ, (5.15)
by = (F?), 1" =2(E- B), (5.16)
they determine the intrinsic local phase of F according to (3.29)

1 14
= -tan" " 2

Nl
5 tan ! 2, (517)

which demonstrates that this phase is also a proper scalar field.
The canonical bivector corresponding to F can then be computed according to (3.29))

f = Fexp(—pl) = (cos oF + sin o B) + (— sin @E + cos pB)I, (5.18)

where we can expand the trigonometric functions in terms of ¢; and /5 as

1 61 . 1 El
cosp=,|=|1+ —— |, sinp=,|=|1—-——]. 5.19
v 2< ng) v 2( W%Hg) (519)

This transformation performs a rotation of the relative fields in the complex plane of the
spacetime split at each local point x, while leaving the chosen frame of v invariant.
The proper complex conjugate of the field can be computed in a similar way according

to @30,

(€1E + fzg) + (—€2E + £1§)I
VG + 3 '

It follows that the dual-symmetric field magnitude has the explicit and intuitive form

|F|> = F*F = /(3 + 43. (5.21)

Note that when ¢y < E - B = 0 the proper phase vanishes ¢ = 0 and the bivector
field is purely canonical F = F* = f = E + BI. Indeed the pseudoscalar part in
the pseudonorm vanishes in this case. The magnitude |F|?> = |¢;| becomes the
pseudonorm involving only the traditional Lagrangian density ¢, = |E|? — |§ |2, albeit in
a manifestly dual-symmetric form (due to the absolute value).

Similarly, note that when ¢; = |E|2 — |B|> = 0 the proper phase is ¢ = 7/4 and the
canonical bivector field has the symmetrized form

F* = fexp(—pl) = Fexp(—2¢l) = (5.20)

(—E + B)I). (5.22)

H,
|
ik
=
+
C
_l’_

The conjugate becomes the dual F* = FI~! = B—EI up to the sign of /5, and the
magnitude becomes the other proper scalar |[F|? = |(3| = 2|E - B| in a manifestly dual-
symmetric form.
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When ¢; = f3 = 0 then |F|? = 0, making F a null bivector. The phase ¢(x)
correspondingly becomes degenerate. Similarly, the phase of F* will also be degenerate,
but will always be the negative of the degenerate phase of F. For such a null field, the
conditions |E| = |B| and E - B = 0 hold according to (5.14)).

5.4. Electromagnetic waves

Although a null vacuum field F has a globally degenerate phase, it must still satisfy
Maxwell’s equation . The constraining derivative therefore breaks the local phase
degeneracy by connecting the local values of ¢(z) at nearby points . Only the global
phase remains arbitrary in the form of the dual symmetry of the solution.

To see how Maxwell’s equation breaks the phase degeneracy of a null field for
a specific and important solution, consider a field F = fexp[p(x)I] with a constant
canonical bivector f. Maxwell’s equation then takes the simpler form

VF = [Vy|f = 0. (5.23)

If Vo # 0 and f # 0 then both factors must be null factors that cannot be inverted,
making F a null bivector. Since f is constant for all z, then [V¢] must not vary with x
in order to satisfy ; hence the phase must be linear ¢ = g+ x -k in terms of a null
wavevector k = V with units inverse to x. Furthermore, the constraint k& f = 0 implies
that the constant bivector f can be written in terms of this null wavevector as

f=sk=sAk=—-kAs (5.24)

for some constant spacelike vector s orthogonal to k: s -k = 0. Since the global phase is
arbitrary, we set ¢ = 0, and thus obtain the (monochromatic) plane wave solutions

F(x) = (sk) exp[(k - z)I]. (5.25)

Importantly, this complex form of the plane wave solution arises with no ad hoc
introduction of the complex numbers [I73], unlike the usual treatment of electromagnetic
plane waves. The factor of I is the intrinsic pseudoscalar for spacetime, and both the
“real” and “imaginary” parts of the expression produce meaningful and necessary parts of
the same proper bivector. Note that the six components of F are now entirely contained
in the specification of the null vector k£ and the spacelike orientation vector s orthogonal
to k.

If we perform a spacetime split of &k = ~o(w — E) to put in more standard
notation (setting ¢ = 1 for convenience), we find that the null condition k2 = (w+k)(w —
k) = w? — |k|?> = 0 implies the usual dispersion relation |k| = |w| in any fram Hence,
we can factor out a frame-dependent frequency as a magnitude k = w kg to isolate a purely
directional null factor ko = 7o(1 — &) that contains the relative unit vector & = k/|k| for
the chosen frame.

It follows from this decomposition that Maxwell’s equation can also be written
as the eigenvalue constraint Kf = f, which makes f an eigenbivector of the relative unit

15Note that choosing a different frame will boost the frequency w (i.e., red- or blue-shift it from the
Doppler effect), but will leave the null vector k and the dispersion relation invariant.
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vector K (in any frame). Performing a spacetime split f = sk = E + BI then reduces
this constraint to two copies of the equation RE = EI in accordance with the null
condition |E | = |B |, which implies & x E = B since there is no scalar term. Therefore,
7-E =FR-B =0 and the three relative vectors REB = +I|E||B| form a right-handed
oriented set of basis vectors in any relative frame. Consequently, the appropriately scaled
directional factor ws for the null bivector f = sk = wsky is simply the purely spatial part
of its spacetime split, ws = E'yo.
The canonical bivector for the plane wave is therefore

f = wsko = (Eyo)ko = E(1—R) = (1+R)E. (5.26)
Hence, in a relative frame EVO determines a reference orientation and notion of amplitude

|E | for £, while the purely directional null factor kg = vo(1 — &) provides the proper wave
orientation. The full relative-frame version of ([5.25)) thus has the familiar form

l

F = E( R) expl£(wt — k - Z)1], (5.27)
= (E
=[E

(k Z—wt) FRx Esin(k- & — wt)]

+[Esm(k wt) + & x E cos(k - & — wt)]I.

We emphasize that an overall frequency scaling factor w has been absorbed into the
amplitude of E in the frame o by convention, so this relative amplitude will also change
with the reference frame due to the Doppler effect. Indeed, we will see later in Section
that the energy-density of the field (which contains the square of this relative
amplitude) is a frame-dependent quantity.

The relative form makes it clear that the pure plane wave solution with
—1 is right-hand circularly polarized in the traditional sense. In each relative spatial
plane orthogonal to the relative wavevector direction & (i.e., K - = 0), the relative
vectors E and B = & x E rotate around the axis & at a frequency w with increasing t.
This rotation shows that a circularly polarized wave has a definite helicity [45], 146, 48}
85], which is a manifestation of the spin-1 nature of the electromagnetic field. Choosing
the opposite sign of the pseudoscalar +1 in correspondingly produces a left-hand
circularly polarized plane wave by flipping the sign of the phase in , effectively
flipping both the propagation direction K and the direction of rotation with increasing t.
It is now also clear that the dual-symmetric global phase freedom of the Solution
corresponds to the arbltrary phase offset of the polarization rotation ; that is, the
relative vectors E and B may be arbitrarily rotated in unison around the propagatlon
axis K without changing the solution (in any frame).

To go beyond the monochromatic plane wave solution, we observe that in addition
to flipping the sign of I in , we can also scale the magnitude w of k arbitrarily. We
can thus exploit the fact that Maxwell’s equation is linear to construct new solutions as
superpositions of all possible values of w. It follows that for any given directional null
vector k there exists an infinite number of corresponding (polychromatic) wave-packet
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solutions determined by scalar spectral weight functions a(w)

F = sk /00 dw a(w) exp[—w (k- )], (5.28)

— 00

= sk /Ooodw [a4 (w) exp[—w (k- 2)]] + a_(w) explw (k- z)I]],

where ay(w) = a(|w]). The function a(w) can absorb the magnitude of s for each
choice of w, making s?> = —1 a spacelike reference unit vector by convention. This total
field F is a linear superposition of the right- and left-hand circularly polarized plane
waves at each positive scalar frequency |w|, and still satisfies Maxwell’s vacuum equation
by construction. Note that when ay = o the integral becomes purely real and the
resulting polarization is linear. In general, coeflicients ay and a_ determine the Jones
vector of the wave polarization in the basis of circular poalrizations, which are attached
to the coordinate frame spacified by the vector s orthogonal to k.

The two signed solutions with +|w| are traditionally called the positive-frequency and
negative-frequency plane wave solutions of Maxwell’s vacuum equation, respectively. Here
we see that the positive factor |w| arises from the degeneracy of the null vector k with
respect to scaling. However, the sign of +1 directly corresponds to a choice of handedness
for I that determines a particular circular polarization (i.e., helicity). These features are
invariant in because null vectors and the handedness of I do not depend on any
particular reference frame.

The solution can also be understood as a Fourier transform of the spectral
function a(w), which can be simply evaluated to obtain

F = ska(—ko-z) = (Ey+ R x Eg)a(R - T — ct), (5.29)

in terms of the relative unit-vector direction Ey. The (complex scalar) amplitude & is the
Fourier-transform of a(w) that completely determines the packet shape of the traveling
wave. The bivector prefactor provides an overall linear polarization for a traveling wave
packet by default, with electric and magnetic parts phase-offset by an angle of 7/2. This
polarization can be made elliptic or circular, however, when & has additional complex
structure (as demonstrated in for the monochromatic circularly polarized case).

We can also go beyond a simple plane wave solution altogether to construct a more
general (not necessarily null) solution from as a superposition of plane waves in all
null wavevector directions k. To do this we can rewrite the null factor as k = ~o(|k| — k)
in a particular reference frame g, after which the components of k can be integrated as
a 3-vector to obtain

- ff de S(R) ko) [ (B) e=®0)T 4 o (B) eb1], (5.30)

where kg = k/|k| = v0(1— &) is a purely directional factor in the frame 7, and where the
reference directions s(k) = Eq(k)7o are orthogonal to each 7: s(k) - k(k) o< Eo(k) - & = 0.
This integral can be understood as the construction of F' through a spatial Fourier
transform.

The functions ai(lg) encode the spectral decomposition and magnitude of the field.
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The unit vectors s(k) encode the reference polarizations for each traveling mode of the
field. Notably, the functions a (k) that appear here become the foundation for the
canonical (“second”) quantization of the field in quantum field theory (after normaliza-
tion), where they become the raising and lowering operators for specific field modes up to
appropriate scaling factors [39]. We will not further explore this quantization procedure
here, but the interested reader can find excellent discussions of how to quantize the field

using the complex Riemann-Silberstein vector in Refs. [26] [40].

6. Potential representations

By performing particular operations on symbols, we acquire the possibility of ex-
pressing the same thing in many different forms.

James Clerk Maxwell [217]

For more general solutions of Maxwell’s equation in vacuum , it can be useful
to construct the bivector field F from auxiliary potential fields. There are three types
of potential that are particularly convenient to use: 1) a vector potential, 2) a bivector
potential, and 3) a scalar Hertz potential. We will consider each in turn, and show their
explicit relationship.

6.1. Complex vector potential

The standard vector potential construction follows from the ansatz
F=vVz (6.1)

where z is some initially unspecified multivector field. This ansatz is compared with
other formalisms in Table Due to the fundamental theorem , this ansatz can
only describe conservative fields that vanish when integrated around the boundary of
any closed surface, such as a loop.

Since F is a pure bivector field, Vz must satisfy the following conditions. First, z
must be a vector field to produce a bivector with a derivative. Second, the dual symmetry
of F forces z to be correspondingly complex. Specifically, a phase-rotation of F induces
the transformation

F — Fexp(Al) = (Vz) exp(0I) = V(ze!) = V(e 01/22¢1/2), (6.2)
which is a phase rotation ¥ z1y* of z with a spinor representation 1) = exp(—601/2), exactly
as used in (5.10) and (3.63)).

It follows that z must be a complex vector field of the form

z2=ae+anl (6.3)
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Vector Potentials

Spacetime Algebra: F=Vz Z= Q¢+ aml

— — -,

F=FE+BI, ac=(¢+ A0, am=/(dm+C)y

— — — —

E=-Vé.—0A—-V xC
B=-Vé,—0C+VxA

Differential Forms: F=F.+ixF,,
Fe = dae, Fm - dam

(Fe);u/ = %(8;1,(6%)1/ - au(a/e)u)

Tensor Components: 1
(Fm);w = i(au(am)u - au(am)u)

Gibbs 3-Vectors: 3

— —

= -Vém —0C+Vx A

Table 11: Vector potential representations of the vacuum electromagnetic field, as expressed in vari-
ous formalisms. Notably, spacetime algebra most naturally motivates an intrinsically complex vector
potential z. Nevertheless, one can also manually simulate this structure using differential forms with
a scalar imaginary ¢ and the Hodge star x (e.g., [68] [196]), after interpreting the independent electric
(ae) and magnetic (am ) vector potentials as one-forms ae,m with the same components. As we discuss
in Section imposing the additional constraint F. = F,, I = F/\/i can optionally symmetrize the
contributions of the two vector potentials so that they describe the same (vacuum) field F [68], [196].
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with separate (“electric” a. and “magnetic” a,,) partle[7 that satisfies the equation
Vz=VAa+V-(anl)=VANa+ (VAay) =F, (6.4)
along with the additional Lorenz-FitzGerald conditions{ﬂ
V-a.=V-a,=0. (6.5)

As a result, the potential fields must be manifestly transverse Va. = V Aa. and Va,, =
VA ap,.

This transversality implies that there is an additional gauge freedom in the definition
of z due to the invariance under the replacement 2’ = z + V(. Provided thaﬁ
V2( = 0, each new 2z’ will produce the same field according to Vz' = Vz + V2( =
Vz = F. Moreover, each new z’ will also satisfy the Lorenz-FitzGerald conditions since
V. -V(=V?=0.

6.1.1. Plane wave vector potential

If we revisit the null plane wave solution of (5.25), and use the relation F = Vz,
we can infer that the potential z for a polarized plane wave must have the simple form
(being careful to remember that I anticommutes with 4-vectors)

z = exp|F(k - x)I|(Is) = (Is)exp|(k - z)I], (6.6)

where the spacelike vector s determines a reference polarization direction and amplitude.
To verify that this is the appropriate potential, we take its derivative

Vz = (VeTkO ) [g = (kD)eTED [5 = _fsetFel = (sk)etkel (6.7)

which reproduces . A second derivative will annihilate the null factor k& to produce
Maxwell’s equation in the form V?z = 0.

The complexity of the vector potential z is critical for obtaining . There are
intrinsic phases in the traveling wave factor exp(£(k - 2)I). Furthermore, this is the
vector potential for a null solution F? = (Vz)? = 0, so the global intrinsic phase of the
solution must be degenerate as a general structural property of null bivectors.

