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PROCEEDINGS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 100, Number 1, May 1987 

CONVOLUTION EQUATIONS IN SPACES 
OF DISTRIBUTIONS SUPPORTED BY CONES 

ALEX MERIL AND DANIELE C. STRUPPA 

ABSTRACT. We describe some examples of surjective convolutors on D'(F), 
for F a closed convex cone in Rn. We also give necessary and suffficient 
conditions on S, . . . , Sm in S'(F) to be generators of the whole convolution 
algebra S'(F). 

0. Introduction. Let F C Rn be a closed convex cone, whose vertex is the 
origin, and which does not contain any straight line. Denote by D'(F) the space of 
distributions supported in F; it is well known that D'(F) is a convolution algebra, 
so if S E e'(Rn) is a distribution with compact support contained in F, then S * 
D'(r) C D'(F) (see, e.g., [6, p. 33]). By now, a complete characterization (in terms 
of the decrease of S, the Fourier transform of S) of those S for which S * D'(r) = 
D'(F) is well known (see, e.g., [4, pages 356 and following]). On the other hand, 
in a recent paper, [8] a characterization of a completely different nature is given, 
at least for n = 1 (and hence F = [0, +oo)); this characterization, unfortunately, 
is of difficult application, as it requires the test of the singular support of S * u 
for an extremely large class of distributions u and, as a consequence, no nontrivial 
examples are given in [8]. 

The purpose of this paper is twofold: first, in ?1, we show that the condition of 
Shambayati and Zielezny [8] can be replaced by an equivalent one, in which only 
compactly supported distributions are used, and which has the advantage of being 
quite easy to check; in particular we are able to use our condition to provide several 
examples of distributions S in 6'(R) for which S * D'([0, +oo)) = D'([0, +oo)). 
One can now use this characterization, together with the well-known results of 
Hormander on hyperbolic convolution equations, to deduce nontrivial properties 
of the Fourier transform of those invertible distributions S E 6'(R) for which 
sing supp(S) = {0}, and of other classes of examples. In this section we also prove 
that the original characterization provided in [8] can indeed be extended to the case 
n > 1; here, however, as we show with a simple example taken from the theory of 
constant coefficients partial differential operators, the condition cannot be eased. 

In ?2, finally, we deal with the following related problem: let S'(F) denote the 
space of tempered distributions, with support contained in the cone F C Rn, 
and let S1,... , Sm be m distributions in S'(F); we provide a necessary and suf- 
ficient condition on (S, . . . , Sm) in order to ensure the existence of m distributions 
E1,. . ., Em E S'(F) such that Si * E1 + . ?+ Sm * Em = 6; for m = 1 the con- 
dition was well known (see [7], but also [9 and 10]), while for m > 1 we prove it 
with techniques similar to those used by Hormander in [3]: our method, indeed, 
uses L2-estimates for solutions of the Cauchy-Riemann equation, together with the 
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CONVOLUTION EQUATIONS IN SPACES OF DISTRIBUTIONS 71 

characterization of the space S'(F), provided in [9], and could be suitably modi- 
fied to yield the solution for a similar problem in DF(F), the space of finite-order 
distributions with support in F. 

1. According to Ehrenpreis [2], we say that a compactly supported distribution 
S E C'(Rn) is invertible if, with S denoting the Fourier transform of S, there are 
constants A1, A2, A3 > 0 such that for every ( E Rn there exists 7j E Rn satisfying 

14 - ni < A1 log(2 + 141) and IS(r,)I > (A2 + I|DA3- 

It is well known that a distribution S in C'(Rn) is invertible if and only if S * 

D'(Rn) = LI'(Rn). 