Moreover, we know from the derivation of the plane wave that the directional
vector s = E70 should be orthogonal to k in any frame. This constraint is another way
of expressing the Lorenz-FitzGerald condition V - z = 0 for the gauge freedom since

V.z==xI(s-V)exp|t(k-x)I] = £(s- k)exp[L(k-z)I] =0. (6.8)

16Note that we will use the subscripts e and m throughout this report to distinguish the quantities
that will become naturally associated with electric and magnetic charges in Section (not to be confused
with the relative electric and magnetic fields, which can both be produced by either type of charge). To
recover traditional electromagnetism, all quantities with magnetic subscripts can be neglected, but we
keep the discussion general.

17This condition is also known as the Lorenz gauge, which only partially fixes the gauge freedom to
be more natural for manifestly relativistic treatments of the field.

8Note that if ¢ = a + BI such that V2¢ # 0, then we obtain Vz/ = F + V2¢ with F = V A (a +
Va)+ [V A(g+ VB)I = (Vz')2. Adding this projection in the field definition provides a more general
(but less natural) gauge freedom that does not preserve the Lorenz-FitzGerald conditions.
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We also know from the derivation of that the vector s arises as a factor of a null
bivector that can always be written in a relative frame as purely spatial vector s = Eoyo.
It then follows that Eo k= 0, which makes the plane wave potential manifestly transverse
in any relative frame: V - (zv0) = +(Ep - E) eXp[ZF(E - & — wt)I] = 0. This property will
become important in Section [6.2]

It follows from that the vector potential for the null wave packet in has
the form

z=1s / d?w a(w) e B2l (6.9)

> d
—Is / 7("') |:O[+(LLJ) e v (k-x)I Ck_(LU) eV (k;-a:)[:| ,
0 w

where the derivative produces a sign flip between the spectral functions cv4.. The potential
for the superposition of plane waves in ((5.30]) thus has the corresponding form

=[] BBt ot o)

where the remaining factor of |l;/:\ can be absorbed into a4 as units and convention
dictate. These potentials are also manifestly transverse in any frame since s(k) -k =0
by construction for each null plane wave propagating in direction k.

6.1.2. Relative vector potentials

We perform a spacetime split of the vector potentials a. = vo(de — /T) and a,, =
Yo(m — C_") into relative scalar potentials ¢, by, and relative vector potentials A, C.
Note that for these relative quantities, we try to conform to existing notation conventions.
The notation C for the magnetic vector potential has become standard in studies of dual
symmetry in vacuum [68] 99, [T0T], 102} 105, 106, [108]. With these relative potentials, we
can expand the field into a relative form

F=Vz= (9 — V)[(¢e — A) + (¢ — OV, (6.11)
= [~00A — Vo —V x O]+ [-06C — Vi + V x AlI,

where we have used the Lorenz-FitzGerald conditions written in the relative frame,
ote +V - A=y +V-C =0. (6.12)

This split implies that the relative fields may be written as
E=-V¢o—hA—-V xC, B=-Vém —0C+V x A, (6.13)

in terms of the relative potentials.
Under a gauge transform 2’ = z 4+ V(, with ¢ = (, + (,I, these relative vector
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potentials become

290 = (¢ + A) + (¢ — OV + (00 — V)(Ca — 1), (6.14)
= (e + 00Ca) + (A — V) + (¢ — 00Cg)] — (C = V)1

Thus, the relative scalar and vector potentials can become mixed both by Lorentz trans-
formations and gauge transformations in general. One must fix both the inertial reference
frame and the gauge in order to completely fix the form of the potential.

6.1.3. Constituent fields

The decomposition of the field can be interpreted as constructing the total
field F = F. + F,,I from two constituent bivector fields that are derived from each
vector potential separately. The “electric” part, F. = V A a., will become naturally
associated with electric charge in Section [7] while the “magnetic” part, F,, = V A ay,,
will be correspondingly associated with magnetic charge. However, the dual symmetry

of vacuum makes these constituent fields interchangable. For example, we can exchange
their roles by taking the dual of F as in (5.12)

G=FI'=(VAan)—(VAa)=F,, —FJI=B-EI (6.15)

If we _perfor_rp a spacetime split of each piece of the total field, F, = Ee + B:I and
F,.I = E,, + B,I (so Fy, =B, - E 'mI), then we find that the relative fields can be
written as

— —

. = V. — DA, B.=V x 4, (6.16)
9l é (bm -

—

The total relative fields include contributions from both potentials, E=E, + Ep, B =
Be. + B,

Note that we will use the subscripts of e and m throughout this report to signify
the eventual associations of physical quantities with either electric or magnetic charges.
Traditionally, the electromagnetic field couples only to electric charges, so is described
by F. and its associated electric vector potential a.. Therefore, to recover traditional
electromagnetism, we can simply neglect all “magnetic” quantities with an m subscript
in what follows. However, in the absence of charges (as in vacuum) there is no such
constraint, so we keep the formulas dual-symmetric.

6.2. Bivector potential

We can make an important simplification of the gauge freedom of the complex vector
potential z if we introduce the locally transverse Al, C| and longztudmal A” OH parts

of the relative vector potentials A=A 1+ A” and C = C L+ OH in a particular frame
0. These pieces of the vector potentials are defined to satisfy

—

V- L =0, (6.17)
Vx A =VxC=0. (6.18)



As a result, the gauge transform (6.14) produces

Ziyo =41 =Cil =z, (6.19)
2170 = (¢e + 80Ca) + (A = Vo) + (¢m — 0Ge)T — (G = VI (6.20)

That is, in any local frame the transverse part of the vector potential is gauge-invariant.

This invariance leads to an interesting observation. After separating the vector po-
tential z into a transverse and longitudinal piece in a particular frame, we can define a
corresponding transverse bivector potential (e.g., as in [68])

Z:ZL’)/O:/YLfé’lI, (621)
and longitudinal spinor potential
Vs = 2170 = (@e = ) + (A = Gy 1. (6.22)

Both of these potentials can now be easily manipulated as proper geometric objects,
even though their definitions involve a particular frame ~9. Moreover, only the spinor
potential v, depends on the choice of gauge according to , which makes the bivector
Z a gauge-invariant potential (restricted to the 7o frame). This separation of the total
potential into a gauge-invariant part Z and a gauge-dependent part v, in a particular
frame is known as the Chen decomposition [88][218], and is important for the meaningful
separation of the orbital and spin parts of the angular momentum (as we shall see in

Section .

According to Maxwell’s vacuum equation (5.1)), we can then write
VF = V%2 = V*(Z +.)y = 0. (6.23)

In the absence of sources, the frame-dependent factor of ~y simply cancels to further
simplify the analysis. Moreover, since @, can be changed arbitrarily by the choice of
gauge, according to , we can always fix the gauge to set the longitudinal potential
1, to zero in the local frame (i.e., choosing the Coulomb, or radiation gauge). After
fixing the gauge in this manner, we can write Maxwell’s vacuum equation solely in
terms of the transverse bivector potential

V2Z =V*A, —-C.I)=0. (6.24)

This bivector potential is summarized in Table along with several of its derivatives
(from the next section) for reference.

6.2.1. Plane wave bivector potential

As a notable special case, we showed that the plane wave potential must be
manifestly transverse in any relative frame in Section Thus we can immediately
write the corresponding gauge-invariant bivector potential for a plane wave

Z = 2170 = (Isyo) exp[F(k - 2)1] = Texp[¥(k - 2)I)Ey. (6.25)
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Bivector Potentials for Vacuum Fields

Transverse Bivector Potential: Z = z, vy = A 11— c i

Field Relation: F=(VZ)v (2 =0)

Vacuum Equation: VZ =0

Hertz Bivector Potential: —[V, H] = -V xIII

Field Relation: F v%[ ] = (19, + VX)(ﬁ x TI)
Vacuum Equation: V2(V x M) = (82 — V2)(V x IT) = 0
Hertz Scalar Potential: Il =Ii®

Field Relation: F = Vo[V, T]® = (19, + VX)(V x [)®
Vacuum Equation: V20 = (03 - V?)® =0

Table 12: Various bivector potential representations of the vacuum electromagnetic field. All such
representations fix a particular reference frame g, and fix the gauge to make the longitudinal part
of the vector potentials vanish z; = 0 (i-e., fixing the Coloumb gauge). With this simplification, the
bivector potential Z contains the same information as the vacuum field F without added freedom. As
such, expanding this fundamental bivector potential into various forms permits alternative strategies for
solving Maxwell’s vacuum equation.

Note that this bivector potential is already essentially equivalent to the total field bivector
F. There is no remaining arbitrariness in the potential, which emphasizes that the
bivector potential is a gauge-invariant representation in the 7 frame.

The corresponding bivector potentials for the plane wave superpositions follow in a

similar way from and (6.10)

L [®d
Z = IE, / = a(w) e k) (6.26)
w

— 00

o9}
= [~d
ZIEO/ *w[ow(w) el o (w) e~ (o)),

/// = EO k) [y (B) BT — o (k) e~ Ro)), (6.27)

The only appreciable difference in structure from the vector potentials is the flip in sign
of the phase factors associated with each a., which occurs since 7y and I anticommute.
Moreover, since the same functions a4 occur here as in the vector potentials in Sec-
tion [6.1.1] and the plane wave fields in Section [5.4] the same procedure can be used to
canonically quantize the bivector potential directly, if desired.
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6.2.2. Field correspondence
The relative fields associated with Z still depend upon the defining frame ~q

F=(VZ)y =Vz.. (6.28)

Thus, both the transversality properties of Z and its relation to the field F depend on
the frame . Nevertheless, for any frame ~ it is possible to construct the transverse Z

for that frame.
Using the correspondence ([6.28)), the relative fields have the form [98) [[03HI05]

E:—(’)ofh—ﬁx(jl, §:—606L+6XEL, (629)

which can be understood as the appropriate simplification of (6.13]). Interestingly, the
equations (6.29) plus the transversality conditions V-A; = V-C, = 0 resemble the four
Maxwell’s equations in vacuum (5.5)) that we started with [I05 [I78]. This resemblance

stems from the fact that the derivative of the bivector potential Z has the same structural
form (4.11) that also produced Maxwell’s equations ([5.5)).

6.3. Hertz potentials

Solving equations with vector and bivector potentials can be simpler than solving
the main bivector equation , but it would be simpler still to solve equations using a
scalar potential. Hence, we are motivated to make another ansatz to further reduce the
vector potential z or the bivector potential Z by using another derivative.

A naive attempt at performing such a reduction is to assume that z = V¢ for some
complex scalar potential ¢. However, this attempt fails since the resulting field F = V2¢
would be a scalar. Hence, we instead consider simplifying the bivector potential Z further.

6.3.1. Hertz bivector potential

A suitable reduction was found by Hertz [219], who (after translating to the language
of spacetime algebra) exploited the fact that the commutator bracket in Eq. for
bivectors produces another bivector. That is, if we write z = Zyy = —y0Z', with a
bivector potential 7t = /L_ + (Z_I, then we can make the ansatz

Zt = —[V,II] = -V x I, (6.30)

making ZT the dual of the relative curl of a second—ordeﬂ bivector potential IT. Note the
restriction to a particular relative frame 7 implicit in the relative gradient V= Yo AV
this is the same fixed frame used to define Z.

The second-order bivector potential IT = ﬁe + ﬁml is known as a Hertz potential for
the field, and can be decomposed into electric Il, and magnetic Ii,, relative vector parts.

19Curiously, we can perform this trick as many times as we like by making each relative potential the
curl of another generating potential. This ability to keep increasing the number of derivatives was also
noticed in [105} [I78]. We could also use the form ZT = VIIyy to mirror the field definition (6.28), which
would add an extra time derivative to the curl.
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The resulting field equation has the form [40]

F=Vz=VZy =—-VyZ', (6.31)
= Vo[V, I = (8y — V)(V x IT)] = (I9y + Vx)(V x II),

where the last equality uses the fact that the relative divergence of a curl vanishes.
Maxwell’s equation in vacuum then mandates

VF = V22 = —V2ZT = —,V3(V x I)I = 0. (6.32)
That is, the relative curl of the Hertz potential must satisfy the d’Alembert wave equation
V2(V x II) = (82 — V?)(V x IT) = 0. (6.33)

This general construction by Hertz is quite useful for applications, such as describing
dipole radiation fields or rectangular waveguide modes [220]. However, the construction
still involves a bivector potential, so we will simplify it further.

6.3.2. Hertz complex scalar potential

We can avoid the complication of the Hertz bivector potential IT = Ii® by factoring
it into a complex scalar potential ® and a fixed reference unit-3-vector I1 in the relative
frame. This reference direction is usually chosen to have physical significance, such as the
propagation axis for a paraxial beam or the dipole-radiation axis [40, 221]. The Maxwell
constraint on the scalar function ® can then be written

V2(V x )@ = (V x T)V2® =0, (6.34)

making it sufficient for the potential ® to be a complex scalar solution of the d’Alembert
wave equation

V20 = (92 — V3)® = 0. (6.35)

Since this relativistic scalar wave equation is well-understood, and may be systemati-
cally solved by separation of variables in a myriad of coordinate systems (e.g., [222]),
constructing solutions of Maxwell’s equation from solutions of this scalar wave equation
is a powerful method for generating nontrivial solutions to Maxwell’s equation in vacuum
[40].

Given such a wave solution ®, an associated electromagnetic field is

F = Vo[V, T]® = (19, + Vx)(V x [)®. (6.36)

As we mentioned earlier, the frame-specific differential factor ~q [6, ﬁ] is a consequence
of fixing the frame to define the transverse potential Z. The resulting bivector field
F will always be a proper (frame-independent) geometric object. This Hertz potential
technique has been used to great effect by Hertz [219], Whittaker [223], Debye [224], and
others [40] 225, 226].

The use of dual-symmetric fields and spacetime algebra makes the origin of the Hertz
potentials particularly transparent. In particular, their construction relies upon further
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decomposing a complex 4-vector potential z into a transverse bivector potential Z, after
which that potential can be decomposed into a second-order bivector potential II, which
in turn can be decomposed into a complex scalar potential . Notably, the starting vector
potential z is only complex when the dual symmetry of the vacuum Maxwell equation is
preserved.

7. Maxwell’s equation with sources

The theory I propose may therefore be called a theory of the Electromagnetic
Field because it has to do with the space in the neighbourhood of the electric or
magnetic bodies, and it may be called a Dynamical Theory, because it assumes
that in the space there is matter in motion, by which the observed electromagnetic
phenomena are produced.

James Clerk Maxwell [133]

The simplest modification to Maxwell’s equation in vacuum (5.1]) that we can make is
to add a source field. Since the derivative of a bivector field can only produce a complex
vector field, this modification produces

VF = j, (7.1)

where the complex current j = j. + j, I acts as the appropriate source field, and admits
both vector (electric) and trivector (magnetic) parts. Note that this equation is no longer
intrinsically invariant under the simple phase-rotation F — F exp(6I) due to the presence
of the source current j; we will clarify this important point in Section [7.4]

Taking a second derivative decouples into the set of equations

V?F = (v /\je) + (v A Jm ), (7.2)
V.j=Vjm=0. (7.3)

The first equation (for the bivector part) indicates that F satisfies a wave equation with a
complex source equal to the curl of j. The second equation (for the scalar part) indicates
the source satisfies a (charge-current) continuity equation.

7.1. Relative frame form

After breaking the source j = j. + jm, [ into vector and trivector parts, the equation
(7.1) implies the two independent equations

V.F =j, VAF = jn1, (7.4)

-

which, under the spacetime splits F = E+§I, Je = Yo(cpe— j;), and j, = Yo(Cpm —Im),
expand to the four equations

€~E=cpe, Boﬁ—ﬁxgz—ﬁ, (7.5)
VB = cpm, 0B +V xE=—J,,
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Maxwell’s Equation with Sources

Spacetime Algebra: 'VF:—V%:j‘ J=Jetjml

4

V-F=V,=j., VAF=Va,l=j,l

I
F:E+§Iv Je = (Cpe"f‘j:z)'YOa Jm = (Cpm+jm)70
e = (¢6+A)707 Am = (¢m+c)70
V-E+ (0E -V x B) = V(¢ — A) = cpe — J.
ﬁ-g—k(@oé—kﬁxE):V2(¢m—é):cpm—fm
(3
6~E=V2¢€:cpe, OE -V xB=-V?A=—],
V B=V2%p=cpm, &B+VxE=-VC=-J,

F=F.+ixF,,, xd*xF.,=xdxda,=—j.

.

*d*xF,, =xd*xda,, = —jm

Differential Forms:

Tensor Components: 9, FM* = jt, O ,Fk =gk FM = FM 4 ixF!

Gibbs 3-Vectors:

SI Units : (Ea C_:a (bE) = \/Q(E_:’ 6a ¢€)7 (E’ 12(’ ¢m) = (B7A’7 Qsm)/\//T()
(C = 1/V EOMO) (j;ape) = \//TO( _;7/)9)7 ( _'mvpm) = v/ Mo (j'mvpm)/c

CGS Units: Ew— E/Nar, B B/Vir, j—VArj/c

Table 13: Maxwell’s equation with both electric and magnetic sources, as expressed in various formalisms.
As with the vacuum case in Tables@and@7 only spacetime algebra permits the formulation as the single
boxed equation involving either the bivector field F or the complex vector potential field z = ae + am 1,
while treating both electric sources jo and magnetic sources j,, on equal footing as a single complex
source j = je + jmI. In contrast, the differential-form approach becomes strained with a nonzero
magnetic source (one-form) j,, [198], but simplifies to a form similar to the vacuum case in Tablefor
purely electric sources je. Note that for the SI unit scalings, we use the Ampere-meter convention for
magnetic charges. 71



according to (4.11]). These are the familiar Maxwell’s equations that include both electric
and magnetic charges [101] [102] 193], 197H213]. Similarly, the continuity equation for the
sources (|7.3)) produces the two equations

cBope +V - J. =0, cOopm +V - Joy = 0, (7.6)
which each have the familiar form [I55].

7.2. Vector potentials revisited

If F is generated by a vector potential, F = Vz = V(a. + a,,I), then Maxwell’s
equation (7.1]) is equivalent to a complex vector wave equation with a source

V32 =j. (7.7)

In this form it becomes clear that the electric potential a. couples directly to the electric
source j., while the magnetic potential a,, couples directly to the magnetic source j,.
Hence the total complex field F = (V Aae) + (VAay)I = F. +F,,I can be equivalently
constructed by solving the two independent equations

VF,. = VZa, = j, VF,, = Van = jm (7.8)

that each have the same form as , but involve only non-complex vector fields and
bivectors of fixed signature. Evidently the constituent fields F. and F,,, are noninteract-
ing, completely independent, and distinguished only by how they couple to distinct types of
electromagnetic charge. In particular, note how the e and m subscripts for all quantities
are consistently matched; for traditional electromagnetism that considers only electric
charges, the “magnetic” terms (with subscripts m) can thus be neglected.

In terms of a relative frame with a, = (¢, + /T)Vo and j. = (cpe + je)707 the wave
equation V2a, = j. expands to

(95 = V)(9e + A0 = (cpe + J)0, (7.9)
which further splits into the two wave equations [155]
(82 — V) e = cpe, (B —-VHA=],. (7.10)

These two equations are implicitly coupled by the Lorenz-FitzGerald condition V - a, =
Oype + V- A = 0, which can be applied to the first equation in order to produce the
modified form

V3¢, 4+ 00(V - A) = —cpe, (02 — V) A = J.. (7.11)
A similar split also applies to the equation V2a,, = j,, involving the magnetic potential.

7.8. Lorentz force

Similar to the appearance of Maxwell’s equation (|7.1]), the corresponding Lorentz force
law arises quite naturally from the structure of spacetime itself. To see this, consider
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what happens when the field F = E + BI is contracted with a 4-vector w = (wq + @)o.
According to (3.10)), we have the general structure

F-w=-[Fw— wF], (7.12)

Now consider what happens if w is a proper velocity vector w = dx/dr, which implies
w? = ¢2. Inserting the spacetime split of z yields dz/dr = d/dr[ct + ¥]vo = [d(ct)/dT +
dZ/dr]7yo. Denoting dt/dr = v as the time dilation factor, we see that dZ/dr = vdZ/dt =
47 is the scaled relative velocity @. From w? = ¢ = w3 — |[@]? = 72(c? — |9]?) we find
the standard formula v = (1 — |#/c|?)~'/2. Hence, we have the relative components

c
W — e — 7 @ =7, 7.13
0="7 1|5/ v (7.13)
as well as the elegant and useful relations [9]
da  w dz v wA
Y=—-—=—""0, 7:10/\70, 7:770. (714)
dr ¢ dr ¢ w - Yo

Inserting (|7.13]) into (7.12]) produces the suggestive relation
F~w:'yc[E'~17}70+7[CE’+6X§]70. (7.15)
Inverting factors and multiplying by a scalar charge ¢o then produces

dr —— -, =
[F- ((Jow)]a% =qocE- U+ qo [cE + 7 x B} . (7.16)
The vector part on the right hand side is preciselym the Lorentz force dp/dt in a relative
frame with p'= m, while the scalar part on the right hand side is precisely the corre-
sponding rate of work d€ /d(ct) with & = ymc?. It follows that the simple contraction of
F and a 4-vector current gow produces the proper Lorentz force

dp _

dr =F. (QOU})7 (717)

where p = (€/c + P)7o is the proper 4-vector energy-momentum.

We can expand upon this result by considering what happens if the vector current
gow is allowed to be a complex vector current j = gow exp(6I) similar to (7.I)). Since
F - (wl) = (F A w)I is the proper contraction that produces a vector, we must also

20The choice of units for E, B , and go will induce appropriate scaling factors (see Table .
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Lorentz Force Law

Proper Force Law: = (Fi)h|=3Fji+ (F)]=¢F w+qmFArwl

p=mw, j=qw, q=qe" =qo+qnl

dzr

Proper Velocity: w= = (e + Ty, w?=c?
T
dt
= — = . = 1— U 2 _1/2
o= 5t = w0 =c(l - [i/c?)
I
YT= = =wA
T
dp d d& dp
Relative Force Law: op Try = ap

Relative Velocity:

SI Units: . . . .
FE— E, B— B e ey m m
(c = 1/ /eorm) Ve E, /NB0s Qe = 10 Ges G VIO Gm /€

CGS Units: E — E/V4r, B — B/V4r, go — V4w qo/c

Table 14: The Lorentz Force Law, as expressed in spacetime algebra. We show the proper (frame-
independent) formulation that supports both electric and magnetic charges, combined as a single complex
charge ¢ = ge +qm . We also show the expansion of this force law in terms of a particular reference frame

~o0. Notably, the proper and relative velocities are related by elegant contraction formulas in spacetime
algebra.
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consider the wedge of the bivector field with the velocity w

1
FAw= i[Fw—&—wF}, (7.18)
[ 3} . o
= LB+ BI)(wo + @) ~ (wo+)(E — BD)o,
= [E . ’U_)’]’Y()Iil + [U/()B — W X E’]’}/()Iil.
The total contraction of F with j = gow exp(6I) = je + jmI then has the form

d _ . .
L (Fj)i =F - jo+ (FAju)] =

v [Fji+ (Fj)), (7.19)

N | =

where the grade-1-projection makes the expression particularly elegant, while the last
equality follows from the reversion properties F = —F and j = j* (recall Sections
and . We summarize this proper Lorentz force that admits a complex source
j in Table [I4] for reference.

We must be careful to be fully consistent, however. That is, the physical momentum p
is a vector quantity that can be decomposed into a mass-scaled velocity p = mw (at least
for classical point particles). Thus, if we make the current complex gow — gow exp(6I) =
j, as in , then the charge must become complex

q=qoexp(0I) = ge + qmI, (7.20)
leading to distinct electric and magnetic parts of the charge
ge = qo cos b, ¢m = qosind, (7.21)

such that the observed charges have a well-defined ratio ¢,,/q. = tan. (We will clarify
the intimate connection between this ratio and the dual symmetry of the field in the next
section.)

Inserting the relation j = w[gg exp(01)] into with w = da/d7r as before yields
the relative expression

dp dr e dp
= = 7.22
arat = aew) T (7.22)
where £ = ymc?, p = m¥, and where
dg — —
D) =q.cE- U+ qncB -1, (7.23a)
dﬁ — — 5 — - —
E:qecEJrqchJrqevafqmvxE. (7.23b)

After restoring units, these equations are precisely the correction to the Lorentz force
law that properly accounts for the addition of magnetic monopoles [101], 102] 193] 197
213]. This monopole description arises directly from the complexity of the current j and
asserting that the total field F should couple to this complex current. We summarize
these relative expressions in Table [I4]for reference, along with both the SI and CGS unit

(0]



conventions.

7.4. Dual symmetry revisited

We are now in a position to consider the meaning of dual symmetry in the presence
of an electromagnetic source current j. The two equations that we must examine are
Maxwell’s equation and the Lorentz force law , which we reproduce here for
convenience in terms of both the field F and the vector potential z

VF =V?®z =, pr (Fj)1 = ((V2)j)1. (7.24)

Keep in mind that j = qw and p = mw for classical point particles, where w = dx/dr is
the proper velocity.

It is now apparent that both these equations are invariant under a simultaneous phase
rotation of both the vector potential z and the current j, using the spinor ¢ = exp(—01/2)

from (5.10)
z Pz, = gt (7.25)

Specifically, note that since ¢z¢* = zexp(0I) and Yji* = jexp(6I), Maxwell’s equation
becomes

(V22) exp(0I) = jexp(61), (7.26)
so the phase factors cancel. Similarly, the Lorentz force law is also invariant
((Vze)jeT) = ((Vz)je ") = (V2)ih. (7.27)

Thus, while it may initially appear that the dual symmetry of Maxwell’s equation
is broken in the presence of a source current j, this is only strictly true if the
description of the current is left unchanged. An equivalent physical picture is obtained
if the current is also changed (via the same phase rotation of the coupling charge ¢). As
such, choosing electric charges to be the primary type of charge is an arbitrary convention.
Regardless of how one describes the fundamental charges, the same forces (and thus the
same physics) will still be described, as long as the fields are correspondingly transformed
[213].

In addition to this equivalence of representation, there is another important subtlety
that appears when we consider a field solution of Maxwell’s equation VF = j. Specifi-
cally, any solution to this equation will be the combination of a homogeneous solution Fy
of the vacuum equation VFy = 0 and a particular solution that includes the source j. We
can consider these two independent solutions to correspond to distinct vector potentials
z = zp + z that satisfy distinct equations of motion

V22 =0, V22, = j. (7.28)

However, as noted above, we can always rotate the source j to become purely electric j.
using some phase rotation ¢ = exp(—61/2)

V2 (9hza*) = Yji* = je. (7.29)
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After this rotation, there is no magnetic source, so the trivector part of the rotated
potential (1z41*)3 must satisfy the vacuum Maxwell equation, and therefore should be
absorbed into the homogeneous equation as part of the vacuum potential zy. That is, the
rotated source potential is a pure (electric) vector potential as ., while the homogeneous
vacuum potential will still be generally complex

Yespt = Qs,e;s Yzgp* = ag,e + agml. (730)

Thus, there is a profound difference between the independent source and vacuum parts
of a field solution. The source piece must have a description as a pure vector potential
matched with an electric source; this pair can then be jointly rotated into equivalent
descriptions with both electric and magnetic sources as desired. In contrast, the vacuum
piece is always manifestly dual-symmetric and thus admits an irreducibly complex vector
potential description (such that no phase rotation exists that will make the vacuum po-
tential a pure vector). Notably, this decomposition of the potential into distinct vacuum
and matter parts is important in treatments of the quantized electromagnetic field [39].
We will return to this decomposition in Sections and Figure [7]

7.5. Pundamental conservation laws

Before turning our attention to macroscopic fields, we first provide a brief but en-
lightening derivation of the symmetric energy-momentum stress tensoriﬂ as well as its
associated angular momentum tensor [31), 127]. These derivations will impose general
constraints on the form of any local modifications to these tensors, which will become
important in their Lagrangian derivation via Noether’s theorem in Section

7.5.1. Energy-momentum stress tensor
Conceptually, the energy-momentum tensor is a function T(b) that maps a constant
vector direction b into the fluz of energy-momentum that is passing through the hy-
persurface orthogonal to b. This flux of energy-momentum should satisfy a continuity
relation
dp
b-—+V-T(b) =0, (7.31)
dr
stating that the rate of change of the energy-momentum (the Lorentz force )
projected along the direction of b should correspond to the divergence of the energy-
momentum flux through the surface orthogonal to b. (This statement is analogous to
how the current continuity equation c@op—i—? -J =0 from relates the rate of change
of the charge density to the divergence of the charge flux, or current.)
We can simplify using the adjoint tenso T that corresponds to the tensor
T according to the vector dot product relation d - T(b) = T(d) - b. Applying this adjoint

21This symmetric tensor is also known as the Belinfante-Rosenfeld stress-energy tensor, or the kinetic
stress-energy tensor [31] [68], 88| [127].