If K is a compact convex set in Rn, HK(() SUPXEK(x, ) will denote its 
supporting function; denote by }J the set of all supporting functions of compact 
convex sets (including the empty set, whose supporting function is -oo): then, if 
S E P'(Rn), N(S) denotes the set of all h E A such that there is a sequence (M oo 
in Rn with 

LS (Z, 85 ) =log IS((, + Z log I4I)I 

converging to a plurisubharmonic function with supporting function h [4]. 
Let us now restrict our attention to the case n = 1; let S E 6'(R) be a distri- 

bution) with compact support, supp(S) C [0, +oo); let D'([O, +oo)) be the space of 
distributions with supports contained in [0, +oo) and D+ the space of distributions 
with supports contained in [a, +oo), for some a in R. We have: 

THEOREM 1. Let S E V'(R),supp(S) C [0,+oo). Then S * D'(0,+oo) = 

D'([O, +oo)) if and only if S is invertible and 

for all j in Z, for all a in R, there exists b in R such that for all 
(1) hE N(S) and for allxER 

h(s) + x * ' < H[j,a] (i), for all (, implies x E [j, b]. 

PROOF. In view of Corollary 1 of [8], we only have to show that (1) is equivalent 
to 

(2) for all j E Z and all u E I+, singsupp(S * u) C [j, +oo) implies 
sing supp(u) C [j, +oo). 

We first notice that condition (2) is equivalent to 

(3) for all j E Z and all u E ', sing supp(S * u) C [j, +oo) implies 
sing supp(u) C j, + oo). 

It is clear that (2) implies (3), as C' c D+. On the orther hand, let (3) hold, u E I+ 
and sing supp(S * u) c [j, +oo) for some j. Let a = inf{x: x E supp(u)}: if a > j 
we do not need to prove anything, otherwise take a E C0 (R), q$ 1 on [a, jA, 
o > 0, and define 

T1 =q$uandT2 = (1-sb) u, 

so that u = T1 + T2. Notice that supp(T2) C [j, +oo), hence sing supp(T2) C 

[j,+oo). Now 
S * T1 = S * u - S *T2; 
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72 ALEX MERIL AND D. STRUPPA 

notice that both S * u and S * T2 are C? in (-oo,j), because supp(T2) C [j, +oo) 
and supp(S) C [0, +oo); therefore 

sing supp(S * T1) C [j, +oo). 

Now T1 is of compact support, and hence (3) implies that sing supp(TO) C [j, +oo). 
Finally, as u = T1 + T2, we get that sing supp(u) C [j, +oo). The equivalence of (3) 
and (1) is now an immediate consequence of Theorem 16.3.13 of [4]. 

Condition (1) or, equivalently, condition (3), enables us to give some classes of 
examples of surjective convolutors onto D'([O, +oo)); none of them were given in 
[8]. 

EXAMPLE 1. Let S be a compactly supported invertible distribution with 
singsupp(S) = {0}; then we can either use Corollary 16.3.15 of [4], or remark 
that, in this case, the set }((S) contains only one function, namely the supporting 
function of the convex hull of the singular support of S; in both ways one sees that 
(1) is satisfied, and therefore S* is a surjection. 

EXAMPLE 2. Suppose S is an exponential polynomial (this means that S is a 
distribution with finite support) such that 0 E sing supp(S). Then it is well known 
that S is invertible and Corollary 16.3.18 of [4] implies that (1) is satisfied. 

EXAMPLE 3. Let jt, M E e'(R; suppose that ,t contains an atom, sing supp(,u) n 
singsupp(v) = 0, and that Al(p) and N(v) only contain one function. Then if 
S = v + P(D)lt, it is shown in [1] that S is invertible and in [4] that M(S) con- 
tains only one function, and therefore S induces, by convolution, a surjection onto 
D'([O, +oo)). In particular, one could take v to have a singular support constituted 
only by isolated points; see Corollary 16.3.18 in [4]. 

REMARK. In case N(S) contains only one function, (1) implies that 

sing supp(S * u) c [j, a] implies a - j > a, 

where the convex hull of sing supp(S) is [0, a], and in (1), b can be taken to be 
a - a. 