22The underbar and overbar notation for a tensor and its adjoint is a useful notational device [9], so
we adopt it here.
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relation to (7.31]) yields [9]

b- [jf +T(V)] =0, (7.32)

keeping in mind that V still differentiates the adjoint tensor T. Since b is arbitrary, we
can dispense with it to find a direct constraint equation for the adjoint, in which we can
substitute the Lorentz force law (7.19)) to find

(V)= -2 = (mj). (7.33)

After substituting Maxwell’s equation (|7.1)) for the source j, we obtain

T(V) = —% [F(VF) + (FV)F] = —%FVF. (7.34)

Therefore, we can infer that the adjoint of the energy-momentum stress tensor must have
the elegant quadratic form

1 1o~ 1~
Toym(b) = — 5 FUF = JFOF = _fif, (7.35)

which is the simplest dual-symmetric form that involves the field bivector F = f exp(¢I).

This form is also symmetric (in the sense of the adjoint Tsym = Ty,,,) since

Tym(d) - b = (Taym(d)b)o = —(FdFb)g = —(dFbF)o = d - Tym(b) (7.36)

by the cyclic property of the scalar projection . Any proposed modification to
this fundamental symmetric tensor must have a vanishing divergence, according to the
general continuity equation (7.31)). This symmetric tensor is summarized for reference in
Table 15

To verify that this symmetric energy-momentum stress tensor gives us the results we
expect, we compute the energy-momentum flux through the surface perpendicular to 7o
(restoring the SI unit scaling factors from ),

—_

-1
Toym(v0) = 5F0F = SFF'y, (7.37)

[\

% £+ B1] [E - B1] .

—

]. — — — —
{2 (|E|2 + |B|2) +E x B} Y0 = (e + P)yo.

The first term is the energy density € of the field, which is relative to a particular frame
Yo, as we anticipated in Section The second term is the Poynting vector P that gives
the corresponding relative field momentum [9]. The two together construct the proper
field energy-momentum T(vo) = (4 P)7o that will be measured by an observer traveling
along a worldline pointing in the g direction.

As another example, we can compute the energy-momentum flux through a surface
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perpendicular to v; (i = 1,2, 3) using v; = 778 = 70,

_ 1.~ 1.
]. — — — —
=5 [E+BI} 3; {Ef BI] o,
1/ = L L
- [2 (E@E n Ba,B) ¥z (E&iB - BEZE> 11} o

This form emphasizes the bilinear nature of the tensor with respect to the fields. The
vector products can be expanded into a more familiar form by using the identity

EG;B=B(E-3)+EB-3)—(E-B)d — (E x B)- &I, (7.39)
to produce
Tsym(’Yi) = — |:E X é . &1 Yo (740)

L. .. 1/ .
+ {E(E-&’i) +B(B-§&;) — 3 <|E\2 + |B\2> 52’] Y-

The first term is the projection of the Poynting vector P onto the direction &;. The
second term is the contraction of the Maxwell stress tensor along the direction &;.

7.5.2. Angular momentum tensor

Conceptually, angular momentum is a bivector that indicates a plane of rotation.
The rotation in question is that of a coordinate vector as it rotates to track movement
associated with a linear momentum. For a classical point particle, the plane segment
containing this rotation is produced explicitly by a wedge product M = x A p between a
coordinate 4-vector z and a 4-momentum p [I89]. Indeed, after introducing the spacetime
splits p = (£/¢ + P)vo, © = (ct + &)yo we have

/\ pr—

= [EF)c— ()l + T xpl ' =—-N+ LI (7.41)
The second term LI~ of involves I, and is part of the angular momentum that
agrees with the usual notion of the relative angular momentum as the cross product L=
Z x p. Within spacetime algebra, however, we see that this cross product is the Hodge-
dual of the proper angular momentum bivector LI~! that generates spatial rotations as
a Lorentz transformation, just as discussed in of Section In contrast, the first
term —N of (7.41) is a bivector of opposite signature that generates boost rotations, as
discussed in of Section The total invariant notion of angular momentum in
spacetime includes both spatial rotation and boost components, since the 4-dimensional
rotations in spacetime are Lorentz transformations that can be of either type.

With this intuition, the angular momentum tensor@ for the electromagnetic field is
straightforward to obtain directly from the adjoint symmetric energy-momentum tensor

238pecifically, this is the Belinfante-Rosenfeld angular momentum tensor [311 68} 88|, [127].
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Symmetric Energy-Momentum Tensor

1~
Spacetime Algebra: Tsym(b) = Ty, (b) = §FbF

—=sym

sym sym

1
Tensor Components: TH =TrH = Z FHEE Y — 177‘“’ Z Fo‘ﬁFga

« a,3

Associated Angular Momentum Tensor

Spacetime Algebra: My (b) = 2 A Tsym(b) M, (R) =T, (R - z)

sym

4

— -

Msym(ryo) =—-N + JI?17
N

—

= (t)P—e&, J=ixP

. afy _ paBy B oy
Tensor Components: Mg = o® T} — a7 T

Table 15: The symmetric energy-momentum tensor and its associated angular momentum tensor, shown
in both spacetime algebra and tensor component notation. Notably, spacetime algebra emphasizes that
the energy-momentum tensor Tsym is a simple quadratic form of the field F, which maps a vector
direction b into the energy-momentum flux passing through a surface orthogonal to b, exactly as the
energy-momentum current for the Dirac equation of the electron [9, [87) [06]. It is a symmetric tensor,
meaning it equals its adjoint Toyms and is easily expanded algebraically into the usual expressions
containing the energy-density of the field e, the Poynting vector ﬁ, and the Maxwell stress tensor.
Similarly, the associated angular momentum tensor Msym is a function that maps a vector direction b
into the angular momentum flux through a surface orthogonal to b, and expands to the usual boost-
momentum N and rotational-angular-momentum J vectors for the field. The adjoint of this tensor My,
is a function that maps a plane of rotation (bivector) R into an energy-momentum flux.
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Tsym(b). As seen in the last section, this latter tensor produces an energy-momentum
density associated with a particular direction b. Hence, taking the wedge product of that
energy-momentum density will produce its associated angular momentum density

My (b) = 2 A Ty (b). (7.42)

As with the energy-momentum tensor, the angular momentum tensor My, is a function
that maps a constant vector direction b into the angular momentum flux passing through
the hypersurface orthogonal to b. This tensor is also summarized for reference in Table

Applying the angular momentum tensor to the timelike direction 7y produces the
intuitive result

Megm(70) = 2 A Taym(0) = [6F — (ct)P] + & x PI™' = —N 4+ JI 71, (7.43)

with the energy-density and Poynting vector as in , and where N is the boost
angular momentum and J is the rotational angular momentum of the electromagnetic
field. According to commonly accepted notations, we denote the rotational angular
momentum of the field as J (not to be confused with the charge current!), because it
includes both the orbital (L) and spin (S) parts [A8-51] (see Sectionbelow).

Just as the energy-momentum tensor 7'y, has an adjoint tensor T, the angular

—_ Sym’
momentum tensor Mgy, also has an adjoint. We can compute this adjoint by contracting
the tensor with any pure bivector R, which should be understood as the plane segment

for a rotation (i.e., generating a Lorentz transformation as in Section
R Mym(b) = (R2Tsym(b))o = (Tyym ((R2)1)b)o = Ty (R - @) - b, (7.44)
yielding the adjoint tensor

Msym(R) = Isym(]x ’ £C) (745)
This adjoint tensor is a function that takes the plane of rotation R, contracts it with the
coordinate direction x to find the orthogonal direction b such that R = b Az = bx (see
the discussion in Section , and then returns the energy-momentum flux T (b)
through the hypersurface perpendicular to that direction.
As an example, applying My, to a bivector R = v;79 = J; that generates boost
rotations produces

Msym(o_:’i) = Isym(o_:’i . (E) = (Ct) Isym(’yi) — T Isym(’yo)ﬂ (746)

which is the correct energy-momentum flux through the hyperplane perpendicular to the
part of the coordinate vector x that lies in the boost rotation plane R = 7;.

7.6. Macroscopic fields

The preceding discussion has assumed the free propagation of a (microscopic) field
F through vacuum. In the presence of a medium, however, it is useful to partition
the total field into a macroscopic distinction between a free part F; that is coupled to
freely moving charges in the conduction bands of the medium, and a bound part Fy
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that is coupled to the bound charges held rigid by the lattice structure of the medium
[155] 227]. Such a partitioning of the fields and sources must have the general form

F=F;+F, J=Jr+ v (7.47)

To see how the macroscopic fields in ([7.47)) are expressed in a relative frame, we
consider the spacetime splits (using conventional (SI) units)

F;=D/\/eo+ VimHI, F, = —P/\/eo + VioMI. (7.48)

Here D is the usual electric displacement, H is the macroscopic magnetic field, P is
the electric polarization field of the medium, and M is the magnetization field of the
mediunﬁ From the definition we see that the total electromagnetic field F =
Veo E+ BI /+/Ho is related to the macroscopic fields in the following way
L. B - -
ecll =D — P, — =H+ M, (7.49)
Ho
which agrees with the standard definition of the electric polarization and magnetization
vectors [155] 227].
Imposing Maxwell’s equation on the partitions in then couples the fields

and sources in a nontrivial way
VF; =j5— (VFy, — jp). (7.50)

We can then define the split (7.47)) to force the final bracketed term of (|7.50|) to vanish,
which purposefully couples the free macroscopic field with only the free charge-currents.
This definition forces the separation of the total field into two equations

VF; = jy, VFE, = 7. (7.51)

The first of these split equations is Maxwell’s macroscopic equation for free charges. The
second is a constraint equation that defines the electromagnetic polarization field that is
bound to the medium [I55, 227]. Note that the bound charges j, will generally respond
to the total field F, so will shift around while staying confined to the lattice structure,
creating an indirect coupling between the two split equations in (7.51). We will return
to this important point later.

In terms of a relative frame, the free fields D and H satisfy the macroscopic Maxwell’s

equations in ([7.51))

. D= cpes oD x H= T, (752)
6'ﬁ:Cpm)f, Goﬁ—i—ﬁxﬁ:—;%f,

that involve only the free charge-currents. Similarly, the bound fields P and M satisfy

24Note that we use calligraphic script here for the polarization and magnetization to disambiguate
them from momentum and angular momentum in other sections. They will only be used within this
section.
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the constraint equations from (7.51)

— — -

~V P = Cpep —P -V X M=—J,, (7.53)

)

— - =

VM = Ccpmp, M =V x P =—Jns,

that involve only the bound charge-currents.

The subtlety that arises from this separation of the total source into free and bound
parts is that the partition could implicitly contain complementary induced charge-currents
ji that emerge from complicated interactions with the medium. That is, one can generally
arrange for the relation

Jr=Jso+Ji Jb = Jb,0 — Jis (7.54)

such that the total source is j = j¢ + j» = Jf,0 + Jv,0, S0 any induced part cancels and
is only visible to the separation of the macroscopic fields. Interestingly, the induced
charge-current j; could change the apparent nature of the separated charge-current. For
example, even if one considers a purely electric (vector) total charge-current, j = je,
an exotic material (e.g., [228-232]) could induce an effective magnetic (trivector) part,
Ji = jm,id, to the total free charge-current, j; = je r + jm,i. The free macroscopic field
F; will then be sensitive to this induced magnetic source, which will appear as apparent
magnetic monopoles embedded in the medium [213].

To see this behavior more clearly in the relative frame, consider the case when the
total current j = j. = (cpe + je)% is purely electric (as is traditional and expected),
but a magnetic part j;.I = (cpm,i + J_;n,i)*yol is then induced by an exotic medium (e.g.,
[228H232]). In this case, according to and (7.47), the following macroscopic and
microscopic equations will be satisfied

V-D=cpes, oD -V x H=—J,,, (7.55)

S d = cpmai, O0H +V x D = —Jpn.i,
eoﬁ-E:cpe, eoaoﬁ—ﬁxg/uoz—;,

V-B=0, WB+VXxE=0

Note that the divergence equation for H and the curl equation for D acquire induced
magnetic source terms, even though the corresponding equations for the total fields B
and E show no evidence of such a magnetic source.

The standard practice [155, 227] to simplify the large set of equations is to
drop the middle four equations and consider only the remaining four equations that are
hybridized between the macro- and microscopic fields and involve only the free electric
charge

— —

V-D=cpe, oD -V x H=—J,,, (7.56)
V- -B=0, 0B +V x E=0.

These equations are then supplemented by the first constraint equation in (7.53|) that
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Macroscopic Maxwell’s Equations

Microscopic:

Macroscopic:

Free fields:

Bound fields:

Reduced set:

6~E=cpe, 80E'—§><§:—J_;
6-§:cpm, 80§+6><E_":7jm
F=F;+F,| |F;=D+HI| |F,=-P+MI

ﬁ-ﬁch@f, 80ﬁ—§><ﬁ=—¢]e7f
ﬁ-ﬁ:(:pm_,f, 60ﬁ+§xﬁ:—fm,f
—6-7320/)5,1,, —6073—§></\?l:—fe7b
6 M:Cpmb, C{)().A;t—ﬁxtﬁz—jm,b

SI Units :
(¢ =1/Veéomo)

CGS Units:

6'[)':@05,]0, 8013—§><ﬁ:—Je7f
ﬁ-B?:cpm, 80§+ﬁxE":—jm
—6 : 73 = CpPe,b; —8073 - 6 X ./\;l = —j;b
EH@E, BHE/M, jeH\/MOj& ij\/Nij/C
ﬁeﬁ/\/%, H s /ioH, 73H>73/\/5, M g M

> j—=Viarnj/c
ﬁ»—)ﬁ/\/ﬁﬁ, P VAr P, M Vir M

Table 16: Macroscopic Maxwell’s equations. The total microscopic field F is partitioned into a free part
F; and a bound part Fy, each coupled to free j; and bound j, charge-currents in a medium, respectively.
The bound field contains the electric polarization 13 and magnetization M densities of the medium, while
the free field contains the electric displacement D and magnetic field strength H. Out of the total set
of equations implied by Maxwell’s microscopic equation, a reduced set of the indicated three equations

is typically considered, augmented by phenomenological constitutive relations between F and F.
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involves the bound electric charge
-V-P= CPe,b, —OP -V xXM=— Z,b. (7.57)

All six of this reduced set of equations then involve only the electric part of the charge,
regardless of any magnetic charge that may have been induced by the medium. This
simplification avoids any consideration of the induced magnetic source in favor of a
purely electric description.

Note that the six standard equations and for macroscopic fields can be
equivalently written in a frame-independent way as the triplet of equations [9]

V-F;=j;, VAF =jnl, V-Fy = j. (7.58)

The first equation involves the free electric charge. The second becomes the Bianchi
identity for the total field when the total magnetic source j,, is zero. The third is the
constraint for the bound electric charge. It is important to remember, however, that
these three equations arise as only part of the fully separated equations in ([7.51)), which
are parts of Maxwell’s single equation for the total (microscopic) field 11 these
relationships are summarized for reference in Table

The information that is lost by neglected the middle equations in can be phe-
nomenologically restored by determining a constitutive relation between the macroscopic
fields D and H and the total microscopic fields E and B. As mentioned previously, such
a relation should exist because the configuration of the bound charge-current j, will gen-
erally depend upon the total field F in the medium, which in turn alters the constraint
for the electromagnetic polarization in that determines the macroscopic fields.
Determining the effective functional dependence of this polarization field is a nontrivial
and material-specific phenomenological problem [I55] 227]. In the simplest case there
is no medium (and thus no electromagnetic polarization), so D =¢kFE and H=8B / 1o
according to . In the next simplest case the relation is linear and one can define
new constants € and p such that D=¢E and H = B /. More generally, the appropri-
ate constitutive relations depend on the total field F, and are frequency-dependent (i.e.,
dispersive) [155], 227, 233].

It is also worth remarking that there is a considerable interest to artificial media and
materials that restore the dual symmetry of vacuum on the level of macroscopic medium
parameters (e.g., e=p) [19, 107, 108, 214} 234H236]. The conservation of the optical
helicity associated with such symmetry (see Section below) provides a new insight
into the light propagation and scattering dynamics.

8. Lagrangian formalism

It is impossible to study this remarkable theory without experiencing at times the
strange feeling that the equations and formulas somehow have a proper life, that
they are smarter than we, smarter than the author himself, and that we somehow
obtain from them more than was originally put into them.

Heinrich Hertz [237]
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You can recognize truth by its beauty and simplicity. When you get it right, it is
obvious that it is right—at least if you have any experience—because usually what
happens is that more comes out than goes in.

Richard P. Feynman [23§]

It is worth emphasizing that up to this point we have introduced no physical postulates
other than the need for spacetime itself (and thus its associated algebra). We made
the casual observation that a proper spacetime bivector F' naturally splits into polar
and axial 3-vector parts F = E + BI with respect to a particular reference frame in
Eq. (3.40] -, and noted that these parts transform under a Lorentz boost exactly as we
expect the electromagnetic field to transform in Egs. and . We then found
that the structure of the simplest bivector differential equation VF = 0 in Eq is
precisely Maxwell’s equation in vacuum, while the next simplest modification VF = j
in Eq. is Maxwell’s equation that properly includes both electric and magnetic
sources, albeit in a compact form as a single complex vector current j. We also made
the casual observation that contracting the bivector F with such a complex current j
gives the correct Lorentz force equation dp/dr = (Fj); that supports both electric and
magnetic charges in Eq. . Combining the Lorentz force law and Maxwell’s equation
using a general conservation constraint in Eq. then produces the correct symmetric
energy-momentum stress tensor T () = FroF /2 in Eq. as a simple quadratic form
of the field (which is the same functional form as the energy-momentum current of the
Dirac electron [9], [87, [06]).

Despite the richness of these emergent characteristics of the spacetime geometry, all
suggestive notation, terminology, and constant unit factors have been window-dressing
for features that are essentially inevitable when considering the simplest dynamics one
can ascribe to any bivector field in spacetime, bereft of physical interpretation a priori.
The fact that these features exactly correspond to the electromagnetic theory of both
electric and magnetic charges is remarkable unto itself. More importantly, however, this
fact prompts a careful reassessment of the physical foundations and postulates of classical
electromagnetic field theory.

The more complete physical foundation of electromagnetism comes from a Lagrangian
field-theory perspective. Fundamentally, the electromagnetic field F emerges as a neces-
sary consequence of preserving a local U(1) gauge symmetry (i.e., a local phase rotation)
in the Lagrangian for a complex (charged) matter field [I68], as we will detail in Section
8.9.11 However, with such a Lagrangian approach it becomes clear that the vector po-
tential z acts as the dynamical gauge field that preserves the charge symmetry, with the
usual electromagnetic field F = Vz arising only as a derivative quantity. Thus, the vector
potential z will be our new starting point, from which we will systematically derive the
corresponding conserved physical quantities of the field.

8.1. Traditional vacuum-field Lagrangian

As we have shown in Sections[5.2] and [6] the dual symmetry of the vacuum Maxwell’s
equation V2z = 0 implies that the vector potential should be invariant under the global
phase symmetry z — zexp(6I) in vacuum, and thus must be intrinsically complex. This
symmetry poses a problem for the traditional electromagnetic Lagrangian, which can be
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written in various equivalent forms:

£trad (17) == 9 == 9 == 5

((V2)*)o _ (F*)o 41:|E|2 B _ ZFIWFV (8.1)

We will motivate why this Lagrangian appears from a gauge theory perspective in Sec-
tion Traditionally z = a. is considered to be a pure (electric) vector potential that
generates a single associated constituent field F, = V A a. [29, 127, [155]. Indeed, recall
that the subscripts e and m throughout this report refer to the electric and magnetic
types of charge, so in the traditional electromagnetism (with only electric charges) all
“magnetic” (subscript m) quantities can be neglected. However, we keep z = a. + ap, I
complex here, since no electric or magnetic charge exists in vacuum to select either a. or
a.mn as a preferred vector potential.

The traditional Lagrangian is not dual-symmetric, and, hence, is problematic for
the description of dual-symmetric vacuum fields that require such a complex potential. To
see this explicitly, we expand the complex vector potential z in into its constituent
parts, impose the Lorenz-FitzGerald conditions V-a, = V-ay, = 0 dlscussed in Section ]
and deﬁne the two constituent fields F, = V A a. = E + B, I and F,,, = VAa, =
B — E I such that F = Vz = F. + F,,,I, as in Section then the traditional
Lagrangian expands into the form

2 2
Etrad(x) = M + <Fe ! Fm[>07 (8'2>
SEL < B 1Bl — \Bul?] ~ (Be - B+ BBy

which shows an intrinsic interplay between the constituent ﬁeldﬁ that alters the original
structure of .

This additional structure appears because the traditional Lagrangian is not
invariant under the dual symmetry phase rotation z — 2z exp(6I). Instead, it transforms
as

Lirad(x) — %1 cos 26 — %2 sin 26, (8.3)

and oscillates between the two proper scalars ¢, = |E|> — |B|? and ¢y = 2E - B of
the total field as the phase is changed [68]. (As we noted in Section the second
term that appears here is the “axion” term proposed in [216] using precisely this dual-
symmetric phase-rotation.) The lack of global phase invariance of the Lagrangian
is problematic for maintaining the dual-symmetric complexity of the vector potential z.
However, one can always avoid this problem by explicitly breaking the dual-symmetry
to keep z = a. a pure (electric) vector potential, as in the traditional approach. In
this case the constituent fields associated with the magnetic vector potential a,, vanish
(Ey = B = 0) in (822).

We are thus motivated to consider a simple correction to the traditional Lagrangian

25 Again, the subscripts of e and m on the constituent relative fields indicate that they would normally
be associated with either electric or magnetic charges, which do not exist in vacuum.
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that addresses these shortcomings for the description of a vacuum field. We wish to mod-
ify the Lagrangian to make it manifestly dual-symmetric under a global phase rotation
of z.

8.2. Dual-symmetric Lagrangian
We can correct the traditional Lagrangian in a simple way to make it properly dual-
symmetric by adding a complex conjugate to the traditional expression

Laua(#) = 5((V2)(T=")o (8.4)

Notably, this modification makes the Lagrangian a simple quadratic form for the complex
vector field z, which is the expected form for the kinetic energy of such a field. This form
is thus a logical choice for a properly dual-symmetric Lagrangian. We must now verify
that this modification produces sensible results.

In terms of constituent fields, expands into the following equivalent forms:

Co(e) = (750 (o) _ (Fo , (Fho 5
= SUBP ~1B) + 5 (Bul? ~ [Bnl?),

= 4 S Ew (F)™ + () (F)].

Perhaps surprisingly, the dual-symmetric form of is simply the sum of two copies
of the traditional Lagrangian , one for each independent constituent field a. and a,,
in the complex vector potential z = a. + a,,I. Notably, a dual-symmetric Lagrangian of
precisely this form was previously considered in [196, 209] 210} 212] from a different start-
ing point. The traditional and dual-symmetric Lagrangians are compared for reference
in Table 7

8.3. Constrained dual-symmetric Lagrangian

The fact that the dual-symmetrized Lagrangian explicitly involves the second
constituent field F,,, as an independent but necessary field prompts the question whether
this second field is really independent in vacuum, or should be further constrained. In
particular, if one believes the total dual-symmetric field F = F. + F,,,I should be the
true electromagnetic field, then one can postulate that the different constituent fields
F. = VAae and F,,, = V A q,, actually describe the same total field. We can thus
consider imposing an additional nontrivial constraint to force these two constituent fields
to give equal contributions to the measurable vacuum field

chas
F,=F,I= (8.6)

soE. =E, = meas/V/2 and B.=8,, = _’meas/\/ﬁ, and the total field magnitude is
preserved:
|F|?=F*F = F'F.+F: F,, = F .. Frcas = |Frcas|* (8.7)
88



Electromagnetic Lagrangian Densities

Traditional: z=a.=a F =Va.=F,

Livad(z) = ((Va)*)o _ (F2)o _ %ZF’“’FW

2 2

Dual-symmetric: z=ac.+anl F=Vz=F.+F,I

Ldual(«r> — <(VZ)(2VZ*)>O _ <F2§>0 + <F32n>0

= S E (B + () (B

Constrained: F,—-F,I— Fmeas/\/i = GmeaSI/\/ﬁ
<F12neas>0 <G12neas>0 1 17 14
Lanar(w) — RS 4 e = o %V:[FWF SN el

Table 17: Electromagnetic Lagrangians in the traditional and dual-symmetric field theories. The tra-
ditional Lagrangian is a kinetic term for only the constituent vector potential ae associated with elec-
tric charge. The dual-symmetric Lagrangian is a kinetic term for the full complex vector potential z,
and preserves the dual symmetry of vacuum. The electric a. and magnetic an, vector potentials con-
tribute to this Lagrangian as independent fields that each satisfy a copy of the traditional Lagrangian
[196], 209, 210, 212]. In the constrained formalism, the two vector potentials of the dual-symmetric
Lagrangian describe the same (measurable) vacuum field Fmeas in a symmetrized way [68] [106]. Note
that with this constraint the dual-symmetric Lagrangian formally vanishes; however, the constraint can
be implemented using a Lagrange multiplier, or as a final step.
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With this constraint we find that F,, = Freas] ' /V2 = Gueas/V2, so the two con-
stituent fields become precisely proportional to the measurable field F0.s and its Hodge-
dual Guieas = FreasI L.

Inserting the constraint into (8.5 produces

F2 G2 1
Laal(x) — Fincas)o Z (Cnens)o _ 3 Z(F,WF”“ + G G). (8.8)

nv

The functional form of this constrained Lagrangian density is then precisely equal to
the dual-symmetric form recently postulated in [68, [106]. Curiously, this constrained
form identically vanishes since G2, = (Fimeas! ~')? = —F2 ... Thus, the constraint
should be imposed either as a Lagrange multiplier constraint in the dual-symmetric
Lagrangian , or as a final step in derivations that retain both constituent fields F,
and F,,, [68, [106].

Notably, the constraint also forces the vector potential z to be irreducibly com-
plex. Indeed, if one could rotate z to a pure vector potential ag with some phase rotation
z = agexp(0I), then the constraint would force the measurable field F ¢, to iden-
tically vanish. To see this, note that z = a. + a,,I = agexp(6I), so a. = agcosf and
am = agsinf. Therefore, F, = cos@Fy and F,,, = sinf Fy where Fy = V A ag. The
constraint then implies: cos@ Fy = sinf0 Fol = Fmeas/\/?. Due to the factor of I,
this relation is only satisfiable if Fy = 0 for any 6, making F,e.s = 0. Therefore, to
obtain nontrivial vacuum fields that satisfy the constraint , the vector potential z
must remain complex under all phase rotations.

However, the irreducible complexity of z forced by the constraint presents a
significant problem for coupling to matter. The equation Vz* = V(ae — anl) = F. —
F,,I — 0 vanishes with this constraint, which is inconsistent with Maxwell’s source
equation (7.1)), written in its conjugated form V2z* = j*. Specifically, V?z* = V(Vz*) —
0 with the constraint, so any source 5 must vanish. Thus, the constraint can only
describe vacuum fields that are not coupled to matter, which corroborates our general
discussion about the fundamental difference between the irreducibly complex vacuum
and reducibly complex source parts of the complex vector potential z in Section [7.4]

Since fields must couple to matter (charges) to be physically measured, the constraint
in its current form is problematic. Either we must modify the constraint to
properly accommodate sources (see, e.g., [239] for ideas regarding how this modification
could be accomplished), or the constrained Lagrangian becomes inconsistent with the
presence of sources. At the same time, the independent “electric” and “magnetic” parts of
the unconstrained dual-symmetric Lagrangian can be coupled to the corresponding
charges. In this case one can speculate that the presence of “electric matter” explicitly
breaks the dual-symmetry by coupling to only one of the constituent fields F, = V A a,.
In the absence of other fields in the model, the remaining constituent field F,,, in the dual-
symmetric Lagrangian would then be undetectable and only contribute to gravity
as an invisible and noninteracting energy density (e.g., a dark light contribution to dark
matter [I96]). We will revisit this issue of the second constituent field more carefully in
Section
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8.4. Mazwell’s equation of motion
We can obtain the equation of motion for z implied by all three candidate Lagrangians

(Table by treating the constituent vector potentials a. and a,, independently, and
applying the appropriate Euler-Lagrange equation [9 127] to each one. For example,

o ( o oL _,
;W(W>—8%—V%—O, (89)

is the proper equation of motion for a., where x = ) 4 ZH - The equation for a,, can
be obtained similarly, yielding V2a,, = 0. It follows that the equation of motion for
z = ae + a ] is the Maxwell’s vacuum equation (5.1) in a manifestly dual-symmetric
form,

V22 =VF =0, (8.10)

for any of the three candidate Lagrangians. This means, that the above three Lagrangian
theories are indistinguishable from each other on the level of vacuum equations of motion.
However, they do differ from each other in other field-theory aspects [68].

8.5. Field invariants: Noether currents

According to Noether’s theorem [123], any continuous symmetry of a Lagrangian
leads to a conservation law. We can use this theorem to systematically find the canon-
ical conserved currents for the vacuum electromagnetic field, using each of the three

Lagrangian densities (8.1]), (8.4]), and (8.8]) in Table

Recall the general procedure for obtaining the conserved currents [9] [127]:

1. Suppose one transforms each field a (and possibly the coordinates z) in a La-
grangian density Lla(z), Va(r)] according to a group transformation U, , that
depends on a continuous scalar parameter «, as well as a generating element g

d'(2") = U, la(z)], (8.11a)
x' = Q;}g(m) =Upa,q(2), (8.11b)
V' =U,, (V) (8.11¢)

If Lla'(z"), V'd'(2")] = L]a(x), Va(x)] then U, , is a symmetry of the Lagrangian

density9]

2. The infinitesimal field and coordinate increments are then

da(g) = 9ad'(2")|a=0 = 9ad(2)|a=o + (d2(g) - V)a(z), (8.12a)
02(9) = 0a’|a=0, (8.12D)

and depend on the chosen generator g.