We now turn to the case of several variables. Let F C Rn be a closed convex 
cone whose vertex is the origin, and which does not contain any straight line. We 
denote by D'(F) the space of distributions supported in F, and by Dr the space of 
distributions with support contained in some translate of F. It is well known [5] 
that if S E ?' has support contained in F, then S * D'(F) C D'(r). A complete 
characterization of those S e &' for which S * D'(F) = DP'() has been given by 
Hormander [4], in Theorems 16.7.3, 16.7.4; in particular the condition asks that for 
every closed cone rF c r, there are positive constants C, M, A such that 

(4) jl/S(z)j <0(1 + jzj)Mexp(Al Im zl) 

if Im z E F1 and I Im zl > C log(2 + zl). 
At first sight, it does not seem obvious to verify that every invertible distribution 

S E 6'(R) for which N(S) consists only of one function satisfies (4), but this is 
indeed an immediate consequence of Theorem 1 and H6rmander's results. 

The result of [8], Theorem 1, can be extended in an obvious way to the case of 
distributions supported in cones; the proof uses the same arguments as in [8], and 
the Lion-Titchmarsh theorems for supports of convolutions, [5]: for this reason it 
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CONVOLUTION EQUATIONS IN SPACES OF DISTRIBUTIONS 73 

does not seem necessary to repeat it here; in this case the surjectivity condition is 
that S must be invertible, and that 

(5) for all a E Rn and all u E 9[,singsupp(S * u) C F + {a} implies 
sing supp(u) C F + {a}. 

However, it is easy to show that, in (5), one cannot replace Dr with &'. To prove it, 
one simply considers any partial differential operator P(D) which is not hyperbolic 
with respect to F. Then it is obvious that condition (5) with Dr' replaced by E' is 
satisfied, while (5) itself is not. 

2. In this section F will be an open convex cone, with vertex at the origin, and 
such that it does not contain any straight line; denote by F* its dual cone F* ={g E 
Rn: ((, x) > 0 for all x E F}, and let SI(F*) be the space of tempered distributions 
with supports contained in the closed cone F* . Consider Si, ... , Sm E S'(F*): we 
look for necessary and sufficient conditions on, Si, . . . , Sm in order to ensure the 
existence of E1, . .. , Em E S'(F *) such that 

(6) Si * El + "+ Sm * Em = 6. 

It is well known [9] that the Laplace transform is an isomorphism between SI(F*) 
and the space H(F) of functions f holomorphic in Rn + F for which there are 
positive constants a, /3, M such that 

If(z)t < M(1 + IZ12)a(1 + A-O(Imz)), for all z E Rn + iF, 

where A (y) = dist(y, OF). 

THEOREM 2. Given Si, ... , Sm E SI(F*), a necessary and sufficient condition 
for the existence of E1,... ,Em in SI(F*) such that (6) holds, is that there exists 
positive constants C, -y, 6 such that, for all z E Rn + iF, 

(7) il(z)tl + + ?ISm(Z)I > C(1 + IzI2)-j(1 + A-Y(Imz))-l. 

PROOF. By taking the Laplace transform of (6), the necessity of (7) is obvious. 
We only sketch the proof of its sufficiency, since it follows the well-known lines of 
[3]. First notice that even if H(F) is not an Ap space in the sense of [3], it does 
satisfy the properties which are necessary to apply the d-techniques; indeed, since F 
is convex, the function log(1 + A (Imz)) is plurisubharmonic; on the other hand, 
using the Laplace transform, one immediately sees that if f E H(F) its derivatives 
also belong to H1(F). In order to conclude, as in [3], with the construction of 
a suitable Koszul complex, it is sufficient to show that if an analytic function f 
satisfies an L2-estimate of the form 

JR%+iF If(z)12(1 + IzI2)-j(1 + A-6(Imz))-1dA < +00, 
Rn ir 

where dA is the Lebesgue measure, then f E H(r). To prove this, it is sufficient to 
apply the mean value theorem to f on a ball centered at z and of radius A(Im z)/2, 
and then to use the Cauchy-Schwarz inequality. 
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