26Note that if both the coordinates x and the fields a are transformed, then one should typically
transform V in the same way as a so that the kinetic terms Va transform similarly to a. Since V and =
are inversely related, this implies that = and a should transform oppositely with the group transformation.
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3. The change in the transformed Lagrangian £’ is therefore
oL oL
(e (2! a=0 — - (5 5 6 : ) 1
0oL (2")] a=0 <8a a(g)>0+ EM <8(0Ha)6” a(g)>0+( x(g)- V)L, (8.13)

which must vanish from the symmetry. In the presence of multiple independent
fields (such as a. and a,,), the right hand side contains corresponding terms for
each independent field.

4. After applying the Euler-Lagrange equation for each a in the first term (i.e.,
essentially using Maxwell’s equation), simplifies to a divergence

0L lamo =V - In(g9) =0, (8.14)

of a conserved Noether current (tensor) that depends on the generator g
In(0) = X (g aydate)) + £slo) (815)
P 9(Opa) 0

5. In any reference frame J y (g) = [€x(9) + Jn(9)]70, it follows from this conservation
law that 9pén(g9) — V - Jn(g) = 0. Hence, we can integrate over the spatial coor-
dinates (assuming Jy(g) vanishes at infinity) to find a conserved Noether charge

Qn(g) = / Pz ex(g), 9 Qulg) = 0. (8.16)

We now use this procedure to find the Noether currents for the various electromag-
netic Lagrangians. Note that it will be sufficient to compute everything using the dual-
symmetric Lagrangian (8.4)), and then constrain the final results appropriately. For the
traditional Lagrangian , we will simply neglect all terms related to the constituent
field F,,, associated with magnetic charges. For the constrained Lagrangian, we will en-
force the additional constraint F. = F,, = F/V/2, Eq. 7 which makes both vector
potentials a. and a,, correspond to the same electromagnetic field. We will distinguish
the expressions for the constrained Lagrangian using an arrow symbol “—” for clarity in
what follows.

8.6. Canonical energy-momentum stress tensor

We first consider translations of spacetime, which will produce the conservation of
the energy-momentum of the field. Suppose we translate the position vectors = in the
Lagrangian density by a small amount « in an arbitrary direction b, so 2’ = z — ab =
exp[—a(b- V)]z. This translation leaves the Lagrangian invariant since V' = V. Tt
follows from that the increment for x is simply b, while the increment for a. is the
corresponding directional derivative

dx[b] = —b, (8.17a)
dac[b] = —=(b- V)ae, (8.17b)
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and similarly for a,,. Computing the change from this translation according to (8.13])
thus produces the conserved Noether current

T(b) = %:% <8(§fae)(_b - V)ae + a((iim)(_b : V)am>0 —bL, (8.18)

= % {(Opac)(=b- V)ac + (Ouam)(=b - V)am), — bL,
- vuae (=b- V)ae] + Vam - [(—b- V)an] — bL,

= (b~ V) (@Fe + i Fo)s — 2((F20 + (F2)0),

20 V) aF + G,

Recall that the overdots indicate that only the potentials are being differentiated. This
conserved tensor T(b) is the canonical energy-momentum stress tensor [68, [127], which
was first derived while preserving dual symmetry by Gaillard and Zumino [112].

The canonical energy-momentum tensor is not symmetric with respect to its adjoint:
T # T, which can be obtained as

T(b) = 0a(T(d)b)o = V((@Fe + i Fo)blo — 2 (2o + (F3)),  (8.19)

1
= S V{(@cF + an G)b)o.

This adjoint form involves the scalar (real) parts of total bivector contractions.

Importantly, in contrast to the symmetric energy-momentum tensor in , the
canonical tensor in and explicitly involves the vector-potentials a. and a,,,
making it gauge-dependent. Note also that the first summand (involving F, and a.) in the
non-constrained tensor is equivalent to the conserved canonical tensor for the traditional
Lagrangian . Hence, the two summands in the unconstrained tensor are separately
conserved energy-momentum tensors for the two constituent fields F, and F,,. We detail
the canonical energy-momentum tensor in Table |18 for reference.

For comparison, we also compute the symmetric energy-momentum tensor from
explicitly in terms of the constituent fields to find

— 1.~ 1
Ty (8) = Taym(b) = 5FOF = — (Fe + FpuD)b(Fe + Fy 1), (8.20)

1 = 1 =
= -F.0F. + -F,,bF,,.
2 + 2

The cross-term involves a vector minus its reverse, so it vanishes to leave the sum of
the symmetric tensors for each constituent field. This form as a sum is consistent with
the canonical tensors derived from Noether’s theorem. In particular the identity
implies that the energy density ¢ = €. + ¢, and the Poynting vector P=P +P,
decompose into sums of the corresponding quantities for the constituent fields.

It is instructive to find the difference between the symmetric (Section and
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canonical energy-momentum tensors:

K=T,n—-T K=Tym-T. (8.21)

Using the identity (b-V)a =b-(Va)+ V(b-a), as well as the identity 2[b- (Va)]- (Va) —
b{(Va)?)o = —(Va)b(Va), we find the explicit forms

K(b) = (F. - V)(ae - b) + (Fun - V)(am - b), (8.22)
= 1B V)(ac )+ (G V) an b))
K(b) = (bF.V)oae + (bF 0 V)oam, (8.23)

= % [<va>0ae + <va>0am} .

Since both the symmetric and canonical energy-momentum tensors satisfy the continuity
equations, the difference term K(b) must vanish under a divergence, i.e., it does not
contribute to the energy-momentum transport. Using the vacuum Maxwell’s equation
, we can make this property apparent by writing as a total derivative:

K(b) = —V[(b-ae)Fe + (b am)Fp), (8.24)
— fév[(b ca.)F + (b am)G].

Historically, the canonical energy-momentum tensor T that is produced by Noether’s
theorem was considered problematic due to its non-symmetric and gauge-dependent form
(as well as the enigmatic appearance of the spin in the angular momentum tensor, as we
shall see in the next section). Then, in 1940, Belinfante and Rosenfeld [240H242)] suggested
a general symmetrization procedure by adding a “virtual” contribution K (i.e., a total
divergence) to the canonical tensor, which resulted in the familiar symmetric tensor T,
Usually, the symmetric Belinfante—Rosenfeld energy-momentum tensor is considered to
be the physically meaningful tensor, because it is gauge-invariant and is naturally coupled
to gravity [127]. However, recent studies of the local momentum and angular momentum
densities of optical fields have shown that it is actually the canonical momentum density
from T (in the Coulomb gauge) that determines the optical pressure on small dipole
particles or atoms that is observed in experiments [52H54] HIHGTL [66], 68H72], [74) [75], 85].
Furthermore, as we will see in the next section, the observable separation of the spin and
orbital angular momenta of light [46] 48-56] is also described by the canonical tensors
rather than the symmetrized Belinfante—Rosenfeld tensors [58] [68]. Notably, this need
for the canonical energy-momentum and corresponding angular momentum tensors has
also been actively discussed in relation to the separation of the spin and orbital angular
momenta of gluon fields in quantum chromodynamics (QCD) [88].

To obtain more familiar expressions for the canonical energy-momentum tensor, we
expand Egs. and in terms of a relative frame, using the spacetime splits
Fem = E’;M + BeI (that become constrained to F = E + EI, with G = FI~! =
B—EI ), as well as the (transverse) Coulomb gauge a. = Ao and a,, = Cy for the
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Canonical Energy-Momentum Tensor

T0) = (¢ + Prio. To) = e+ | Boio, P= Pyt
Traditional: T(b) = (b- V){(aF); — - (F2)o| |T(b) = V(aFb)o — g<F2>O
z=ac=a B =V(E-4), P =—(B-9)4

Nz
F—Va, — F T =Y P9 g — L= 3 FapF”
[ af
T(0) = (b V){aeFe + amFun)1 — 5 [(F2)o + (F})o]

Dual-symmetric:

T(b) = V{(@cFe + anFon)b)o = 5 [(F2)o + (F2)o]
2= ae + aml ﬁozﬁ[ﬁp.2+§m ¢l Po=-l(E. V)A+ (Bp-)O
T =3 ()"0 (ac)a + (Fn)*0" (am)a)
F = VZ [e%
nz
= FetEnl S [(F)ap (B + (o (P
apB
Constrained: (bV) ; T ;
: T(b) — 5 (@cF + an G) T() = 5 ((aeF + anG)b)o
Fo=Ful oo B iV [B-A+B.6] P —L[(B-9)A+ (B 9)0
oo V2 2 s 2
v 1 (e} v « v
F—GI ™ — 5Z(F RO (ae)o + G (am)a)

Table 18: Canonical energy—momentum stress tensors, conserved by translation symmetry. Unlike the
symmetric tensor in Table [15] the canonical tensor naturally separates the Poynting vector P into an
orbital part P, and a separate spin part P, that does not contribute to energy-momentum transport (for
The traditional Lagrangian produces field-asymmetric parts
that are electric-biased [68] [127]. The dual-symmetric Lagrangian in Table adds the complemen-
tary constituent field that is magnetic-biased. Constraining this Lagrangian makes both contributions

all three Lagrangians) [64) [68] [243] [244].

describe the same total field [6

9.
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potentialslﬂ

T(v0)y =€+ P, (8.25)
T(i)vo = —(3; - V) [E A+ AxB.+ B, -C-0Cx Em] ,
1

e~ﬁ+§m~5}, (8.26)

Heree = (|E |2—|—\§ |2) and P = E x B are the energy density and Poynting vector derived
in Section @ and we have used the fact that the energy densities and Poynting vectors
for the constituent ﬁelds €erEmy, Pe, Pm, sum to the total field quantities according to
- € =€c+ Em, P= P + P . The vector part of T(Wo) 7o represents the canonical
(orbital) momentum density B,, i.e. T('yo)% = e+ P, (we describe this quantity below).
The associated Noether charges from are the integrals of the energy and mo-
mentum densities over all space, i.e., the total energy and momentum of the field:

/e d*z = const, /13 Pz = /130 d*z = const. (8.27)

These 4 conserved charges are derived from and by choosing the generator
b to be the 4 orthogonal vector directions v,. Note that these equations are valid only
for sufficiently localized square-integrable fields. Importantly, the second equation shows
that the difference between the canonical and Poynting momentum densities (i.e., the
difference between the canoncial and symmetric energy-momentum tensors) does not
affect the integral momentum value.

2"Recall from Sectionthat this choice of gauge is equivalent to using the gauge-invariant transverse
bivector potential Z = z, vp in the frame 7, and then fixing the gauge to make the gauge-dependent
longitudinal spinor potential 1. = 2|70 vanish, since it is arbitrary and thus unmeasurable.
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We also expand the correction Belinfante tensor (8.22)) and (8.23)) in a similar way:

K(v0)v =0, (8.28)

!

1
I

K(10)%0 = = [(Be - V) A+ (B - 9)C] | (8.29)

For all the above tensors, the terms involving only the “electric” parts (i.e., F, a., Ee,
BZ, and /_1') are equivalent to the corresponding tensors for traditional electromagnetism
[68, 127]. The dual-symmetric Lagrangian adds complementary “magnetic” terms to
these traditional tensors. In turn, the constrained dual-symmetric Lagrangian makes
both these halves correspond to the same field, producing dual-symmetrized canonical
tensors that agree with those obtained very recently in [68].

8.6.1. Orbital and spin momentum densities

In the above expressions for the energy-momentum tensors, it is important to analyze
the energy-momentum densities, which are given by the vector terms in Lym('yo)'yo,
Koym(70)70, and their adjoints. As we shall see in the next section, these densities will
be responsible for the generation of the angular momentum of the field in a way similar
to , but with a clear separation of the spin and orbital contributions.

First, observe in that the correction to the timelike component vanishes:
K(79) = 0, so the canonical tensor T(vg) yields precisely the same energy-momentum
density as the symmetric tensor Isym('yg). That is, both the correct energy density
e = (|E]? + |B]?)/2 and Poynting vector P = E x B are obtained in (8-25). These
quantities satisfy a continuity equation, i.e., the Poynting theorem, or energy-transport
equation [I55].

In contrast, the adjoint correction in is nonzero. Remarkably, the vector terms
in T'(v0)y0 and K (7)o are the so-called canonical (orbital) and spin momentum densi-
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ties [64) 65, [68, 73, [74]:

Py =T(y)v —¢, (8.30)

P, = K100, (8.31)

(

]. — - = — - -

5[(E -V)A+ (B-V)C].

Together, the orbital and spin momentum densities form the Poynting vector in the
corresponding sector of the symmetric tensor Tsym(Y0)y0: Po + Ps = P. Furthermore,
the wedge products of these momentum densities generate, respectively, the orbital and
spin angular momenta of the field [65] 68 [74] 127, [243] [244], as we shall see in the next
section. It follows from Eq. (8.27) that the spin momentum density does not contribute
to the inetgral momentum of the localized field:

/ B =0, (8.32)

Importantly, although it is the total Poynting vector that is gauge-invariant and
coupled to gravity [127], the spin and orbital degrees of freedom manifest themselves
drastically differently in local interactions with matter. Optical and quantum measure-
ments of the momentum density of light reveal the canonical (orbital) momentum (in the
Coulomb gauge) , while the spin momentum remains largely unobservable
and virtual [68] [69] [74] [85]. The appearance of the canonical momentum density in op-
tics can be explained by the fact that it has a clear physical interpretation. Namely, for
monochromatic optical fields, it is given by the local expectation value of the quantum
momentum operator p o« fiﬁ, which makes it proportional to the local gradient of the
phase, i.e., the local wavevector of the field [64, [69]. In contrast, the Poynting vector
does not have such intuitively-clear wave interpretation.

8.7. Canonical angular momentum tensor

We are now in a position to consider rotational symmetries of spacetime, which pro-
duces the conservation of the relativistic angular momentum of the field. Suppose that
we perform a general restricted Lorentz transformation (i.e., a spatial rotation, boost, or
combination thereof). As we discussed in Section the bivectors themselves are the
generators of this group, so the appropriate transformation is U(a, ) = Uaa(}a, where
U, = exp(aR/2) and R is a unit bivector corresponding to the plane of rotation. A sym-
metry of the Lagrangian follows if we first transform the fields o/ = U(a, o) = UyaU,
then counter-transform the coordinates 2’/ = U(z, o) = UqzU,, as discussed in (8:11).

From this symmetry transformation, the corresponding increments have the
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form

ox(R)=-R -z, (8.33a)
da(R)=R-a+[(-R-z) - V]a. (8.33b)

The change of the Lagrangian thus produces the conserved Noether current

M(R) = 37, (9,00)00(R) + (9u,n)5a, (), — S(R)L, (8.34)
= (ZS~R+ [R-z)-V]ae) - Fe+ (am -R+[(R-2z)-V]an) - F,, — (R-2)- VL,
5 5 lae RA[R-2) - V]a) - F+ (an R+ [(R-2) - Vo) - G].

This conserved current is the canonical angular momentum tensor, which transforms
bivectors (i.e., Lorentz transformation generators) into vectors (linear momenta), as we
discussed in Section [[.5.2

After comparing to the form of T in , we can make the simplification

M([R)=L(R)+5([R), LR)=TIR-z), (8.35)
where
S(R) = (a. -R) - Fo + (am - R) - Fyn, (8.36)
~ 5lac - R) F+ (- R) - G].

Here, L(R) is the orbital angular momentum of the field (including the boost momen-
tum), which is related to the canonical energy-momentum tensor in the same way as
in Eq. for the symmetric (Belinfante-Rosenfeld) tensors. The additional term
S(R) that appears is the spin angular momentum tensor. Importantly, this spin tensor
describes intrinsic (i.e., independent of the radius-vector x) angular momentum, and it
cannot be obtained from the energy-momentum tensor.

The corresponding adjoint angular momentum tensors transform unit vectors b (linear
momentum directions) into bivectors (associated angular momenta), so can be easier to
interpret physically. The symmetric and canonical adjoint angular momentum tensors
have the intuitive forms

Mg (b) = 2 A Toym(b), M(b) =2 AT(b) + S(b) = L(b) + S(b), (8.37)

where the adjoint spin angular momentum tensor is

o

() =aeN(b-Fe)+amA(b-Fy), (8.38)

= Z[ae A(b-F) +am A (b-G))l.

N

We detail these angular momentum tensors in Table [19| for reference.
The appearance of the spin angular momentum in (8.36)) and (8.38]) indicates the
principal difference between the canonical and symmetrized pictures of the angular mo-
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Canonical Angular Momentum Tensor

[M(R) = L(R) +S(R) | |M(b) = L(b) + S(b)
L L(b) =z AT(b)

8(0) =[5l L() = 67 = () B, | + 7 x | B]r!

MBY = [oBy 4 gaBy LBy — poBy _ pBay

Traditional: SR)=(a-R)-F| |S(b)=an(b-F)
z=a.=a S=ExA
F=Va, =F, SBY — pra B _ B e

S(R) = (ac-R) -Fe + (- R) -Fy,|

() =ac A (b Fo) +am A(b-Fy)|

Dual-symmetric:

Z2= Qe+ a1 ngexE+§mxé

F=Vz=F.+Fnl S =F% ~F)a + F)ap, — F)Pay,

1
S(R) = 5[(0“6 ‘R)-F+(an R) G
Constrained: :
S(b) = §[ae Ab-F)+amA (b G)
F.=F %E gﬁl[E_:X/YJréXC_:]
e m \/5 2
F=GI SeBy % [F*af — F7Pa% + G7al, — G"Pal]

Table 19: Canonical angular momentum tensors, conserved by Lorentz transformations. Unlike the
symmetric tensor in Table the canonical tensor naturally separates into an extrinsic orbital part L
that contains the wedge product of the orbital part B, of the Poynting vector Pin Table as well as a
separate intrinsic spin part S containing the spin vector S. As with the energy-momentum tensor, the
traditional Lagrangian produces electric-biased quantities, while the dual-symmetric Lagrangian adds
complementary magnetic-biased terms. Constraining the Lagrangian symmetrizes the field contributions.
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mentum in field theory. Namely, the Belinfante-Rosenfeld angular momentum tensor
Msym in (and Section is simply the wedge product of the symmetric energy-
momentum tensor Ty, with a coordinate radius z, so does not contain any new infor-
mation about local properties of the field. In contrast, the canonical angular momentum
tensor M has both an extrinsic orbital part L and an independent intrinsic spin part S,
which signifies additional degrees of freedom for the field. Critically, the spin and orbital
degrees of freedom are separated only in the canonical picture. As we mentioned before,
these degrees of freedom have been historically considered to have no separate meaning in
both orthodox quantum electrodynamics and classical electromagnetic field theory, but
nonetheless they clearly correspond to separate observable effects in local light-matter
interactions in optical experiments [48-56]. Furthermore, the integral values (Noether
charges) of the spin and orbital angular momenta are separately conserved quantities
[47], and the corresponding Noether currents L and S can also be brought to meaningful
separately conserved forms [58]. Thus, akin to the local momentum densities, the optical
angular momentum properties are described by the canonical Noether currents rather
than the symmetrized Belinfante-Rosenfeld currents [58], [68, [69] [74] (see also [88] for a
discussion of this same issue in QCD).

For simplicity, we only compute the timelike components of these tensors in a relative
frame (in the Coulomb gauge):

Meym(y0) = [67 — (ct)P)+ & x PI"' = N+ JT, (8.39)

L(v) = [eZ — (ct)P,] + Zx P,I"' = N, + LI, (8.40)

S(v) = [E"e x A+ B,, x C_”] I~'=811, (8.41)
%%@xA+§x@Fl

For the orbital angular momentum L, the associated orbital linear momentum P, is given
by , while the energy density € and full Poynting vector P are the usual expres-
sions. Recall from our discussion in Section that each bivector term in the angular
momentum that involves I generates spatial rotations, while the remaining bivectors
generate boosts. One can then clearly see that the intrinsic spin angular momentum
is a purely spatial rotation (around the axis S ) that appears explicitly only in the
canonical angular momentum tensor [68].

The Noether charges (integral conserved quantities) associated with the symmetric
and canonical angular-momentum tensors are as follows:

/fdgx = /(E +5) d®x = const, /N P = /]\70 d®x = const. (8.42)

These 6 conserved charges represent the integral angular momentum and boost momen-
tum of the field, and are derived from and by choosing the generator R to
be the 6 orthogonal bivector directions +,,,,. Together with the 4 energy-momentum inte-
grals they form 10 Poincaré invariants of the field associated with the 10-parameter
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Poincaré group of spacetime symmetries [19] 311 [68] [127].

The seeming absence of the intrinsic spin contribution in the Belinfante-Rosenfeld
angular momentum causes the so-called “spin-of-a-plane-wave paradox” [74] 127,
243H246]. Namely, the local density of the total angular momentum Msym(’yo) vanishes
in a circularly polarized plane electromagnetic wave, while the spin density S(7) is non-
zero, as it should be. The explanation of this paradox lies in the fact that, in contrast
to the extrinsic orbital angular momentum , the relation between the spin angular
momentum density and the spin part of the momentum density is essentially
nonlocal:

/§d3x = /:? x P, d*x, (8.43)

so applies only for sufficiently localized fields, such as wave packets.

We can see that the concepts of the canonical (orbital) momentum and independent
spin density is more physically meaningful and intuitive than the concept of the Poynt-
ing vector and its corresponding Belinfante—Rosenfeld angular momentum. Akin to the
canonical momentum density, the spin angular momentum density has a clear physi-
cal meaning in the case of monochromatic optical fields. Namely, it is proportional to
the ellipticity of the local polarization of the field and is directed along its normal axis.
In other words, the rotation of the electric and magnetic field vectors in optical fields
generates a well-defined spin angular momentum density.

Most importantly for our study, the separation of the spin and orbital degrees of
freedom is closely related to the dual symmetry between the electric and magnetic con-
tributions. The constrained forms of the spin momentum density in , as well as the
orbital momentum density in , are dual-symmetric in the fields (as recently em-
phasized in [68]), while the traditional Lagrangian produces dual-asymmetric spin and
orbital characteristics, containing only the electric part (e.g., F. and a.) [68] [127]. This
asymmetry is closely related to the fact that the spin and orbital degrees of freedom
of electromagnetic waves are coupled to dual-asymmetric matter via the electric-dipole
coupling. Nonetheless, for vacuum fields, the dual-symmetric canonical Noether currents
provide a more natural and self-consistent picture [68].

8.8. Helicity pseudocurrent

In addition to the Poincaré symmetries of spacetime (translations and rotations)
considered above, the Lagrangian Lg,) in exhibits one more continuous symmetry,
namely, the dual symmetry. Hence, we can determine the proper conserved quantity that
should be associated with the Lagrangian invariance with respect to the dual “electric-
magnetic” rotations ¥ = exp(6I/2). Importantly, this symmetry does not exist in the
traditional Lagrangian since only the electric vector potential a, is usually consid-
ered, which has no complex phase.

The proper field increment for the transformations a’ = ap* is

Sa(I) =al . (8.44)

Notably, this field increment is simply the Hodge-dual of a. Noether’s theorem (8.15])
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thus produces a conserved helicity pseudovector current
X(I) = Z Yo ((Opac)acl ™' + (Buam)amI ™), (8.45)

w
= Z Vul(Ouae) - ac + (Ouam) - amI 71,
w

= Qe A (Vae) + Am A (vam)7
:ae/\Fe+am/\Fma
= [ae : (Fe-[il) + am A (ijil)]‘[’

— %[ae~G—|—am-F]I.
Interestingly, after factoring out I from the pseudovector, each constituent potential
becomes coupled to the Hodge-dual of its associated field. If the additional constraint in
the last line is imposed, then the vector potentials effectively cross-couple through the
total field F = GI. We detail this pseudovector current in Table [20] for reference. It is
also worth noting that the Weinberg-Witten theorem [22] [26] [38] that forbids conserved
vector currents for massless spin-1 electromagnetic fields is not violated here, for two
reasons: first, the conserved helicity pseudovector current here is not a grade-1 vector,
but is rather a grade-3 pseudovector; second, as noted by Gaillard and Zumino [112],
this conserved current is not gauge-invariant.
Writing this result in a relative frame using the Coulomb gauge yields

X(I)=(I+SI Yy, x=A-B.—C-Ep,, (8.46)
o %(Z-é—é-ﬁ).

The pseudoscalar term is the helicity density x of the electromagnetic field. When
integrated over the spatial coordinates, it produces the conserved integral helicity, i.e.,
the corresponding Noether charge (8.16]):

/X d®z = const. (8.47)

This integral helicity is equal to the difference between the numbers of right-hand and
left-hand circularly polarized photons [78, O8HI00, T03HI05].

The pseudovector term in the helicity pseudocurrent is the helicity flux den-
sity S(v0) = ST, which is precisely equal to the spin density [68] [105], [106].
Intriguingly, the constrained form of the helicity x matches the known expression for the
conserved optical helicity in vacuum [68], [78 [99, T03HI06]. Indeed, the field-asymmetric
electric part (or magnetic part) is not independently conserved since the corresponding
symmetry in the Lagrangian does not exist unless the dual-symmetric form is used.
This fact gives strong indirect support for the requirement of the additional field F,,, in
the Lagrangian: without its complementary contribution, the conserved optical helicity
X is not obtainable as a Noether current from the Lagrangiaﬂ

28We note, however, that by carefully considering the symmetries of the integrated action it is still
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Helicity Pseudocurrent

X(1) = [xI + 517"

Traditional: z=a.=a, F =Va,.=F,

No dual symmetry of the Lagrangian.

Dual-symmetric: z=a.+a,I, F=Vz=F.+F, [

X(I) = [ae - (Bl ™) + - (BT |

x=A-B.-C E,

Constrained: F,—-F, — F/\@ = GI/\@

X(I) — %[ae -G+ ay, - F]I

—

(A-B—-C-E)

|~

X —

Table 20: Canonical helicity pseudocurrent, conserved by the continuous dual symmetry of the vacuum
Lagrangian. This symmetry does not exist for the traditional Lagrangian, for which the conserved integral
helicity can only be obtained from the symmetry of the action [99, 102} [204]. The pseudoscalar part of
the helicity pseudocurrent is the helicity density x, while the relative pseudovector part is precisely the
spin density S from Table Curiously, only the constrained Lagrangian produces the field-symmetrized
expression for the helicity density that is known in the literature [68, [99] [T02HI06} 214]; this Lagrangian
also produces the corresponding dual-symmetric spin density S , which differs from the dual-asymmetric
spin produced by the traditional Lagrangian [68] (see Table .
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8.9. Sources and symmetry-breaking

Thus far we have focused on what can be said by constructing the general dual-
symmetric Lagrangian in for a pure vacuum field that corresponds to an intrinsically
complex vector potential z with the appropriate gauge freedom. We found that we could
reproduce (and generalize) all the traditional results that stem from the Lagrangian
using this ansatz. In particular, we derived dual-symmetrized formulas for the various
canonical Noether currents (i.e., the energy-momentum, angular-momentum, spin, and
helicity currents). However, an isolated vacuum field is an incomplete picture, since such
a field can only be measured through coupling to charged probes.

We now detail how the dual symmetry of the vacuum field is broken by the gauge
mechanism that couples it to charge. We will find that a charge essentially introduces a
preferred angle of rotation for the dual symmetry, and thus will couple only to a (con-
ventional) electric part of the field that is governed by a pure electric vector potential
a.. The magnetic potential a,, can remain after breaking the symmetry, but it is uncou-
pled to the electric charge and is thus unmeasurable (except by its effect on gravity, in
principle [196]). However, one can speculate that this extra potential is still required for
the complete description of the vacuum field, and may be measurable by its coupling to
other fields not considered in isolated electromagnetism (e.g., gravity).

8.9.1. Gauge mechanism

Physically, a pure vector potential a. acts as a connection field for the proper parallel
transport of a coupled charged field across spacetime, which provides spacetime with
an effective curvature that corresponds to the electromagnetic field F = V A a, [159-
163|, 165, I67HI70]. This curvature alters the geodesics for the charged field from its
typically straight lines, which can be understood as the effect of the electromagnetic force
on the charged field. The gauge freedom of a, does not affect this induced curvature, so
is not directly observable in terms of this physical force. However, the influence of a. as a
dynamical field can be indirectly observed in other topologically-induced field dynamics,
such as the Aharonov-Bohm effect [164] [166] 247].

From this point of view, a gauge field like a. can be understood as a dynamical
mechanism for effectively warping the spacetime metric by using a simpler flat spacetime
metric as an static embedding space. The curvature of the effective metric then depends
on the charge configuration, in an entirely analogous manner to how the curvature of the
actual spacetime metric depends on the configuration of the energy-momentum density in
the gravitational theory of General Relativity [127, [189]. Indeed, it has been shown that
all currently measured predictions of General Relativity may be reproduced by a simpler
dynamical gauge field reformulation over a flat and static spacetime metric [8, @, [I75]; this
gauge theory of gravity only appreciably differs in its (as-yet-unmeasured) predictions
for spin-fields and torsion, and in its inability to handle global changes to the topology
of spacetime (which may be unmeasurable or unphysical anyway).

possible to derive the conserved integral helicity using the traditional Lagrangian [99} 102} 204].
Curiously, this alternative method reproduces the constrained form of the dual-symmetric helicity density
that we derive here, even though the form of the spin vector S for the traditional Lagrangian is not the
same as for the constrained dual-symmetric Lagrangian [68].
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To make the gauge origins of electromagnetism evident, we consider a complex scalar
field ¢(x) as the simplest prototype for a charged matter spinor field [I68]. The com-
plexity of the field is the origin of its charge; indeed, the two possible signs of the charge
correspond to the two possible orientations of the pseudoscalar I of the spacetime 4-
volume.

The field Lagrangian density for this complex field ¢ must be a proper scalar field so
it must involve only quadratic terms like

L(z) =V¢* - Vo —m?¢*o. (8.48)

According to the Euler-Lagrange equations V - (§£/6V¢*) = 6L£/5¢*, this bare La-
grangian produces the relativistic Klein-Gordon equation for the scalar field: (V2 +
m2)¢ = 0, as well as its complex conjugate. This Lagrangian is invariant under the
global phase transformation ¢(z) — ¢(x) exp(0I) (which is in fact identical to the dual-
symmetry phase transformation for the electromagnetic field from Section .

The idea for a gauge field then arises from the observation that the mass term in-
volving ¢*¢ = |¢|? is also invariant under a local phase rotation of the complex field
¢ — explged(x)I]p, but the kinetic term that involves derivatives V¢ is not. Here
de = *|ge| is an appropriate coupling strength (i.e., charge) that also indicates the ori-
entation for the pseudoscalar I. Performing the phase rotation with the derivative yields
V¢ — exp(ge0I)(Vd + q.[VO]pI). The extra term involving the gradient of the local
phase spoils the invariance of the Lagrangian.

To fix this problem, the phase gradient can be absorbed into the definition of an
auxiliary vector field a, that must be the same type of blade as the phase gradient V6
(i.e., a pure vector field). Specifically, we can modify the derivative in the Lagrangian to
a covariant derivative that includes this field

D=V —geacl. (8.49)

The extra term from the phase rotation of ¢ can then be canceled by a corresponding
modification of the vector field

e — ae + V0. (8.50)

Since this shift of the vector field must not change anything fundamental, the field a.
must be defined only up to the addition of an arbitrary gradient term, which is the origin
of the gauge freedom of a.. After the introduction of this gauge field, the phase rotation
commutes with the covariant derivative

D¢ = (D = qe[VO]I)(explge01]¢) = exp(qe) Do (8.51)

We then rewrite the Lagrangian (8.48) in a properly invariant form by replacing all
bare derivatives with covariant derivatives

L(x) = D¢* - D — m?¢p*¢ (8.52)
= V¢* Vo +qew - acd + (‘Qeae|2 - m2)|¢|2,
w=(Vo*)g — (VP)o™ = 2[¢1 (V) — ¢2(Ver)]. (8.53)
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Note that the addition of the gauge field results in a linear coupling between a. and the
proper 4-current g. w, which is the charge ¢. times the proper 4-velocity w of the complex
field ¢ = ¢1 + ¢oI. The gauge field also renormalizes the mass term; however, this term
is an artifact of the quadratic kinetic term for the scalar field. Spinor fields with linear
kinetic terms (such as the Dirac electron field) do not acquire such a term.

The linear coupling in implies that a, must itself be a dynamical field with its
own kinetic term. However, the form of this kinetic term is initially unspecified. Adding
the simplest quadratic contraction of Va, as a kinetic term produces the gauge-invariant
scalar electrodynamics Lagrangian

L(z) = Dé* - Do + %«vae)% —m2*s (8.54)
= V¢* : V¢ + %((vae)2>0 + gew - acl + (|Qeae‘2 - m2)‘¢|2

If we define the bivector field F, = Va. = V A a. as before, then we find that the
postulated kinetic term for a. in is precisely the traditional Lagrangian .

Applying the Euler-Lagrange equation V-(6L£/0Va.) = dL/da. to the gauge-invariant
Lagrangian produces Maxwell’s equation as the equation of motion for the
dynamical gauge field a.

V2a. = VF, = j., (8.55)
where the pure vector current (for scalar electrodynamics) has the explicit form

Je = GeW + Ja, Ja = [QG |¢|2] [Qe @e]- (8'56)

The charge-current of the field g.w is modified in this case by an extra nonlinear term
ja that couples the charge density g.|¢|? back to the gauge field itself. Again, this term
does not appear for fields with linear kinetic terms (like the Dirac electron).
Importantly, the extra term that is being canceled by the gauge approach is the
(vector) phase gradient V6 arising from the transformation exp(g.0I). As such, only
a pure vector potential a. can be modified as in to cancel this extra term, in
accordance with the standard treatment of electromagnetism. An additional trivector
potential a,, I is thus not motivated by the usual gauge transformation exp(g.6017).

8.9.2. Breaking dual symmetry

Notably, there is no overt restriction from the gauge mechanism itself that forbids
adding a second kinetic term to the Lagrangian that corresponds to the second potential
am (as in ) and then treating z = ae + a,,I as an intrinsically complex vector field.
The gauge mechanism only motivates the necessary introduction of a., but it does not
specify whether a. is the complete gauge field. The gauge mechanism only implies that
if additional symmetry for a. exists in vacuum prior to coupling, then it must be broken
by the coupling to the charged field.

In fact, we already know that the electromagnetic theory does in fact arise from pre-
cisely such a symmetry-breaking process. In the Glashow-Weinberg-Salam electroweak
theory [248-250] the vector potential . is itself a hybridization of two massless vector
boson fields wy and by that each obey Lagrangians ((Vwg)?)o/2 and ((Vbg)?)o/2 that are
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z="byg+wgl
zefWl =qa, +ay, I

Figure 7: Breaking dual symmetry. The neutral complex vector potential z = by 4+ wol that includes
the neutral bp and wp bosons in the electroweak theory is dual-symmetric in vacuum, meaning that it
is invariant under any global phase rotation z — z exp(6I). The Brout-Englert-Higgs-Guralnik-Hagan-
Kibble (BEHGHK, or Higgs) mechanism fixes a particular (Weinberg) angle 0y that couples the field
to a purely electric source, breaking this dual symmetry. The vector part a. = (zexp(fw I))1 of the
doublet becomes the electric vector potential for the photon () that couples to vector electric source je.
The pseudovector part aml = (zexp(fw1))3 acquires mass from the Higgs mechanism to become the
neutral (Zp) boson of the weak force, which is the analogy to the magnetic vector potential that appears
in the dual-symmetric formalism.

identical in form to the traditional electromagnetic Lagrangian . After construct-
ing a complex boson field for this electroweak doublet z = by + wyl, it then behaves
identically to the (unconstrained) dual-symmetric formalism explored in this report. In
particular, the sum of Lagrangians for by and wg can be rewritten as the single complex
field Lagrangian ((Vz)(Vz*))o/2, which is precisely our dual-symmetric form mo-
tivated by the intrinsic complex structure of spacetime. Furthermore, there is evidence
that performing a gauge-procedure (as in the previous section) to convert the global
dual symmetry of this doublet to a local symmetry in its own right recovers additional
structure of the electroweak theory [196].

For the electroweak theory, the Brout-Englert-Higgs-Guralnik-Hagan-Kibble (BE-
HGHK, or Higgs) mechanism [251H253] is responsible for breaking the dual symmetry
of this doublet, as schematically shown in Fig. [7] In effect, the gauge coupling to the
scalar BEHGHK boson (Higgs) field fixes a specific dual symmetry (Weinberg) rotation
angle Oy that fixes a. = (zexp(fwI))1 and a,, = (zexp(fw1))sI~! as the appropriate
matter-coupled vector fields. The field a. becomes the massless electromagnetic field
vector potential for the photon (), while the field a,, acquires mass and corresponds to
the neutral (Zy) boson of the weak force. The details of this emergent coupling are much
more involved than the simple electromagnetic model considered here, but the essential
character of the broken dual symmetry is identical.

We can therefore understand the dual-symmetric formulation of electromagnetism
as a simpler model of the neutral vacuum vector boson fields before the symmetry is
broken by coupling to matter. In this dual-symmetric model, the gauge field a,, is not
coupled to matter at all, but is still left over as a massless part of the total vacuum
field. It is needed to preserve the symmetry of the vacuum, which a priori has no
preferred reference axis for the dual-symmetric rotation exp(f#I). The introduction of
charged matter breaks this symmetry to force a particular reference axis for the dual
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symmetry, exactly as discussed in Section [7.4] It follows that the only quantities that
can be measured (according to this model) from all the calculated conserved quantities
will be the electric quantities (involving the potential a., its field F., and the source
Je) just as with the standard formulation of electromagnetism. This does not, however,
prevent the magnetic parts (@m,Fum,jm) from being measurable in principle using other
interactions that are not considered in this simple model, such as the additional isospin
interaction that is acquired by the neutral (Zy) boson that mediates the weak force.

The more remarkable note for the purposes of this report is that this dual-symmetric
structure appears almost entirely from the assumption of spacetime. It is the geometry
of spacetime itself that produced the intrinsically dual-symmetric bivector field F and
associated complex vector potential z, as well as the especially simple forms of Maxwell’s
equation VF = V22 = j and the Lorentz force law dp/dr = (Fj);. The use of spacetime
algebra makes the geometric origin of all these quantities especially apparent.
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9. Conclusion

It requires a much higher degree of imagination to understand the electromagnetic

field than to understand invisible angels. ... I speak of the E and B fields and
wave my arms and you may imagine that I can see them ... [but] I cannot really
make a picture that is even nearly like the true waves.

Richard P. Feynman [254]

In this report we have presented a detailed introduction to the natural (Clifford) al-
gebra of the Minkowski spacetime geometry, and have demonstrated its practicality and
power as a tool for studying electromagnetism. Spacetime algebra not only preserves
the existing electromagnetic formalisms, but also generalizes and unifies them into one
comprehensive whole. This unification produces tremendous insight about the electro-
magnetic theory in a comparatively simple way. Below, we briefly review a few of the
most important features that have emerged from the spacetime algebra approach, noting
that we have also summarized a more complete list in the introductory Section which
we encourage the reader to review.

In particular, we emphasize that spacetime has an intrinsic complex structure, where
the ad hoc scalar imaginary ¢ is replaced with the physically meaningful unit 4-volume
(pseudoscalar) I. Within this algebra, the electromagnetic field is an intrinsically com-
plex bivector field F = E + BI on spacetime, which is a reference-frame-independent
generalization of the Riemann-Silberstein complex field vector. Similarly, the vector
potential for this field becomes complex, with associated complex bivector and scalar
(Hertz) potentials. In all these representations, Maxwell’s equations reduce to a single,
and inexorable, equation. Similarly, the proper Lorentz force reduces to the simplest
contraction of a current with the field, while the symmetric energy-momentum tensor is
the simplest quadratic function of the field (identical in form to the energy-momentum
current of the relativistic Dirac electron) and produces the associated angular momentum
tensor as a wedge product.

The global phase of each complex field representation is arbitrary in vacuum (just
like the global phase of a quantum wavefunction), and is responsible for the continuous
dual (electric-magnetic field-exchange) symmetry of the vacuum electromagnetic field.
Adding a source breaks this dual symmetry of the vacuum; however, making the charge
of the source similarly complex (with separate electric and magnetic parts) preserves a
similar global phase symmetry of the total system. Choosing the source to be purely
electric fixes this arbitrary global phase by convention, but the same physics will be
described for any choice of global phase, which will produce equivalent descriptions that
use both electric and magnetic charges. The dual symmetry of the complex field can be
broken, however, by coupling to matter or other fields (as is the case in the electroweak
theory).

In the Lagrangian treatment, the dual symmetry of the vacuum motivates the complex
vector potential to be the primary dynamical field. Its constituent “electric” and “mag-
netic” parts effectively satisfy two separate traditional electromagnetic Lagrangians. As
such, the traditionally conserved Noether currents (i.e., the canonical energy-momentum
and angular-momentum tensors) are reproduced, but in an appropriately field-symmetrized
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form. The additional dual symmetry also immediately produces a conserved helicity cur-
rent that cannot be easily derived in the traditional electromagnetic theory. Notably,
the canonical Noether currents explictly separate the orbital and spin parts of the local
linear and angular momentum densities of the field, which are currently under active
discussion in relation to both theoretical and experimental aspects of optics, QED, and
QCD.

We also emphasize that the representation-free nature of spacetime algebra exposes
deep structural relationships between mathematical topics that are seemingly discon-
nected in standard approaches. A detailed list of the remarkable and beneficial features
of the spacetime algebra approach is provided in Section Some of the most poignant
examples of this unification include:

e The Hodge-star duality operation from differential forms is equivalent to multipli-
cation by 1.

e The 4 Dirac matrices vy, from the relativistic electron theory are representations of
unit 4-vectors in spacetime algebra (which require no such matrix representation).

e The 3 Pauli matrices &; = ;70 are representations of relative spatial directions,
which are unit plane segments (bivectors) that drag the spatial coordinates ~y; along
the proper-time direction ~q.

o Their duals &;1~' are spacelike planes that are equivalent to the quaternions.
(There is thus nothing intrinsically quantum mechanical about any of these ob-
jects.)

e The commutator brackets of these 6 bivectors are precisely the Lie algebra of the
Lorentz group, and reduce to the Pauli spin commutation relations in a relative
frame.

e The spin commutation relations are simply the Hodge-duals of the usual 3-vector
cross product relations.

e Exponentiating the bivector for a spatial plane produces a rotation spinor, while
exponentiating a timelike plane produces a Lorentz boost spinor.

e These spinors can Lorentz-transform any geometric object with a double-sided
product, in precisely the same way as the unitary transformations familiar from
quantum mechanics, or the quaternionic formulation of spatial rotations.

It is our hope that this review will prompt continued research into the applications
of spacetime algebra for both electromagnetic theory and other relativistic field theo-
ries. We feel that the language of spacetime algebra is practical, mature, and provides
tremendous physical insight that can be more difficult to obtain when using other math-
ematical formulations of spacetime. Moreover, we feel that it is a natural extension of
the existing electromagnetic formalisms in use, which gives it the distinct advantage of
preserving (and augmenting) prior intuition and experience gained from working with
those formalisms.
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